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Abstract: In this paper, we introduce the iterative scheme for finding a common fixed point of a
countable family of G-nonexpansive mappings by the shrinking projection method which generalizes
Takahashi Takeuchi and Kubota’s theorem in a Hilbert space with a directed graph. Simultaneously,
we give examples and numerical results for supporting our main theorems and compare the rate of
convergence of some examples under the same conditions.

Keywords: G-nonexpansive mapping; hybrid method; NST-condition; iteration; Hilbert space

1. Introduction

In this paper, we assume that H is a real Hilbert space with inner product (-, -) and norm || - ||.
Let C be a nonempty subset of H. Then, mapping T : C — C is called

1. contraction if there exists & € (0,1) such that || Tx — Ty|| < a|jx —y|| forall x,y € C;

2. nonexpansive if ||Tx — Ty|| < ||x —y|| forall x,y € C.

An element z € C is called a fixed point of T if z = Tz. The fixed point set of T is denoted by
F(T). There are many iterative methods for approximating fixed points of nonexpansive mapping in a
Hilbert space (see [1-3]) and references therein.

In 1953, Mann [2] introduced the iteration procedure as follows:

x1 €C,xp01 =anxy+ (1 —ay)Txy,, Vn €N, (1)

where {a,} C [0,1] and N are the set of all positive integers. Recently, many mathematicians (see [4-6])
have used Mann’s iteration for obtaining a weak convergence theorem.

Let H be a Hilbert space and let C be a subset of H. Let {T;, } and 7 be two families of mappings
of C into itself with @ # F(t) = ;_1 F(Tx), where F(T) is the set of all fixed points of Ty, F(7) is the
set of all common fixed points of 7. {T, } is said to satisfy the NST-condition [7] with respect to 7 if for
each bounded sequence {z, } in C,

lim ||z — Thzul| =0 = lim ||z, — Tz, =0, VT € 7.
n—oo n—oo
To obtain a strong convergence theorem, Takahashi et al. [8] introduced the following modification

of the Mann'’s iteration method (1), which just involved one closed convex set for a countable family of
nonexpansive mappings { T }, which is called the shrinking projection method:
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Theorem 1. Let H be a Hilbert space and C be a nonempty closed convex subset of H [8]. Let {T,} and T
be a family of nonexpansive mappings of C into H such that F := N5 F(T,) = F(7) # @ and let xo € H.
Suppose that {T, } satisfies the NST-condition with . For C; = C and uy = Pc, xo, define a sequence {u, } in
C as follows:

Yn = Qplp + (1 - “n)Tn”n/

Cri1 = {2 € Cu: [lyn — 2 < flun = 2|}, )

Upy1 = PCnH xg, VneN,

where 0 < a, < a < 1foralln € N. Then, the sequence {u, } converges strongly to a point zy = Prxo.

This iteration is used to obtain strong convergence theorem (see, for example, [9,10]).

Let X be a Banach space and C be a nonempty subset of X. Let G be a directed graph with the set
of vertices V(G) = C and the set of edges E(G) that contains the diagonal of C x C, where an edge
(x,y) € E(G) is the related pairs of vertices x and y. We suppose that G has no parallel edge.

Thus, we can identify the graph G with the pair (V(G), E(G)). A mapping T : C — C is said to be
1. G-contraction if T satisfies the conditions:

(i) T preserves edges of G, i.e.,

(x,y) € E(G) = (Tx,Ty) € E(G), ¥(x,y) € E(G);
(ii) T decreases weights of edges of G in the following way: there exists « € (0,1) such that
(x,y) € E(G) = [[Tx = Ty|| < aflx —yl|, ¥(x,y) € E(G);

2. G-nonexpansive if T satisfies the conditions:
(i) T preserves edges of G, i.e.,

(x,y) € E(G) = (Tx, Ty) € E(G), VY(x,y) € E(G);
(ii) T non-increases weights of edges of G in the following way:
(v y) € E(G) = [Tx =Tyl < [x —yll, ¥(x,y) € E(G).

In 2008, Jachymski [11] proved some generalizations of the Banach’s contraction principle
in complete metric spaces endowed with a graph. To be more precise, Jachymski proved the
following result.

Theorem 2. Let (X, d) be a complete metric space, and a triple (X, d, G) have the following property: for any
sequence {x,} if x, — x and (xn, xp41) € E(G) for n € N and there is a subsequence {x,, } of {x,} with
(xn,,x) € E(G) foralln € N.

Let T : X — X be a G-contraction, and X7 = {x € X : (x,Tx) € E(G)}. Then, F(T) # @ if and only
if Xp # @ [11].

In 2008, Tiammee et al. [12] and Alfuraidan [13] employed the above theorem to establish
the existence and the convergence results for G-nonexpansive mappings with graphs. Recently,
many mathematicians (see [14,15]) have introduced the iterative method for finding a fixed point of
G-nonexpansive mappings in the framework of Hilbert spaces and Banach spaces.

Inspired by all aforementioned references, we introduce the iterative scheme for solving the
fixed point problem of a countable family of G-nonexpansive mappings. We also obtain strong
convergence theorems in a Hilbert space with a directed graph under suitable conditions. Furthermore,
we demonstrate examples and numerical results for supporting our main results and compare the rate
of convergence of some examples under the same conditions.
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2. Preliminaries and Lemmas

We now provide some basic results for the proof. In a Hilbert space H, let C be a nonempty closed
and convex subset of H. Letting {x, } be a sequence in H, we denote the weak convergence of {x, }
to a point x € H by x,, — x and the strong convergence, that is, relative to a norm of {x,} to a point
x € Hby x, — x. For every point x € H, there exists a unique nearest point of C, denoted by Pcx,
such that ||x — Pcx|| < ||x —y|| forall y € C. Such a P¢ is called the metric projection from H onto C.

Lemma 1. Let H be a real Hilbert space [16]. Then, for each x,y € H and each t € [0,1],
@ [x = yl* = lIx]> = 2(x,y) + llylI?,

®) tx+ 1=yl = tx|>+ A = Olly|> = tQ =) x -y
(c) If {xn} is a sequence in H weakly convergent to z, then limsup, ., ||x, — y||* = limsup,,_,, [|xn —
2|+ |z — yII*.

| 2

Lemma 2. Let C be a nonempty closed and convex subset of a real Hilbert space H [17]. For each x, y € H and
a € R, the set

D={veC:|y—o|?><|x—o|>+ (z,0) +a}
is closed and convex.

Lemma 3. Let C be a nonempty closed and convex subset of a real Hilbert space H and Pc : H — C be the
metric projection from H onto C. Then, ||y — Pox||? + ||x — Pex||> < ||x —y|| forall x € Hand y € C [18].

Lemma 4. Let H be a real Hilbert space and let {x;}!" ; C H [19]. For a; € (0,1),i = 1,2, ..., m such that
Y.t a; = 1, the following identity holds:

2 m
=Y ailxl*— Y asllx — xjl%
i 1<ici<m

m
Z QjXi
i=1

Lemma 5. [20] Let X be a Banach space. Then, X is strictly convex , if
[l = llyll = [IAx + (1 = A)y]l
forall x,y € Xand A € (0,1), which implies x = y.

Definition 1. A directed graph G is transitive if, for any x,y,z € V(G) in which (x,y) and (y,z) are in
E(G), then we have (x,z) € E(G).

Definition 2. Let xo € V(G) and A be a subset of V(G). We say that
(i) A is dominated by x if (xo,x) € E(G) forall x € A.
(ii) A dominates x if, for each x € A, (x,x0) € E(G).

Definition 3. Let G = (V(G), E(G)) be a directed graph. The set of edges E(G) is said to be convex if
(xi,y;) € E(G) foralli =1,2,..,N and a; € (0,1) such that YN a; = 1, then (LN, aix;, YN aiy;) €
E(G).

Lemma 6. Let C be a nonempty, closed and convex subset of a Hilbert space H and G = (V(G),E(G)) a
directed graph such that V(G) = C [14]. Let T : C — C be a G-nonexpansive mapping and {x, } be a sequence
in C such that x, — x for some x € C. If there exists a subsequence {xy, } of {x,} such that (x,, ,x) € E(G)
forallk € Nand {x, — Tx,} — y for somey € H. Then, (I — T)x = y.
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3. Main Results

In this section, we prove a strong convergence theorem by hybrid methods for families of
G-nonexpansive mappings

Theorem 3. Let H be a real Hilbert space and C be a nonempty, closed and convex subset of H. Let G =
(V(G), E(G)) be a directed graph with V(G) = C and E(G) be also convex. Suppose that {T, } and T are two
families of G-nonexpansive mappings on C such that F(t) = (51 F(Tx) # @ and F(t) is closed. Assume that
F(T) x F(T) C E(G) forall T € T, {T,} satisfies the NST-condition with respect to Tand 0 < a, < a <1
foralln € N. For xg € C, C; = C and x1 = Pc, X, define a sequence {x, } of C as follows:

Yn = QpXp + (1 - D‘n)Tnxn;
Cut1 ={2 € Cu: [lyn —z[| < [lxn — 2|},
Xpy1 = PCn+l xp, n € N.

If {xn} satisfies the following conditions:

(i) {x,} dominates p forall p € F(7);

(ii) if there exist a subsequence {xy, } of {x,} such that x,, — w € C, then (x,,,w) € E(G).
Then, {xy} converges strongly to w = Pp(rXo.

Proof. We split the proof into five steps.

Step 1: Show that P, , xo is well-defined for every xo € C. We know that F(T) is convex, if F(T) x
F(T) CE(G) forall T € 1; see Theorem 3.2 of Tiammee et al. [12] . This implies that F(7) is convex.
It follows now from the assumption that F(7) is closed. This implies that Pr(.)xo is well-defined.
We first show, by induction, that F(7) C C, for all n € N. It is obvious that F(7) C C;. Assume that
F(t) C Ci for some k € N. Then, by the fact that {x,, } dominates p for all p € F(7), for x € F(1) C Cy,

lyx — x| lleex 4 (1 — o) Ty — x|

gl = x| + (1 — ) [ Trexe — x|

IN A

[ = x[| + (1 = )| — ]|

[l — x|

and hence x € Cy, ;. This implies that F(7) C C, for all n € N. Next, we show that C, is closed and
convex for all n € N. By the condition of C;;, C; = C is closed and convex. Assume that Cy is closed
and convex for some k € N. For z € Cy, from [6], we know that |y — z|| < ||xx — z|| is equivalent to
lyx — xxl1? + 2{yx — xx, xx — z) > 0. Thus, Ci1 is closed and convex. Then, for any n € N, C, is closed
and convex. This implies that {x, } is well-defined.

Step 2: Show that limy, .« ||x, — X¢|| exists. From x, = Pc, xo, we have (xg — x4, x, —y) > 0 for all
y € Cy. As F(1) C Cy, we also have

(xo —xu, Xy —p) >0 for allp € F(1) and n € N. 3)
Thus, for p € F(t1), we have
0 < (x — X, Xn — p) = (%0 — Xu, Xn — X0 + %0 — p) < —lx0 — xul|* + |l x0 — x|l [l x0 — .

This implies that
150 = xul] < [lxo — ]| )

forall x € F(t) and n € N. From x, = Pc,xp and x,11 = Pc,,, X0 € C;41 C Cy, we also have

0 < (x0 — X, Xn — Xp41)- )
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From (5), we have, forn € N,

0 < <x0 — Xn, Xn — xn+1>

(X0 — X, Xn — X + Xo — Xp41)

~Ilx0 — 2al|* + (30 — xu, %0 — xu1)

IN

~[lxo = xu | + [0 — xu [ x0 = 21l
Thus,
[[x0 = xnl| < [0 = X1 |-
Since {||x, — xo||} is bounded, lim,, e || x5 — xo|| exists.
Step 3: Show that x, — w € C as n — co. For m > n, by the definition of C, we see that x,;, = Pc, xo €
Cy C Cy,. Thus, we have
i = 2| < []2n = %012 — [l 2w — x0]*.
Since {x, } is a Cauchy sequence, there exists w € C such that x, — w as n — oo. This implies that
(x4, w) € E(G) by condition (ii).
Step 4: Show that w € F(7). From Step 3, we have that
i [l = = 0.
On the other hand, x,, 11 € C,41 C C; implies that
1yn = xniall < [0 = xuga ] (6)

Furthermore, we have

lyn —xnll = llanxn + (1 — an) Tuxn — xu|
= (1 —an)||Tuxn — x4

From (6), we obtain

[ Tuxn — xnl = m”yn — Xn|
< gl
- 1-—a
1
= m”]/n — Xp1 + X1 — Xn|
< 2w gl ™
= 14 n+1

Hence, by (7), we have ||T,x, — x,|| — 0. Since {T,} satisfies the NST-condition with respect to T,
we get

|ITxy —xu|| =0 for all T €. (8)

From Step 3, we know that x, — w € C. From (ii) and (8), we obtain w € F(7) by Lemma 6.
Step 5: Show that w = Pp(yxo. Since x, = Pc,xo and F(7) C Cy,, we obtain

(xo — xp, Xy —z) >0, Vz € F(1). 9)
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By taking the limit in (9), we obtain
(xog —w,w—1z) >0, Vz € F(1). (10)
This shows that w = PF(T) xg. U

We next give some examples of a family of G-nonexpansive mappings { T, }, which satisfies the
NST-condition.

Example 1. Let T € . Define Ty = Bl + (1 — Bn)T, where0 < b < B, < ¢ < 1foralln € N. Then,
{Ty} is a family of G-nonexpansive mappings and satisfies the NST-condition.

Proof. We first prove that T,, = B,I + (1 — B,)T is G-nonexpansive for all n € N.
Since E(G) is convex and (Tx, Ty) € E(G) forall (x,y) € E(G), then

(Tux, Tuy) = (Bnx + (1 = Bu) Tx, Buy + (1 — u) Ty) € E(G).

Furthermore, we have

[Tax = Tayll = lBnx + (1= pu)Tx = Buy — (1 = u) Ty

[1Bn(x —y) + (1 = pu)(Tx — Ty)||

Bullx =yl + (1= Bu) || Tx — Ty|

Bullx = yll + (1 = Bn)llx — yll

[l = yll. (11)

IN A

Hence, T, = Bnl + (1 — Bn)T is G-nonexpansive for all n € N.

Next, we show that {T,} satisfies the NST-condition with respect to T. First, we show that
F(t) = Nj~1 F(Ty). It is obvious that F(t) C ;_; F(Tx). On the other hand, let p € N7 F(Ty).
Then, we have

p=Tup=Pup+(1—Bn)Tp=Pup+Tp—BuTp=Pu(p—Tp) + Tp.

Then, p — Tp = Bu(p — Tp), which implies that (1 — B,)||p — Tp|| = 0. Hence, p € F(7) that
is Ny—1 F(Tx) C F(7). This shows that F(t) = Nj_; F(Tx). Let {x,} be a sequence in C such that
limy 0 || Tuxn — xn|| = 0; we have ||x, — Tpxp|| = |20 — (Baxn + (1= Bu) Txn)|| = (1= Bn)l|xn — Txnl|-
Since limy o || X4 — Tuxy|| = 0, then

nlg{}o [xn — Txu|| = 0. (12)
From (11) and (12), we get that { T, } satisfies the NST-condition with respect to t. [J
Example 2. Let T,S € 1. Define Ty = Bul + vuS+ (1 — Bn — yu)T, where0 < b < B, < 1,0 < ¢ <
Yn <1and 0 < By +9n <d < 1foralln € N. If Sz = Tzand (x,z) € E(G) forall z € (;;_; F(Ty,) and

x € C, then {Ty,} is a family of G-nonexpansive mappings and satisfies the NST-condition.

Proof. We first prove that T, = B, + y»S + (1 — B — 7u)T is G-nonexpansive for all n € N. Since
E(G) is convex and (Sx, Sy), (Tx, Ty) € E(G) forall (x,y) € E(G), then

(Tnx, Tuy) = (BnX +YnSx+ (1= Bn — ) TX, Buy + YnSY + (1 — B — vn) Ty)
€ E(G). (13)
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Furthermore, we have

[Twx =Tyl = ||Bnx +vnSx+ (1= Bn— ) Tx — Buy — 10Sy — (L = Bu — 1) Ty) |

[Bn(x =) + 1u(Sx = Sy) + (1 = u — 7 )(Tx — Ty)||

Bullx = yll + vallSx = Syl| + (1 = Bu — ) | Tx — Ty||

[[x = yl|. (14)

IN A

From (13) and (14), we have that T}, is G-nonexpansive for all n € N. Next, we show that { T}, } satisfies
the NST-condition with respect to 7. It is clear that F(7) C (N, F(Ts). On the other hand, we let

p € Ny=1 F(Tn).
Consider

lp=Tpll < llp—Tupll +ITup — Tpll

1Bup +vuSp+ (1 = Bu —vu)Tp — Tp|

1Ba(p — Tp) + 1u(Sp — Tp)||

< Bullp = Tpll + 1allSp — Tl (15)

By our assumption, we obtain ||p — Tp|| = 0. Hence, p = Tp = Sp. Therefore, F(t) = ;1 F(Tx).
Next, we let {x, } be a sequence in C such that nlgrolo |xn — Tuxy|| = 0and p € F(T). We shall show that

nlgn | Txn — xp|| = limy—e0 ||Sxy — x5 || = 0. Since (x,, p) € E(G) for all n € N, we have

| Txn — PHZ = ||Bnxn +¥nSxn+ (1 = Bn — 1) Txtn — P”z
= Bullxn = pll* + vullSxn — plI?
+(1 = Bu — ) [ Txn — PHZ
—=BnynllSxn — an2 = Bun(L = Bu —yn) || Txn — anZ-

Thus,
Bn(1—Bn — yn) | Txn — anZ + Bnynl|Sxn — xn||2 < lxn — PH2 = | Twxn — PHZ-

Since ||x, — Tpx,|| — 0 as n — oo, by our assumptions, we have || Tx, — x| — 0and ||Sx, — x4|| — 0
as n — oo. Hence, {T, } satisfies the NST-condition with respectto T = {S,T}. O

Example 3. Let T, S € 1. Define T, = vl + (1 — vun)S(Bul + (1 — Bu)T), where 0 < b < B, < ¢ < land
0<d<y,<e<1If(px*)€E(G)forall p € Ny_q F(Ty) x* € F(1) and (x, Tx), (x,x*) € E(G) for
all x € Cand x* € F(7), then {T,,} is a family of G-nonexpansive mappings and satisfies the NST-condition.

Proof. We first prove that T, is G-nonexpansive for all n € N. Let (x,y) € E(G), and we see that
(Tx, Ty) € E(G). Setting U, = Bn + (1 — Bxn)T, by the convexity of E(G), we have (U,x, Uyy) =
(Bux+ (1= Bn)Tx, Buy + (1 — Bn)Ty) € E(G). This implies that (S(Bux + (1 — Bn)Tx), S(Bny + (1 —
Bn)Ty)) € E(G). Again by the convexity of E(G), we have

(Tnx/ Tn]/) = (')’nx + (1 - 'Yn)s(ﬁnx + (1 - ,Bn)Tx)f'Yn]/ + (1 - 'Yn)s(ﬁn]/ + (1 - ﬁn)T]/)) € E(G)'

Then, we have

[Unx — Unyl| = [[Bnx+ (1= Bn)Tx — Buy — (1 — Bu) Ty||
< Bullx =yl + (1= Bn)||Tx — Ty||
< x—yl, (16)
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and hence

[Tux = Tuyll = [lvax + (1 = 70)SUnx — yay — (1 = 7n) SUny ||
[7n(x =) + (1 = 72) (SUnx — SUny)||
Yallx =yl + (1 = n) [|SUnx — SUny||

Tallx = yll + (1 = 7n) |Unx — Uny||

Yullx =yl + (1= 7a)[[x =yl

[lx = yll.

IANIA A

Hence, T, is G-nonexpansive for all n € N. Next, we show that {T},} satisfies the NST-condition with
respect to T. It is obvious that F(7) C N;_; F(T,). Thus, it is enough to show that N>, F(T,) C F(7).
Letx* € F(1), p € Ny_1 F(Ty) and (p,x*) € E(G). Then, we have (U, p,x*) € E(G). It follows that

lp—=x*| = [Tup—x7

lrap + (1 = 40)SUyp — x*||
Yullp = 2" + (1 — ) |SUnp — Sx*|

Yullp = + (1 — 7)) [Unp — x

Yaullp = X[+ (1= yu)l[Bup + (1 = Bu)Tp — X7

Tullp =" + @ =) (Ballp — x| + (1 = Bu) [ Tp — Tx™|)
Ip —x*|.

Il

INIAN IN TN TN

This implies that ||p — x*|| = vul|lp — x*|| + (1 — ) |[|Unp — x*||. Then, we have

lp—x| = [Unp—x7|
[Tp —x7||
= [Bup+ (1 —Bu)Tp—x"||
= [Ba(p—x") + (1= Bu)(Tp —x7)|. (17)

From Lemma 5, Tp = p. Consider

lp=Spl < llp—Tupl + [ Tup — Spl

[vnp + (1 —7u)SUnp — Sp||

Yullp = Spll + (1 =) [|SUnp — Sp||

Yullp = Spll + (1 =) [Unp — plI-

Yullp = Spll + 1 =) (X = Bu) I Tp — pl. (18)

VAN VANRRVAY

This implies that Sp = p. This shows that F(t) = (51 F(T).
Let {x,} be a sequence in C such that lim,,_,q || Tyx, — x,|| = 0. Since {x,} dominates p, then
(Upxn, p) = (Buxn + (1 = Bn)Txn, p) € E(G). It follows that

||Tnxn_PH2 = lvnxn — (1_’Yn)5unxn_PH2
< ’Yonn_PHZ"’(l_')’n)HSUnxn_PHZ
< Yallxn = pl* 4+ (1= 70) [Unxn — plI?

Yullxn — pl* + (1 - ) (Bullxn — pl* + (1= Bu) | Txn — p|I?
—Bn(1 = Bu)|| Txn — xn||2)
[0 — PHZ — (1= 9n)Bu(1 = Bu) || Txy — an2~

IN
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This implies that
(1= 7w)Bn(1 = Bu) | Totw — xul® < [l = pII> = | Tuxn — pII. (19)
By our assumptions, we obtain
n—oo
It follows that
[Unxn — x|l = (1= )| Txtn — xu|| =0, (21)

as n — oo. Since (Uyxy,, p) € E(G), it follows from (16) that

I Twxn = pIP = llvn — (1= 7)SUnxu = p?
'Yonn - p||2 + (1 - 'Yn)”sunxn - sz - ')’n(l - 'YH)HSU"x” - anZ

< Yallxn — PHZ + (1 — ) [[Unxn — PHZ — Yn(1 = yn) ||SUpx, — anZ

< ||xn_P||2—'Yn(1_’Yn)||SUnxn—anZ‘ (22)
This implies that

Yn(1 = 1) [ SUnxn — xa]* < [|x0 — plI* = | Tuxn — p|1*. (23)

By our assumptions and (20), we have

lim ||SUy,x, — x| = 0. (24)
n—oo
It follows from (21) and (24) that
[ Taxn — Sxull = [lrnxn + (1 — ) SUnxn — Sxu|

7 (xn = Sxn) 4+ (1 = n) (SUnxn — Sxn) ||

Yul[xn = Sxnl| + (1 = n) | SUnxn — Sxu||

Yn(llxn — SUnxn| + [|SUnxn — Sxul|) + (1 = ) [[Unxn — x|
Yallxn — SUnXn || + v [ Unxn — x|l + (1 — ) [[UnXn — x|
Yol xXn = SUnXu || + [[Unxn — xu|| = 0,

ININ A

as n — oo. This implies that ||Sx, — x,|| < ||Sxn — Tuxu|| + || Tnxn — x4|| — 0, as n — co. Hence, {T},}
satisfies the NST-condition with respect to T = {S,T}. O

4. Examples and Numerical Results

In this section, we provide some numerical examples to support our obtained result.

Example 4. Let H = Rand C = [0,2]. Assume that (x,y) € E(G) ifand only if 0.4 < x,y < 1.6 0orx =y,
where x,y € R. Define mappings T,S : C — C by

Tx = sin(—;r)cos(tan(x—l)),
Inx
e —_— 1
Sx 3 +1,

forall x € C. It is easy to check that T and S are G-nonexpansive such that F(S) = F(T) = {1}. We have that
T is not nonexpansive since for x = 1.6 and y = 1.8, then || Tx — Ty|| > 0.21 > ||x — y/||. We also have that S
is not nonexpansive since, for x = 0.1 and y = 0.6, then ||Sx — Sy|| > 0.58 > ||x —y|.
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We use the mappings in Example 4 and choose x¢ = 0.4. By computing, we obtain the sequences
generated in Theorem 3 by using the mapping T, which, generated from Examples 1-3, converges to 1.
We next show the following error plots of ||x,4+1 — x,||:

(1) Choose ay = 5% and B, = ﬁ ; then, the sequences {«, } and {B,} satisfy the conditions
in Theorem 3 and Example 1.

(2) Choose &y = 5", Bn = z45 and vn = 5,4 then, the sequences {a, }, {81} and {7}
satisfy the conditions in Theorem 3 and Examples 2-3.

Example 5. Let H = R® and C = [0,00)3. Assume that (x,y) € E(G) ifand only if 0.4 < x;,y; < 1.6 or
x; =y foralli =1,2,3, where x = (x1,x2,%3), ¥ = (y1,Y2,y3) € R3. Define mappings T,S : C — C by

Tx = (sin(;) cos(tan(x; — 1)),tan(xz7\/_T;) + 1,1),

Sx = (1,1,1nx3 +l)
3
forany x = (x1,x2,x3) € C. It is easy to check that T and S are G-nonexpansive such that F(S) = F(T) =
{(1,1,1)}. On the other hand, T is not nonexpansive since, for x = (1.6,2,1) and y = (1.8,2,1), then
ITx — Ty|| > 0.21 > ||x —y||. We also have that S is not nonexpansive since, for x = (2,1,0.1) and
y=(2,1,0.6), then ||Sx — Sy|| > 0.58 > [|x — y||.

We use the mappings in Example 5 and choose xy = (0.4,0.4,0.5). By computing, we obtain the
sequences {x, } generated in Theorem 3 by using the mapping T,,, which generated from Examples
1-3, converge to (1,1, 1). We next show the following error plots of ||x,+1 — x|

(1) Choose &y = 5/t and B, = g;%3; then, the sequences {a, } and {B,} satisfy the conditions
in Theorem 3 and Example 1.

(2) Choose &y = 535, Bn = g43 and vn = 54 then, the sequences {an}, {Bn} and {vs}
satisfy the conditions in Theorem 3 and Examples 2-3.

Remark 1. According to the investigation of our numerical results under the same conditions, we see that
the sequence in Theorem 3, which generated by using the mapping T, in Example 2, converges faster than the
sequence of Example 3.

5. Conclusions

In this paper, we introduce the iterative scheme for approximating a common fixed point of a
countable family of G-nonexpansive mappings by modifying the shrinking projection method. We
then prove strong convergence theorems in a Hilbert space with a directed graph under some suitable
conditions. We give some examples of some families of G-nonexpansive mappings { T, } that satisfy the
NST-condition with respect to its T (see in Examples 1-3). Finally, we give some numerical experiments
for supporting our main results and compare the rate of convergence of some examples under the
same conditions (see in Examples 4 and 5 and Figures 1-4).
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