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Abstract: The purpose of this paper is to introduce the new notion of a specific point in the space of the
bounded real-valued functions on a given non-empty set and present a result based on the existence
and uniqueness of such points. As a consequence of our results, we discuss the existence of a unique
common solution to coupled systems of functional equations arising in dynamic programming.

Keywords: ¢-contraction mapping; a-coupled fixed point; functional equation

1. Introduction and Preliminaries

Banach fixed-point theorem [1], considered to be the source of metrical fixed-point theory, has
been generalized by many researchers; see [2-5]. One of the most interesting generalizations of this
theorem was given by Jleli and Samet [6] by introducing the notion of ¢#-contraction.

Definition 1 ([6]). A self-mapping Y on a metric space (A, d) is said to be a 9-contraction, if there exist ¢ € ©,
and k € (0,1) such that

o2 €A, d(Yn, Yia) # 0= 8(d(Yi, Yia)) < [8(d(1,12))]",
where O is the set of functions 9 : (0, +00) — (1, +o00) satisfying the following conditions:

(81) 0 is non-decreasing;
(82) for each sequence {t,} C (0,+00), limy_tc0 O(ty) = 1Lifflimy—ic0 £ty =0;
(93) thereexistr € (0,1) and A € (0, +o00] such that lim;_,q+ -1

Then, Jleli and Samet [6] proved that every ¥-contraction on a complete metric space has a unique
fixed point.
Here we give an example which illustrates the functions in ©.
Example 1. Let 81,0, : (0, +00) — (1, +00) defined by
Oi(t) =eVl, 0,(t) =1+ VE

Then 91,9, € O.
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Throughout this paper, for a fixed non-empty set (), we use the notation B(()) which stands for
the set of all bounded real-valued functions on (). Also, unless otherwise specified, d is the sup metric
on B(Q) defined by

d(h, k) = sup |hyy — kn|,
neq

forallh, k € B(Q)). Itis well known that B(Q)), endowed with the sup metric, is a complete metric space.
Recently, Harjani et al. [7] introduced the notion of a-coupled fixed point in the space of the
bounded functions on a non-empty set as follows.

Definition 2 ([7]). Let Q be a non-empty set and o : Q0 — Q) be a given mapping. An element (1,¢) €
B(Q)) x B(Q) is called an a-coupled fixed point of mapping T : B(Q)) x B(Q}) — B(Q) ifI'(y,¢) = n and
[(n(a),¢(0)) = ¢.

They also used the above concept to prove the existence and uniqueness of solutions for a coupled
system of functional equations arising in dynamic programming. The purpose of this paper is to
introduce the notion of a-coupled common fixed points and present a result based on the existence
and uniqueness of such points. As a consequence of our results, we discuss the existence of a unique
common solution of coupled systems of functional equations arising in dynamic programming.

2. Main Theoretical Results

First, we introduce the notion of a-coupled common fixed points as follows.

Definition 3. Let Q) be a non-empty set and a« : QO — Q be a given mapping. An element (1,§) €
B(Q) x B(Q) is called an a-coupled common fixed point of mappings T,Y : B(Q)) x B(QQ) — B(Q) if
T(7,¢) = Y(,8) = nand T(y(w),¢(a)) = Y(y(a),¢(a)) = C.

Now, we give the main theorem of this paper.

Theorem 1. Let Q) be a non-empty set, « : Q — Qand T,Y : B(Q)) x B(Q)) — B(Q) be given mappings.
If there exist © € @ and k € (0,1) such that

O(d(T(1,12),Y(81,62))) < [B(max {d (i, &1), d(12,E2) 1], )

forall 1,172,861, 82 € B(QY) with d(T(n1,12),Y(81,82)) > 0, then T and Y have a unique x-coupled common
fixed point.

Before going to the proof, we give the following lemma which will be used efficiently in the proof
of Theorem 1.

Lemma 1. Let (A, d) be a complete metric space and, o and o be self-mappings on A such that
m €A, d(on,en) > 0= 8(d(on, ) < [8(d(m, 12)], @
where 9 € ©® and k € (0,1). Then o and ¢ have a unique common fixed point.
Proof. Notice that by (2), we deduce
In[d(d(on1, 012))] < kIn[d(d(i1,772))] < n[d(d(1,112))],
which implies from (9;) that

d(om, on2) < d(im,nm2), forallyg,m € A 3)
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First, we prove that ¢ is a fixed point of ¢ if and only if ¢ is a fixed point of ¢. Suppose that ¢ is
a fixed point of ¢. Also, assume that ¢ is not a fixed point of . Then, considering (3), we have

0 <d(0g, &) =d(og,08) <d(Z,5) =0

which is a contradiction, and this implies that ¢ = ¢. Similarly, it is easy to show that if ¢ is a fixed
point of ¢, then ¢ is a fixed point of ¢.

Let 779 € A. Define the sequence {1, } in A by #2,11 = 012, and 12,42 = 0¥+ foralln € Ny =
NU{0}. If 2, = 12441 for some n € N, then 1, = o17p,. Thus, 112, is a fixed point of o and so x,,
is a fixed point of ¢, that is, 2, = 012, = 042y Similarly, if #5,,11 = 12,42 for some n € N, then it is
easy to see that 175,11 = 0%p,+1 = 042,+1. Hence we can assume that 1, # 7,41 for all n € N. Then,
for n = 2m + 1, where m € NU {0}, using (2) we get

19(01(1771, 77n+1)) o(d M2m+1,M2m+2

(d( )

(d(on2m, 0M2m+1))
]k
]

IN

[0(d(M2m, N2m+1))
[8(d (21, 72m)) ]

IN

[8(d(70,m1))]F""
= [9(d (10, m))]¥"

By a similar method to above, for n = 2m,, where m € NU {0}, we can again obtain

IN

(A, +1)) < [8(d (70, 11))]"

Thus, for all n € N, we have

1< 8(d(nn, ps1)) < [8(d (0, m))]F". )

Letting n — o0 in the above equation, we get

Lim &(d(n, ns1)) = 1,

n——+oo
which implies by (9;) that
lim d(nu, 1y41) = 0. ®)

n—+o00

Let d,, := d(yn, yy41) for all n € N. To prove that {#,} is a Cauchy sequence, let us consider
condition (d3). Then there exist 7 € (0,1) and A € (0, +c0] such that

_8(dy) —1
Hm ()"

= A (6)
Let 6 € (0,A). By the definition of limit, there exists 1y € N such that
[dn])" <671 [0(dy) —1], foralln > no.

Using (4) and the above inequality, we infer

nlda]" < 6 n([8(do)]¥" —1), foralln > ng.
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This implies that

lim n[d,)" = lim n[d(4n,1,41)] = 0.

n——+oo n—-+oo
Then, there exists n; € N such that

1
d(n, ny1) < Ve forall n > n;. @)

Let m > n > ny. Then, using the triangular inequality and (7), we have

m—1 — oo 1
(1, 1m) < E (ks Mie+1) Z K
k=n k=n k=n

and hence {7, } is a Cauchy sequence in A. From the completeness of (A, d), there exists ¢ € A such
that, — ¢ asn — +oo.
Now, we show that ¢ is a common fixed point of ¢ and ¢. By considering (3), we deduce

d (n2n+1,08) = d (0120, 05) < d (1721, C) -

Passing to limit as n — o0 in the above inequality, we obtain d(¢, o) = 0 and so § = ¢¢. That is,
¢ is a fixed point of ¢. Taking into account the fact that ¢ is a fixed point of ¢ iff § is a fixed point of g,
we conclude that ¢ is also a fixed point of ¢.

To show the uniqueness of common fixed point of ¢ and o, suppose that there exist 11,72 €
A with 1 # 1z such that 1 = o1 = o%1 and 172 = 0172 = 072. Then, from (2), we get

8(d(1,172)) = 0(d(eim, o)) < [9(d(m, 72))]* < 9(d(m, 12)),
which is a contradiction. Then ¢ and ¢ have one and only one common fixed point. [
Now, we are ready to present the proof of Theorem 1.

Proof. Define ¢ : B(Q2) x B(Q)) — [0, +o0) by

5((n1,1m2),(€1,62)) = max{d(n1,¢1),d(12,82)}, forally, iz, 81,62 € B(QY).

Then, (B(Q)) x B(Q), ) is a complete metric space, since (B(Q)),d) is complete.
Consider the mappings Xr, Ly : B(Q?) x B(Q)) — B(Q)) x B(Q) defined by

Zr(U) = (T, m2), T (a), m72(e)))
and
Zy(U) = (Y(11,1m2), Y (11 (a), m2(a))),

where U = (1, 72). Then, L and Xy satisfy all assumptions of Lemma 1. Indeed, taking account of
(91) and (1), forall U = (171,12), V = (1, ¢2) € B(Q) x B(Q)), we deduce

B(8(Zr(U), Zy(V)))

= 8(6((T (71, 12), T (11 (&), m2(a))), (Y (leé‘z) (gl(a)rCZ(“)))))

= ¢(max{d(T (11,12),Y(&1,¢2)),d(T (11 (a) ), Y(G1(w), G2(a)))})
= max{8(d(T'(11,12), Y(¢1,82))), O(d(T (7 1( )/ 2(“))/ (¢ 1( ),62(2))))}

< max{[9(max{d(171,¢1),d(72,62) })]",
[8(max{d (1 («), &1 (w)), d(72(w), E2()) )]
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Since

d(in (), G1(a)) = sup | (@) (w), G1(a) (w)]

weD

< sup i (w), §1(w)| = d (i, &1),

we)

and similarly d(#2(a),G2(a)) < d(12,&2), we infer that

9(0(Zr(U), Zy(V))) < [B(max{d (i, &1), d (12, &2) })]*
= [8(s(u, V)))*.

That is, Xr and Xy satisfy the inequality (2). Therefore, by Lemma 1, there exists a unique
U* = (y17,m35) € B(QY) x B(Q) such that X (U*) = Ly(U*) = U*. This means that

C(ni,m3) =Y(ni,m35) = ni

and

This finishes the proof. O

3. Application to Dynamic Programming

Consider the following coupled systems of functional equations

ri(n) =sup{p(1,8) +P(n,8,r1(x(n,8)),s1(x(n,6)))}

geA
(8)
s1(n7) = ?615{19 (1,6) + P (1,6,11 (a(x (17,6))) 51 (a(x (17,8)))) }
and
r (1) = ?E‘IA’{P (1,6) +Q(n,&r2(x(n,6)),s2(x(1,6)))}
)

s2(n7) = ZIGJE{P(’?/C) +Q(n,¢ 12 (al(x (1,8))) 52 (a(x (17,8)))) }

for all # € ), which appear in the study of dynamic programming (see [8]), where () is a state space,
Aisadecisionspace, k : (A XA —=Q, p: OXA =R, P,O:OXxAXRXxR—=Randa:Q — Qare
given mappings.

In this section, we discuss the existence of a unique common solution to the systems of functional
Equations (8) and (9) by using the obtained results in the previous section.

Theorem 2. Consider the systems of functional Equations (8) and (9). Assume that the following conditions
are satisfied:

(i) p:OxA—=RandP,Q:Q x A xR xR — R arebounded functions;
(ii) there exists B € (0,1) such that for arbitrary points 5 € Q), ¢ € Aand h,k, hy, ki € R,

B 2
1P (0,81, k) — Q (1, &, k)| < [1+¢sup{|h—h1|,|k—k1|}] —1] .

Then Equations (8) and (9) have a unique common solution in B(Q)) x B(Q)).
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Proof. First, we consider the operators I and Y defined on B(Q2) x B(Q) as

(T (r,s)) (1) = sup{p (1,8) + P (1, & (x(1,8)) s (x (1,8))) },

geA
(10)
(Y (r,8)) (1) = ?éf{p("’@ +Q U, 87 (x(n,8)),s(x(n,8)))}

for all (r,s) € B(Q)) x B(Q)) and 57 € Q. Since functions p, P and Q are bounded, then I and Y are
well-defined.

Now we will show that I and Y satisfy the condition (1) in Theorem 1 with the sub metric d.
Let (r1,51), (r2,52) € B(Q) x B(Q)). Then, by (ii), we get

d(F( 1’1,51),Y(7’2, SZ))
= Sug |F (7’1,5]) (77) -Y (72152) (77)|
ne

= sup
neQ)

sup{p (1,&) + P (1,81 (x(1n,8)),s1(x(n,)))}

CeA

—sup {p (1,8) +Q(1,&,r2(x(n,8)) 52 (x (17,@‘)))}’

CeEA

(11)
< sup {sup| P& (x(1,8))51 (x (1,6)))

neQ) LZeA

~QU, & ma(x(0,8)) 52 (x(1,0)
cenfoel [ -<mmrea )

neQ) LZeA

where
A= r(x(y,6)) —r2(k(,6))]  and  B:=|s1 (x (17,8)) —s2 (x (1,))|-
It yields that

2

{1 + \/sup {d(r1,r2),d(sl,sz)}] ’ — 1] ) (12)

d(T(ry,81),Y(r2,82)) <

From the above inequality, we obtain

B
1+ \/d(l"(rl,sl),Y(rz,sz)) < [1 + \/sup {d(rl,rz),d(sl,sz)}} . (13)

By setting ¢ € @ by 8(t) = 1+ /t for all t > 0 and using (13), we infer
3(d(T(r1,81),Y(r2,52))) < [¢(max {d(rl,rz),d(sl,sz)})]ﬁ

for all (r1,s1),(r2,52) € B(Q) x B(Q). This means that the condition (1) of Theorem 1 holds and
consequently, I and Y have a unique a-coupled common fixed point, i.e., Equations (8) and (9) have a
unique common solution in B(Q)) x B(Q)). O

By using the same method in the proof of Theorem 2 together Theorem 1 with the function ¢ € ®
defined by 8(t) = eV?, we get the following result.

Theorem 3. Consider the systems of functional Equations (8) and (9). Assume that the following conditions
are satisfied:
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(i) p:OxA—=>RandP,Q:Q x A xR xR — Rarebounded functions;
(ii) there exists B € (0, 4o0) such that for arbitrary points 5 € Q, & € Aand h,k, h1, ki € R,

P (1,8, k) = Q (11,6, 11, kr)| < e Psup {[h — |, |k kal}
Then Equations (8) and (9) have a unique common solution in B(Q)) x B(Q)).

4. Conclusions

In this paper, we introduced the notion of a-coupled common fixed points and established the
existence and uniqueness of such points. We applied our results to ensure the existence of a unique
common solution of coupled systems of functional equations arising in dynamic programming. We think
that this new concept will be a powerful tool in searching for the existence of solutions for coupled
systems of integral equations, differential equations, and also fractional integro-differential equations.
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