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Abstract: In this paper, we established some interesting integrals associated with the product of M-series
and incomplete H-functions, which are expressed in terms of incomplete H-functions. Next, we give
some special cases by specializing the parameters of M-series and incomplete H-functions (for example,
Fox’s H-Function, Incomplete Fox Wright functions, Fox Wright functions and Incomplete generalized
hypergeometric functions) and also listed few known results. The results obtained in this work are
general in nature and very useful in science, engineering and finance.
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1. Introduction, Definitions and Preliminaries

The integral formula containing several generalized special functions (GSF) have been explored by
numerous authors [1-5]. Many integral formulas involving GSF have been proposed and play a pivotal
role in solving scientific and engineering problems. In fact, GSF are connected with different kinds of
problems in various fields of mathematical sciences. These relations of GSF with different field of research
have motivated many scientists to investigate the field of integrals and connected GSF. Several unified
integral formulas established by many authors involving a various kind of special functions (see, for
example, [6-8]). The key aim of this work is to develop Oberhettinger’s integral formulas containing
the product of M-series and incomplete H-functions. The Oberhettinger’s integral formulas established
in the present work are very useful to obtain the Mellin transform of various simpler special functions.
The Mellin transforms of special functions find their applications in mathematical statistics, number theory,
and the theory of asymptotic expansions. The main findings of the present work are very useful in solving
the problems arising in digital signals, image processing, finance and ship target recognition by sonar
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system and radar signals [9-12]. We recall here the frequently used incomplete Gamma functions T (S, y) and
7(S,y) defined by:

y
¥(S,y) = / $5-1p-t gy (R(3) > 0;y = 0) 1)
0

and
ISy = /t“_le_tdt (y 2 0,%(%) >0 when y=0), 2
y

respectively, satisfy the decomposition formula given by:
IS y)+7(Sy) =T(Q) (R(I) > 0). ©)

The condition that we have used on the parameter y in and anywhere else in the current paper is
unrestrained of R(z) (z € C).

Srivastava et al. [13] defined incomplete generalized hypergeometric functions ,I'; and ,y, by the
Mellin-Barnes type integrals in terms of incomplete Gamma functions I'(s, y) and ¥ (s, y) as follows:
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where, £ is the Mellin-Barnes type contour, having T — ico as the starting point and 7 + ico (T € R) as the
end point with the usual indentations to separate a set of poles from another of the integrand in each and
every case.
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The incomplete H-functions 7p7'(z) and TIpg'(z) have introduced and investigated by
Srivastava et al. [14] (Equations (2.1)—(2.4)) in the following manner:

(e1,E1y), (Ej, Ej)z,p (e1,E1,y), (e2, E2),- -+, (ep, Ep)
Tp(z) =Ty | = = Tpi | 2 6
(f]'/F]')l,q (fl/Fl)/(fZIFZ)/"'/(fﬁ’FQ) ( )
= % [ f(s,y) z5ds,
£
where,
m n
F(l —e1 — Els,y) 1:[11"(f] -+ F]‘S) l_zr(l —e — E]'S)
f(S/y) - q = 14 a
II T(1—fj—Fs) I1 T(ej+Ejs)
j=m+1 j=n+1
and
(61, E,, ]/)/ (6]', Ej)2,p (81, El/]/)/ (32/ EZ)/ T (EP’ EP)
Toa (2) =Tpq | 2 =7pq | Z ;
(fi: Fiq (fi, B, (fo F2) -+, (fy Fy) @
i= 5L [ F(s,y) z7%ds,
£
where,
m n
v(1—e; — Eys,y) [Ill"(f] + Fjs) [Izl"(l —ej—Ejs)
F(s,y) = = =

q p
TI T(1—f—Fs) TI T(e+Ejs)
j=m+1 j=n+1

The incomplete H-functions 'y (z) and y}5' (z) in (6) and (7) respectively, exist for all y 2 0 under
the same set of conditions and the same set of contour stated in the articles presented by Kilbas et al. [15],
Mathai and Saxena [16] and Mathai et al. [17].

Aforementioned functions possess numerous special cases out of which we choose to enumerate
a few:

(i) Taking y = 0 in (6), incomplete H-function I'; ;' (z) reduce to the commonly used Fox’s H-function [18]
as follows:

(ell Ell 0)/ (62/ EZ)/ Tty (epr Ep) (elr El)r (62, EZ)/ Tty (ep/ Ep)
Do | 2 =Hpi' | = - ®

(fr. 1), (f2 B2), -+ (fo Fy) (fr 1), (f2 B2,/ (fo, Fy)
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(ii) Setting m = 1,n = p and replacing g by q 4 1 and taking suitable parameters, the functions (6) and (7)
reduces to incomplete Fox-Wright functions p‘f"gr) and p‘{’,(ﬂ) (see for details, [14] [P. 132, Equation (6.3)

and (6.4)]):

Ly (1—e1,Ey), (1—e,Ej)p o (e, E1y), (€j, Ej)ops
rp,q+1 -z =¥ z|. )
L (Or]-)/ (1_,f]/F])1,q | L (_f]/F])l,q/
and
1 p (]- — e, El/ ]/)/ (1 - ej/ E])Z,p (7) (61/ E]/ y)/ (6]‘, E])Z,p/
1| — %! z| . (10)
L (0,1), (1 = fj, Fig i L (fj Fvgs

(iii) Further, taking v = 0 in (9) incomplete Fox-Wright function p‘i’,gr) reduces to the well known

Fox-Wright function 'Y, (see for details, [18] ([p. 39, Equation (2.6.11)]))

- (e1,E1,0), (ej, Ej)2,p; (e1, E1), (ej, Ej)2p;
Yy z| =, z|. (11)

(fir Fi)vras (fir Fi)vq;

(iv) Taking E; = F, =1 (j=1,---, pk=1,---,q) in (9) and (10), the incomplete H-functions reduces to
the incomplete generalized hypergeometric functions 7, and ,I'; (see [13]):

(r) (ell 1! ]/), (ej/ 1)2,;7; (ell y)/ e, -, ep;
p¥sg z| =l z|. (12)
(,f]/l)l,q/ fl/ /fq/
and
(7) (61, 1/y)/ (ejrl)z,p; (31/y>/ €y, ,EP,'
(,f]’l]‘)l,q; fl/"' /fq/

The generalized M-series was introduce and investigate by Sharma et al. [19] as follows:

0.0 K1, Oy B 0,0 - 00 (“1)](...(“7)1{ wk .
P M 131,. . .ﬁs,‘ w| = rms(w) - kg() (51)](. .. (,Bs)k r(pk—i—o')'

Here, we omit the details of convergence conditions and complete description due to all details are
given in [19].
We are also required to recollect Oberttinger’s integral [20] formula which is defined as follows:

(p,o,w e C,R(p) >0). (14

[ et T ) = a0 (%) TR =)
O/x (x+a+ Vx%2+2ax)""dx =2\a <2> T+ A+7) (15)

provided that 0 < R(p) < R(A).
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2. Oberhettinger’s Integral Formula

Numerous author time to time establish unified integral formulas involving several kind of special
function (see, for example, [21-23], see also, [24-26]). So, in this section, we establish Oberhettinger’s
integral formulas of the incomplete H-functions (6) and (7). The Oberhettinger’s integral formulas
established in the present work are very useful to obtain the Mellin transform of various simpler special
functions. The Mellin transforms of special functions find their applications mathematical statistics,
number theory, and the theory of asymptotic expansions. Specially, the key findings of the present study
are very useful in solving the problems arising in digital signals, image processing, finance and ship target
recognition by sonar system and radar signals.

Theorem 1. If A, € Cwith0 < R(u) < R(A) and x > 0, then the following integral formula holds:

00 oy, Oy
_ _ o Z1
x4 a+ Va2 + 2ax) " m
/ ( )7, o x+a+ Va2 2ax
0 ,Blr o ,BS/
(e1, Ev ), (ej, Ej)ap oo 21 \k
mn | Zp _nl—pu pu—A ( )k (7)
Toa | crarvaiom dx =2 Fal T 2p) k;) ﬁl ke (Bs)e Dok +0)
(i Epg -
, (e, Ev,y), (e, Ej)ap, (A =k, 1), (1 = A —k+p,1)
m,n—+
rp+2q+2 272 ’ (16)

(fir F)ig (1=A =k 1), (=A =k —u,1)
provided that the conditions of incomplete H-function Ty’ (z) in (6) are satisfied.

Proof. For the sake of convenience, let us denote the left hand side of the assertion (16) by J. Using (6)
and (14) in the right side of (16)

) k
) 1x ] - ax . ) ( )k 1 Z1 .
/z» tat+V/x242 k;) (BT (pk+0)<(x+a+\/m>>

0
1 22 -
2”i!<x+a+\/m> f(& y)dg dx

where f(&,y) is defined in (6).
Next, upon changing the order of summation, integration and contour integral involved therein
(which is permissible under the stated conditions), we obtain

0 k ot
Z (ng (Plfl—l—a ﬁ/f(gy Zzé/xy Y +a+ Va2 +2ax) - M0 gy dg
k=0 e 0

Finally, applying (15) in the above integral and reinterpreting it in the form of incomplete H-function
[y (z), we arrive at the assertion (16). [
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Theorem 2. For A,y € Cwith 0 < R(u) < R(A) and x > 0, then the following improper integral holds:

e VRERY %

P z
x4+ a+ V2 +2ax) "M 1
0/ )7 ﬁl__.ﬁs,x+a+\/x2+2ax
(el/Elly)/ (eerj)Z,p %) 21 k
k
721/;1’1 x+a+\z/2xz+2ax dx =217 Mal™ Ar (2u) Z E ; ((1:—)% )
(F s =3 peoitipka
(61, Elry)/ (e]'/ E]')Z,p/ (_/\ - kr 1)/ (1 -A—k + ]’l/ 1)
m,n+2 k) . (17)

Tpt2q+2 | @
(Fi E)rg (1= A=k, 1), (—A —k — pi,1)

provided that the condition of incomplete H-function «vyy' (z) in (7) are satisfied.

Proof. For the sake of convenience, let us denote the left hand side of the assertion (17) by J. Using (7)
and (14) in the left side of (17)

) k
1—1 —A c- ( )k ! & ’
O/xf x+a+\/m kgo - (Bs)k T (pk—ira)((x—i—a—i—\/M))

1 27 )é
— F(¢,y)dc dx
2m£/<x+a+\/m (& y)d

where F(¢,y) is defined in (7).
Next, upon changing the order of summation, integration and contour integral involved therein
(which is permissible under the stated conditions), we obtain

S (00 PR 0 PO M e oy~ k0)
‘S_,;)(ﬁl)k---(ﬁs)kf(karU) an/ ) z, O/x (x +a+ Vx2+ 2ax) dx d¢

Finally, applying (15) in the above integral and reinterpreting it in the form of incomplete H-function
Yy (2), we arrive at the assertion (17). [

3. Special Cases and Remarks

In this section, we recorded some interesting special cases of main results (Theorems 1 and Theorem 2):

Corollary 1. If A, € Cwith 0 < R(u) < R(A), x > 0 and incomplete H-function reduces into Fox H-function
with the help of (8), then the following integral formula holds:

o« po | (e, Ej)1p
_ _ . Z1
[ ke VA 2a v | T | wevieee dx
0 Bi,-+ Bs; (fir Fig
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where

A" = (—/\ : 1,1), (1 —/\—F}l : 1,1) : (1 — Oéj,l)l,p, (0,1) : (E] Ej)l,p
B*=(1-A:1L1),(-A=p:1,1):(0,1), (1= B;, 1)1, (1 —0,0) : (fj, Fi,g

provided that members of both side exist.
Proof. Taking y = 0 in the result (16), we get the desired result. [

Corollary 2. For A,y € Cwith 0 < R(p) < R(A), x > 0 and incomplete H-functions reduces into Incomplete
Wright functions, then the following integral formula holds:

- K1, Ky,
_ - o Zl
(x4 a+ Va2 + 20x) M
/ ( )M . X +a+Vx%+ 2ax
0 Bi,--Bs;
T(r) (e1, E1,y), (ej' Ef)zrp; Z2 dx
p q xX+a-+ \/m

(fir Figs

© (ap)p-- (@) (2)F
= pl=pah=AT (2 o\ @
T L (T o Tk + o)
- (er, E1, ), (ej, E)ap (1 + A+ k1), (A +k—p,1)
pea¥ils | 2 . (19)
(fi F)vg (A+k1),(1+A+k+p,1)

and

Xy, Wy,
Z1

x+a+ Vx2+2ax

o .0
/x”fl (x4 a4+ V/x2 + 2ax) 4,0y
0 ,Bl/ e ,BS/

(e1,Evy), (ej, Ej)ap; 2

(7)
Y dx
PHa x+a+vVx2+2ax

(fir F)vgs
© (ap)g- () (2)F
:zlfy]/lf)trz 1)k 1)k a
T L (g (B Tk + )
(el,El,y), (Ej,Ej)z,p, (1+/\+k,1), ()\-f—k—;l,l)
p+2‘ft(;1)2 2 . (20)
(fj,l—"j)qu,()urk,l),(l+A+k+y,1)

provided that each member of assertion (19) and (20) are exist.

Proof. Assuming (9) and (10), we get the required result here from those in Theorems 1 and 2. O
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Corollary 3. If A, u € Cwith 0 < R(p) < R(A), x > 0 and incomplete H-function reduces into Fox—Wright
function with the help of (11), then the following integral formula holds:

00 SPRRRY.%
_ _ p7 Z1
N x +a+ Va2 +2ax)"hm
/ ( )7 L x+a+ Vx4 2ax
0 B1,- - Bs;
(e1, E1)1,p; ,
pY, 2 dx
Y, . Xtad Va4 2ax
(fJ’ J)llq'
S
1—11 L(B;) A | oA
_ _ = 0,2:1,r4+1:1,
=21 Hat Ar(zy)riHZ,Z:r—‘:l,s+21:7p,q+1 21)
j=1

where

A = (=A:1,1),(1-A+p:1,1): (1—a;1)1,(0,1): (1—ej, Ep
B'=(1-A:11),(1-A—p:1,1):(0,1),(1—B; D14 (1—0,0):(0,1),(1—f;, F)ig

provided that improper integral exist.

Proof. Further, setting y = 0in (19), we get the desired result. [

Corollary 4. If A, p € Cwith 0 < R(u) < R(A), x > 0 and incomplete H-function reduces into incomplete
hypergeometric function with the help of (12) and (13), then the following integral formula holds:

% LSVERRY. %
_ _y e Z1
x4 a+ Va2 + 2ax)"m
[ v )7 RS e
0 B1,- - Bs;
(51/]/)/52/"' ,EP,' Z
T dx
P . x+a+VaZtoax
fl/"' rfl/]I
o0 .. ﬂy
— Zl—yay—)\r(z ) (al)k (“r)k ( a
M) X B (o) ok )

(61,y),e2,... ,ep,—/\—k,l—)\—k+y
‘ (22)

p+2lg42
fio fol=A—k—A—k—pu
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and

K1, Ky,
21

x4+ a4+ Vx? 4+ 2ax

) 0.0
/ (x4 a + Va2 4 2ax) A9,
0 B1,- -+ Bs

(61/ y)/EZ/ e /ep; Z

dx
L Fue o X+ a+vx? + 2ax

/fq/
(] Z1 k
— zlfyayff\r 2 (al)k e (Dér)k (?)
) & ()i (o Tk +)
(Elr]/)IEZI' c /ep/_A_k/l _/\_k+]/l
p+27q+2 272 . (23)
Fioo gl —A—k —A—k—p

provided that both integrals exist.
Proof. Again, taking E; = F; = 1in (16) and (17), we arrive the required result. [

Corollary 5. For A, u € Cwith 0 < R(pu) < R(A), x > 0 and incomplete H-function reduces into Fox-Wright
generalized hypergeometric function, then the following integral formula holds:

(e, Ej)1p;

[ee]
z
x4 a+ Va2 +2ax)" 1, ¥ dx
/ ( AL S xda+Vx242ax
0 (,fj/I-‘j)l,q/

(e, E)1p, (14+A,1), (A —p,1)
_ Zl—ya;l—)\l—'(zy)erZ\{qurz % . (24)
(fir E)g (A1), (14 A+ p,1)

provided that each member of assertion (24) are exist.

Proof. Assuming (16), M-series reduces into unity and with the help of (11), we get the required result
here from those in Theorem 1. [J

Remark 1. If M-series reduces into unity and incomplete H-function into Bessel function of the first kind |, (z)
in (16), then result recorded by Choi et al. [27].

Remark 2. If M-series reduces into unity and incomplete H-function into generalized Bessel function of the first
kind Wy (z) in (16), then result recorded by Choi et al. [28].

4. Conclusions

In this work, we have derived some interesting integrals involving the product of M-series and
incomplete H-functions, which are expressed in terms of incomplete H-functions. We have also given
some special cases by specializing the parameters of M-series and incomplete H-functions (for example,
Fox’s H-Function, Incomplete Fox-Wright functions, Fox-Wright functions and Incomplete generalized
hypergeometric functions) and also listed few known results. The results derived in present investigation
are general in nature and can be used to obtain many integrals having real world applications.
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