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Abstract: This paper studies the periodic solutions of a four-dimensional coupled polynomial
system with N-degree homogeneous nonlinearities of which the unperturbed linear system has a
center singular point in generalization resonance 1 : n at the origin. Considering arbitrary positive
integers n and N with n < N and N > 2, the new explicit expression of displacement function
for the four-dimensional system is detected by introducing the technique on power trigonometric
integrals. Then some precise and detailed results in comparison with the existing works, including
the existence condition, the exact number, and the parameter control conditions of periodic solutions,
are obtained, which can provide a new theoretical description and mechanism explanation for the
phenomena of emergence and disappearance of periodic solutions. Results obtained in this paper
improve certain existing results under some parameter conditions and can be extensively used in
engineering applications. To verify the applicability and availability of the new theoretical results, as
an application, the periodic solutions of a circular mesh antenna model are obtained by theoretical
method and numerical simulations.

Keywords: four-dimensional coupled system; periodic solutions; existence condition; parameter
control conditions; circular mesh antenna model

1. Introduction

Many problems in the fields of engineering and science can be described by nonlinear polynomial
systems. Due to interaction between different variables, these systems often exhibit complicated
dynamic characteristics and bifurcation behaviors [1-3]. One of the important ingredients for describing
the dynamic behaviors of nonlinear systems is the bifurcation of periodic solutions, which is closely
related to the second part of Hilbert’s 16th problem [4]. Many scholars have done a lot of work in recent
years, and some meaningful results for one-dimensional and planar systems have been obtained [5-9].
With the development of science and technology, the study of one-dimensional and planar systems
cannot satisfy the need of practical applications. Hence, it is urgent to study the bifurcation of periodic
solutions for high-dimensional polynomial systems. However, due to the complexity of geometric
structure and numerical calculation of high-dimensional nonlinear polynomial systems, research
on the bifurcation of periodic solutions is much more sophisticated than the one-dimensional and
planar systems.

Up to now, some contributions have been made in the bifurcation theory of periodic solutions of
high-dimensional nonlinear polynomial systems. Various classical and effective methods, such as the
Poincaré map [10], the Melnikov method [11], the harmonic balance method [12], and the averaging
method [13], were proposed to detect the periodic solutions. Further study on the bifurcation of
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periodic solutions for some types of polynomial systems was widely considered in [14] and references
therein. Recently, to overcome the complex calculations appearing in the process of analyzing the
periodic solutions of high-dimensional polynomial systems, some symbolic algorithms and programs
were developed based on computer software, which can provide a convenient way to solve the
problems in real applications [15,16].

The study of the existence and number of periodic solutions for high-dimensional polynomial
systems is an important and hot topic in bifurcation theory that can help scientists better comprehend
and analyze the complex periodic vibration phenomena exhibited in systems from different fields.
Some results on the existence of periodic solutions for some certain types of systems, such as slow-fast
systems and perturbed Hamilton systems, were obtained in [17-22]. In recent years, the study of
the number of periodic solutions for high-dimensional systems has attracted much attention from
researchers. The results can be mainly divided into two aspects: the lower bounds [23] and the
upper bounds [24]. As we have seen, most of the studies deal with piecewise linear systems or
three-dimensional nonlinear systems [25,26]. In fact, with the increasing of the dimensions of nonlinear
systems, the amounts of calculation increase exponentially, and it is difficult to determine the number
of periodic solutions. For a four or higher dimensional N-degree perturbation system, the upper bound
of the number of periodic solutions bifurcating from the center singular point in certain resonance
1: N or zero-Hopf singularity has been obtained [27-29]. However, the more general results on the
existence and number of periodic solutions bifurcating from a four-dimensional center in generalization
resonance 1 : n, n € Z have not been obtained.

Most of the mechanical models appearing in science and engineering applications, such as those
exhibited in [1,3,30], are often multi-degree-of-freedom nonlinear dynamical systems. These systems
can often be reduced to nonlinear dynamic systems with even dimensions and cannot be directly
analyzed based on certain existing results. Inspired by the aforementioned works, to facilitate the
practical applications, we are concerned with a four-dimensional coupled polynomial system with
N-degree homogeneous nonlinearities of which the unperturbed linear system has a center singular
point in generalization resonance 1 : 11, where N,n € Z_.. The upper bounds of the number of periodic
solutions for n = N and n = 0 have been obtained in previous literatures [27-29]. Our main aim is to
bring the relevant studies to a more general case, 7 < N. In this paper, some more precise and detailed
results in comparison with the existing works, including the existence condition, exact number, and the
parameter control conditions of periodic solutions, are obtained. The obtained results can be widely
applied to engineering models, which can provide a detailed description for the periodic solutions
when the coefficients are allowed to vary in a wide range of parameters. Periodic solutions of an
engineering model show the complex periodic vibrations of the application devices, and our theoretical
results may provide a parameter method for controlling periodic vibrations.

This paper is organized as follows: In Section 2, some preliminary lemmas that play an important
role in our study of the periodic solutions of System (1) are presented. In Section 3, by detecting
the new exact explicit expression of displacement function based on the Poincaré map and taking
into account the complex coefficients, some results on the existence, number, and parameter control
conditions of periodic solutions of the four-dimensional nonlinear system are obtained. In Section 4,
as an application, the periodic solutions of a two-degree-of-freedom circular mesh antenna model
subjected to thermal excitation are studied by theoretical results and numerical methods. In Section 5,
conclusions of this paper are presented.

2. Preliminaries

Consider a four-dimensional coupled polynomial system with N-degree homogeneous
nonlinearities of which the unperturbed linear system has a center singular point in generalization
resonance 1 : n as follows,

x=(A+eA)x+F(x), 1)
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where ¢ > 0 is a small parameter,

X = (xl,xz,xg,x4)T eR*, A =diag(A1,As), A = diag(A1, Az),
0 -nk

1
~ ~ ~ T
A, AR, Ay, A e RP2, A = ( H1 0 ) Ap = (a2k-1,a21) ",
_ (k k (] j _ _
Ik = (“1000'“0100)';’1 = (ag010:F001 ) k=12, j = 3,4, , o @
F = (F1,F2,F3,Fy)", Fi(x) = X )y @ sisiy 1 X2 X3 Xy

iy tip+iz+ig=N i1+ip=N-2+[(i+1)/2]
l' . . . . .

L €R, iy,ip13,i4€N,i=1,2,3,4 n<N,nNeZ,,
and [-] denotes the integer part. We are concerned with the existence condition, exact number, and
parameter control conditions of periodic solutions of System (1). We all know that when N = 1,
System (1) has no periodic solution. Hence, the degree of the nonlinear terms of System (1), N > 2, will
be considered in this paper.

In this section, we will present some important lemmas on the transformations of System (1) and
the exact formulas of power trigonometric integrals as preliminaries.
Rescaling System (1), the following lemma can be obtained:

Lemma 1. By introducing the scale transformation

x — eﬁx, 3

System (1) can be rewritten as
x = Ax + eG(x), 4)

where G(x) = Ax + F(x) € R%,
Proof. Rescaling the variables of System (1) by Transformation (3), we obtain
1. 1 —~ N_
eN-1x = eN-T1(A + eA)x + eN-1F(x),

which can be reduced to

x = (A4 eA)x+ eF(x).
This proof is completed. O
Writing System (4) in polar coordinates, the following lemma can be obtained:
Lemma 2. Considering the transformation
(x1,x2,x3,x4) = (rcos 6,rsin 6, pcos(n(6 +s)), psin(n(6 +s))), (5)
System (4) becomes

dy_

L = eH(0,y) +O(2), ©)
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where 0,3 € S, r,pER,

y

H1(6,y) = G1(0,y) cos 0 + G2(0,y) sin 6,

Hy(6,y) = G3(6,y) cos(n(0+s)) + Ga(6,y) sin(n(6 +s)),

H3(0,y) = pl—n(G4(9, y) cos(n(0 +s)) —G3(6,y) sin(n(6 +s)))
-1(G2(6,y) cos 0 - G1(0,y) sin0),

Gk(0,y) = a’{ooorcos 0+ a’éloorsin 0+ F(0,y), k=1,2,

Gi(6,y) = ”éowp cos(n(0+s)) +a(])001p sin(n(6 +s)) {PJ(G, y), j=34

Fi(6,y) = Y Y a;1i2i3i4r11+’2p’3+14 cos't Bsin2 O

. i1+i2+i3+i4=N i1+ip=N-2+[(i+1)/2]
x cos(n(6 +s))sin*(n(6+s)), i=1,2,3,4.

Proof. Doing the change of variables from (x1,x,x3,%4) to the new variables (6,r,p,s) given by
Transformation (5), System (4) becomes

#cosO —Orsin® = —rsin O + eG1(0,y),

Fsin@ + Orcos 0 = rcos 0 + £Ga (0, y),
pcos(n(6+s)) —n(0+3)psin(n(6 +s)) = —pnsin(n(6 +s)) + eG3(6,y),
psin(n(6 +s)) +n(0 +3)pcos(n(6 +s)) = pncos(n(0 +s)) + Gy(6,y),

@)

where the expressions of G;(60,y), i = 1,2,3,4 are exhibited in Lemma 2. Hence,

r=1¢G1(6,y) cos 0+ eGy(0,y)sin b,

p=¢G3(0,y)cos(n(6+s)) 4+ €Ga(6,y) sin(n(6 +s)),

5= pin(G4(6, y) cos(n(6 +s)) — G3(0,y) sin(n(0+s))) (8)
—£(G2(6,y) cos 0 - G1(0,y) sin0),

9 -1 £G1(0,y) sin 0—¢G,(6,y) cos O
=1- . .

Now System (8) can be rewritten as

y=¢H(6,y),
9 —1— £G1(0,y) sin 0—eG,(6,y) cos 6
r 7

where y = (7, p,s)T, H = (Hl,Hz,H?,)T, and the expression H(O,y) is exhibited in Lemma 2.
Considering 0 as a new independent variable, we obtain a non-autonomous system with the form

d . X [ G1(0,y) sin 6—¢G; (0, )cos@j
dy —eH(G,y)(lJerl( Sl s Gy )]

= ¢H(0,y) + O(e?).

This proof is completed. O

For convenience, two important notations that play an important role in our investigation
are introduced;
Jk,(s) = fozn cos™ Osin'2 0 cos(n(0 +5))do,
Jk,(s) = fozn cos™ @sin™2 Osin(n(0 +5))d6,

where A1, A5 € N. Our next objective will be to discuss the exact expressions of Jk, (s) and Jk, (s).

Lemma 3. Considering A1 + Ay = N, the following statements hold:
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@
2

If N +nis odd, then Ji, (s) = Jk,(s) = 0.
If N + n is even, then

() When Ay is odd,

Jk, (8) = —c(A1, A2) sin(ns), Jx, (s) = (A1, A2) cos(ns).
(i)  When A is even,

Jky (8) = (A1, A2) cos(ns), Ji, (s) = (A1, A2) sin(ns),

where

(—1)[)\72]7'( & L

_ _1\/ J11 ~J21

) =5, ), Y, (ymcicy
j11=0 jo1=(N-n)/2—j11 0<j215A2

and we set Cg =1

Proof. When A; + A, = N, note that

. oM, 0 oA
cos™ Osin'2 0 = (f‘9+2€ ‘9) (619—6 16) 2

2i
. Ay - \A
_ 2N1~/\2 (619 —|—€_16) 1(619 —6_16) 2
1
MoAp o o
= ﬁ y oy (_1)JZCJA1 Cf el(N=2(j1+/2))0
2Ni 2]-120 j2=0 1 A2

Based on the analysis above, when N —2(j; + j2) = n or N —2(j; + j2) = —n, the expressions

Jk, (s) and Jk, (s) may not be equal to zero, where jq, j» € Z;,0 < j; < 41,0 < jo < A. Next, we discuss
Jk, (s) and Jx, (s) by considering the parity of N + .

@

)]

If N + n is odd, there exists no ji, j» € Z4 such that N —2(j; + jo) =nand N -2(j1 + jo) = —n,
where 0 < j; <Ay, 0 < jo < As. Hence, Jk, (s) = Jk,(s) = 0 holds in this case.

If N + n is even, the expressions Jk, (s) and J, (s) may not be zero. In fact, supposing there exist
j1 = ji1 and jo = jp1 such that N — Z(jl + ]2) = n, there exist j; = A1 — j11 and jo = Ay — jp1 such
that N —2(j; + j») = —n. Next, we discuss the exact expressions of Jx, (s) and Jx, (s).

(i) The expression i, (s). Considering the introduced notation Jx, (s), together with the above
analysis, we obtain

o M

Tk, (s) = 2N+lli«\z A Cﬁtll Cf21((_1)f21 im0 4 (_1)A2—f21 e—ine)(ein(8+s) + e—in(6+s))d9

. . . . A
j11=0 jo1 =(N—n)/2—j1; 0<jm<Ay 1 "2

A

o 1 P _

= _2N+11_"‘2 [ 4 Yy Y Y (-1 CJA“CAH (e—ms + (_1)/\zelns)d9_
! 71120 jo1 =(N=11) /2 j1; 0<jor <Ay 1A

The exact expression of Jx, (s) will be discussed based on the parity of 1.
(a) When A, is odd,

Ap—1

2 M L
Jk,(s) = # 02n r by Y (-1)2CC sin(ns)do
J11=0 joy=(N-n)/2~j11 0<j215A2 T
(1) rin(ns) M T
=—— — L x Y (—1)]21C]A111C]A2;.

J11=0 jo1=(N-n)/2~j11 0<j21=A2
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(b) When A, is even,

2 A . .
Jk (s) = % OZH b L Y (12 cos(ns)do
X J11=0 jo1=(N-n)/2—ji1 0<j21<A2 T
2 M L
_ (=1 21\7]1_clos(ns) y y Y (—1)]21C]A111Ci\221.

j11=0 jo1=(N-n)/2—j11 0<j21<A2

(i)  The expression of Jk, (s). Thus:

A . .
o2n A P Ao—ing i . .
Jiy(s) = 2N+11'«\2+1 A y Y Y Cf\“szl((—l)me‘”Q + (D)™ 214 m@)(em(9+s) —e m(9+s))d9
! 11=0 jp1=(N-n)/2-j1; 0<jm <Ay
on M

= 2N+111A2+1 j(; (_1)f21 CjAlll Cl\zzl (—E_ms + (_1)Azemg)d9.
j11=0 jo1 =(N-n)/2—j11 0<ja1 <A

Similar with case (i), we consider Jk, (s) by discussing the parity of A,.
(a) When A, is odd,

(-1) 7 mcos(ns) |

- 1 cos(ns T

_ _1)\/ J11 ~]21

]Kz (S) - 9N-1 Z Z Z ( 1) 21C/\1 Cf\z :
J11=0 joy =(N-n)/2~j11 0<j21<A2

(b) When A, is even,

A

oo A

(=1) 7 msin(ns) [Rp

o) = ——7—— 2, ), ), (-n=Echcr
J11=0 jo1=(N-n)/2~j11 021572

This proof is completed. O

3. Periodic Solutions of a Four-Dimensional Nonlinear System

In this section, the existence, exact number, and parameter control conditions of the periodic
solutions of System (1) are investigated by detecting the new explicit expression of the displacement
function based on the Poincaré map.

3.1. Displacement Function

System (1) is transformed into System (6) in Section 2, which implies that the periodic solutions
of System (1) can be obtained by considering a Poincaré map for System (6). Denote by y(6,z, ¢) the
solution of System (6) with the initial condition y(0,z, &) = z, where 0 € S, z = (rq, po, so)T € R? xSl
Define a global cross section to vector field (6) by

> ={(y,0)0 =0} e R*x §2.

Note that H(0, y), shown in System (6), is continuous and 27 periodic with respect to variable 0.
Consider the Poincaré map of System (6),

P(z,e): L - X:y(0,z,¢) - y(2m,z¢),
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and define the displacement function as

P(z,¢) = %(y(Zn,z,e) -y(0,z,¢)) = %(y(Zn,Z,e) -z), )
where @ = (91, Dy, <I>3)T. In what follows, we will detect the expression of displacement function.
Lemma 4. The displacement function of System (6) with initial condition y(0,z, €) = z can be written as follows:

D(z,¢) =h(z) +O(¢),
where h = (hn, ha, h3), h(z) = [ H(6,2)de.
Proof. Expand the solution of System (6), y(6, z, ¢), in the Taylor series in ¢, i.e.,
¥(0,z,¢) =z + ey1(6,2) + O(&2).

Clearly y;(6,z) is a real function that satisfies y1 (0,z) = 0, where y; = (r, p1,51)". Substituting
y(6,z, ¢) into System (6) yields
Iy(0,z,¢
M = eHO,y(0,2,0) + O() W
eH(Q,z +ey1(0,2) + O(ez)) + O(&2).

The power series expansions of W(0zc) 55— ) and eH(G z+e€y1(0,z) + O(ez)) at both ends of Equation
(10) for ¢, at ¢ = 0, can be expressed as

or(0,z,¢ :dr1 (0,
,2,E & ~Z
5559692 ) é;?gz +0(e?), (1)
8’9, = 1 + O(fz)
and <
Hi(G,Z-i— ey1(6,2) +O(€2)) = ¢eHi(60,z)+¢}, 3?Hy—,92) 12)
'}/
= EHi(G,Z) + 0(82),
where

P32PH;(02) (. V[ ]
W(m(az) +0(e2)) " (p1(6,2) + O(2))

72

Jd’Hi(0,z) = b

y1t+y2+ys=y (13)
X(esl(G,z) + O(e? )) , VP =rillys!, i=1,2,3.
Equating the coefficients of ¢ at both ends of Equation (10) yields
9y1(6,z)

Based on y1(0,z) = 0, the expression y1 (6, z) is of the form

0
z) :L H(6,z)d6

Now the expression of the solution y(6, z, €) becomes

y(6,z,¢) —z+€fH z)d0 + O(&?).
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Hence, based on Equation (9), the displacement function of System (6) can be obtained:
Dz, ¢€) (z+&j(; (6,2)d6 + O(e2) - )
2
= [, "H(0,2)d0 + O(e).
This proof is completed. O

We note that a zero solution of the displacement function corresponds to a periodic solution of
System (6), which implies that studying the exact expression of ®(z, ¢) is crucial for our investigation.

3.2. The Expression of h(z)

In this subsection, we study the important term, h(z), of the displacement function ®(z).
Considering System (6) and Lemma 3, the following lemma can be obtained.

Lemma 5. The expression of h(z) can be obtained as follows:

(1) If N+nisodd, then

(2) If N+ niseven, then

where
Y= (012 ¥3)", 0 = (p1,02,03)",
Y1(z) = brr 0, V2(z) = bapo, P3(z) = b3,
@1(z) = r) " po(u11 sin(nsg) + a1 cos(nsp)),
P2(z) = 1y (12 sm(nso) + pi2n cos(nsy)),
p3(z) = glpo 1(—upn sin(nsg) + w12 cos(nsp))
rN"2po(p13 sin(nso) + pi23 cos(nso))
by = “%0100714' ”51087"' by = @ "'1’10001 ’
by = ”N_ 5“0010 001)™ = (@000 = Bp100) ™
i . . .
Hit = i1§0 i2—1\;—1—i1[iz+i%even((_l) C(ll +1 Zz)aillillo T C(ll'lz T 1)611211'201)

+ Y (c(ih +1,dp)al. 4 (- 1) c(i1,ip + 1)a
iyti s odd( i1i01 111210)
N .
2= 2 L Y (Dl ,+ L cliiz)al, ol
H =0 iz—N—il[i2+i is even 1200 45 odd 11200
N-1
ps= Y X by ( (i, 2 + D)aj ;o = (= 1)e(iy +1,i2)a 111210)

1=0ip=N-1-i;\ip+i is even

+ Y (=c(ii+1,ip 4+ (-1)c(i1,ip +1 i=1,2.
i+ is odd( ( ) Tirip01 (1)l )”210)]
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Proof. Writing

27

H(0,z) = H} (0,z) + HY(0,z), h'(z) = H"(0,2)d6, i =1,2,3, m = 1,N,

0

we obtain h;(z) = h!(z) + hY(z), where

HY'(0,z) = F1u(0,2) cos 0 + F, (0,2) sin 0,

H(0,z) = F3u(0,z) cos(n(0 + s0)) + Fam (0, 2) sin(n(6 + s0)),

HY(0,2) = ﬁ(ﬂ (0,z) cos(n(0 +s9)) — F3(0,z) sin(n(0 +sp)))
%( om(0,2) cos 6 — F1,,1(6,2) sin 0),

Fj1(0,z) = Gj(6,z) = Fj(0,2), Fin(0,z) = Fj(0,2), j = 1,2,3,4.

Next, we discuss the exact expressions of h} (z) and hg\’ (2).

(1) The expressions of h} (z),i=1,2,3. Thus

2
H(z) = fOz”Hg@,z)de
= 77(1311(9 z) cos 0 + F»1(60,z) sin 6)dO

9 of 21

= fo (( 1000r0 c0s 0 + ag; 70 sin 9) cos 6 + ( @ 009"0 €08 0 + ag, 7o sin 6) sin G)dQ

1000 + 5100 7r0 = biro,
hi(z) _fo H1(6, z)dQ
—fo (( 301000 COS(1 (6+s0))+a3001posin(n(6+so)))cos(n(9+so))
+(a0010po cos(n(6 +50)) + 500, P0 sin(n(@+50)))sin(n(9+so)))d6
= (@010 * 2001 )P0 = b2p0,
(z) = [ HL(0,2)d6

T (“éow_“gom ) 2
= n = (a0 ~ 0100)_b3

hl
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(2) The expressions of hf.\](z),i =1,2,3. When N + n is odd, then hll\’(z) =n(z) = hé‘](z) = 0. When
N + n is even, the following expressions can be obtained based on Lemma 3:

W (z) HN (0,z)do
_fo (Fin(0, )cosG+F2N(Q z) sin 0)dO

— 11+iZZ:N 1 {)\I 1p0f cositt1 @ sini2 6( 10 cos(n(6 +sg)) —I—al K01 sin(n(6 +So)))d9
N 1 1 s in+1 .
+zl+izzN : o pofo cos'l O sin’2 6(“1‘11'210 cos(n(0 +sg)) + ailizm sin(n(0 + so)))de
= Z Y Y i1+ 1,i +c(iy,ip +1
POll =0i=N-1- 11([1‘2 is odd( (i 2)a 71210 (1,22 )a 111201)

+ X ( (i1 +1,i2)ap ;o —clin, i +1)a7, 10)] sin(1s)

ip is even

+( by (C(il + 1’i2)az'11i201 +c(in, iz + 1)a 1210)

ip is odd
+i2 iszéven(C(il + 1’ iz)a}lizlo - C(11,12 + 1) i11 01)] COS(nSO)]
= N1 pg (11 sin(nso) + pan cos(nsp)),
n(z) = fin HY(6,2)do
= 77(1-“31\1(9 z) cos(n(6 + o)) + Fan(6,2) sin(n(6 + s0)))d6

Y erO cos’ Osin®2 6( 00 €0s(1(6 +50)) +al 00 SIn(12(0 +SO)))d9

11+12 N
ry Z Y clini||- L + X al, 0 |sin(nso)
11 =0ip=N-iy ’ ip is odd 11 200 ip is even 11200

4 3
HOL it Lo g cos(nso)
12 is odd ip is even

o, ry (2 sin(nso) + iz cos(nsp)),
f HY(6,2)d6
f —1 1~ (F4n(0,2) cos(n(6 +sp)) — Fan(0,z) sin(n(0 + s0)))dO
f FZN (8,z) cos 0 — F1n(0,2) sin 6)dO
= -1 Z Y c(iy, i2) [—' iZ azA‘t]izoo_ Y a?lizoo]sin(nso)

i1=0ir=N-iy ip is odd ip is even

—i—[ Yy at, - Y% ”?11'200 cos(nso)]

. 1100 .
ip is even 172 ip is odd

+ry” 2PO Z )y (( Y (i, iy +1)a} a; o1 Helii+1,02)a mzm)

=0iy=N-1-i1\\ i, is odd

+ ¥ (—c(i1 +1, iz)aiizm c(iy,ip +1)al i 10) sin(nsg)

ip 1S even

ip is odd

+[ Z‘ ( (11’12+1) i1ip10 (11 +1 lz) 111201)

+ X ( (i1, 12 + 1) i1i,01 c(iy1 +1, i2)a1'21i210>] COS(nSO))

ip is even
= rg]paln‘l (—paz sin(nsg) + p12 cos(nsg)) + rf)\]‘zpo(ylg sin(nsg) + poz cos(nsp)).

From the expressions h;(z) = hl.1 (z) + hf\](z), i=1,2,3, Lemma 5 holds.
This proof is completed. O

It is remarkable that the explicit expression h(z) of System (1) for arbitrary positive integers n
and N with n < N and N > 2 is obtained by introducing the technique on the exact formulas of power
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trigonometric integrals, which is new and plays an important role in detecting the exact number and
parameter control conditions of the periodic solutions of System (1). Note that when n = N, we obtain

U3 = p11, Ho1 = —H13 based on Lemma 5, then the exact expression ¢3(z) is of the form
@3(z) = pytn~t(—pno sin(nsy) + p12 cos(nso))
+1"2po (=21 sin(nso) + w11 cos(nsg)),

which shows that the form of expression h(z) in this case is in agreement with certain existing result in
the previous literature [27], but we obtain all the coefficients in this paper. The result obtained in this
section can help to provide more detailed bifurcation information about System (1) by considering the
complex coefficients.

3.3. Periodic Solutions

In this subsection, we study the existence condition, exact number, and the parameter control
conditions of the periodic solutions of System (1) by supposing b1b, # 0.

Theorem 1. Based on the expression of h(z), the following statements hold for ¢ > 0 sufficiently small.
(1)  If there exists a solution z* = (ry, py, 5;) € R? x S of h(z) = 0 such that

oh(z)
0z |

zt#0,1,2>0, pj 20, (76)2 + (PB)Z #0.

System (1) has a periodic solution
x'(t) = sﬁ(rg cost, rysint, g cos(n(t + 56)), o sin(n(t + 56))) +O(e NA)
(2)  The number of periodic solutions of System (1) can be provided by the number of solutions of h(z) =
that satisfy statement (1) and sj, € (0,27].
Proof. We prove Theorem 1 by the following two steps.
(1)  If there exists z* = (ry, pp, 5;) € R? x S! such that h(z*) = 0, we have ®(z*,0) = h(z*) + O(0) =

0. Since o) )
aD(z,¢e)|, ., . Ih(z)
0z (z,0) = 0z 2

£0,

there exists a unique vector function (z*(¢), ) in the neighborhood of (z*,0) such that ®(z*(¢), ¢) =
0 for ¢ > 0 sufficiently small by the implicit function theorem. Hence, based on the definition of
the Poincaré map, System (6) has a periodic solution in the neighborhood of z*.

Recalling the variables transformation shown in Lemma 2 and properties of polar coordinates,
when ¢ > 0 sufficiently small, System (4) has a periodic solution when the solution z* satisfies
75 20,0420, (r;)” + (p))* # 0, which is shown as

x*(t) = (rg cost, 1y sint, pj, cos(n(t + 55)), 0o sin(n(t + 56))) +O(e).

Based on the scale Transformation (3), when ¢ > 0 sufficiently small, System (1) has a periodic
solution with the form

x(t) = sﬁ(r(*) cost, 7y sint, pg cos(n(t + 56))/ o sin(n(t + 56))) + O(e% ).
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(2) A solution of h(z) = 0, which satisfies Statement (1), provides a periodic solution of System (1).
Hence, the number of periodic solutions of System (1) can be obtained by discussing the number
of solutions of /i(z) = 0 that satisfy Statement (1) and s, € (0, 27].

This proof is completed. O

Theorem 1 provides a sufficient condition for analyzing the existence and number of periodic
solutions of System (1). Next, we discuss the exact number of periodic solutions and the parameter
control conditions based on Theorem 1.

Theorem 2. For System (1), there is no periodic solution when N + n is odd and biby # 0 based on the
displacement function of order °.

Proof. When N + n is odd, based on Lemma 5, we have

hi(z) = biro,
ha(z) = bapo,
h3(Z) = b3.

Since by by # 0, there is no solution that satisfies (rp)* + (po)2 # 0 for h(z) = 0. Hence, there is no
periodic solution for System (1) in this case and Theorem 2 holds.
This proof is completed. O

Next, we discuss the number and parameter control conditions of the periodic solutions of System
(1) when N + n is even. For convenience, we introduce some notations:

P = (by, by, b3, 11, o1, 12, 22, 1), I = bibapi iz, lo = bibapigy paa,
I3(A) = biba(u12A + p22) (11 A + p21), la(A) = biba (12 + p22A) (p11 + p21A),
q1 = W2p21 — 122, 42 = H21H13 — H23Hi1,
g3 = (u2pi23 — pioapa3)brpon + (p3, + udy) ) u21bon™, qa = bz —bon ™y,
G5 = bipioz + ban a1, e = biuos — b3piar, g7 = bz —bauay, (15)
Bi = —bapiop11 + bipispinz — ban umopa,
Bz = —b3p1opia1 — bauoopnr — bon™ ooy + ban™ piopan + bpaspae + bipaspin,
= —baunpiar + bon piopoy + bipospiaz, A = B2 —4B1Bs, kg = et

Byuay’
ki = w,km _ W’i: 1,2,m = 3,4,

and some important sets:

Py = {P)#n#lz#zl#zz # 0}, Pyjj = {P|Mij =0, Hi(3-j)H(3-i)jH(3-1)3-)) # 0},

Py = {Pluy = H2(3-i) = 0, py(3—iyt2i # 0y, P3i = {P|M1i = Ui = 0},

Posi = {Pluin = iz = 0, izt z-ipp # 0, Wor = {P|% # 0}, Wy = {P|qv = 0},

Qujy = {PIBj, = 0,B},Bj, # 0, j1, j2, j3 € (1,2, 3}, ju # jo # ja},

Qaj1j = {P|Bj, = Bj, = 0,Bj, #0, j1, jo, ja € (1,2, 3}, j1 # jo # ja, j1 < ja}, (16)
Qo = {PIB1B2B3 # 0}, Q3 = {P|B1 = B = B3 = 0}, Ly = {P|l; > 0},

Ly = {Pll; < 0}, Ly = {P|l3(ko) > 0}, Lso = {P|l(ko) < 0}, Wy = Wiy n Wy,

Uy = {jla > 0,13(k;) > 0,j € (1,2}, Us = {m|A > 0,I4(ky) > 0,m € (3,4},
i,j=1,2,0=1,23,4,56,7.
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Denote Rq(Uj;) as the elements number of set U;(i = 1,2) and write

To1 = (PoUP11 UP12 U Py ) N Wy, Toa = (PoUP112 U P122) NWaa, Q1 = QoU Q12U Qu3,

T11 =To1 NQ1, T12 = To1 N (Q11 Y Qu3), Tii(l) = {P|P €I, Ri(Ui) =11€H{0,1,2} },

1 (i) = Po N Wip N Ly;, Toa(i) = Lo2 N Q1 N Laj, T3(i) = T2 N Q11 N Ly,

T3(i) = (P21 N Wy1 N Ly;) U (Paza N Ws1 N Ly;), (17)
Ty = (P21 N Wa2 N We1) U (P22 N W5y N W),

I's1 ={PIA <0}, I's; ={PIA =0}, I's = W1 NT5,

Ig =WiNTxy, P,‘]‘ = Pijl UPZ']Q, i,j=1,2,1=0,1,2.

Denoting R as the number of periodic solutions of System (1), the following result can be obtained.

Theorem 3. Considering System (1) and supposing P & Q3, when N + n is even and biby # 0, the following
statements hold for ¢ > 0 sufficiently small based on the displacement function of order €°.

(1) R =2nif Pely(2).

2 R =nif Pel;(1)UTy(1)UTs(1).

B) R=0ifPeTl(0)UT(2)UT3(2)UT4UT5U P3;.

(4)  The number of periodic solutions of System (1) cannot be obtained if P € T'¢, where T'1 (1) = T'11(1) UT'12(1),
[2(j) = T (j) U2 (j) UT23(j), 1= 0,1,2,j = 1,2,

Proof. When N + n is even, the exact expression of h(z) can be rewritten as:

1 (2) = birg + 1)~ po(pnnu + p210),

2 (2) = bapo + 1 (ot + p2ov),

h3(2) = by + 1) py T (= ot + p120) + 12 po (s + p23v),
hy(z) = u? + 0> -1,

(18)

where z = (ro, po, u,v), u = sin(nsy), v = cos(nsp). Next, we discuss the number of periodic solutions
of System (1) by considering the real solutions of /(z) = 0 based on the following two cases, where

~ ~ —~ — —~ T
h= (h1/h21h3/h4) .

(1) If g1 = po1 = 0, i.e., P € P3y, the equation E(Az') = 0 has no solution with respect to z since
biby # 0, and we obtain R = 0 in this case. If 1o = pop =0, i.e., P € P3p, now P € Q3, and we
will not discuss the periodic solutions of System (1) in this case.

(2) If P ¢ P31 U P3, equation E(‘z") = 0 has real solutions with respect to z only in the case of rgpgy # 0.
Hence, based on Equation (18), the following equations can be obtained:

B1u2 +Bzuv+ Bgvz —0 (19)
—(p12u + p220) (H11% + pi210)
and ) s
N1 —bapp Po _ bi(paou + ppov) 20)

(piou + po0)r2” 12 ba(pantt + p21o)’

where the expressions of By, By, and B3 are shown in (15). Based on Equation (19), the relationship
2

2
between 1 and v can be obtained, which reveals the value of % When f—g is positive, combining
0
with the equation u? + 0% = 1, a set of solution (u,v), which provides a positive rON -1 can be

2 —_—

obtained. Hence, when a positive % is obtained, the number of solutions of h(Z) = 0 that satisfy
0

10, po > 0 is one, so the equation /(z) = 0 has n solutions with respect to z for sy € (0, 27|, which
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reveals R = n if the Jacobian of /i(z) is nonzero at the solution. Next, we discuss the periodic
solutions of system (1) by considering the solutions of 1(z) = 0 based on the following two cases:

Case 1. P € Py U P11 U P U Pyy. The periodic solutions of System (1) will be discussed by the following
three subcases:

)

)

If 12421 — p11 22 = 0, which only exists for P € Py, then

Py _ b
ré bopr1’
1212143
Bipo1po — Bapii i = —u, (21)
Y22
Bi1u? + Byuv + B3v? _ Byupiu+ Baunv

(p12u + ) (U1t + p210) B p11 p21 (U + p2v)

In this subcase, if By = 0, we obtain B, = %, By = %; if B3 = 0, we obtain B] = —%,
22
B, = —%. Hence, the parameter condition P ¢ Q3 holds only when g3 # 0, which indicates
By o2 — Bapii iz # 0 when P ¢ Q3. Now Equation (19) can be reduced to
Byuo1u + Baugio = 0. (22)

In fact, it is easy to verify that there exists no parameter condition such that P € Q12 U Q213U
Q223 U Q3 due to g3 # 0. Hence, combining Equation (22) with u? + v* = 1, the number of
solutions ofﬁ(_i) = 0 that satisfy g, po > 0 is one for b1bou11 12 > 0 and zero for bybyp11p12 < 0.
If pogp13 — p23p1n = 0, which only exists for P € Py U P11p U P1pp, then

Py bi(pnou + pxo)

% by (p11u + p210)’

B o1 piz2 — Bapnipina = — (13, + p3,)ban ™ i pian, (23)

Bluz + Bouv + B3U2 _ Biuoiu + B3u11v
(p12u + p2ov) (p11u + p21v)  pa1to1 (p12u + poov)

We obtain By o1 o2 — Bapi11p12 # 0. So Equation (19) can be reduced to

Biupiu + Bauq0 = 0. (24)

In fact, it is easy to verify that there exists no parameter condition such that P € Q1o U Q213U
(0223 U Q3. Next, we discuss the periodic solutions of System (1) by discussing the following cases:

@ If P € Qo U Q12 U Qs3, from Equations (23)—(24), we obtain

_Bspn (ko) = b (p1oko+p2)
Biuzn’ 3 ba(p1rko+pa1)”

u? + 92 = 1, the number of the solutions of Z@ = 0 that satisfy rg, pg > 0 is one for
I3(ko) > 0 and zero for I3(ko) < 0.

where ky = Combining Equation (22) with the equation
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(H) IfPe Qll/ then
PS B bip12

v=0 — .
g bapn

The number of solutions of E(Z) = 0 that satisfy rp, po > 0 is one for I; > 0 and zero for
Zl <0.

The Jacobian of k(z) = 0 at each solution is nonzero when P ¢ Q3. Hence, we obtain
R =nforPely (1) U 1’22(1) U Fzg(l) and R =0forP e I‘21(2) U F22(2) U F23(2).

3) If ([112#21 - N11N22)([v121[113 - [123/111) # 0 when P € Py U Py UPjp U Py, Equation (19) is
irreducible. To obtain the relationship between u and v, we need to discuss the following
equation:

Byu? + Byuv + B3v* = 0. (25)

When A = B% —4B1B3 = 0, the Jacobian of h(z) = 0 is zero at each solution, which implies that
the periodic solutions of System (1) cannot be obtained by Theorem 1 under this condition; when
A < 0, there exists no real relationship between u and v, which shows that System (1) has no
periodic solution under this condition. Hence, only when A > 0, two real expressions of u with
respect to v can be obtained and System (1) may exist periodic solutions. Next, we discuss the
periodic solutions of System (1) by the following three cases:

@ If P € Qo3 UQyp, itis always A=0.
(1D If P € Qo U Q12 UQ13, when A > 0, from Equation (25), then

_ B+ (-)'VA

=12,
2B, =

u = kiv, k,’

Hence, in this case, the number of solutions of Z(E) = 0 that satisfy ro, pp > 01is: (a) two for
I3(ky) > 0,13(kz) > 0; (b) one for I3(k1)l3(kp) < O; () zero for I3(ky) <0, I3(kz) < 0.
(III)  If P € Q1 U Q13, when A > 0, from Equation (25), then

U= kmu, kyn - W, m = 3,4:.
Hence, in this case, the number of solutions of E(Z) = 0 which satisfy rg, pg > O is: (a) two
for I(k3) > 0, 14(kg) > 0; (b) one for l4(k3)l4(ks) < O; (c) zero for I(k3) <0, l4(ks) < O.

It is easy to verify that there exists no parameter condition such that P € Q3. Together with the
cases (I)—(III), the Jacobian of h(z) = 0 is nonzero at each solution when A # 0. Hence, we obtain
R =2nforPe F11(2) U F12(2); R =nforPe 1“11(1) Urlz(l)} R =0forPe Fll(O) U 1"12(0) U T's3;
and the number of periodic solutions of System (1) cannot be obtained for P € I's;, where

I's3 = (PgUP11 UP1p UPyy) N (Wi NWop) NT5q,
I'e1 = (PoUP11 UP1p UPyp) N (Wig N Wpp) NTsp.

Case 2. P € Py. Next, we discuss the periodic solutions of System (1) by the following two subcases.

(I)  When P € Py, we obtain By = 0. If B, # 0, i.e., P € Wy, we obtain

Bou + B3v =0,
Po _ b

2 T b .
I 221
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Now the number of the solutions of Z(i) = 0 that satisfy ry, pg > 0 with respect to z is one for
kleH21H22 > 0 and zero for bybyppp < 0. If By = 0, B3 # 0, i.e., P € Wy N Wgy, the equation
h(z) = 0 has no solution.

(I) When P € P;y;, we obtain B3 = 0. If B, # 0, i.e., P € W51, we obtain

P_% _ b
2 bopyn”

0

Now the number of the solutions of E(‘z“) = 0 which satisfy g, pg > 0 with respect to z is one for
bybapypz > 0 and zero for bibypyipiz < 0. If B = 0, By # 0, i.e., P € W5 N Wy, the equation
h(z) = 0 has no solution.

Hence, based on cases (I)—(I), we obtain R = n for P € T'3(1) and R = 0 for P € ['3(2) U Ty.

In summary, together with the above cases, we can obtain the fact that (P UP31) N W1 = &,
which implies I's3 = I's and I'q; = I's. Hence, the exact number of the periodic solutions of System (1)
and the parameter control conditions can be obtained as shown in Theorem 3.

This proof is completed. O

In fact, the upper bounds of the number of periodic solutions for a four-dimensional system with
all the N-degree homogeneous nonlinearities in the cases of n = N and # = 0 have been obtained [27,29].
However, if some coefficients of the N-degree terms are zero and the system can be reduced to Systems
(1) or (3), some more precise and detailed results, including the existence condition, exact number,
and parameter control conditions of the periodic solutions are obtained for n < N, N > 2. Considering
a special case, n = N, for System (1), the exact number of periodic solutions obtained in Theorem 3
verifies and improves the upper bound of the number of periodic solutions obtained in the previous
literature. Results shown in Theorems 1-3 present a new theoretical description and mechanism
explanation for the phenomena of the emergence and disappearance of periodic solutions, which can
be widely and directly applied to engineering applications of form (1) and provides engineers the
parameter method for vibration control.

4. Application

To demonstrate the applicability and effectiveness of our theoretical results, the periodic breath
vibrations of a two-degree-of-freedom mechanical model of the circular mesh antenna subjected to the
thermal excitation are investigated. An equivalent circular cylindrical shell model is regarded as a
simplified model of the circular mesh antenna, as shown in Figure 1 [30].

(a) (b)

Figure 1. (a) The circular mesh antenna; (b) The equivalent circular cylindrical shell.
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Based on Reddy’s first-order shear deformation theorem, Hamilton’s principle, and the Galerkin
procedure, a two-degree-of-freedom dynamic system of the circular cylindrical shell is obtained as
follows [30]:

w1 + y10w1 + w%wl + VllfT COS(Qt)ZUz + y12w2 + )/13w§’ + y14w%w2 + 7/15w1w§
+y16Ww5 = Y17 + y18fr cos(Qt),
Wy + yzowz + w%wz + )/zlfT COS(Qt)ZUl + ywi + 7/23wg + )/24w1w§ + )/25w%w2
+y26W03 = Yo7 + a8 fr cos(Qt),

(26)

where y19 and yyo are frictional coefficients, fr is thermal excitation, and w; and wy are two
linear frequencies.

Considering the case of primary parameter resonance and 1:1 internal resonance, we have
the relations

a)% =0+ €0, a)% =02+ eay,

where g;, i = 1,2 are detuning parameters. Supposing () = 1 for convenience, introducing the scale
transformations

Yio = €Yio, V14 = €14, Va6 = €26, Vij = €Vij,

V16 = €216, Vou = €y, 1=1,2,j=1,2,3,5,7,8

and denoting the asymptotic solutions of System (26) as
wi(t, &) = wio(To, T1) + ewin (To, T1) +---, i =1,2,

we obtain
wio(To, T1) = Ai(T1)e'™0 + Ai(Ty)e 0, i = 1,2,

where Ty = t, T1 = &t. Writing
Ai(T1) = x2i-1(Th) +ix2i(T1), i = 1,2,

the averaged equations are obtained based on normal form theory and the method of multiple scales:

1 1 1 2 2
X1 = —5710X1 — 301%2 — 5V14%4 (X7 + 3%5) — Y14X122%3,
1 i 1 2, .2
X2 = —3V10X2 + 501X1 + §V14x3(3x1 +x5) + y14X1%0%X4, 27)
SR | i 3 2,2
X3 = —5)20%3 = 302X4 — 5V26X2(X] +X3),
L1 i 3 2., 2
X4 = —3V20X4 + 502X3 + 5)26X1 (xl + xz).
By introducing the transformations
o1t ) )
T= o Y10 = €Y10, Y20 = €20,
if 01 # 0, System (27) can be rewritten as
iy - 0y Yl (02 4 3x2) — Dl oy
T = X2 5 Y1 G Xl 220112?”
dxo, _ . _ €10 Yia 2 2 V14
C(li_T =X o X2 + o1 X33(3x1 +X2) + oy X1X2X4, 28)
axs __ _ 02, _ &20. _ 9Y2 2 2
C(lil”[ - (f1x4 01 X3 5 o1 'xZ(xl +x2)’
dxg _ 02.. _ £Y20 Y26 2 2
T = X3 5 Xt o x1(xl +x2).

Now System (28) is in the form of System (1) and the degree of its homogeneous terms is
three, which shows that N = 3. Supposing y19y20y1472601 # 0, we discuss the periodic solutions of
System (28) by considering the cases of n = 1, n = 2, and n = 3, where: n = %
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@

)
®)

n = 1. Based on Lemma 5, we obtain:

2y10 2y20 2y14 6
by = =57, by = =05, p1n = =5, pp = GO

6
Ho1 = p = by = p13 = 0, pp3 = — T

The following two statements hold for System (28): (1) If y29 + 3y19 = 0, then P € Q3 and the
periodic solutions cannot be obtained by Theorem 3; (2) If 20 + 3y10 # 0, then by o3 + byn™! p11 #0
and the number of periodic solutions is 1 and 0 if Iy = bybpuiip12 > 0 and Iy = bibopgipin <
0, respectively.

n = 2. Now N + n is odd, and System (28) has no periodic solution based on Theorem 2.

n = 3. Based on Lemma 5, we obtain p117 = p1 = 0. Hence, System (28) has no periodic solution
in this case based on Theorem 3.

To verify the effectiveness of our results, we detect the phase portraits of the periodic solutions

of System (28) under a group of parameter conditions via numerical simulations. Considering the
parameter condition

PC = (02,710,720, 714) = (1,0.5,0.5,1),

when n = 1, System (28) has one periodic solution for y24 < 0 and no periodic solution for y,4 > 0;
when n = 2 and n = 3, System (28) has no periodic solution. Next, we show the phase portraits of
the one periodic solution of System (28) in the case of 07 = 1 and y»4 < 0. Figure 2a,b respectively
demonstrate the projections of the periodic solution on the plans (x,x2) and (x3,x4), and Figure 2¢,d

show the phase portraits in space (x1,x2,x3) and (x1, x3,x4) for yp = —1.
1 1:5
W s 1 //—\
0.5 \
05
X 0 ) 3 o
05
-0.5 /
— -1 \_\—-_/
-1 -1.5
-1 05 0 0.5 1 15 4 w05 0o 05 1 15
X1 X3
(a) (b)
2 2

o
o
&
N
N R

-1
0 0

X2 1 X1 X3 2 4 X1

(c) (d)

Figure 2. Periodic solution of System (28) with y2¢ = —1: (a) on the plane (x1,x7); (b) on the plane
(x3,x4); (c) in space (x1,x2,x3); (d) in space (x1, x3,%4).

Figure 3 shows the phase portraits of the periodic solution of System (28) for 07 = 1 and

V26 = -0.5<0.
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1.5 1.5
1 — 1 —
0.5 / \ 0.5 /
<o BN
-0.5 \ / -0.5 \
-1 m——— -1 E———
15 -1.5
-1.5 -1 -0.5 o] 0.5 1 1.5 -1.5 -1 -0.5 0 0.5 1 1.5
X1 X3
(a) (b)
2 2

1 i 1

T
B \\/ B : \\/ B
o 0 o 0
X2 2 2 X1

(c) (d)

Figure 3. Periodic solution of System (28) with yp¢ = —0.5: (a) on the plane (x1,x7); (b) on the plane
(x3,x4); (c) in space (x1,x2,x3); (d) in space (x1,x3,%4).

The exact number and parameter control conditions of the periodic solutions of System (28) are
obtained based on theoretical and numerical methods, which can provide a detailed description for
the periodic solutions when the coefficients are allowed to vary in a wide range of parameters. Based
on numerical simulations, under the parameter condition (PC), the phase portraits of the periodic
solutions with different values of Y4 can be observed from Figures 2 and 3, which can verify the
theoretical and numerical results. The obtained results show new understanding on the periodic
motions of the circular mesh antenna and provide a method for vibration control.

5. Conclusions

In this paper, the periodic solutions for a four-dimensional coupled polynomial system with
N-degree homogeneous nonlinearities are investigated. When the unperturbed linear part of the
four-dimensional system has a center singular point in generalization resonance 1 : # at the origin for
neZi,n<N,N > 2, the new explicit expression of the displacement function of order ¢’ is obtained
by introducing the exact formulas on power trigonometric integrals, which is in agreement with
certain existing results, but we obtain the more detailed expression by including the exact coefficients.
By considering the zero solutions of h(z) with complex coefficient relations, the results on the existence
condition, exact number, and parameter control conditions of the periodic solutions of System (1)
are obtained, which shows that the parity of N 4 n has a great influence on the periodic solutions.
Results obtained in this paper provide more precise and detailed bifurcation information for System (1)
than the existing results in the case of n = 0, N, which can be widely applied to various engineering
applications and help engineers better analyze the complex periodic vibrations exhibited in reality.
Theorems 1-3 verify and improve the upper bound of the number of periodic solutions obtained
in the previous literature for System (1), which presents the effects of important parameters on the
phenomena of the emergence and disappearance of periodic solutions and shows a new theoretical
explanation on vibration mechanisms.
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As an application, the periodic solutions of a two-degree-of-freedom circular mesh antenna
model subjected to the thermal excitation are investigated by theoretical and numerical methods. The
results on the exact number, parameter control conditions, and the relative positions of the periodic
solutions are obtained, which verify the applicability and validity of the theoretical results and show
the complicated periodic motions of circular mesh antenna. Periodic vibrations with high amplitudes
may lead to serious damage to the device, and the theoretical results obtained in this paper may
provide a parameter method for vibration control of circular mesh antenna.

It is remarkable that the method for detecting the existence of periodic solutions of System (1) can
also be extended to the four-dimensional system with m-degree nonhomogeneous terms:

x=(A+eA)x+ eF(x), (29)
m ) L
where Fi(x) = Y Y, Y uzl i2i3i4x111 xlz2 x;3 xzf, m > n, and the other expressions x,

N=niy+ip+iz+ig=N i;+ip=N-2+[(i+1) /2]
A, and A have the same meaning as those exhibited in System (1). Lemma 5 provides a convenient
way to compute the expression /(z), where

hz) =9+ Y, Y, e(N2), 9(N,2) = ¢(2).

N+n even N=n

Hence, we can obtain a result similar to Theorem 1. However, due to the complex coefficients of
h(z), research on the exact number and parameter control conditions of periodic solutions of System (29)
is still a difficult topic that will be investigated in a further study. In addition, some higher dimensional
(odd or even) systems have arisen more and more frequently in the fields of science and engineering in
recent years, so we will try to study their periodic solutions as well as the stability in later work.
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