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Abstract: A generalized form of the Mittag-Leffler function denoted by pE
λ,µ;ν
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studied in this paper. The fractional integrals involving the newly defined function are investigated.
As an application, the solutions of a generalized fractional kinetic equation containing this function
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1. Introduction

The symbol (χ)n is the familiar Pochhammer symbol (for χ ∈ C) (see [1], p. 2 and p. 5):

(χ)n : =

{
1 (n = 0)

χ(χ + 1) . . . (χ + n− 1) (n ∈ N)

=
Γ(χ + n)

Γ(χ)
(χ ∈ C \Z−0 ).

(1)

The function rFs(a1, . . . , ap; c1, . . . , cq; x) is the generalized hypergeometric series [2] defined by

rFs(a1, . . . , ar; c1, . . . , cs; z) =
∞

∑
k=0

(a1)k · · · (ar)k
(c1)k · · · (cs)k(1)k

zk, |z| < 1, (2)

where the ci can not be a negative integer or zero and (a)k denotes the Pochhammar symbol. Here r or
s or both are permitted to be zero. For all finite z, the series (2) is absolutely convergent if r ≤ s and for
|z| < 1 if r = s + 1. When r > s + 1, then the series diverge for z 6= 0 and the series does not terminate.

The function rΨs(z) is the generalized Wright hypergeometric series which is given by

rΨs(z) = rΨs

[
(ai, χi)1,r
(bj, δj)1,s

∣∣∣∣z
]
=

∞

∑
k=0

∏r
i=1 Γ(ai + χik)

∏s
j=1 Γ(bj + δjk)

zk

k!
, (3)

where ai, bj ∈ C, and real χi, δj ∈ R (i = 1, 2, . . . , r; j = 1, 2, . . . , s). The asymptotic behavior of (3) for
large values of argument of z ∈ C was mentioned in [3,4] (also, see [5,6]). For more details of the
Wright function and related literature, refer to [7,8].

The Mittag-Leffler function (MLF) performs a crucial role in physics and engineering-related
problems [9–11]. The derivations of physical phenomena from exponential nature could be governed
by the physical laws through the MLF (power-law) [12–14].
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The famous mathematician Gosta Mittag-Leffler in 1903 introduced the so-called Mittag-Leffler
function (MLF) and denoted by Ev is introduced and studied in [15] and is defined by

Ev (z) =
∞

∑
n=0

zn

Γ (vn + 1)
, (4)

where z ∈ C, v ≥ 0 and Γ(y) is the Gamma function defined by

Γ(y) =
∫ ∞

0
e−tty−1dt,<(y) > 0, y ∈ C. (5)

The generalization of Ev is given in [16] and is defined by

Ev,ϑ (z) :=
∞

∑
n=0

zn

Γ (vn + ϑ)
, (6)

where v, ϑ, ρ ∈ C, <(v) > 0 and <(ϑ) > 0. The functions Ev,ϑ is also known as the Wiman function.
The function Eρ

v,ϑ called the Prabhakar function [17] defined by

Eρ
v,ϑ (z) =

∞

∑
n=0

(ρ)n z
n

n!Γ (vn + ϑ)
, (7)

in which v, ϑ, ρ ∈ C,<(v) > 0 , <(ϑ) > 0 , <(ρ) > 0 and (ρ)n is defined in (1). The function
Eρ,q

v,ϑ (z) [18] is given by

Eρ,q
v,ϑ (z) =

∞

∑
n=0

(ρ)qn z
n

n!Γ (vn + ϑ)
, (8)

where v, ϑ, ρ ∈ C,<(v) > 0 , <(ϑ) > 0 , <(ρ) > 0 and q ∈ (0, 1) ∪ N.
A new generalization of the Prabhakar function (see (7)) introduced in [19] and [20] by considering

the Pochhammar symbol respectively as

Eρ,σ
v,ϑ (z) :=

∞

∑
n=0

(ρ)n z
n

Γ (vn + ϑ) (σ)n
, (9)

for v, ϑ, ρ, σ ∈ C,<(v) > 0 , <(ϑ) > 0 , <(ρ) > 0, <(σ) > 0 and

Eρ,σ,q
v,ϑ,p (z) =

∞

∑
n=0

(ρ)qn z
n

Γ (vn + ϑ) (σ)pn
, (10)

where v, ϑ, ρ, σ ∈ C,<(v) > 0 , <(ϑ) > 0, <(ρ) > 0, <(σ) > 0.
A particular form of (10) is studied in [21] by defining the following

Eρ,σ,q
v,ϑ (z) :=

∞

∑
n=0

(ρ)qn z
n

Γ (vn + ϑ) (σ)n
, (11)

with v, ϑ, ρ, σ ∈ C, <(v) > 0 , <(ϑ) > 0 , <(ρ) > 0 , <(σ) > 0 and q ∈ (0, 1) ∪ N.
An extension of the Prabhakar function mentioned in (7) is given by Sharma in [22] called the

K-function which is defined by

pKκ,λ;µ
q (z) =

∞

∑
s=0

(α1)s · · · (αp)s

(β1)s · · · (βq)s

(µ)sz
s

s!Γ(κs + λ)
, (12)

where µ, κ, λ ∈ C,<(κ) > 0.
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Motivated from the above definitions, we define a new generalized form of the MLF in the
following section.

2. The Generalized Mittag-Leffler Type Function (GMLTF)

The GMLTF is defined as follows:
For λ, µ, ν ∈ C,<(χ) > 0, δ 6= 0,−1,−2, · · · , (χ)r and (v)r denotes the Pochhammer symbol.

pE
λ,µ;ν
q;δ (x) = pE

λ,µ,ν
q,δ

(
χ1, χ2, · · · , χp; v1, v2, · · · , vq; x

)
=

∞

∑
r=0

(χ1)r (χ2)r · · ·
(
χp
)

r
(v1)r (v2)r · · ·

(
vq
)

r

(ν)r xr

(δ)r Γ (λr + µ)
. (13)

The function is defined when (vj), j = 1, 2, · · · , q is not a negative integer or zero and is
a polynomial in x when any of (χi) is negative or zero. From the ratio test, it follows that the series is
convergent when p > q + 1, ∀x. When p = q + 1 and |x| = 1 the series is convergent with certain cases.
Let ν = ∑

p
j=1 χj −∑

q
j=1 vj it can be shown that when p = q + 1 the series is absolutely convergent for

|x| = 1, if <(ν) ≤ 0, conditionally convergent for x = −1 if 0 ≤ <(ν) < 1, and divergent for |x| = 1 if
<(ν) ≥ 1.

Special Cases

The following special cases of (13) are obtained by taking particular values of the parameters and
are listed as follows:

1. pE
λ,µ;ν
q;1 (x) gives the K− function defined by Sharma [22].

2. 0E
λ,µ;ν
0;1 (x) reduced to Eν

λ,µ (x) [17].

3. 0E
λ,µ;ν
0;δ (x) gives Eν,δ

λ,µ (x) [23].

4. 0E
λ,µ;1
0;1 (x) turns to the Mittag-Leffler function Eλ,µ (x) [16].

5. 0E
λ,1;1
0;1 (x) and 0E1,1;1

0;1 (x) gives the familiar Mittag-Leffler functions Eλ (x) [15] and ex [2].

3. Fractional Integration of (13)

Fractional calculus of special functions is studied by many authors in a different point of view
due to its importance in various applied science topics. Many extensions and generalizations are
established for special functions in view of fractional calculus [24–33]. It should be noted that the idea
of fractional treatment has also been studied in discrete mathematics [34]. For the basics of fractional
calculus and its related literature, interesting readers can be referred to [35–41].

In [8], two generalized integral transforms are given for x > 0 and χ, v, γ ∈ C with <(χ) > 0
respectively by

(
Iχ,v,γ
0+ f

)
(x) =

x−χ−v

Γ(χ)

∫ x

0
(x− t)χ−1

2F1

(
χ + v,−γ; χ; 1− t

x

)
f (t)dt (14)

and (
Iχ,v,γ
− f

)
(x) =

1
Γ(χ)

∫ ∞

x
(t− x)χ−1t−χ−v

2F1

(
χ + v,−γ; χ; 1− x

t

)
f (t)dt, (15)

where 2F1 (ς, τ; υ; z) represents the Gauss hypergeometric function (see [2]).
Now, we recall the following lemmas (See [8]):

Lemma 1. Let τ, η, γ ∈ C be 3 <(τ) > 0,<(ω) > max[0,<(η − γ)]. Then there ∃ the relation(
Iτ,η,γ
0+ tω−1

)
(x) =

Γ(ω)Γ(ω + γ− η)

Γ(ω− η)Γ(ω + τ + γ)
xω−η−1. (16)
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Lemma 2. Let τ, η, γ ∈ C be 3 <(τ) > 0,<(ω) < 1 + min[<(η),<(γ)]. Then(
Iτ,η,γ
− tω−1

)
(x) =

Γ(η −ω + 1)Γ(γ−ω + 1)
Γ(1−ω)Γ(τ + η + γ−ω + 1)

xω−η−1. (17)

Theorem 1. Let ξ, η, γ, ρ ∈ C, <(ξ) > 0,<(ρ) > max[0,<(η − γ)] and δ 6= 0,−1,−2, · · · . Then(
Iξ,η,γ
0+ tρ−1

pEλ,µ;ν
q;δ (t)

)
(x)

=
xρ−η−1Γ(δ)∏

q
j=1 Γ(vj)

Γ(ν)∏
p
i=1 Γ(χi)

×p+4Ψq+4

[
(χi, 1)1,p (ν, 1) (ρ, 1) (ρ + γ− η, 1) (1, 1)
(vj, 1)1,q (δ, 1) (µ, λ) (ρ− η, 1) (ρ + η + γ, 1)

∣∣∣∣x
]

. (18)

Proof. Using definition (13) and denoting the left hand side (l.h.s) by L1,

L1 =
(

Iξ,η,γ
0+ tρ−1

pEλ,µ;ν
q;δ (t)

)
(x)

=

(
Iξ,η,γ
0+ tρ−1

∞

∑
r=0

(χ1)r (χ2)r · · ·
(
χp
)

r
(v1)r (v2)r · · ·

(
vq
)

r

(ν)r tr

(δ)r Γ(λr + µ)

)
(x).

Interchanging the integration and summation gives

L1 =
∞

∑
r=0

(χ1)r (χ2)r · · ·
(
χp
)

r
(v1)r (v2)r · · ·

(
vq
)

r

(ν)r
(δ)r Γ(λr + µ)

(
Iξ,η,γ
0+ tρ+r−1

)
(x).

Applying the Lemma 1 in the above expression gives,

L1 =
∞

∑
r=0

(χ1)r (χ2)r · · ·
(
χp
)

r
(v1)r (v2)r · · ·

(
vq
)

r

(ν)r
(δ)r Γ(λr + µ)

Γ(ρ + r)Γ(ρ + r + γ− η)

Γ(ρ + r− η)Γ(ρ + r + ξ + γ)
xρ+r−η−1.

The definition (1) leads to

L1 = xρ−η−1
Γ(δ)∏

q
j=1 Γ(vj)

Γ(ν)∏
p
i=1 Γ(χi)

∞

∑
r=0

∏
p
i=1 Γ(χi + r)

∏
q
j=1 Γ(vj + r)

× xr Γ(ν + r)Γ(ρ + r)Γ(ρ + r + γ− η)Γ(1 + r)
Γ(1 + r)Γ(δ + r)Γ(λr + µ)Γ(ρ + r− η)Γ(ρ + r + ξ + γ).

In view of (3), we reached the required result.

Theorem 2. Let λ, µ, ν, γ, ξ, η, γ, ρ ∈ C, <(ξ) > 0,<(ρ) < 1 + min[<(η),<(γ)] and δ 6= 0,−1,−2, · · · .
Then(

Iξ,η,γ
− tρ−1

pEλ,µ;ν
q;δ (

1
t
)

)
(x)

=
xρ−η−1Γ(δ)∏

q
j=1 Γ(vj)

Γ(ν)∏
p
i=1 Γ(χj)

×p+4Ψq+4

[
(χi, 1)1,p, (ν, 1), (η − ρ + 1, 1), (γ− ρ + 1, 1), (1, 1)
(vj, 1)1,q, (δ, 1), (1− ρ, 1), (ξ + η + γ− ρ + 1, 1)

∣∣∣∣x
]

. (19)
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Proof. Denoting the l.h.s of Theorem L2, then the use of definition of (13) and interchanging the
integration and summation gives

L2 =

(
Iξ,η,γ
− tρ−1

pEλ,µ;ν
q;δ (

1
t
)

)
(x)

=
∞

∑
r=0

(χ1)r (χ2)r · · ·
(
χp
)

r
(v1)r (v2)r · · ·

(
vq
)

r

(ν)r
(δ)r Γ(λr + µ)

(
Iξ,η,γ
− tρ−r−1

)
(x).

Applying the Lemma 2, we get

L2 =
∞

∑
r=0

(χ1)r (χ2)r · · ·
(
χp
)

r
(v1)r (v2)r · · ·

(
vq
)

r

(ν)r
(δ)r Γ(λr + µ)

Γ(η − ρ + r + 1)Γ(γ− ρ + r + 1)
Γ(1− ρ + r)Γ(ξ + η + γ− ρ + r + 1)

xρ−r−η−1.

The definition of Pochhammer symbol (1) allow us to write

L2 = xρ−η−1 Γ(δ)∏
q
j=1 Γ(vj)

Γ(ν)∏
p
i=1 Γ(χi)

∑∞
r=0

∏
p
i=1 Γ(χi+r)

∏
q
j=1 Γ(vj+r)

Γ(ν+r)Γ(η−ρ+r+1)Γ(γ−ρ+r+1)xr

Γ(δ+r)Γ(λr+µ)Γ(1−ρ+r)Γ(ρ+γ+η−ρ+r+1).

In view of equation (3), we get the required result.

As a special case of above theorems, next we derive the Riemann–Liouville (R-L) fractional
integrals involving (13). For this purpose, we recall the following results [8]:

(Iλ
0+tµ−1)(x) =

Γ(µ)
Γ(λ + µ)

xλ+µ−1, <(λ) > 0,<(µ) > 0. (20)

(Iλ
−t−µ)(x) =

Γ(µ− λ)

Γ(µ)
xλ−µ, <(µ) > <(λ) > 0. (21)

Theorem 3. Let σ, λ, µ, ν ∈ C, <(ρ) > 0,<(σ) > 0, <(λ) > 0, δ 6= 0,−1,−2, · · ·Then

(
Iσ
x tρ−1

pEλ,µ;ν
q;δ (t)

)
(x) =

xρ+σΓ(δ)∏
q
j=1 Γ(vj)

Γ(ν)∏
p
i=1 Γ(χi)

×p+3Ψq+3

[
(χi, 1)1,p, (ν, 1), (ρ, 1), (1, 1)
(vj, 1)1,q, (δ, 1), (µ, λ), (ρ + σ, 1)

∣∣∣∣x
]

. (22)

Proof. Interchanging the integration and summation under suitable conditions and using the definition
of (13), we have(

Iσ
x tρ−1

pEλ,µ;ν
q;δ (t)

)
(x)

=
∞

∑
r=0

(χ1)r (χ2)r · · ·
(
χp
)

r
(v1)r (v2)r · · ·

(
vq
)

r

(ν)r
(δ)r Γ(λr + µ)

(
Iσ
x tρ+r−1

)
(x).

Using (20), we get

=
∞

∑
r=0

(χ1)r (χ2)r · · ·
(
χp
)

r
(v1)r (v2)r · · ·

(
vq
)

r

(ν)r
(δ)r Γ(λr + µ)

Γ(ρ + r)
Γ(ρ + σ + r)

xρ+r+σ−1,

In view of definition of (3) and (1), we obtain the required result.
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Theorem 4. Let λ, µ, ν ∈ C, <(ρ) > <(σ) > 0, Then

(
Iσ
−t−ρ

pEλ,µ;ν
q;δ (

1
t
)

)
(x) =

xρ−σΓ(δ)∏
q
j=1 Γ(vj)

Γ(ν)∏
p
i=1 Γ(χi)

×p+3Ψq+3

[
(χi, 1)1,p, (ν, 1), (ρ− σ, 1), (1, 1)
(vj, 1)1,q, (δ, 1), (µ, λ), (ρ, 1)

∣∣∣∣ 1x
]

. (23)

Proof. The use of definition (13) and altering the order of integration and summation under the
suitable condition, we have(

Iσ
−t−ρ

pEλ,µ;ν
q;δ (

1
t
)

)
(x)

=
∞

∑
r=0

(χ1)r (χ2)r · · ·
(
χp
)

r
(v1)r (v2)r · · ·

(
vq
)

r

(ν)r
(δ)r Γ(λr + µ)

(
Iσ
−t−r−ρ

)
(x).

Using (21), we get

=
∞

∑
r=0

(χ1)r (χ2)r · · ·
(
χp
)

r
(v1)r (v2)r · · ·

(
vq
)

r

(ν)r
(δ)r Γ(λr + µ)

Γ(r + ρ− σ)

Γ(ρ + σ)
xσ−ρ−r.

In view of equations (3) and (1), we get the desired result.

4. Generalized Fractional Kinetic Equations Involving GMLTF

This section devoted to find the application GMLTF. Let N = (Nt) be the arbitrary reaction
defined by a time-dependent quantity. Let the destruction rate d and the production rate p of N and the
balance between d and p is dN

dt , that is, dN
dt = −d+ p. In general, destruction and production depend

on the quantity N itself: d = d(N) or p = p(N) (See [42]).
Since the destruction or production at time t depends not only on Nt but also on the past history

N(τ), τ < t, of the variable N. This can be represented by

dN
dt

= −d (Nt) + p (Nt) , (24)

where Nt described by Nt (t∗) = N (t− t∗) , t∗ > 0 (see [42]). A particular case of (24) given in [42] as

dNi
dt

= −ciNi (t) , (25)

with Ni (t = 0) = N0, ci > 0. It can be easily observe that, the solution of (25) is

Ni (t) = N0e−cit. (26)

Integrating (25) gives
N (t)−N0 = −c 0D

−1
t N (t) , (27)

where c is a constant and 0D
−1
t is the particular case of R-L integral operator. One can generalize (27)

in terms of fractional operator as [42]

N (t)−N0 = −cυ
0D
−υ
t N (t) , (28)
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where 0D
−υ
t defined as

0D
−υ
t f (t) =

1
Γ (υ)

t∫
0

(t− s)υ−1 f (s) ds,< (υ) > 0. (29)

The Laplace transform (LT) of h(t) is defined by

H(p) = L [h(t) : p] =
∞∫

0

e−pth (t) dt, < (p) > 0. (30)

For more details about the fractional kinetic equation (FKE) and its developments, interesting
readers can be referred to [43–50].

Theorem 5. For λ, µ, ν ∈ C, δ 6= 0,−1,−2, · · · , d > 0, v > 0 then the solution of

N(t)−N0 pE
λ,µ;ν
q;δ (t) = −dv

0D
−v
t N(t) (31)

is given by

N(t) = N0

∞

∑
r=0

(χ1)r...(χp)r

(v1)r...(vq)r

(ν)rr!
(δ)rΓ(λr + µ)

trEν,r+1(−dvtv). (32)

Proof. We start the proof by stating the Laplace transform of the R-L fractional operator (see, e.g., [51,52]):

L
{
0D
−υ
t h (t) ; ρ

}
= ρ−υ H (ρ) (33)

where H (ρ) is defined in (30). Now, taking the LT on the both sides of (31) and using (13) and (33),
we have

L{N(t)} −N0L{pE
λ,µ;ν
q;δ (t)} = L{−dv

0D
−v
t N(t)}, (34)

which gives

N(ρ) = N0

( ∫ ∞

0
e−ρt

∞

∑
r=0

(χ1)r (χ2)r · · ·
(
χp
)

r
(v1)r (v2)r · · ·

(
vq
)

r

(ν)r tr

(δ)r Γ (λr + µ)
dt
)
− dvρ−vN(ρ), (35)

which implies that

N(ρ)[1 + dvρ−v] = N0

∞

∑
r=0

(χ1)r (χ2)r · · ·
(
χp
)

r
(v1)r (v2)r · · ·

(
vq
)

r

(ν)r
(δ)r Γ (λr + µ)

∫ ∞

0
e−ρttrdt. (36)

After some simple calculation, we find

N(ρ) = N0

∞

∑
r=0

(χ1)r (χ2)r · · ·
(
χp
)

r
(v1)r (v2)r · · ·

(
vq
)

r

(ν)r
(δ)r Γ (λr + µ)

Γ(r + 1)

×
{

ρ−(r+1)
∞

∑
s=0

[−(ρ

d
)−v]s

}
. (37)



Mathematics 2019, 7, 1230 8 of 13

The inverse LT of (37) and using the formula L−1{ρ−v; t} = tv−1

Γ(v) , gives

N(t) = N0

∞

∑
r=0

(χ1)r (χ2)r · · ·
(
χp
)

r
(v1)r (v2)r · · ·

(
vq
)

r

(ν)r
(δ)r Γ (λr + µ)

Γ(r + 1)

×
∞

∑
s=0

(−1)sdvs tvs+r

Γ(vs + r + 1)
. (38)

In view of the Mittag-Leffler function definition, we arrived at the needed result.

Note that the generating function techniques used here is potentially applicable in dealing with
percolation related issues [53,54].

Theorem 6. For λ, µ, ν ∈ C, δ 6= 0,−1,−2, · · · , d > 0, v > 0 then the equation

N(t)−N0 pE
λ,µ;ν
q;δ (dvtv) = −dv

0D
−v
t N(t) (39)

has the following solution

N(t) = N0

∞

∑
r=0

(χ1)r...(χp)r

(v1)r...(vq)r

(ν)rr!Γ(vr + 1)
(δ)rΓ(λr + µ)

(dt)vrEν,vr+1(−dvtv). (40)

Proof. Applying the Laplace transform on the both sides of (39)

L{N(t)} −N0L{pE
λ,µ;ν
q;δ (dvtv)} = L{−dv

0D
−v
t N(t)}, (41)

and using (13) and (33), we have

N(ρ) = N0

( ∫ ∞

0
e−ρt

∞

∑
r=0

(χ1)r (χ2)r · · ·
(
χp
)

r
(v1)r (v2)r · · ·

(
vq
)

r

(ν)r (dt)vr

(δ)r Γ (λr + µ)
dt
)
− dvρ−vN(ρ), (42)

which gives

N(ρ)[1 + dvρ−v] = N0

∞

∑
r=0

(χ1)r (χ2)r · · ·
(
χp
)

r
(v1)r (v2)r · · ·

(
vq
)

r

(ν)r dvr

(δ)r Γ (λr + µ)

∫ ∞

0
e−ρttvrdt, (43)

which can be simplified as

N(ρ) = N0

∞

∑
r=0

(χ1)r (χ2)r · · ·
(
χp
)

r
(v1)r (v2)r · · ·

(
vq
)

r

(ν)r dvr

(δ)r Γ (λr + µ)
Γ(vr + 1)

×
{

ρ−(vr+1)
∞

∑
s=0

[−(ρ

d
)−v]s

}
. (44)

Taking the inverse LT of (44) and using L−1{ρ−v; t} = tv−1

Γ(v) , we find

N(t) = N0

∞

∑
r=0

(χ1)r (χ2)r · · ·
(
χp
)

r
(v1)r (v2)r · · ·

(
vq
)

r

(ν)r dvr

(δ)r Γ (λr + µ)
Γ(vr + 1)

×
∞

∑
s=0

(−1)sdvs tvs+vr

Γ(vs + vr + 1)
. (45)

In view of the definition of the Mittag-Leffler function, we have the required result.
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Theorem 7. For λ, µ, ν ∈ C, δ 6= 0,−1,−2, · · · , a 6= d, d > 0, v > 0 then the equation

N(t)−N0 pE
λ,µ;ν
q;δ (dvtv) = −av

0D
−v
t N(t) (46)

has the solution

N(t) = N0

∞

∑
r=0

(χ1)r...(χp)r

(v1)r...(vq)r

(ν)rr!Γ(vr + 1)
(δ)rΓ(λr + µ)

(dt)vrEν,vr+1(−avtv). (47)

Proof. Taking the Laplace transform on the both sides of (46),

L{N(t)} −N0L{pE
λ,µ;ν
q;δ (dvtv)} = L{−av

0D
−v
t N(t)}. (48)

By considering the same procedure done in Theorems 5 and 6, we find

N(ρ) = N0

∞

∑
r=0

(χ1)r (χ2)r · · ·
(
χp
)

r
(v1)r (v2)r · · ·

(
vq
)

r

(ν)r
(δ)r Γ (λr + µ)

Γ(vr + 1)

×
{

ρ−(vr+1)
∞

∑
s=0

[−(ρ

a
)−v]s

}
. (49)

Taking the Laplace inverse of (49) and using the formula L−1{ρ−v; t} = tv−1

Γ(v) , we, obtain

N(t) = N0

∞

∑
r=0

(χ1)r (χ2)r · · ·
(
χp
)

r
(v1)r (v2)r · · ·

(
vq
)

r

(ν)r dvr

(δ)r Γ (λr + µ)
Γ(vr + 1)

×
∞

∑
s=0

(−1)savs tvs+vr

Γ(vs + vr + 1)
. (50)

In view of the definition of the Mittag-Leffler function, we have the desired result.

5. Graphical Results and Discussion

Figure 1 shows the plots of solutions of (31) with parametric values N0 = 1, d = 1, λ = 1, µ = 0.5
and for different values of ν = 0.01, 0.02, 0.03, 0.04, and 0.05. The time interval 0 < t < 3 gives the
valid region of convergence of solutions. In Figure 2 the values of ν is considered as 0.1, 0.2, 0.3, and 0.4
for the same time interval. The Figures 3 and 4 shows the 2D plots of solutions of (31) by considering
the different time intervals. The graphical results demonstrate that the region of convergence of
solutions depend continuously on the fractional parameter ν. Hence, by examining the behavior of the
solutions for different parameters and time interval it is observed that N (t) is always positive.

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0

5

10

15

20

=0.05

=0.04

=0.03

=0.02

=0.01

t

N(t)

Figure 1. Graph of the solution (31).
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Figure 2. Graph of the solution (31).
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10 000

15 000

Ν=0.4

Ν=0.3
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N(t)

t

Figure 3. Graph of the solution (31).

10 12 14 16 18 20 22 24
0

1´1010

2´1010

3´1010

4´1010

5´1010

Ν=0.4

Ν=0.3

Ν=0.2

Ν=0.1

N(t)

t

Figure 4. Graph of the solution (31).

6. Conclusions

The generalized Mittag-Leffler type function (GMLTF) is established and its fractional integral
representations are studied in this paper. The obtained results are expressed in terms of the generalized
Wright hypergeometric function. As an application of the function GMLTF given in this paper,
the solutions of a fractional kinetic equation are studied using the Laplace transform technique.
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The results achieved here are rather general and found various new and known solutions of FKEs
containing a different type of special function. The behavior of the obtained solutions is studied with
the help of graphs. As a future direction, the generalized fractional calculus operators containing
GMLTF can be studied and can be used to find the solutions of fractional kinetic or diffusion equations
involving GMLTF with the help of different integral transform techniques.

Funding: This research received no external funding.
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