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Abstract: The main aim of this work is to introduce an implicit general iterative method for
approximating a solution of a split variational inclusion problem with a hierarchical optimization
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proposed implicit algorithm is obtained under some weak assumptions.

Keywords: split variational inclusion; fixed-point problem; hierarchical optimization problem;
nonexpansive mapping; implicit general iterative method

1. Introduction

Let H; be a real Hilbert space with norm || - || and inner product (-, -). Suppose that C is a nonempty
convex and set in Hy, and let Pc be the metric (nearest point) projection from space H; onto set C.
We use T : C — H; to denote a mapping on C. Denote by Fix(T) the set of fixed points of T,
ie., Fix(T) = {x € C: x = Tx}. We use the notations — and — to indicate the weak convergence and
the strong convergence, respectively.

Assume that B : C — Hj is a nonlinear mapping. The classical monotone variational inequality
(VD) is to find x* € C such that

0 < (Bx*,x —x*), VxeC. (1)

We denote by VI(C, B) the solution set of VI (1). VI (1), which acts as a very powerful and effective
research tool, has been applied to study lots of theory problems arising in nonlinear equations,
computational mechanics, optimization contact problems in control problems, elasticity, operations
research, modern management science, bi-function equilibrium problems in transportation and
economics, obstacle, unilateral, moving, etc.; see [1-12] and the references therein.

An operator D is said to be a strongly positive operator on Hj, if there is a constant ¢ > 0 such that

Cllx|> < (Dx,x), Vxe Hi.

Solution methods for Lipchitz mappings, in particular, nonexpansive mappings, have widely been
applied to investigate minimization problems of various convex functions. A mapping M : H; — 2
is said to be set-valued monotone if for all x,y € Hy, ¥’ € Mx and iy’ € My imply (x —y,x —x’) > 0.
Recall that M : H; — 2H1 is a maximal operator if the graph Gph(M) is not properly contained
in the graph of any other monotone operator. As we all know that M is maximal if and only if for
(x,f) € HH x Hy, (x—y,f —g) > 0forevery (y,y') € Gph(M), we have x’ € Mx.
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We now assume that set-valued operator M : H; — 281 is maximal. We can define a single-valued
mapping /¥ : Hy — H; by
IM(x) :== (AM+1)"Y(x), Vx € Hy,

is called the resolvent operator associated with mapping M. It deserves mentioning that it is
single-valued and Liptchitz.

Let H, be another Hilbert space with usual norm (|| - ||) and inner product ({-,-)). Let A be
a bounded linear operator from H; to A;. We consider in this paper the following split variational
inclusion problem (SVIP): find x* € H; such that

0 € By(x*), (2)

and
Ax* =y* € Hy solves 0¢€ By(y"), (3)

where By : H; — 2M and B, : H, — 2H2 are set-valued and maximal monotone. SOLVIP(B; ) stands
for the solution set of (2) and SOLVIP(B,) stands for the solution set of (3), respectively. The solution
set of SVIP (2)—(3) will be used and denoted by I'. From [13], we know that SVIP (2)—(3) is equivalent
to approximating x* € Hy with x* = ])]fl (x*) such that

Ax =y €Hy and y"=]2(y"),
holds for any given A > 0. It is remarkable that if I' # @, then
(x—TP%,Px —y) >0, VxeHy, yeSOLVIP(By),

and
(0— 520,150 —w) >0, Vo€ Hy, w e SOLVIP(B,).

Let {S;}°; be a countable family mappings on H;. We assume that {{;}%°, is a real sequence in
[0,1]. For any n > 1, we give a W, mapping by:

un,n+1 =1,
un,n - (1 - gn)l + gnsnun,n-i—lr
un,n—l = (1 - gn—l)l + gn—lsn—lun,n/

Uy = (1= G I+ GkSkl jg, (4)
Upj—1 = (1= Ce1)I + Cr—1Sk—1Up i,

U = (1= 02)1 + 525Uy 3,
Wy = Un,1 = (1 — Cl)l + 518111,1/2.

If each S; is nonexpansive, then W, is Lipschitz. Indeed, it is also nonexpansive and called
a W-mapping defined by S,,S,-1,...,S1 and (u,(y-1,..,01. From [14], we know that W, is
a nonexpansive mapping with the relation Fix(W, ) = N_; Fix(S;), for each n > 1; for each x € H;
and for each positive integer k, the lim;, o U, 1 x exists; W is defined by

Wx := lim Wyx = lim U, x, Vx € H;
n—oo n—oo

has the nonexpansivity and it satisfies Fix(W) = N7 Fix(5;) (We call a W-mapping generated by
51,S52,...and {1, (2, ...). Recently, common fixed-point problems, which finds applications in signal
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process and medical image restoration, have been studied based on mean-valued or projection methods;
see [14-19] and references cited therein.

In this present work, we investigate an implicit general iterative method for computing a
solution of the SVIP with a hierarchical optimization problem constraint for a countable family
of mappings, which will be assumed to have the nonexpansivity, in the framework of real Hilbert
spaces. Norm convergence theorems of the sequences generated by our implicit general algorithm
are established under some suitable assumptions. Our results extend, unify, develop and improve the
corresponding ones in the recent literature.

2. Preliminaries

Now we list some basic notations and facts. H; will be assumed to be a real Hilbert space and
C will be assume to be a closed nonempty convex subset in Hy. A mapping F : C — H; is called
a k-Lipschitzian mapping if there is a number x > 0 with x||x —y|| > ||[F(x) — F(y)|, Vx,y € C.
In particular, if ¥ = 1, then F is said to be a nonexpansive operator. If x < 1, then F is said to be
a contractive operator. A mapping F : C — H; is said to be #-strongly monotone if there exists a
number ;7 > 0 such that 77|x — y||> < (x —y, Fx — Fy), Vx,y € C. In all Hilbert spaces, we known

Al + (1= D)lyl? = A = Allx —y]? = [Ax+ (1= )yl

forall x,y € Hy and A € [0,1].

Fixing x € Hj, we see that there exists a unique nearest point in closed convex set C. We denote it
by Pcx. ||x —y|| > ||x — Pcx||, Vy € C. The mapping Pc is called the metric or nearest point projection
of H; onto C. We know that P¢ is an nonexpansive operator from space H; onto set C. In addition,
we know that

(x —y,Pcx — Pcy) > ||Pcy — Pex|?,  Vx,y € Hy. (5)

Pcx also enjoys
(x — Pex,y — Pex) <0, (6)

forall x € Hy and y € C. It is not too hard to see that (6) is equivalent to the following relation
lx = yl|? = [lx = Pex[|* > |ly — Pex||?, Vx € Hy,y €C. (7)

It is also not hard to find that every nonexpansive operator S : H; — Hj satisfies the
following relation

1
((I=8)x—(I=S)y,Sy — $x) < |1 - 8)x = (I=S)y|?*, V(x,y) € Hy x Hy. (8)
In particular, one has
(I-S)x,y—5x) < %H(I —S)x||%, V(x,y) € Hy x Fix(S). 9)

Let T : Hy — Hj be a self mapping. It is said to be an averaged operator if it is a combination
of the identity operator I and a nonexpansivity operator, thatis, T = (1 — «)I + aS, where a € (0,1)
and S : Hy — Hj is an nonexpansive operator. We mention that the class of averaged mappings
are of course nonexpansive. Also, mappings, which are firmly nonexpansive are averaged. Indeed,
projections on convex nonempty closed sets and resolvent operators of set-valued monotone operators.
Some important properties and relations of averaged mappings are gathered in the following lemma;
see e.g., [20-25] and references cited therein.
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Lemma 1. For any given A > 0, let the mapping G : Hy — Hj be defined as G := ])lfl (I+ 'yA*(]))'?2 —1)A)
where v € (0, %), L is the spectral radius of the operator A*A and A* is the adjoint of A. Then G is
a nonexpansive mapping. If T # @, then T = Fix(G).

Proof. Since Ifl and ]fz are mappings enjoys the firm nonexpansivity, they, of course, are averaged.
For Ly € (0,1), the mapping (I + ’yA"(])I‘?2 —I)A) is averaged. So G := ]/1\31(1 + WA*(IEZ —DA)is
a averaged operator and hence a nonexpansive operator.

Next, let us show that if T’ # @ then I' = Fix(G). Indeed, it is clear that I' C Fix(G). Conversely,

we take p € Fix(G) and g € T arbitrarily. Then ]fl (p+ 'yA*(]f2 —I)Ap) = p. Hence,

((p+yA*(J22 = 1)Ap) — p,p —u) >0, Vu € SOLVIP(B;),
which immediately yields
(J\?Ap — Ap, Ap — Au) >0, Vu € SOLVIP(B;).

One has
(]2 Ap — Ap,v — ]2 Ap) >0, Yo € SOLVIP(By).

Using the last two inequalities, we obtain
(JN2Ap — Ap,v — [22Ap + Ap — Au) >0, Vu € SOLVIP(By), v € SOLVIP(B,),
which immediately leads to
(]2 Ap — Ap,v — Au) > ||J22Ap — Ap|?, Vu € SOLVIP(B;), v € SOLVIP(B,). (10)

Taking into account g € T, one knows that g € SOLVIP(B;) and Aq € SOLVIP(B,). So it follows from
(10) that ])Iszp = Ap, ie., Ap € SOLVIP(B;). Also, from p € Fix(G) we get

p=I3(p+vAT(32 = DAp) = I}'p.
Hence, p € SOLVIP(B;). Consequently, p € T. This completes the proof. [J

Lemma 2. [26], Let {S;}?°, be a countable family on a real Hilbert space Hy with the restriction
N2 Fix(S;) # @. {g;}:2, will be assumed to be a sequence in (0,1] for some I € (0,1]. If C is any
bounded set in Hy and each S; is the self nonexpansivity, then limy, e sup, . Wx — Wyx = 0.

Through the rest of this paper, {{;}%° ; will be assumed to be in (0,1] for some I € (0,1).

Lemma 3. [27], Assume that both {x,} and {z,} are bounded real sequences in infinite dimensional space
either Banach or Hilbert. We support that { B, } is a sequence with the restriction that it is bounded away from
[0,1], that is, 0 < liminf, e B < limsup, , Bn < 1. We assume x,11 = BuXy + (1 — Bun)zn V1 >0
and limsup,, . (|zn+1 — za|| — [|Xn+1 — xa||) < 0. Hence, limy o ||y — 24| = 0.

Lemma 4. [28], Let C be a closed nonempty convex set in a real Hilbert space Hy, and let B : C — Hj be
a monotone and hemicontinuous mapping. We the following:

(i) VI(C,B) = {x* € C: (By,y —x*) >0, Vy € C};

(ii) VI(C, B) = Fix(Pc(I — AB)) for all A > 0;

(iii) VI(C, B) is singleton, if B is strongly monotone and Lipschitz continuous.

Lemma 5. [29], All Hilbert spaces satisfies the well known Opial condition: the inequality lim infy, e ||xn —
y|| > liminf, e || Xy — x| holds for every y # x and for any sequence {x, } with x,, — x.
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Lemma 6. [30], Assume that S is a nonexpansive self-mapping on a closed convex nonempty set C in Hy. If S
is fixed-point free, then I — S is demi-closed at zero, i.e., if {x,, } is a sequence in C weakly converging to some x
in the set and the sequence {(S — I)x, } converges strongly to zero, then (S — I)x = 0, where I stands for the
identity operator.

Lemma 7. [31], Assume that {ay} be a real iterative sequence with the conditions a, 1 — (1 — Ay)an < Apyn,
Vn > 0, where {A,} and {y,} are real sequences with the restrictionis {A,} C [0,1] and Y ;. _ogAy = oo,
limsup, ., vn < 0. Then limy, e a, = 0.

3. Main Results

Theorem 1. Let A : Hi — Hj, where Hy and Hy are two different Hilbert spaces, be a linearly bounded
operator. Suppose that By : Hy — 2M and B, : Hy — 2H2 are maximal monotone mappings. Let f : Hy — Hy
be a contraction mapping with contractive coefficient « € (0,1) and let the linearly bounded operator D : Hy —
H; be strongly positive with coefficient ¢ > 0and 0 < ¢ < g Let the mapping G : Hy — Hj be defined
as G := ]fl(l + 'yA*(]/L\;2 —1)A), where A > 0, v € (0, 1), L be the spectral radius of A*A and A* is the
adjoint operator of A. Assume that Q) := (2, Fix(5;)) NT # @. For an arbitrary x1 € Hy, we define {x, }
and {y,} by

Yn = G((l - r)/ﬂ)wﬂy” + ')’nxn)/

Yot = 0l f (1) + Pt + [(1— fu)] — nDlyn, V> 1, 1

where {W, } is defined in (4), and {a,}, {Bn} and {yn} are real number sequences in (0,1). Suppose the
parameter sequences satisfy the following three restrictions:

(C1) {Bu}s>4 C [a,b] for some a,b € (0,1);

(C2) ay, —>Oasn —ooand Y ;7 4 ay = 00;

(C3)1 > limsup,,_,, vn = liminf, ;e vy, > 0 and limy, |Yne1 — yn| = 0.
Then {x, } converges to a point z € Q) in norm and z is a solution to

(D=¢flzz—p) <0, VpeQ,
thatis, Po(z — Dz +(f(z)) = z.

Proof. First of all, taking into account that a4y — 0 asn — oo and 1 > limsup, ., 7n >
liminf, e vn > 0, we can suppose {a,(¢ — ¢a)} C (0,1) and {y,} C [c,d] C (0,1) for some
c,d € (0,1). Please note that the mapping G : Hy — Hj is defined as G := ]El(l + 'yA*(])Ifz —-1)A),
where A > 0, Ly € (0,1), L is the radius of the operator A*A. By virtue of Lemma 1, we get that G is

is nonexpansivity. It is easy to see that there exists an element y,, € Hj, which is unique, such that

Yn = G(vnxn + (1 = 72) Wayn). (12)

Define a mapping F, by
Fox = G(ynxn + (1 — vn)Wyx), Vx € Hy.

Since each W, : H; — Hj is a nonexpansive mapping, we deduce that, all x,y € Hj,

[Fax = Fayll - = 1G(vnxn + (1 = 7n)Wix) = G(ynxn + (1= 1) Way) |

(1= 7u) [Way — Wax[| < (1= 7a)lx = yll.

IA
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Also, from {y,} C [c,d] C (0,1), weget1l >1—1y, > 0foralln > 1. Thus, F, is a contraction operator.
This shows that there exists an element y,, € C, satisfying (12). Indeed, v, is also unique. So, it can be
readily seen that the general implicit iterative scheme (11) can be rewritten as

Uy = YnXn + (1 - fYn)Wnyn/
Yn = ])E\;l (')/A*(]/l\gz - I)Aun + un)/ (13)
Xn+1 = “ngf(Xn) + [(1 - ,BH)I - lan]yn ‘|— an.Xn, Vﬂ 2 1.

Next, we divide the rest of our proofs into some steps to prove this theorem.

Step 1. We prove that {x,},{yn}, {un},{f(xs)} and {W,y,} are bounded sequence in Hj.
By arbitrarily taking an element p € QO = (N, Fix(S,) NT, we get p = ]fl p, Ap = ])Efz(Ap) and
Wyup = p ¥n > 1. Since each W, : H; — Hj is a nonexpansive operator, it follows that

lun —pll - < vallxn —pll + (1T =) lp — Wayall (14)
< Yullxn = pll + @ =v)llp — yal.-
Note that
lyn — plI? ]
< lun +vA*(J32 — 1) Auy — p||? (15)

< lun — pI? + P22 = 1) A, AA* (]2 — 1) Auty) + 29 (un — p, A* (]2 — I) Auy).

Please note that 5 5 5
Ly (J32 = 1) Aun|* = Ly*((J32 = 1) Au, (J3* = 1) Auy)

21 s (16)
>y ((J32 = ) Auy, AA*(J)* — 1) Auy,).
By considering item 2 (u, — p, A*( ]fz — I)Auy) and by using (9), we have
2y (un — P/A*(]EZ = I)Aun) = 27(A(un — p), ( )Efz — 1) Auy)
= 29{(Ap — J*Au, Aty — 3% Aun) — | (2 = 1) A7} (17)
< 27{%”%&2 — D Auy | = [|(Jy* = ) Aun 1}
= —I10y* = 1) Aun|*.
Using inequalities (15), (16) and (17), we obtain
lyn = pI7 < flun = pIP + L2132 — I)I;‘lunll2 =732 = 1) Auy |2 (18)
= llun = plI* + 7 (Ly = DI[U}* = 1) Aunl|*.
From (L) € (0,1), we get
[yn = pll < llun = pll,  ¥n=>1. (19)
Substituting (19) for (14), we have
[un =PIl < (L =v)lltn = pll +vulln = plI,
which combining (19) yields that
[Yyn = pll < llwn = pll < lxw —pll, Yn=1. (20)

Thanks to the two restrictions (C1) and (C2), we can suppose that a, < (1 — B,)||D| !, vn > 1.
Since D is linearly strongly positive bounded, we can easily get that

1_,571_”‘1152 (1= Bu)l —auDl. (21)
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In view of (13), (20) and (21), one has that

%1 =Pl < anGllf(xn) = F(P)I| + anllGf (p) = Dpll + Ballxn = pll
HII[(1 = Bu)I — anD](yu — p)| )
< angalxn = pll +anllGf(p) = Dpll + Bullxn = pll + (1 = Bu — ang) [ xn — pl|
< max{[p — x|, ELELELY,  vn > 1,
It immediately yields that {x, } is a bounded sequence in Hy. Indeed, {y,}, {un}, {f (xn)}, {Wnyn} and
{Dyy»)} (due to (20) and the Lipschitz continuity of W,,, D and f) are bounded sequences. From this,
we fix a bounded subset C C H; with the restriction

Up, Xn, Yn € C, VYn>1. (22)

Step 2. We aim that ||x, 11 — xu|| — 0and ||y, +1 — yn|| — 0asn — oco. Indeed, we set

Xp+1 = BnxXn + (1 — Bn)vn, Yn>1. (23)
This shows that
oy = ﬁ{zxné’f(xn) + BnXn + Yn — BuYn — anDyn} — %xn (24)
= 124 (f (xn) — Dyn) + Yn-
Hence,
[on1 = 0nll < T2 1Ef (1) = Dy |l + 2% 16 f (xn) — Dyall + Y41 — yull- (25)

By using Lemma 1, we know that G := ]fl (I+~yA*( ])132 — I)A) is Lipchitz. Indeed, it is nonexpansive.
Hence, we obtain from (13) that

[Ynt1 = yull = Guns1 — Gunl| < [Junsr — unl|- (26)
However, we have that

Sup|[[|Wy+1x = Wxl| + [[Wx — Whx||] + [Jup1 — un]|
xeC

> [Wat¥n 1 — Wadiwor |+ [ Wadinsr — Wi @7)
> ||Wn+l]/n+l - WnyﬂH/
where C stands for the bounded subset in H; defined by (22). Simple calculations show that
lnsr —unll < (1= Y1) IWag1¥nse1 — Watin || + Yngal|Xns1 — xull
+ [ Yns1 = ulllxn — Waynl|
< YupalPns1 = xull + (1= yn ) {sup[ [ Wars1x — Wl + [Wx — Wx|]  (28)
S Y+ Xn+1 — Xn Yn+1)1SUup n+1X X X nX
xeC
+ | tng1 = unll} + [Yner — valllXn — Wayall-
So it yields from {7y, } C [c, d] that
1 Xp — W,
i1 = ] < 1 =] 5upl] Wy = W] [ = W]+ i =l =l )
xe



Mathematics 2019, 7, 123 8 of 12

Thus, from (25), (26) and (29) we deduce that

|2 f (1) — Dy |+ T [|&f () — Dyl

T=PBnn P
1 X, — W,
+ Loup [ Wi a — Wil + [ Wox — W] + ey — o 10— Vbl
CxeC ¢
2 [[ont1 = onll = llxn41 — xnll.
Thanks to the three assumptions (C1), (C2), (C3), and Lemma 2,
limsup([[og41 — oull = l[Xp41 — xall) <O
n—oo
From Lemma 3, we thus obtain that
Jim [0, 3] = . (30)
This in turn implies that
Jim ||xy 41 = xu | = 0. (31)
This together with (26) and (29), implies that
lim [l 1~y =0 and  lim g1~ yull =0. (32)

Step 3. We aim to prove ||x, — tn|| = 0, ||[xn — yul| = O, [|[yn — Wayn|l = 0and ||x, — Gx,|| — 0
as n — oo. Indeed, we set f, = {f(x,) — Dy, forall n > 1. For any p € (), we observe that

2011 — PHZ < ||Bu(xn —p) + (1= Bu)(yn — P)HZ +2{anfu, Xnt1 —p)
< (1= Bu)llyn = pII* + Bullxn — plI> = Bu(1 = Bu) X0 — ynll? (33)
+ 20 || full 12041 — pll
< Bullxn — pl* + (1 = Bu)llyn — plI* + 20, M?,

where M = max{sup,,~; || full,sup,~ [[xn — pl|}. Substituting (18) for (33), we obtain from (20) that
lp = xa 12 < [lp = xul® = 7(1 = Bu) (1 = Ly)I|(J* = I) Autu | + 224 M?. Therefore,

. B, _
Jim [|(J3* = I) Aun|| = 0. (34)
From the assumption that ]/l\31 is a firmly nonexpansive mapping, we have

20lyn —plP < 20yn — pottn + YA (32 — 1) Atty — p)
= |lyn — Pl + llun — pl? + 29w — p, A*(J32 — ) Auy)
+ P A* (P = 1) Aun|? = |lyn — un — YA*(J32 = 1) Auy ||?
< lyn — I+ [lun — pI2 = Y52 = 1) A |2 + P2 A*(J32 — I) Auy |2
— [lyn — un — 'YA*(];E\;Z - I)A”n”z
< Nlyw = I+ lln = pI? = lyn — unll? + 29[ AQyn — wn) || (T3> — 1) Au]|.

Hence, we obtain
B
lyn =PI < =llyn — wall® + Nl = plI* + 27| Ayn — un) 11 (Jy* — 1) At (35)
Substituting (35) for (33), one concludes from (20) that

(L= Bu)llyn —unl® < llxw = pllllxn — xpsall + i1 = pll 1 = i
+27(1 = Bu) [ A(yn — un) [ 13> — 1) Attn| + 200, M.
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(C1), (C2), (31), and (34) send us to
lim ||y, —uu|| = 0. (36)

n—o0

Also, according to (11) and (19) we have

Ip—unl® < yulun —p,xa —p) + 1= va)llp — Wayn |l lp — ual|
< Yt — p,xn —p) + (1= 7a)|lp — unl%

which immediately leads to

[ln =PI = lln = wul|? + Il = pII?).

N —

lun = plI* <
It follows from (19) and (33) that

%011 — pl?

< Bullp = xull® + @ = Bu)lp — yull> = Bu(1 = Bu) 1xn — yull* + 2| ful[ 1P — X011

< Bullp = xall> + (1 = Bu)lp = ynll* = Bn(1 = Bu) X0 — yu||* + 20, M?

< Bullp — xall? + (1= Bu)[llp — xull® = 0 — wnl?] = Bu (L — Bu) X1 — yn|* + 200, M
= lxn — P”2 — (L= Bu)llxn — ”nHz — Bn(1 = Bu)llxn — yn”2 + 20, M2

This implies that

(1= Bu)llxn — unl|* + Bu(1 = Bu) X0 — yull?
< lxn = plI> = l|xng1 — plI* + 204 M?

< 2w = pllllen = %t |+ lxns1 = pllllxn — x| + 200 M.

(C1), (C2), and (3.21) send us to
)}i_{r;oﬂxn_”n” =0 and ,}igI;OIIxn—ynH =0. (37)
Noticing that ||u, — xu|| = (1 — ¥n)[|Watin — x| > (1 —d) || Wy — x4,
lyn = Waynll < lyn — xull + |0 — Wayall,

and
[0 — Gxall < |lxn — unl| + [un — yull + |Gun — Gxnl| < 2[|xn — tn|| + |[un — yall,

we deduce from (36) and (37) that
nlg{}o [[xn — Waynl| = 0, 7,15’5}0 [yn — Wayn|| =0 and nlgrolo [[xn — G| = 0. (38)

Step 4. We aims to limsup, . (({f — D)z, x, —z) < 0, where z denotes the fixed-point of
mapping Po(I — D + {f). Indeed, we first show that VI(Q), D — {f) consists of one point. As a matter
of fact, we note that linear bounded operator D is strongly positive with its coefficient ¢ > 0 and
0 < ¢a < ¢. Then for any x,y € Hy, we have

(D=¢&f)x—(D=¢&f)y,x—y) > &llx —yl|* — Zallx — y[|* = (€ — Za)[|x — ||

Hence we knows that monotone operator D — ¢f is strongly and the coefficient satisfies ¢ — ¢a > 0.
It is also clear that D — {f is Lipschitzian. Therefore, by Lemma 4 (iii) we deduce that VI(Q), D — f)
is a single-point set. Say z € Hj, thatis, VI(Q),D — ¢f) = {z}. Also, by Lemma 4 (ii) we have



Mathematics 2019, 7, 123 10 of 12

z = Po(z — Dz +{f(z)). Since {x,} is a bounded sequence in Hy, without loss of generality, we may
choose a subsequence {x;,} of {x,} such that

limsup((¢f — D)z, x, —z) = im (({f — D)z, xp, — 2). (39)

n—o0 1—00

We have proved that sequence {x,, } is bounded, it is not too hard to see its a subsequence {x;, } of
j

{xy,} converges weakly to w. Let suppose that x,, — w. From (37), we obtain that y,,, — w.
Next, let us pay our focus to w € (2, Fix(S;) = Fix(W). Supposing on the contrary that,
w & Fix(W), i.e., Ww # w, we see from Lemma 5 that

liminf[ly,, —w| < liminf|y, — Ww||
1—00 1—00
< minf{|[Wyn, — Waol| + |[Wyn, =y, |1} (40)
< W inf{|[Wyn, — yu, || + [[yn, — wll}-

On the other hand, we have

[Wyn — yull < [[Wyn — Waynll + [Wayn — yull < su}g [Wx — Wix|| + [|Wnyn — yal|-
x€

By using Lemma 3 and (38), we obtain that lim; , ||[Wy, — yx|| = 0, which together with (40),
yields liminf;_, ||[yn, — w| > liminf; ,« ||y, — w||. This reaches a contraction, and hence we have
w € Fix(W) = N2, Fix(S;). Please G : H} — Hj is a nonexpansive mapping. Since x,, — w and
lim, 0 || X1 — Gxy|| = 0 (due to (38)), by Lemma 6, we get that w € Fix(G). From Lemma 1, we get
that w € I'. Therefore, w € Q). Since z is a fixed point of mapping Pn(I — D + ¢f) and w € (), we have

liinjogp«é‘f = D)z xn—z) = Um((¢f — D)z, xn; —z)
=((lf—D)z,w—z) (41)
=((z—Dz+¢f(z)) —z,w—2z) <0.

Step 5. We aim to x;, — zand y, — zas n — co. Indeed, by (3.10) and (3.11) we have

X041 — ZHZ = an(({f — D)z, xp11 — 2) + Bu(¥n — 2, Xpy1 — 2)
+{[(1 = Bu)I = auD]yn — [(1 = pu)I — anD]z, xp11 — 2)
< “n<(€f - D)Z/xn-H - Z> + ,Bn<xn —Z,Xp41 — Z>
+[[[(X = Bu)I — an D] (yn — 2)[[|xn+1 — z||
< n((&f = D)z, %1 —2) + 3Bn([l0n — 2> + 2501 — 2[|?)
+ (1= Bn = and)llyn — 2| Xn1 — 2|
< an((&f — D)z, Xpg1 —2) + 3(1 = and) ([|xn — 2[1* + [|x0 11 — 2[1%).

This immediately implies that
et = 2l < (1= and)[lxn — 2I|* + 220 ((§f — D)z, X1 — 2)-

By using Lemma 7, we infer that |x, — z|| — 0 as n — co. This completes the proof.
O

4. Conclusions

In this paper, we studied an implicit general iterative method for approximating a solution of
a split variational inclusion problem with a hierarchical optimization problem constraint for a countable
family of mappings, which are nonexpansive, in the setting of infinite dimensional Hilbert spaces.
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Convergence theorem of the sequences generated in our proposed implicit algorithm is obtained
without compact assumptions.
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