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Abstract: The products of the form z(z +1)(z + 21) ... (z + (k — 1)I) are of interest for a wide-ranging
audience. In particular, they frequently arise in diverse situations, such as computation of Feynman
integrals, combinatory of creation, annihilation operators and in fractional calculus. These expressions
can be successfully applied for stated applications by using a mathematical notion of k-gamma
functions. In this paper, we develop a new series representation of k-gamma functions in terms of
delta functions. It led to a novel extension of the applicability of k-gamma functions that introduced
them as distributions defined for a specific set of functions.

Keywords: series representation; gamma function; k-gamma function; k-Pochhammer symbol; delta
functions; Fourier transform; test functions; distributions

1. Introduction

Diaz and Pariguan [1] introduced and investigated k-gamma functions when they were evaluating
Feynman integrals. These integrals are of fundamental significance in high-energy physics because
they offer a general integral representation of the involved functions [2]. Since then, k-gamma functions
have emerged with diverse effects on mathematics and applications. Karwowski and Witek [3] have
used such functions while solving the Schrodinger equation for harmonium and related models in view
of important applications in quantum chemistry. The measure-theoretic and combinatorial versions
for the k-increasing factorial numbers that appear as an illustration and the combinatorics of the
Pochhammer k-symbol has appealed extensively in the collected works. For example, Lackner and
Lackner [4] have used k-gamma functions for combinatorial analysis in view of important applications
in statistics. Such applications of different forms of k-gamma functions have put away the prominent
concern, and several papers have subsequently been offered involving the analysis of k-gamma
functions. For modeling real-life problems, the role of fractional calculus [5] is vibrant. It is remarkable
that k-gamma functions and related k-Pochhammer symbols are more the functions of the fractional
calculus. For example, Agarwal et al [6] have solved fractional kinetic equations comprising of
k-Mittag-Leffler functions. Set et al. have used the analogue to the Riemann-Liouville singular
kernel at k-calculus in [7]. For more comprehensive and detailed studies of related works, I refer
the interested reader to [1-14] and associated references therein. The literature review for k-gamma
functions motivates us to state “on the one hand k-gamma functions excited to mathematician for the
analysis of mathematical concepts in a new way and on the other applications of these functions in
diverse problems are fundamental”.

By taking inspiration from the above discussion, in our current investigation, we acquire a
new representation for the k-gamma functions in terms of complex delta functions by following the
methodology of Chaudhry & Qadir [15], Tassaddiq & Qadir [16,17], Tassaddiq [18], Lail & Qadir [19],
Tassaddiq et al [20] and Tassaddiq [21,22]. In these articles [15-22], the authors have investigated new
representations for gamma, generalized gamma, Hypergeometric functions, extended Fermi-Dirac
and Bose-Einstein functions and A-generalized Hurwitz-Lerch zeta functions, respectively. Such
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investigations are significant for providing considerable and inventive identities for such higher
transcendental functions. It offers an analytical skill to evaluate different integrals that are not found
in the literature see for example [23,24].

To comprehend the results of this paper, some fundamental mathematical notions about k-gamma
and test function space are outlined in Section 2. These are stated in Sections 2.1 and 2.2, respectively.
The remaining paper is organized as: Our main results about k-gamma functions in the form of a
series of delta functions are given in Section 3.1. A discussion about the behavior and applications
of the new series is provided in Section 3.2. The cogency of the results is discussed in Section 3.4.
This investigation is concluded in Section 4 by highlighting the future directions about the further
new results.

2. Materials and Methods

2.1. k-Gamma Functions

Thinking through the usual notations,
N:={1,2};Ny:= NU{0};Z™ := {~1,-2};Z; := Z~ U{0}, ¢y

The set of negative integers is denoted by Z~, the set of real is denoted by R, positive real by R,
and complex numbers by C in this article.

The extension of factorial from natural to complex numbers in the form of gamma function was
investigated by Euler (1707-1783). Now, it is a commonly used function and can be represented in the
form of integral [25] as follows:

I'(z) = [, le tdt; R(z) > 0. ()

The focus point of this paper, namely k-gamma function, is an extension for the Euler gamma
function:

Ni(z) = [ le T di(k € R), 6)

which is introduced and defined by Diaz and Pariguan [1] in 2007. For k = 1, it reduces to original
gamma function I7(z) = I'(z) and for k = 2, it reduces to an integral of Gaussian functions:

L(z) = [y et dt 4)

That appears in many applications [12]. By making a substitution u = % in the above Equation (3),
we can find the relation I} (z) = k1T (%) and all the known properties of gamma functions can be
generalized for k-gamma functions.

The shifted factorial (A) o namely Pochhammer symbols are defined in the relationship of the
elementary gamma function and are given as:

At 1(p=0,A€C)
(A = F(X)p _{ AA+T)...(A+k—=1) (o =k e N;Ac C\{0}), ©

The commonly occurring products z(z+1)(z+2l)...(z+ (k—1)I) naturally provide
k-Pochammar symbols («), , defined as:

() = MR ©
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Several authors studied the properties and applications of these k-gamma functions. It also led to
several new results for gamma functions. Some of these are stated here [1]:

Li(k) =1

T (z+nk
(2)p = TS

Ii(z + k) = zIi(z)
Ti(z + k) = zI}(z) )
Li(2)Ti(k = z) = o

NIZ
smk

T(3+Y) < ()7 ()T vy eRI<p<onl+l=1
pTq) =k k YERASP Sy Ty T

For more such properties of k-gamma and related functions, we refer the reader to [1-14] and
related bibliography therein. The subsequent Section 2.2 is taken from author work [22].

2.2. Distributions and Test Functions

Generalized functions (or distributions) are the components of the dual space of test functions
space. The appraisal of these functions is substantial since they also comprise of singular functions. So,
they can be defined, differentiated and integrated similar to functions. A famous example of a singular
distribution is a delta function that satisfy:

(6(z —w), A(z)) = A(w) (VA € D, w € R), (8)

And for a non-zero w, §(—z) = 6(z);d(wz) = %.

Gelfand and Shilov [26] delivered an abundant exposition for generalized functions. The
frequently used spaces of test functions are the spaces of compact support functions denoted by
D, and the space of rapidly decaying functions denoted by S, that also have derivatives of all orders.
The spaces D’ and S’ are the dual spaces of D and S. Spaces S and S’ are closed under the Fourier
transform, but D and D’ are not. The Fourier transform of the elements of D’ are continuous linear
functionals acting on the elements of Z that comprise of entire functions such that their Fourier
transforms are in D [27]. The entire function A € Z does not vanish on some interval w; < z < wy,
but vanishes universally. Accordingly:

7Z'58>58>57Z,DNnZ=0;D'>S8 >SS >D. 9)
The elements of Z consist of entire analytic functions satisfying the following set of inequalities:
2P A(z)] < Cpe?l; (p=0,1,2,....) (10)
where the constants 77 and C, may depend on A. The Fourier transform of exponential function is
Fle™;0] = 276(0 — ia) (11)

As an example of distribution that is an element of Z’ and for Vg € Z’
[e) . bi
gz+b) =) sV (2). (12)
i=0 ’

So that we have the following basic identity:

5(z+b) = i st) (z)l,’—i

1!

;60(2), A(z) = (=1)"A0(0). (13)

(wr —2)6(z — wyp) = (w1 — wy). (14)
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The elementary functions like Sine, Cosine, Hyperbolic Sine and Cosine are some examples of
distributions in D’ whose Fourier transforms being delta function are in Z’. For an additional extensive
study of these spaces, we refer the reader to [26-29] and the related bibliography therein.

During this research, conditions on the parameters will be considered standard as given in this
section unless otherwise stated.

3. Results

3.1. New Series Representation of the k-Gamma Functions

In mathematics, generalized functions or distributions are objects extending the notion of
functions. These are the general form of the conventional function. The k-gamma function is
a conventional function. For which we find a series of delta functions. The delta functions are
generalized functions that are meaningful only when defined as an inner product with a suitable
function (as discussed in detail in Section 2.2). In this section, we will compute our results using
conventional methods but how they can be applied rigorously in the sense of distributions will be
discussed in the next section.

Theorem 1. The k-gamma functions have the following representation.

L) =27 5 5D 50— it + k), (15)

Proof. Let us first replace t = ¢* and z = v + if) in Equation (3) then we get:
Li(z) = [7, ex(”ie)exp(—‘fk%)dx, (k € R). (16)

Now writing the series form of the exponential function:

exp<_%) . (3) (17)

n=0

And then collecting and expanding the exponential terms:

okx "
Ii(z) = fi"’oo pX(v+if) ozo: (nk!>dx, (k € R), (18)
n=0
We get:
- (1) -
_ ixf ,(v+nk)x
Ii(z) _n;() p /7006 e Hm)x gy, (19)

We can interchange the operations of integration and summation because of uniform convergence
of the integral. By means of Equation (11), we find:

/ el k) gy — | [e(”"k)’f; 9] = 2718(0 — i(v + nk)) (20)
These Equalities (19)-(20) combined together produces the result (15) as mentioned above. [

Remark 1. One can develop equivalent outcomes for supplementary related functions, in the form of following
corollaries.
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Corollary 1. k-Gamma functions have the subsequent demonstration:

ne) =2n i el )

n,r=0

Proof. This is achieved by considering and combining Equations (13) and (15) as follows:

5(0—i(v+nk)) = ¥ 60 (z) S 50)(2), A(z) = (—=1)7A0)(0)

r!
r=0

Now using this modified form in (15), we get the required result. [J

Corollary 2. k-Gamma functions have the subsequent demonstration:

nz) =27 & 8 5 1 k.
n=0

Proof. This follows by a simple modification of (20) as follows:

[, e Pelvtnkxgy — F {e(”*”k)";ﬂ} =2m6(0 —i(v+nk)) =27 [%(i@ +(v+ nk))}
= 27t|i|6(v + i6 + nk) = 2716(z + nk).

Now using this modified form in (15), we get the required result. []

Corollary 3. k-Gamma functions have the subsequent demonstration:

Nz) =27 %GR 500z
n,r=0

Proof. This is achieved by considering Equation (13).

s+ = £ S0 (30)(2),A) = (-1 A0 0),
and combining the result with (23). O
Corollary 4. Gamma functions have the following representation ([1], p. 2092, Equation (2.7))

CU50 —i(v +n)).

n!

138

I'(z) =TI1(z) =2m

n=0

Proof. The result follows simply by replacing k = 1 in Equation (15). O

Corollary 5. Gamma functions have the following representation:

F(z) — 27 § =" Mé(r)(g).

n! 7!
n,r=0

Proof. The result follows simply by replacing k = 1 in Equation (21). O

50f13

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)
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Corollary 6. Gamma functions have the following representation:

_1)”

n!

5(z 4 n). (29)

Proof. The result follows simply by replacing k = 1 in Equation (23). [

Corollary 7. Gamma functions have the following representation:

M) =27 y, Cws0)(z). (30)

Proof. The result follows simply by replacing k = 1 in Equation (25). O

Note that we have acquired a series in terms of Dirac delta functions that are only significant in
the sense of distributions once defined as an inner product with some appropriate function. For a

simple observation, multiply Equation (29) with %Z) in a conventional way.
1 ZNE;’zozo;zz;n‘s(Z*‘”). (31)
Note that, at z = —n, the singularities of delta function are canceled by the zeros of the reciprocal
gamma function in the involved product Zl_i)rzln 5(1_2(2;') = zl—i>I£1n i = zl—ign% = 1. Therefore, by using

the basic definition of delta function:

In Equation (31), we obtain:

2. _
1= {E’ T (33)
0, zeC\{-n}

That is an apparent inconsistency.
For the moment, if we think through the inner product

(F(2), 1) = ) i (0(z+n), 7 (34)
We get
Joeg 1dz =27 ¥ (35)
n=0

Since ﬁ =0,n=0,1,2,...s0 we get from Equation (35)

Joec 1dz=0 (36)
Joee ldz= [21dz=0 (37)
=00 =0 (38)

And again, an apparent inconsistency. So, we should be precise in choosing a space of functions
to consider the convergence of this series representation.
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3.2. Convergence and Applications of New Representation

The representation of the k-gamma functions Iy (z) is achieved as an infinite sum of delta functions
that is definite if it converges in the distributional sense. Hence, it is interesting to prove that a
series of delta functions are distributions (generalized functions) on the space Z as illustrated in the
following theorem.

Theorem 2. Show that k-gamma function is defined as a distribution for space Z.

Proof. Consider the following combination for arbitrary A;(z), Az(z) € Zand c1,¢; € C.

(Ti(z),c1A1(2) + ©2A2(2)) = (27 i <_nk,) 0(z+kn), c1A1(z) + c2A2(2)). (39)
n=0 :
= (Ik(2),c1A1(2) + c2A2(2)) = c1({Ik(2), A1(2)) + c2(Ik(2), A2(2))- (40)

Next, consider any sequence Z D {A, }:):1 — 0 and the fact that §(z) is continuous over Z we

can assert that {(6(z + kn),Am};o:1 — 0.
o e () .
= {(Fk(z),Ay(z»}H:l =2 ) p {(6(z —|—kn),AP,(z))}H:l (41)

converges to zero. Hence, k-gamma function is a generalized function over Z in view of the
convergence of series representation (15) as follows:

[eS) _1\"
(2),A() =27 & EE 6+ 10, @) (7A() €)
=0 (1) (42)
=2 Y, = A(—nk),
n=0
where we have used the shifting property of delta functions:
(6(z+nk), A(z)) = A(—nk), (43)

which being the elements of space Z are slowly increasing (bounded by a polynomial) test functions
and note that sum over the coefficients is:

cients — 3 1)
sum over the coef ficients = ), -t/

= exp(—%). e “

This sum is finite and well defined. So from Equation (42), it is evident that (I}(z), A(z)) being a
product of a rapidly decreasing and slowly increasing function is convergent, for VA(z) € . It can also
be verified in view of well-known Abel theorem to check the behavior of series. It indicates the same
statement for other specific cases as presented in Equations (21)-(29). O

In this investigation, the convergence is shown for the functions of slow growth; nevertheless, it
can be perceived that the series converges for a wider space of functions. Therefore, for VA(z) € the
investigated sum is finite, but if this sum is finite, then A(z) may be an element of some wider domain
where delta function is defined.
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Subsequently, by means of this acquired representation of I;(z) we establish some integral
identities and validate these identities by making use of standard Fourier transform in the ensuing
section. Initially, we thought through a simple example of particular test functions

Alz) = T5(E > 0;z € C)

Given this Equation (15) and shifting characteristic of delta functions, the product (A(z), I}(z)) is
given by the following identity:

Jeee T ti(z)dz = on & %)" kG =27 f @ —27rexp(—£) (45)

n!
n=0

Likewise, in view of the acquired representations (21)-(29), we get the following new results as a
particular case of (45) with k = 1:

/ . [ (z)dz = 27 Z T =2n Z ) =2mexp (—17¢) (46)
z€

Remark 2. Series of delta functions also occur as an electromotive force in different engineering problems. It can
be noted that any sequence of delta functions{6(s + nk)},;_, multiplied by 27texp (— %) results in k-gamma
functions and for k = 1, similar result is true for gamma functions.

Remark 3. The gamma functions has a classical representation ([30], p. 2)

re =2 55, (47)

which demonstrates that gamma function has poles at negative integers z = —n;n = 0,1,2,3,. ... and the sum

over the residues of these poles is } ;. 0 )
result can be interpreted in the same way.

. Now if we compare this representation with (29) then the

Remark 4. Similarly, the k-gamma functions has a classical representation:

oo (_1\"
Ii(z) =2m ZO ( nk') z-&}nk’ (48)
n=
which demonstrates that k-gamma function has poles at negative integers z = —nk;nk = 0,1,2,3,.... and

sum over the residues of these poles is '}, g
representation (23), then the result can be 1nterpreted in the same way.

. Now if we compare this representation with our new

These outcomes provide additional understanding of more results, for example specifying T = e~!

in Equation (45), we get Laplace transform of I (z). Formerly, we need to take account of the stability
of these results as a part of the next section.

3.3. Verification of the Results Obtained by New Representation

Central inspiration for this part is to validate the stability of the results achieved by new
demonstration with the standard Fourier transform.

By specifying t = ¢* and z = v + i{ in Equation (3), the k-gamma functions have a Fourier
transform representation as follows:

Ti(v +i6) = V2rF [e""exp(—%);@} (k € R), (49)
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And considering k = 1, we develop:
I'(v+i0) = V21F[e" exp(—e*); 0] (50)

The dual characteristics of the Fourier transform of any function u(t), is given as
F{\/ZNF[u(t);Q};zj] = 27tu(—¢). (51)

Therefore, an application of this characteristic to the above Equations (49)—(50), leads to the
following result:

F{I}(v+i0);¢} = F {\/Z?F {e”exP(—%)};C} =f(=8) = 27T€“’¢€xp(—¥)r

Equivalently,
[72 e (v +i0)d0 = 27teVEexp (—%), (52)

That can be obtained as a particular case of our key result (45) by specifying T = ¢;z = v + i6.
This discussion illustrates that the consequences of our new demonstration are reliable with the
well-established results. Moreover, by specifying & = 0 in this identity namely (52), we develop the
subsequent expression:

[ h(v+i0)do = 27Texp<—%) (53)

That can be obtained as a particular case of our key result (45). It confirms that our general
representation yield new results that cannot be achieved by existing procedures nevertheless particular
cases of these new results are reliable with the results obtained by existing methods. Similarly, by
considering k = 1 in the above equations, we can get the following integrals of gamma functions. We
can observe that identities found in our investigation are novel and innovative while preserving the
consistency for special cases obtained by well-studied Fourier transform methods.

J7Z e (vt i0)do = [12 e (v if)do = 2, (54)

e
[*er+ig)do = 2. (55)

To approve the stability of these new identities, one can observe that the identities (52)—(55) can
be produced as particular forms of the Equation (45) for T = ¢,z = v 4 i0 and vice versa. These results
(54-55) are direct to achieve by means of a simple element of Fourier transform and consequently, at
this point, to check the solidity of new demonstration it comes to be more significant.

Remark 5. In light of remark 3 and 4, it can be observed that all of the integrals obtained in this investigation
only contribute some of the residues for the involved singularities of the corresponding integrand. It also verifies
the important result of the integration theory.

By means of Parseval’s characteristics of Fourier transform for the representation given by
Equation (49), one can apply the following integral formulae:
For k-gamma functions I} (z),

k v
[P (v +i0) T (u+ i0)d6 = 27 [ #Hr—Le T d = 7121_#1";{(1/ + ) (56)
And k = 1 leads to the following known result ([16], p. 2092, Equation (3.2))

12T (v+i6)T (u+i0)d6 = 27 [;° t" 1 Te 2 dt = m2'"V"FT (v + p). (57)

[e9)
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Taking v = u, we get:
72\ hv +i6) PdT = 27 [ 120 X g — ol ¥ Li(2v), (58)
[r2|r(v+i0))PdT = [;° 2Vl 2dt = m2' 2T (2v). (59)

3.4. Further Distributional Properties of k-Gamma Function

Taking inspiration from ([[27]], Chapter 7), here we enlist some properties of k-gamma functions
in the form of a theorem.

Theorem 3. For an arbitrary test function A(z) € Z, k-gamma functions do satisfy the following charactristics
in the sense of distributions:

Ii(2), A1(z) + A2(2)) = (Ti(2), A1(2)) + (Tk(2), A2(2)),

L 2)) /

2. Aali(2),A(2)) = (Ik(2), c1A(2)),

3. (Li(z=T),A(s)) = <T (), A(s +1)),

4 (I(e12),A) = (k= ,%A(g)»

5. (Ti(crz - )A(z)) (Te(z), LA(Z+T))

6.  For a reqular distrbution y(z), (z)Ix(z) € Z is a continuous linear functional over Z.
7. Ii(z+1) =zlv(2) iff A(z—1) = zA(z) where A € Z

5 (), AG) = £ S 1A (-n)

9. Ti(er —2)Ik(z —c2) = (2)°8(ct — c2), VA(z) € Z.

—_
S
—~
™
1
—~
N
~—
=
N

) ]
11. (F[Ix(2)], F[A(z)]) = 2mt(T(t), A(—t))
12. (Ix(z), F[A(2)]) = 27T<Tk(t),/\t(t ), where A(—t) At( )
13, (F[Ix(z)], FIA(z)]) = 27 (T (1), A'(t))
14.  (F[Ii(2)], F[A(z)]) = 2m(F[I}(z)], F[A(z)])
15, F[L™(2)] = [(—it)" i (2)]
16, Ti(z+cr) =120 9 L0 (z)

where ¢, I' and cy are arbitrary real or complex constants.

Proof. The proof of the above results (1-6) is straightforward in view of the characteristics of delta
function and the methodology of Theorem 2. Below we prove result 7. By making use of Equation (13),
we find:

o (—1)"
("(2), A(2)) = zo(n’j)<—1>”mm<—n>,

which is convergent being a product of rapidly decreasing and slowly increasing functions. Next we
prove result 8. By using Equation (62), we get

(le(z+1),A(2))
& (2l'k(2), A(z))
& (Ik(2),2A(2))

(Tk(2), Az = 1)),
(Ik(2), A(z = 1)),
(Ik(2), Az = 1)),

as required. Next, by making use of Equation (15), we obtain result 9 in the next line (I} (w1 —

1yn 2
03z - wa), AR) = (27 & CY (w1 — wa), A@)) = (22 (5(wr — wn), A2)).
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The results (10-15) are also straightforward by using the characteristics of delta function for the
Fourier transformation. First, we consider proving result 10.

Similarly, result 11 is proven in the next line
(F[Ik(2)], A(z)) = 270(F[Ii(2)], FIA(S)]) = 27 (T (1), A(=t)) = 27(T (), A'(1)),

and result 12 is as follows

(T(2), FIA(s)]) = 2m(F[Li(2)], FIA(S)]) = 27(F[Li(2)], A(=1)) = 27(L (1), A'(1)),

where A! denotes the transpose of test function A. The above result 13 follows (F[I}(z)], F[A(z)]) =
27t(F[I(z)], A(—t)) = 27t(T(t), Al(t)) and result 14 is proven as

(F[Ik(2)}, F[A(s)]) = 27t (F[Ti(2)], F[A(s)]) = 27t (F[I(2)], F[A(s)]),

where we have considered the Parseval’s identity of Fourier transformation. To prove the next result
15, we get

and so on, we get

That is the required result and the last result 16 holds by using the fact stated and proved in
([27], p. 201), “If fis in " and « is a complex constant then the shifting of f by the amount —« is
givenby f(z+a) =Y (’Xn—)!f(”)( z).”. Therefore, we have (I (z +c1), A(z)) = (Ix(z), A(z — 1)) =
}Elgo(Fk( ) Yo @A(”) (2)) = hm < " %Fk(”) (z), A(z)), which yields the required result. [

Remark 4. Fourier transformation is a continuous linear mapping of D’ onto Z' and the inverse Fourier
transformation has the same properties as a mapping of Z' onto D' ([27], p. 203). Hence, (49) shows that

e”exp( e ) is an element of D', similarly by considering Equation (50) and inverse Fourier transform then
F{Ii(z)} isalso in D'.

4. Discussion and Future Directions

The fusion of generalized functions and standard integral transformations has been established
extensively in the theory of partial differential equations. This fusion can do various physical and
engineering problems that cannot be cracked by established procedures. During this study, we
obtained a new understanding for the k-gamma function in relation with delta function such that the
definition of these functions is formalized for entire test functions of a specific space symbolized by Z.
This is substantial for evolving the fundamentals of distributional notions for k-gamma function and
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improving their use to solve different problems. For example, considering the Riemann zeta function
in domain 0 < R(z) < 1, we have:

o (~1)" = (-1)"
(Ti(2),5(@) =27 ) ) <5<Z+”">'C<Z>>:2”§< nk>

§(=nk),

= n! !

And for k = 2, we have an integral of Gaussian function:
n n

= (1) = (1)
(l(2),8(2) =27 ), ~— 7= (0(z +2n),{(2))= 27 ), ~—7={(=2n) =0,
n=0 : n=0 ’
And for k = 1, we develop the following elegant result:
1 n
2\ Tk 2r
(F(2),8(x)=2m )] (,>€(—") = g2
= n! e—1

k-gamma functions precisely specify the basic gamma functions. This component is precise for
subsequent new identities for gamma functions. The k-gamma functions repeatedly arose for a variety
of perspectives, for instance, perturbative computation of Feynman integrals, the combinatory of
creation and annihilation operators. Their new representation explored in this research will enhance the
impending uses of these representations in physics, statistics and associated sciences. The procedure
to achieve the results by means of new representation discovers an essential straightforwardness
that is always needed. These are quite a few illustrations. It is anticipated that the methodology
established in this exploration will be substantial for additional investigations of k-gamma functions
in future research.
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