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1. Introduction and Preliminaries

In 1968, Bryant relaxed the assumption of Banach contraction mapping principle by using an
iteration of the mapping.

Theorem 1 ([1]). Let T be a self mapping on the complete metric space (M,d), and m a positive integer.
Suppose that there exists q € [0,1) such that T satisfies the inequality

d(T"v, T"w) < qd(v,w), (1)
forallv,w € M, where T™ denotes the mth iterate of T. Then, there exists exactly one fixed point of T.

After then a number of authors deepen the research by considering an iteration of the mapping,
see e.g., [2-7]. We recollect some significant results in this direction. One of the pioneer report in this
way was given Seghal [4].

Theorem 2 ([4]). Let (M, d) be a complete metric space, T a continuous self-mapping of M which satisfies the
condition that there exists a real number q, 0 < q < 1 such that, for each v € M there exists a positive integer
m(v) such that, for eachw € M,

d(T"®)o, T w) < gd(v,w). @)

Then T has a unique fixed point in M.
Guseman [2] extended this result by removing the condition of continuity of T and later, other
extensions for a single mapping were discussed in several papers, see e.g., Iseki [8], Matkowski [3],

Singh [5] and the reference therein. One of the most interesting results for mappings which satisfy a
general contractive conditions were announced by Singh.
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Theorem 3 ([5]). Let (M, d) be a complete metric space and T : M — M be a mapping such that for all
v, w € M we can find a positive integer m(v) such that

d(T"@) o, T")w) < g(v,w)d(v,w) + r(v,w)d (v, T™)v) 4 s(v, w) (w, T w)

+t(v, w)d(w, T")v) + p(v,w)d (v, T"w), ®)

where (v, w), r(v,w),s(v,w), t(v,w), p(v, w) are nonnegative functions such that
sup {2t(v, w) + q(v,w) + r(v,w) +s(v,w) + p(v,w)} = A < 1.
Then T has a unique fixed point v*.

In this paper, we consider more general contractive condition in the setting of dislocated metric
space. For sake of completeness, we shall recollect some basic notions and fundamental results.

Definition 1. For a nonempty set M a dislocated metric is a function D : M x M — [0, co) such that for all
v, w,u € M:

(D1) D(v,w) =0=v=mw,
(D2) D(v,w) =D(w,v),
(D3) D(v,w) < D(v,u) + D(u,w).

The space (M, D) is said to be a dislocated metric space (DMS).

Example 1. Let M =R and D : M x M — [0, c0) defined by D(v,w) = max {v, w}. The pair (M, D)
forms a dislocated metric space.

It is obvious that any metric space is a dislocated metric space, but conversely this is not true.

Definition 2. Let (M, D) be a DMS. A sequence {vy, } in M is called :

(a) convergent to a point v € M if the following limit exists and is finite

lim D(v,,v) = D(v,0); 4)

n—o0

(b)  Cauchy if the following limit

lim D(vy, vy)
n—,oo

exists and is finite.

Moreover, if lign D(vn, vm) = 0, then is said that {vy, } is a 0-Cauchy sequence.
n—oo

Definition 3. The DMS (M, D) is complete if for each Cauchy sequence {v,} in M, there is some v € M
such that
l= nlgrolo D(vy,v) = D(v,v) = mlgrgool)(vn,vm). ()
Particularly, if each 0-Cauchy sequence {v,, } converges to a point v € M the pair (M, D) is said
to be 0- complete-DMS.

Definition 4. Let (M, D) be a DMS. A mapping T : M — M is continuous if for any sequence {vy, } in M
converging to v € M, we have {Tv,, } converges to Tv.
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Proposition 1 ([9]). Let (M, D) be a DMS. For any v, w € M we have the following

(i) IfD(v,w) = 0then D(v,v) = D(w,w) = 0.
(ii)) Ifv # w then D(v,w) > 0.
(iii) If {v,} is a sequence in M such that nlgn D(vy, vy41) = 0 then

nlglc}o D(Un; Un) = nlgl;lo D(Un—H/ Un+1) = 0.

Definition 5. By a comparison function we mean a function ¢ : [0,00) — [0, co) with the following properties:

(cf1) g isincreasing;
(cf2) lim ¢"(x) = 0, for x € [0,0).

We denote by ® the class of the comparison function ¢ : [0,00) — [0, c0).
Next we list some basic properties of the comparison functions.

Proposition 2 ([10,11]). If ¢ is a comparison function then:
(cf;) each ¢ is a comparison function, for all k € N;
(cfii) @ is continuous at 0;
(cfiii) (x) < x forall x > 0.
Definition 6 ([10]). A function ¢. : [0,00) — [0, o) is called a c—comparison function if:
(ccf1) @¢ is monotone increasing;
(ccf2) Y @f(x) < oo, forall x € (0,00).
n=0

We denote by ®. the family of c—comparison functions.

It can be shown that every c—comparison function is a comparison function.
Throughout this paper we denote by ¥ the collection of all c—comparison functions 1 : [0,00) —
[0, c0) that satisfy the following condition

(ccfs) Jim (x — (x)) = oo.

In the following we recall the concept of x-admissible mappings. A function T : M — M is said
to be a-admissible if

(A) a(v,w) >1= a(To, Tw) > 1,

for all v,w € M where a : M x M — [0, c0) is a given function. An a-admissible map T : M — M
which satisfies the condition

(TA) a(v,w) > 1and a(w,u) > 1implies that a(v,u) > 1, v,w,u € M

is said to be triangular x-admissible.
Later, the notion of #-admissible mapping and triangular x-admissible mappings are refined by
Popescu [12], as follows:

Definition 7 ([12]). Let T : M — Mand a : M x M — [0,00) . We say that T is an «a—orbital admissible
mapping if for all v € M we have
(0) a(v,To) > 1= a(To, T?v) > 1.

Every a—admissible mapping is an a-orbital admissible mapping, for more details on admissible
mapping, see e.g., [13-24].
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Definition 8 ([12]). Let a : M x M — [0, 0) . An a-orbital admissible function T : M — M is said to be
triangular w-orbital admissible if it satisfies

(TO) a(v,w) > 1and a(w, Tw) > 1 implies that «(v, Tw) > 1, for all v,w € M.

At the end of this section, we present two further concepts that will be essential in our
next considerations.
A set M is regular with respect to mapping « : M x M — [0, c0) if the following condition is satisfied:

(R) for any sequence {vy,} in M such that a(v,,v,,41) > 1foralln and v, - v € M asn — oo we
have «(v,v,,) > 1, for all n.

Amap a: M x M — [0,00) is said to satisfy the condition (U) if

(U) for any fixed point v of T"(*) we have a(v,w) > 1 for any w € M, where m(v) is a positive
integer.

2. Main Results

We are now prepared to establish the main result of this paper.

Theorem 4. Let (M, D) be a complete DMS, a function T : M — M, p € Yand a : M x M — [0, ).
Suppose that for all v € M we can find a positive integer m(v) such that for any w € M

#(0, 0)D(T" @), T ) < p (max {D(v,w), D(v,T;z(v)z;)/ D(zuszm(v)w)/ D(Zu,Tm(v)v)g'D(v,Tm(v)w) }) . ©)

Suppose also that:

(i) T is triangular a-orbital admissible;

(ii)  there exists vy in M such that a(vg, Tvg) > 1;

(iii) either T is continuous, or

(iv) the M space is regular and a satisfies the condition (U).

Then the function T has exactly one fixed point.
Proof. Consider the initial value vy € M and define a sequence {v, } as follows:
01 = Tm(UO)Z)o, Uy = Tm<vl)01,... Ok41 = T”‘(”k)vk,... (7)

If we denote my = m(vy) for any k € N, then we can write vy, 1 = T" vy.
Now, T is a-orbital admissible and «(vg, Tvg) > 1. Thus, from condition (O), we have
a(Tvg, T>vg) > 1 and so forth

a(T”flvO, T"vg) > 1, foralln € N. (8)
Taking into account (TO) and (8) we easily infer that
a(vy, Tog) > 1and a(Tog, T?v;) > 1imply that a(vy, T?0;) > 1.
Recursively, we can conclude that
a(vg, T"or) > 1, )

forallm € {1,2,...}.
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In the initial inequality (6) letting v = vy_1, w = T™v,_; and using (9) we can find a positive
integer, my_; such that
D(vi, vx1) = Dok, T™0x)) = D(T™ 10y, T™(T™ 105 1))

= D(T™1vp_q, T4 (T vg 1))

< a(vg—1, T V1) D(T™ 1 0g—q, T (T"*0) 1)) (10)
D B ,ka71 B D(T" - ,ka71 T"k B
D(kalszkkal)r (vk—1 5 Yk 1), (T"kvg_q 5 (T vy 1)),

< ¥ | max

D(T"kvg_1, Tk~ 10 _1)+D (041, T"k1 (T"kv4_1))
3

Since i € ¥, the condition (cf) is satisfied and applying (D3) we obtain

D(vx, vk41) = D(vg, T™ ;)

D(vp_1,T™ 10, 1) D(T"kvp_1,0p_1)+D(vp_1, Tk Mh-10,
D(v_1, T™0p_1), (0k—1 5 k 1)/ ( k—10k—1) 2<k 1 k 1>’

(11)
< max
D(T"k 01,05 —1)+D (01, T"* 1 0_1)+D (041, T"k k-1 _y)
3
Let py € {my_q, my, my + my_q } such that
max { D(vg_1, T"™ vy _1), D(vk_1, T"* v _1), D(0p_1, T" "0 1) } = D(vg_1, TM0p_1).
Then from (11) together with (cf;;;) we get that
D(vg, T" ) < p(D(vk—1, TM0x-1)) < D(0p—1, TM0g_1). (12)
Using the same arguments, we can find a positive integer mj_, such that
D(vg_1, TNvg_1)) = D(T"2vp_, TP (T™204_,))
< (Vg2 TP 0g2) D(T"20 o, T"2(TP10g5))
D(vk_n, TP v_y), D(vk—er;l"’Zkaz)/ D(T”lkaer";"z(T”l kaz))’
< ¢ | max
D(TP1 05, T"*~20;_3) + D05, T"*-2(TV1_3) (13)
3
D(vk_p, TPv_y), D(kaz/T;k’Zkaz)’ D(TN kaz/kaz)+Dz(vk72/TP1+m"*20k72),
< max
D(TP1oy_p,0%2) +D(0k_2, TP10y_5)+D (v T k20 5)
3
= D(vk_o, TNvg_3),
where py € {my_y, p1, Mx_p + p1} is chosen such that
D(vk_p, TPvg_p) = max {D(vx_p, TP vg_3), D(v4_a, T™20x_3), D(v_p, T"k2" P10y _5)}.
Very easily we can see from (12), (13) and taking into account (ccf1), that
2
D(vk, T"0r)) < (D (vk—1, TM0g—1)) < P (D(vk—2, TP0vg_2)). (14)

Since ¢ is monotone increasing, by continuing this process, we find that

D(vg, vk11) = D(vg, T™0x)) < ¢5(D(vo, TPvyp)), (15)
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for p1,p2, ..., px € N. On one hand the inequality (15) shows us, taking into account (cf2) from
Definition 5 that
D(vk, k1) = D(vg, T" ) — 0. (16)

On the other hand using triangle inequality, for I € N, we have

D(vk,vk41) < D(vk, Okr1) + D(Vks1, 0k42) + o + D(Okg1-1, Okt (17)
< ¢k(D(Uo, Tpkvo)) + lpk+1D(’00, Tpkﬂvo)) + ...+ ka—H_l (D(Z)Q, Tpk“*lvo)).
We should focus our attention on the set {D(Uo, Tivo),i eN } More precisely, we will show
that this set is bounded. In order to prove that, we mention first that by hypothesis there exists a
positive integer ng = m(vg) such that (6) holds. Let x; = D (v, T"™0+5vg), where s € {1,2,...,mp} and
I = max {xg, D(vo, T™0vp) }. According to (ccfs), we can find a > | > 0 such that

t—(t) > 1 forany t € [a,00). (18)

It is clear then that xg < I < a and we will show that x; < a for alli € N. We suppose the contrary,

that there exists k € N such that x; < a < xj1. Note that (according to (6), (9) and triangle inequality)
xp = D(vg, TF™0+500) < D(vg, T™vg) + D(T™0wg, ThM0+5p,)

= D(vp, T™wy) + D(T™M0wy, T (Th—1motsg)

<Il+ lX(ZJo, (T(k—l)m0+svo))fD(TmOvO/ TmO(T<k71>m°+svo) (19)

D(vg T(kfl)moJrst) D(UolngUo) D(T(kfl)"'UJr;Po/TkmU“vo)
< 4 7 ) 7 7 .
= l + l)b max D(UO,Tkmo+5v0)+D(T(k—l)m0+svole0v0>

3

But,

D(vy, T(kfl)moﬂvo)/ D(vo,g’”oyo), D(T*Vmotsyy, TR +53,)

max 2 ’

D(vy, TF"0vg+5)+D (T Vmo+sy) Tmoy,)
3

_ D(vg, T"0vg) D(T*=Dmo+sy) 50)+D (v, TEM0+5y
D(vo, Tk 1)m0+svo), (o ! 0)’ ( 0 02) (9o 0)’

<
= max D (g, "0+ 9y )+ D(T*=Dmo+550 50)4+D (v, T™0wp)

= max< Xx_1, 5,

Xo Xk—1+Xk xk+xk_1+D(v0,T'”Oz}g)}
2 3

< max § Xg_1, X0, =5

xk,1+xkl xk+xk§1+x0 }
< max1l, é,xk,l} = Xg.
Since ¢ is increasing, from (19) we get
X < 1+ () (20)
which contradicts (18). This contradiction shows that our assumption was false. Thus, foralli € N
x; = D(vg, Tim0+500) <a.

We have thus demonstrated that the set {D(vo, T””U*Svo) (i€ N} is bounded, and also, varying
s €{0,1,2,..,mg}, the set {D(vy, T'vy),i € N} is bounded. Hence,

r(vg) = sup {D(Uo, Tivo)} < co. (21)
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With this observation, we return to (17) and we get

D(vk, vkr1) < D(vk, 0kt1) + D(Vky1, Ok42) + o+ D(Okg1-1, Ok11)
< ¢ (r(v0)) + ¢ (r(v0)) + o+ ¢ (1 (p)) (22)
= fi;i_l P (r(vo))-

The series } 3.2 ¥ (r(vg)) is convergent due to (ccfp) and its sequence of partial sums, denoted by

{Sn}, is convergent at S. Then
D(vk, Vk41) < Sgs1-1— S =0 (23)

as k — oo, and, therefore {v} is a 0-Cauchy sequence. By completeness of (M, D), there is some point
v* € M such that
lim D(v,,v*) =0= Lm D(vy,vp). (24)

n—00 n,m—o00
From the continuity of T it easily follows that

nh_r}lgo (vpa1, TO") = nll_I}I;lo D(Tv,, Tv*) = nﬂl%rl}ooD(Tvn, Toy) = n}%rz}oo (U441, Vms1) =0

and by the uniqueness of the limit, we get Tv* = v*.
We claim now that v* is a fixed point of T under the hypothesis (iv). The first step in our proof
is to show that T"(*")v* = v* which means that v* is a fixed point of T"(?"). Firstly we claim that

klim D(Tm(”*)vk, vx) = 0. Taking v = T"(@)y,_; and w = vg_q in (6), there exists m;_; such that for
— 00
any k > 1 we have

D(T" g, v) = D(T") (T 104 _q), T™ 1)

< (T vy, v_) D(T"1 (T gy ), T 104y )

- DT ) gy, T-17" ) ) Dy, TV
<y (max{ D(Tm(v )Uk—lka—l)/ ( 1T k 1), (0x—1 2 k 1),

D(T’”(”*)vk,l,T"’kflvk,l)+D(vk,1,T"’k*1+"’(U* Jve_1)
3

(25)

Let g1 € {m(v*), my_1, m(v*) + my_1} such that
max {D(Tm(v*)vk—bvk—l),D(Tm"*lvk—l,Uk—l),D(Tm(v*Hm"*lvk—llvk—l)} =D(T"vg_1,0%1)-

Using triangle inequality, we have

D(Tm(v*)vk,l,kafl +m(v*)vk71) <
Pl >

DT 4,00 1)+ D (01, Tk gy )
2

D(TTvg_1,vk_1)

<
<

and

DT )y, T og_1)+D(vp_1, T"-17")py 1) <
3

D(Tm(v*)"’k—lka—l)""D(Uk—ermk?; 1) +D (01, Ty )

IN

< D(T"vg—1,0%-1)-

Then, from (25) it follows that

D(T™" oy, vp) < p(D(TT 0k 1,05 1)). 26)
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Repeating this process and keeping in mind the properties (cf1), (cf2) we find that
D(T" vy, ) < ¢k (D(T%0g,v0)) — 0. (27)

Suppose now that T"(?")o* = v*. Then D(T"(®)v*,v*) > 0. Since vy — v* as k — oo and the
space M is regular, by triangle inequality we have

0 < D(T™)v*,v*) < D(T"@)p*, T )y ) + D(T" oy, vy) + D(vg, 0*)

< a(v*, v ) D(T™)o*, T ) g ) + DTy, vy) 4 D(vg, v*)

w Tm (o) m(v*) m(v*) = m(v*)
S ll] <max {D(U*’Uk)’ D(U ,TZ . )/ D(vk,TZ vk)/ D(Uk/T i );D(U ,T Uk) })
+D(Tm(v*)vk, vk) + D(Z)k, U*)
* m(v*)
D(U*,Uk)/D(U*, M )ZJ*), M’
< max

D(0,0")+D (0", T o );D(u*,ukHD(vk,Tm(v*>vk)
+D(T"™ )0y, ) 4 D(vg, v*).
Letting k — co in the above inequality, and taking (24) respectively (27) into account, we find that
0 < D(T"®)v*,0*) < D(v*, T )v*) (28)
which implies that D(v*, T"(*")o*) = 0. Hence, T"(?")o* = v*.

Let w* € M another point such that ") w* = w* and v* # w*. Since T satisfies (6) and the

function « satisfies the condition (U) we get

0 < D(v*,w*) = D(T"@)v*, T )w*)) < a (v*, w*) D(T™)o*, T )gp*))

w m(o¥) x w m(o*), %
D(v*,w*), D(v ,T2 v ), D(w*,T w*)

2 7
< ¥ | max
D(w*,T”’(”*)v*)—&-D(v*,T"’(v*)w*)
3
Since . «
D(w*, T ) *) < D(w*,v*) + D(v*, T ) w*) D", ")
2 2
we obtain

0 < (D", w")) < D", w").

But the above inequality is possible only if D(v*, w*) = 0, that is v* = w*. This is a contradiction.
From the uniqueness of the fixed point we can conclude that v* is a fixed point for T. Indeed,

To* = T(T"(*)o*) = T"(")(To*) (29)

shows that Tov* is also fixed point of T"("), But, T"(®") has a unique fixed point v*. Hence,
Tv* =0o* O
Remark 1. Denoting by S(x) = Y57 9" (x), we have from (22)

k+1-1

, -1 -1
D(vy, vpy1) < Zi ¥/ (r(v9)) = gwf(wk(r(vo))) < ;)vﬂ(wk(r(vo))). (30)
j= j= j=
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Letting | — oo in the above inequality we obtain

D(og, v*) < S(¥*(r(v0))).

Example 2. Let M = {a,b,c,d} and D : M x M — [0,00) with D(v,w) = D(w,v) for any v,w € M,
defined as follows

D(a,a) =D(b,b) = D(c,
D(a,b) =D(a,c) =D(b,c) =1,
D(a,d) = D(b,d) = D(c,d) = 2.

(It is easy to see that the pair (M, D) is a DMS but not a metric space.) Let T : M — M be defined by
Ta=Tc=a, Tb=c, Td = b.
For x = b and y = c we have
D(Tb,Tc) = D(c,a) =1 > qD(b,c) =1

forany q € (0,1). Thus, T does not satisfy the Banach contraction condition. We show that the function
T satisfies all the assumptions of Theorem 4 with Y(x) = % forany x > Oand & : M x M — [0,00),
a(v,w) = 1. Since (v, w) = 1 for all v,w € M the assumptions (i), (ii) and (iv) are fulfilled. We discuss
the following possible cases:

1. Ifv,w € {a,b,c}and v = w then for m(v) = 1 we have D(Tv, Tv) = 0 and inequality (6) holds.

2. Ifv=w=d then D(T?d, T?d) = D(c,c) = 0and also (6) holds.

3. Ifv=b, w=cthen T?b = T?c = a. Then, for m(b) = 2 we have D(T?b, T?>c)D(a,a) = 0. Thus,
the condition (6) is satisfied.

4. Ifv=>b, w=dthen T?b = aand T?>d = c. Then, for m(b) = 2 we have D(T?b, T?d) = D(a,c) =1
and D(b,d) = 2. Thus,

w(b,d)D(T2b, T2d) = D(a,c) = 1 < ZT — p(D(b,d)).

N

5. Ifv=c,w =dthen T>c = aand T?d = c. Then, for m(c) = 2 we have D(T?c, T>d) = D(a,c) = 1
and D(c,d) = 2. Thus,
2.

a(c,d)D(T?b, T?d) = D(a,c) =1 < = =¥(D(c,d)).

N

On the other hand, we can note that:
TPa=Tb=Tc=T3d=a

For this reason, there exists m(a) = 3 such that for any w € M the condition (6) is satisfied (since
D(a,a) =0).

The conclusion is that T satisfies all the assumptions of Theorem 4. Therefore T has exactly one fixed point,
v =a.

Taking, in Theorem 4, a(v, w) = 1 we get the following result:

Corollary 1. Let (M, D) be a complete DMS, a function T : M — M and € ¥. Suppose that for all
v, w € M we can find a positive integer m(v) such that

D(T’”( ), T"()7)
<max{ T’” 99) D(w,T"w) D(w,T")0)+D(o,T")w) }) ‘ (31)

4 2 4 3



Mathematics 2019, 7, 153 10 of 16

Then the function T has exactly one fixed point.

Corollary 2. Let (M, D) bea DMS, a function T : M — M and ¢ € Y. Suppose that for all v,w € M we
can find a positive integer m(v) such that

D(T"™®)y, T w) < ¢ (D(v,w)). (32)
Then the function T has exactly one fixed point.

If we take ¢(x) = gx, ¢ € [0,1) in Corollary 1 respectively in Corollary 2 we find the
following consequences:

Corollary 3. Let (M, D) be a complete DMS, a function T : M — M. Suppose that for all v,w € M we
can find a positive integer m(v) such that

D(T" @)y, T <

<q [max {D(v,w), D(v,Tz’”(”)v), D(w,sz(”)w), D(w,T"‘(”)v)JSrD(v,T"’(”)w) }:| ) (33)

Then the function T has exactly one fixed point.

Corollary 4. Let (M, D) be a complete DMS, a function T : M — M. Suppose that for all v,w € M we
can find a positive integer m(v) such that

D(T"®o, T"®)w) < gD (v, w). (34)
Then the function T has exactly one fixed point.

Corollary 5. Let (M, D) be a complete DMS, a function T : M — M. Suppose that for all v,w € M we
can find a positive integer m(v) such that

’D(T’”(”)v, T’”(”>w) < a;D(v,w) +ap [D(v, Tm(”)v) + D(w, T’“(U)w)} + a3 {D(w, T"’(v)v) + D(v, T”l(”)w)] , (35
where ay,ay,a3 € Ro and ay + 4ay + 3a3 < 1. Then the function T has exactly one fixed point.

Proof. Since

D(T"@o, T"®)w) < 41D (v, w) + 24, {D(U'sz(v)”) + D(W'sz(”)w)] +3a3 {D<wa’”<”>v)gﬂ(v,T"“v)w)]

m(v) m(v) m(v) m(v)
< aﬂ)(v, w) + 4a, max { D(v,T2 v), D(w,T2 w) } + 3a3D(w,T v)-?l)-D(v,T w)

(v) (v) m(v) 1(v)
< (a1 +4a; 4 3a3) - max {D(v,w), D(Uszm 7o) D(w,sz Yw) D(w, I v)gp(U/T" w) } .

Letting ¢(x) = (a1 + 4ay + 3a3)x the result follows from Theorem 4. [J
If we take m(v) = 1 in Theorem 4 we get:

Corollary 6. Let (M, D) be a complete DMS, a function T : M — M and ¢ € ¥. Suppose that for all
v,we M

DC(U, w)D(TU, Tw) <y (max {D(ZJ, w)/ D(vz,Tv)’ D(wz,Tw) ) D(w,Tv);rD(v,Tw) }) ' (36)

Suppose also that:



Mathematics 2019, 7, 153 11 of 16

(i) T is triangular a-orbital admissible;

(ii)  there exists vy in M such that a(vg, Tvg) > 1;

(iii) either T is continuous, or

(iv) the space M is reqular and the condition (U) is satisfied.

Then the function T has exactly one fixed point.

Example 3. Let a dislocated metric space (M, D), where X = [0,1] and D(v,w) = max {v, w} for any
v,w € M. Let a self mapping T on M be defined as follows:

¢ foroe 0 )u{1}
T(v) = 1 forv=1/2
%—5—% forv e (3,1)

Let the functions (x) = &, x > 0and & : M x M — [0,00),

2 for(v,w) €A

1 for(v,w) = (%,%)
v+1 for(v,w)e{(v,%),(%,v):veA}

0 otherwise

a(v,w) =

Let us first notice that v, = T"v = 5z — 0 foranyv € Aand T"1 = 3n{1 — 0. Since a(v,,0) = 2 we

get that assumption (iv) of Theorem 4 is satisfied. Also, since x(0,0) = 2 > 1 by simple calculation we can

conclude that the assumptions (ii) and (iv) are satisfied. We remark that if v = 1 and w = 1 then T% =3

T% = 1. Hence,
11
b=2(52)

« (%/%)D (T%T%) = <%+1) max{%@} =4>1=2.
=9y (max{D (%/%),D(%r%),D %1)/@(%1);1}(%%) }) ,

which shows us that T does not satisfy the contraction condition of Banach, neither condition (36) of Corollary 6.
We must discuss the next cases:

W=
NI~

and

1. Ifo,w € A then for m(v) = 3 we have T™()p = 7 and ) = 7. Thus,

max{0, 0} 2 s fo,w) = $(D(o,w)) < p(M(o,w),

a(v,w)D (T"’(”)v, Tm(v)w) =2 57 3

where

2. Ifv=w =} we can choose m(v) = 4. Then, T*} = 4 and

11 1 1 1 1 21
“(E/E)D <T42/T42> =l os3=335= ¢(D(§/§)) < lP(M(EIE))-
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3. Ifv=j}andw € [0,3) then for m(v) = 4 we have T*} = - and T4w = &
1 1 1 1
«(w)P (Mg Th) = (1) -max{F, ) = %!

<i=%max{}w)} =903 w) < pM3,w)).

Q=

4. Ifv=1 w=1andm(v) =4then T*] = L and T*1 = &

s 0D (T3 ) = (141 2 < 21—y 1) < p(M(5, 1)

The other cases are not interesting since a(v, w) = 0. Therefore v = 0 is the unique fixed point for T.

Inspired by Proposition 3 from [7] we will establish a new fixed point result for a T function on a
DMS, not necessarily complete.

Corollary 7. Let (M, D) be a DMS and a function T : M — M. Suppose that for a given v € M such that
D(v, Tv) > 0 we can find a positive integer m(v) such that the following two conditions hold:

D(v, T")v) < D(v, Tv), (37)

and
D(T"®)p, T +1y) < a1 D(v, Tv) + ay {D(v, T"®)v) + D(To, Tm(”)ﬂv)]

38
+a3 [D(Tv, ")) + D(v, Tm(v>+1v)] %)

forany ay,az,a3 € Ry and ay + 4ap + 4a3 < 1.
Suppose also that there exists a point v* € M such that o(v*) = inf{c(v) : v € M}, where o(v) =
D(v, Tv). Then v* is fixed point of T.

Proof. Suppose that D(v*, T"(°") > (. Then we can find a positive integer m(v*) such that
D(v*, T"*)v*) < D(v*, To*). (39)
Replacing v = v* in (38), using triangle inequality and keeping in mind (39) we have

D(T"@)p*, T )+ 1p*) < gy D(v*, To* )+
+ay | D(v*, T™)p*) 4 D(To*, v*) + D(v*, T )p*) 4 D(TM@)y*, Tm@") +1gx)
+a3 D(TU*,ZJ*) + D(U*,Tm(y*)v*) 4 ’D(ZJ*, Tm(v*)v*) + 'D(Tm(v*)?}*, Tm(v*>+1'0*)
< (a1 + 3ap + 3a3) D(v*, To*) + (ay + a3) D(Tm@ )+, Tm(")+1g)

(40)

or, since a1 + 4ap + 4a3 < 1 we get

ay + 3ap + 3as

m(v*) *\ m(v*) x pm(v*)+1, %
o(T v*) =D(T v*, T V') < T ——

D(v*, Tv*) < D(v*, Tv*) = o(v*).

This is a contradiction. Hence D(v*, Tv*) = 0 and v* a is fixed pointof T. [

3. Ulam-Stability
Definition 9. Let (M, D) be a DMS and a function T : M — M. We say that the fixed point equation

v=Tov, veM 41)
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is generalized Ulam-stable if for each ¢ > 0 and w € M there exists m(w) € {1,2,...} such that for any
w* € M satisfying the inequality
g(T" @) w*, w*) < e (42)

there exists an increasing function 17 : [0, 00) — [0, 00) continuous at 0, with (0) = 0 and v* € M a solution
of Equation (41) such that
D(v*, w*) < n(e). (43)

Remark 2. If n(x) = ax for all x > 0, where a > 0, the fixed point Equation (41) is said to be Ulam-stable.

Theorem 5. Let the function 17 : [0,00) — [0,00), defined by 1(x) := x — p(x), with p € ¥. Under the
hypothesis of Corollary 2 the fixed point Equation (41) is generalized Ulam-stable.

Proof. There exists exactly one point v* € M such that Tv* = v*, which means that v* is a unique
solution of fixed point Equation (41). Let w* € M. There exists m(w*) € {1,2, ...} such that (42) holds.
Keeping in mind the properties of function i, the condition imposed on the alpha function and using
the triangle inequality we obtain

D(v*,w*) < D(v*, T"@)w*) + D(T™@)w*, w*)
D)y, T ) gty + DT ), )
< a(v*, w*)D(T™@)p*, T"(@ ) ) 4 D(T™@ ) y*, w*)
<y (D(v*,w*)) +e.

(44)

Taking into account the definition of the function  we have
D(v",w*) =9 (D(v",w")) = n(D(v",w")) <€

which is equivalent with
D(v",w") <y~ (D(v",w))

From the assumption, 7 is continuous and strictly increasing. Thus, 7! is also continuous and
increasing, with #71(0) = 0 Therefore, the Equation (41) is generalized Ulam-stable.
O

4. Application to Boundary Value Problem

Here we consider the following two point boundary value problems for the second order
differential equation.
2
Ljitg =L,
9(0) = 9(1)

where ¢ : [0,1] x R — R is a continuous function. Recall that the Green’s function associated to (45) is

o) telo s

)
0

A(t,s):{t(l_s)' ifo<t<s<1 5

s(I—1), if0<s<t<1

Let M = C([0,1]) be the space of all continuous functions defined on I = [0, 1]. We consider
on M, the dislocated metric D given by D(¢,w) = ||8 — w|| + ||9]| + ||w]|| for all ¥, w € M, where
[|9]] = max |9(t)| for each ¢ € M.

€

Clearly, (M, D) is a complete DMS.
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It is well known that & € C?(I) is a solution of (45) is equivalent to that ¢ € M = C(I) is a
solution of the integral equation.

9(t) = /0 L A(LS) (s, 8(s))ds, V€ I 47)

Theorem 6. Let (M, D) be a complete DMS as defined above. Further, we will assume the following
conditions hold:

1. there exists a continuous function ¢ : I — R™ such that
|€(s,x1) — £(s,x2)| < 8o(s)|x1 — x2

foreachs € Iand x1,x, € R;
2. there exists a continuous function Y : I — R such that

[€(s, x1)| < 8Y(s)|x1]

foreachs € Iand |x; € R;
1
3. supo(s) =z1 < 3;

sel 31
4. supY(s) =z < =.
sel 3

The problem (45) has a solution ¢ € M.

Proof. Define the mapping T : C(I) — C(I) by
1
T 9 (p) = /0 A(ts)6(s, 8(s))ds

forall @ € M,s,t € I and m(9) be a positive integer. Then the Equation (47) is equivalent to finding
¥ € M that is a fixed point of T.
Now let ¢, w € M = (C[0,1]). We have,

T (1) — T"O o ()] =| /0 " AL $)0(s, 8(s))ds — /0 LA )5, w(s))ds|

1
g/o A(L8)|€(s, 8(s)) — £(s, 0(s))|ds
(48)
<8 [ A )0(5)19(5)) — w(s)lds

1
< 8z1||0 —w||sup | A(t,s)ds
ter J0

for each t € I. On the other hand,

2 1

1 tot 1
./0 A(t,s)ds = 577 and so stteqla A A(t,s)ds = 3

From (48), we get,
T D8(t) — T" D ()] < 219 — w| (49)
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T8 (t)| = |/01A(t,s)€(s,z9(s))ds|

1
g/o At s)[0(s, 8(s))|ds
< 8/01 At $)Y(s)]8(s)|ds (50)

1
< 82191 sup [ Alt,5)ds
tel /0

= 22||8]].

Thus |[T"®)8(t)|| < z,||8]|. Similarly, we derive that
1T (t)]] < 22 |w]]. (51)
Take z = z1 + 2z3. Thus z < 1. By using (49)—(51), we get,

D(T"D9(t) — T"Dw(t)) = ||T"Do(t) — T"Dw(t)|| + || T"D9(1)|| + | T" D ()]
< z1||0 — wl| + z2||9]] + z2||w]]|
< (z1 +222) ([0 — wl] + [|9]] + [|w]])
=2zD(9, w).

(52)

Hence D(T™®)8(t), T"®w(t)) < zD(8(t),w(t)). Thus all the conditions of Corollary 4 are

satisfied. Hence T has exactly one fixed point ¢ € M, i.e., the problem (45) has a solution ¢ € C2(I). O
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