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Abstract: In this article, we propose some new fixed point theorem involving measure of
noncompactness and control function. Further, we prove the existence of a solution of functional
integral equations in two variables by using this fixed point theorem in Banach Algebra, and also
illustrate the results with the help of an example.
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1. Introduction

Integral equations play a significant role in real-world problems. Fixed point theory and measure
of noncompactness are useful tools in solving different types of integral equations which we come
across in different real life situations. In solving functional integral equations, Schauder and Darbo’s
fixed point theorems play a significant role. We refer (see [1-15]) for application of fixed point theorems
and measure of noncompactness for solving differential and integral equations.

In this article using the concept of control function and measure of noncompactness we have
proved some new fixed point theorems. Further, we have also applied this theorem to study the
existence of solution of functional integral equations in Banach algebra and also with the help of an
example we have verified our results.

Let E be a real Banach space with the norm || . || . Let B(a,b) be a closed ball in E centered at a
and with radius b. If X is a nonempty subset of E then by X and Conv X we denote the closure and
convex closure of X, respectively. Moreover, let M ¢ denote the family of all nonempty and bounded
subsets of E and N its subfamily consisting of all relatively compact sets. We denote by R the set of
real numbers and Ry = [0,00).

The following definition of a measure of noncompactness given in [3].

Definition 1. A function u : Mg — [0,00) is called a measure of non-compactness in E if it satisfies the
following conditions:

(i) forall Y € Mg, we have u(Y) = 0 implies that Y is precompact.
(ii) the family ker p = {Y € Mg : u(Y) = 0} is nonempty and ker p C N.
(i) YCZ = u(Y)<u(Z).
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(iv) u(Y)=mu(Y).

(v) p(ConvY)=u(Y).

@) pAY+ (A -A)Z)<Au(Y)+ (1 —=A)u(2)for A €[0,1].

(i) if Yy € Mg, Yy =Yy, Yyi1 C Yuforn=1,2,3,...and nll_r};oy (Yn) = 0then N;_q Yu # .

The family ker y is said to be the kernel of measure . Observe that the intersection set Yo, from (vii)
is a member of the family ker u. In fact, since j(Yo) < p(Yy) for any n, we infer that (Yo ) = 0. This
gives Yo, € kerp.

For a bounded subset S of a metric space X, the Kuratowski measure of noncompactness is defined
as [9]

n
lx(S):inf{(5>0:S: J Si, diam (S;) SéfornEN},
i=1

where diam (S;) denotes the diameter of the set S;, that is
diam (S;) = sup {d(x,y) : x,y € S;}.
The Hausdorff measure of noncompactness for a bounded set S is defined as
X (S) =inf{e > 0: S has finite € — net in X} .

Definition 2 ([3]). Let X be a nonempty subset of a Banach space E and T : X — E is a continuous operator
transforming bounded subset of X to bounded ones. We say that T satisfies the Darbo condition with a constant
k with respect to measure y provided yu(TY) < ku(Y) foreach Y € M such that Y C X.

We recall following important theorems:

Theorem 1 (Shauder [16]). Let D be a nonempty, closed and convex subset of a Banach space E. Then every
compact, continuous map T : D — D has at least one fixed point.

Theorem 2 (Darbo [10]). Let Z be a nonempty, bounded, closed and convex subset of a Banach space E. Let
S : Z — Z be a continuous mapping. Assume that there is a constant k € [0,1) such that

u(SM) < ku(M), M C Z.
Then S has a fixed point.

In order to establish our fixed point theorem, we need some of the following related concepts.
Khan et al. [17] used a control function which they called an altering distance function.

Definition 3 ([17]). An altering distance function is a continuous, nondecreasing mapping 6 : Ry — Ry
such that 5~1({0}) = {0}.

Definition 4. We denote Z be the class of functions 17 : Ry x Ry — R satisfying the following conditions:

1) 5(0,0)=0

(2)  y(t,s) <s—tforallt,s >0

(3)  if{tn},{sn} are sequences in (0, 00) such that h£11 th =1, l'gn sn =5 > 0, then limsup#/(t,,sy) <s—*t.
n (o] n o

n—oo

For example, let ¢; and i, be two altering distance functions such that ¢ (t) < t < i, (¢) for all
t > 0. Then 1(t,s) = P1(s) — o (t) for all t,s € R is in the class of functions Z.
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If we take 1 (t) = Atforallt > 0, A € [0,1) and ¢, (t) = t then we obtain the following function
12(t,s) = As — t for all t,s € R is in the class of functions Z. If s <  then (¢, s) < 0.

Definition 5. Let F be the class of all functions G : Ry x Ry — Ry satisfying the following conditions:

(1) max{a,b} < G(a,b)fora,b>0.
(2) G is continuous and nondecreasing.
(3) G(a+b,c+d)<G(ac)+G(bd).

For example G(a,b) = a+b.

2. Main Result

Theorem 3. Let C be a nonempty, bounded, closed and convex subset of a Banach space E. Also T : C — C
is continuous and ¢ : Ry — Ry is continuous and nondecreasing functions. Suppose that if for any
0 <a < b < oo thereexists 0 < 7y(a,b) < 1such that forall X C C,

a < G(u(X),p(u(X))) <b = n{G(u(TX),¢(u(TX))), (2, b)G(1(X), p(u(X)))} = 0,

where y is an arbitrary measure of noncompactness and y € Z and G € F. Then T has at least one fixed point
in C.

Proof. Let us construct a sequence (C,) such that Cy = C and C, 41 = Conv(TC,) for n > 0.
We observe that TCp = TC C C = Cy, C; = Conv(TCy) C C = Cy, therefore by continuing
this process, wehave Cy D C1 2 C 2 ... 2C; D Cpy1 2 ...

If there exists a natural number m such that (C,,) = 0 then C,, is compact. By Schauder’s fixed
point theorem we conclude that T has a fixed point.

So we assume that (C,) > 0 for some n > 0i.e., G(u(Cp), ¢(u(Cyn))) > 0 forall n > 0.

Let X = C,, forsome n € N.

Fora < G(u(Cy), ¢(1(Ca))) < b gives

0 < 7 {G(u(TCn),(u(TCn))),v(a,b)G(1(Cn), p((Cn)))}

=71 {G(u(ConvTCy), p(1(ConvTCy))),v(a,b)G(1(Cn), p(1(Cn)))}
=1 {G((Cnt1), ¢(1(Cn11))), 7(a,b)G(1(Cn), ¢(1(Cn))) }

< 7(a,b)G(u(Cn), ¢(u(Cn))) — G(u(Cus1), ¢(1(Cut1)))

ie.,

G(#(Cut1), 9(1(Cuy1)))
G(u(Cn), ¢((Cn)))
If G(u(Cpy1),¢(u(Cpi1))) = G(u(Cn), ¢(u(Cy))) then y(a,b) > 1 which is a contradiction

hence G(p(Cy41), ¢(4(Cpt1))) < G(u(Can),@(u(Cp))) for all n € N. Hence {G(p(Cu), ¢(1(Cn)))}
is a nonnegative decreasing sequence so there exists « > 0 such that nlgl(}o G(u(Cn), p(u(Cp))) = a.

Suppose @ > 0. Then, 0 < « = a < G(u(Cp), ¢(u(Cn))) < G(u(Co), p(u(Cp))) = b forall n > 0.
Again, we have for X = C,, there exists 0 < y(a,b) < 1 such that

v(a,b) >

0 < {G(u(TCn),p(u(TCn))), ¥(a,b)G(1(Cn), ¢(1(Cu)))}
= 11{G(1(Cus1),¢(1(Cus1))), ¥(a,b)G(1(Cn), (1(Cn)))} -

Let G(p#(Crt1), ¢(#(Cut1))) = tn, (4, 0)G(#(Cn), ¢ (1(Cn))) = 5n-
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Since t,; < s, forall n > 0 and ILI’H th = a, lgn sy = v(a, b)a therefore
n [e9) n [o/0)

limsup 7 {G(u(TCn), p(u(TCn))), v(a,b)G(1(Cn), ¢(1(Cn)))} < y(a,b)a —a <0

n—oo

which is a contradiction. Thus we conclude « = 0 i.e., nlgn G(u(Cn), p(u(Cy))) = 0. Hence we get
lgn u(Cy) =0and lgn $(u(Cy)) = 0.
n—oo n—oo

Since C, O Cy41 in the view of Definition 1, we conclude that Co, = (1 C,; is nonempty, closed

and convex subset of C and C, is invariant under T. Thus Schauder’s theorem implies that T has a
fixed point in Ce, C C. This completes the proof. [J

Theorem 4. Let C be a nonempty, bounded, closed and convex subset of a Banach space E. Also T : C — C
is continuous and ¢ : Ry — Ry is continuous and nondecreasing functions. Suppose that if for any
0 < a < b < oo thereexists 0 < 7y(a,b) < 1such that forall X C C,

a<u(X)+o(u(X)) <b = n{u(TX) +¢(u(TX)),v(a,b)(u(X) + p(u(X)))} >0,

where y is an arbitrary measure of noncompactness and y € Z. Then T has at least one fixed point in C.
Proof. The result follows by taking G(a,b) = a + b in Theorem 3. O

Theorem 5. Let C be a nonempty, bounded, closed and convex subset of a Banach space EandT:C — Cisa
continuous function. Suppose that if for any 0 < a < b < oo then there exists 0 < «y(a,b) < 1 such that for all
X CC,

a<p(X)) <b = n{u(TX),v(a,b)u(X)} =0

where y is an arbitrary measure of noncompactness and y € Z. Then T has at least one fixed point in C.
Proof. The result follows by taking G(a,b) = a + b and ¢ = 0in Theorem 3. [

Theorem 6. Let C be a nonempty, bounded, closed and convex subset of a Banach space Eand T : C — Cisa
continuous function. Suppose y, and P, be two altering distance functions such that 1 (t) < t < ,(t) for
all t > 0 and a constant 0 < v < 1 such that for all X C C,and a < u(X) < b we have P, (u(T(X))) <
Y1 (yu(X)) where y is an arbitrary measure of noncompactness. Then T has at least one fixed point in C.

Proof. The result follows by taking #(t,s) = 1(s) — o (t) for all t,s > 0 in Theorem 5. [

Theorem 7. Let C be a nonempty, bounded, closed and convex subset of a Banach space Eand T : C — Cisa
continuous function. Suppose for any 0 < a < b < co there exists 0 < y(a,b) < 1 such that forall X C C,
and a < u(X) < b we have u(T(X)) < 7(a,b)u(X), where y is an arbitrary measure of noncompactness.
Then T has at least one fixed point in C.

Proof. The result follows by taking #(t,s) = As — t forall t,s > 0 and y(a,b) = A§(a, b) in Theorem 6
where A € [0,1) and 0 < 4(a,b) < 1. O

3. Application

In this article, we shall work in the space E = C([0,1] x [0, 1]) which consists of the set of real
continuous on [0, 1] x [0, 1]. The space E is equipped with the norm

|| x ||=sup{|x(t,s)|:t,s >0}, x € E.

The space E has the Banach algebra structure.
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Let X be a fixed nonempty and bounded subset of the space E = C([0,1] x [0,1]) and for x € X
and € > 0, denote by w(x, €) the modulus of the continuity function x i.e.,

w(x,e) =sup{|x(t,;s) —x(u,v)| : t,s,u,v € [0,1], |t —u| <e|s—v] <e}.
Further we define
w(X,€) =sup{w(x,€e):x e X}.
wo(X) = limw(X, e).

e—0

Similar to [5] it can be shown that the function wy is a measure of non-compactness in the space
C([0,1] x [0,1]).
In this part we are going to study the existence of the solution of the following integral equation

x(t,s) = G(t,s)+F (t,s,x(t,s), /; /OS u(t,s,o, w,x(v,w))dvdw) ,t,s€10,1] =1L 1)

We consider the following assumptions

(1)  The function G : I x I — R is continuous and nondecreasing. Also B = sup {|G(t,s)| : t,s € I}.

(2) Letu:IxIxIxIxR — Riscontinuous function suchthatu : I x I x I x I x Ry — R4
and for arbitrary fixed v,w € I and x € R, we have u(t,s, v, w, x) is nondecreasing. Also,
lu(t,s,v,w,x)| < L|x|fort,s,v,wel; x € Rand L > 0.

(3)  Thefunction F : I x I x R x R — Ris continuous such that there exists K € [0,1) satisfying

|F(t,s,x,y) — F(t,;5,%,7)| < K|x — x|+ |y — 7|

and M = sup {|F(t,s,0,0)| : t,s € I}.
(4) Thereexistsr > Osuchthat B+ M+ (K+ L)r < r.

Let the closed ball with center 0 and radius r be denoted by B, = {x € C(I x I) :|| x ||< r}.
Theorem 8. Under the hypothesis (1)-(4), Equation (1) has at least one solution in C(I x I), where I = [0,1].

Proof. Let us consider the operators F and T defined on C(I x I) as follows

(Ex)(t,s) =F (t,s,x(t,s),/(: /Os u(t,s,v, w,x(v,w))dvdw)

and

(Tx)(t,8) = G (t,8) + (Fx)(t,s)
where t,s € I.

From assumptions (1) to (3) we infer Tx is continuous on I x I for x € C(I x I). Thus T maps
C(I x I) into itself. Also for t,s € I we get
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](ﬁx) (t,s)]

t s
§‘F(t,s,x(t,s),/ / u(t,s,v,w,x(v,w))dvdw)—F(t,s,0,0)‘+|F(t,s,0,0)
0 Jo
t s
§K|x(t,s)|+’/ / u(t,s,v,w,x(v,w))dvdw‘—i—M
0 Jo

t s
§K|x(t,s)|+/ / L|x(0, )| dodw + M
0 JO

<K|x(t,s)|+L| x| +M
<(K+L) [ x| +M.

Then we have

|(T2)(t,9)]

< |G(t,s)| + |(Fx)(t,s)]

<B4+ (K+L) | x| +M.
Thus if | x |< r, we have |(Tx)(t,s)| < B+ (K+ L)r+ M <rie, || Tx ||<r.
Therefore the operator T maps B, into itself.

Next we have to prove that T is continuous on B,. Let {x, } be a sequence in B, such that x,, — x.
For every t,s € I, we have

| (Fxu)(t,58) — (Fx)(t,5)]
= ‘F (t,s,xn(t,s),fot fosu(t,s,v,w, xn(v,w))dvdw> —F (t,s,x(t,s),fot fgu(t,s,v,w,x(v,w))dvdw) ‘
< K|xn(t,8) — x(t,s)| + fot fos lu(t,s,v,w,xy(v,w)) — u(t,s,v,w,x(v,w))|dvdw
<K | xp— x| +Ue),
where € > 0 and
U,(e) = sup {|u(t,s,v,w,x) —u(ts,v,w,x)|: t,s,0,w € [x,x € [—r,t];|| x —%||[<€}.

As

|(Txn)(t,s) — (Tx)(t,s)|
< K| xy— x| +Ur(e)

It follows || Tx, — Tx ||[< K || xn — x || +Uy(e).

As € — 0 we get U, (€) — 0 because u is uniformly continuous on I x I x I x I x [—r,r]. Thus
| Tx, — Tx ||— 0. Hence T is continuous on B,.

Let us consider an nonempty subset X of B, and x € X then for a fixed € > 0 and 1, t2,51,52 € I
such that t; < tp, s1 < sy, |t1 — f2| <eg, |51 — Sz| <e.
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Then we get

where

and

Hence

where

|(Fx)(t2,50) — (Fx)(t1,51)]

ty S
< |F (tz,sz,x(tz,sz),/ / u(tz,sz,v,w,x(v,w))dvdw)
o Jo

tr rso
- r (tz,sz,x(tl,sl),/ / u(ty, 52,0, w,x(v, w))dvdw) ‘
o Jo

+

t s
F <t2,sz,x(t1,sl),/2/ 2u(tz,sz,v,w,x(v,w))dvdw)
o Jo

tr rso
—F <t1,s1,x(t1,sl),/ / u(ty, 52,0, w,x(v, w))dvdw) ‘
0 0
ty S
+ |F (tl,sl,x(tl,sl),/ / u(tz,sz,v,w,x(v,w))dvdw)
0 Jo
ty rso
—F <t1,s1,x(t1,sl),/ / u(ty,s1,0,w,x(v, w))dvdw)
0 0
ty S
F (tl,sl,x(tl,sl),/ / u(tl,sl,v,w,x(v,w))dvdw)
0 Jo

t s
- T <t1,s1,x(t1,sl),/ ' / ' u(tl,sl,v,w,x(v,w))dvdw> ‘
o Jo

< K|x(t2,52) — x(t1,51)| + w(F,€)

+

t s

+/2/2 lu(ta, s2,v,w,x(v,w)) — u(ty,s1,v,w,x(v,w))| dvdw
t

+/2/ u(ty,s1,0,w,x(v,w))| dvdw

< K|x(tp,s2) — x(t1,51)| + w(F, € +/ / (u,e dvdw+/ / Udvdw

< K|x(ty,82) — x(t1,81)| + w(F, €) + w(u,€) + Ue?,

(U(u,e) = sup |1/l (tZISZIvlw!x) —u (tllsllvlw/x)| : tl/t2/51152rvrw € Ir ,
lth —t1] <€, |52 —s1| <€,x € [—1,7]

U =sup{|u(t,s,v,w,x)|:ts,v,welxec[—rr}

|F(t,5,x,y) = F(t1,51,%,y)| : t,t1,8,51 € I,
Fe) = La) f
w(F,e€) Sup{ lt—t] <e s —s1| <ex€[-rrlyec[-UU

(

Tx)(t,50) — (Tx)(t1,51)]
<]
<

G(tz,SQ) — G(i‘l,S1 ‘ + | l:"x tz,Sz) — (ﬁx)(tl,sl)‘
w(G,€) + K |x(ta,52) — x(t1,81)| + w(F,€) + w(u,e) + Ue?,

w(G e) = su |G(t2,sz) -G (t1/51)| 1t1,t0,51,8 €1,
, F |t —t1] <€ lsp—s1| <€ ‘
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Now taking the supremum on x, we get
w(TX,€) < w(G,e) +Kw(X,€) + w(F,e) + w(u,e) + Ue>.

Since G, F and u are uniformly continuouson I x I, I x I x [—r,7] x [-U,U]and I x [ X I x [—7,7]
respectively therefore, we get, w(G,€) — 0, w(F,e) — 0 and w(u,e) — 0 as € — 0. Thus we obtain

wo(TX) < Kay(X).

This implies T is a contraction operator on B, with respect to wy. Thus by Theorem 7, we have T
has at least one fixed point in B,. Hence Equation (1) has at least one solution in B, C C(I x I). This
completes the proof. O

Example 1. Consider the following equation

ts t2s2x(t,s)

ts t S .
x(t,s) = T+ s + 215 27 + Z/o /0 vwsin(x (v, w))dvdw )

fort,s €[0,1] = 1.
Here we have

ts
G(t,8) = ——,
(t9) = 1775
252y
P t/ 70y = 4
sxy) = gy TV
tsvw sin x
u(t,s,v,w,x) = ————

4

It can be easily seen that G, u are continuous functions on I x I and I x I x I x I x R, respectively.
The function u is nondecreasing and

1
lu(t,s,v,w,x)| < 1 |x] .

Also we have B =1and L = 1.
The function F is continuous on I x I x R x R and

|F(t,s,x,y) — F(t,5,%,7)|
225 e Ps’x
s+ VT aaeese) Y

T pa X+ ly -7l

Here K = %andM = 0.
The inequality in the assumption (4) has the following form

’
1+=-<r.
+2r

For v = 3 we observe that all the assumption from (1)—(4) of Theorem 8 are satisfied. Thus applying the

Theorem 8 we conclude that the Equation (2) has at least one solution in C(I x I).
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