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Abstract: A variety of polynomials, their extensions, and variants, have been extensively investigated,
mainly due to their potential applications in diverse research areas. Motivated by their importance
and potential for applications in a variety of research fields, numerous polynomials and their
extensions have recently been introduced and investigated. In this paper, we introduce generalized
Laguerre poly-Genocchi polynomials and investigate some of their properties and identities,
which were found to extend some known results. Among them, an implicit summation formula
and addition-symmetry identities for generalized Laguerre poly-Genocchi polynomials are derived.
The results presented here, being very general, are pointed out to reduce to yield formulas and
identities for relatively simple polynomials and numbers.

Keywords: Laguerre polynomials; hermite polynomials; Laguerre poly-Genocchi polynomials;
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1. Introduction

The generating function of the two variable Laguerre polynomials L, (u,v) [1] is defined by

o) = Y L), 1)

p=0

where Cy(u) is the 0-th order Tricomi function [2]

e @

we find from Equation (1) that
| ) Py

P
(u,v) Z —) (3)
r=0

The generalized Bernoulli Bj(u), Euler Ej(u) and Genocchi Gp(u) polynomials of order a,
each of degree p are defined, respectively, by the following generating functions (see References [1-30]):
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T\ w2 a8 )
<e§—1> eész:OBp(u)? (I¢] < 2m;1% =1) (4)
2 W N L
(e§+1> ‘ FE)EP(”); (2] < 14 =1) (5)
22 \" , TP .
<e§+1> et ;;)GP(”)? (I¢l < m1* =1) (6)
It is easy to see that
By(u) = B () = By, Ey(u) = B (), Gy(w) = {1 (w) )
(8)

for Bernoulli number By, Euler number E,, and Genocchi number Gy,
1
— E,(0) = Ey, GV(0) = G»(0) = Gy

1 1
B(0) = B,(0) = By, E{(0)
Recently, Kaneko [3] introduced and investigated generalized poly-Bernoulli numbers by means
©)

of the generating functions
Liz(1 —e~%) i (k) CF
1—e¢ =0 Pop!
where k € w and -
Liy = Z?, lw] <1
g=1 1

sofork <1, -
Lik = *11'1(1 — ZU), LlO(W) = ?, Li_l = m/ o

When k < 1, the left-hand side of (1.9) can be expressed as
1 4 (k) C¥
dCdC -d¢ = Z B —'

1 /Z 1 /
e o ..
ef —1 el —1 0 e —1 oeC

in the special case, one can see
BV — B,
in References [4-7], Jolany et al. introduced and studied the generalized poly-Bernoulli numbers and
polynomials, which appear in the following power series
Lig(1 = (aB) %) _ > g0, ;& 2
—————— =) By (a,B)=, 0| < 7 10
B —a—t ;;J p (&) p! ] Inff 4 Infi| (10)
Lix(1 — (aB) 5 ug’ 27
—_ —_— 11
Bl—at ZB ot /3 o 181 i+ il 1
Lip(1— (aB)~ g” 27
—_— 12
B —at ZB (a,B,0)op 1< T o 12)

one can easily see that
BY(0,1,¢) = B, B (u) = 1+ u
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and ]
k u u
B (u) = B (en 11, o) (13)

where B}(qk) are generalized poly-Bernoulli numbers. For synchronized works about poly-Bernoulli

polynomials, see References [3-6].
The two-variable Hermite Kampé de Fériet generalization of the Hermite polynomials
(see References [8,9,11])

14
(5] vSuP—2s

H,(u,v) = p! _— (14)
P P Sg(;) s!(p—2s)!
they are usually defined by the following generating function
2 d zp
PHCHue? Z Hy(u, v)a (15)
polynomials Hy(u,v) in Equation (15) reduce to ordinary Hermite polynomials H,(u) when v = —1
and u is replaced by 2u.
Pathan et al. [10] introduced and investigated the generating function for the generalized
Hermite—Bernoulli polynomials of two variables HBF(,‘X) (u,v) as follows
4 * ug —H){,'Z g

case « = 1 in Equation (16) reduces to Hermite-Bernoulli polynomials y By (u, v) (see Reference [11])

4 i+l _ v gr
<€C_1) pHlHol _F;JHBP(L[,U)H (17)

the stirling number of the first kind is given by

(wp=u(u—-1)---(u—p+1) = ZS p,r)u’, (n>0) (18)
and the stirling number of the second kind is defined as follows

(eé'—w—szzrpgr (19)

r=p

A variety of polynomials, their extensions, and variants have been extensively
investigated mainly due to their potential applications in diverse research areas. Motivated by their
importance and potential for applications in certain problems in number theory, combinatorics,
classical and numerical analysis and other fields of applied mathematics, a number of certain numbers
and polynomials, and their generalizations have recently been extensively investigated.

The organization of this paper is given as follows:

In Section 2, we introduce generalized Laguerre poly-Genocchi polynomials LG,E,k) (u,v,w) and
develop elementary properties by using generating functions for the numbers. In Section 3, we derive
implicit summation formulae for these generalized polynomials by using different analytical means
on their respective generating functions. In Section 4, we establish addition-symmetry identities by
using different analytical means and using generating functions.
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2. Generalized Laguerre Poly-Genocchi Polynomials LGr(,k) (u,v,w)

In this section, we introduce and investigate the generalized Laguerre poly-Genocchi polynomials
as follows:

2Lix(1—e7%) riup v~k ar
—Zr1 Co(uQ) _,;)LGP (u,v,w) ol (ke w) (20)
so that —_
P15 GV Ly ok (u,0)wkp!
(k) _ p—q “q—2k\1L,O)Wp
LGy (u,0,w) = q;ok:o 0 — 26K (p — )] (21)

whenu =v=w =0, G,(,k) = G(0,0,0) are known as poly-Genocchi numbers. Using Equation (20),

we easily obtain G,E,k) = 0. Setting k = 1 in Equation (21), we obtain

2Li (1 — eig) ol +wl? _ = v
S B Co(u) = ;;)LGP(M' v,w)a, (k € w) (22)

thus, with Equations (20) and (22), we get

LGr(,k)(u,v,w) =1Gp(u,v,w), (p=>0).

Setting 1 = 0 in (20), we obtain the Hermite poly-Genocchi polynomials by Khan [12], defined as

2Lix(1=¢™%) wriwr? _ & ~(K) cr
_ _ Z =Y uG , , (ke 23
o1 e p:OH p (v w)p! ( w) (23)
Theorem 1. For p > 0, we have
P B
(2) p q
LGy (u,0,w) = LGp—g(u,v,w) (24)
! E( q ) g+1 -
Proof. Using Definition (20), we have
2Lik(1 - eié) ol +w(? = (k) ép
—_— G = G ,0,W) =
£yl ¢ 0(ug) P§=0L p (1,0 w)p'
= (2 et /g LY L S
_<e§+1)e Co(ul) w1y o1 w1y ew_ldwdw dw

in particular, k = 2, we have

@) _ 2 o +w(? /C w

* B,l1 2 2
(£25) () s

q=0
B, {1 o0 p
) (Leorwond)

(‘7 p=0

3
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replacing p by p — q in the above equation, we have

o) p B gp
-EE(5) e en
On comparing the coefficients of { in the above equation, we obtain Equation (24). O

Theorem 2. For p > 1, we have

=
NS

[]Gk quk(uv)wp'

(k) _
Gy, (u,v,w) = 25
L ( ) q;u;) q'k!(p — q — 2k)! (25)

Proof. Using Equation (2.1), we obtain

o P 2L (1—e ¢
- 16 (w0, w) s = B ety (ug)

) w (5] k
_ <Z Gém@) Z 2 LP—Zk(ur Z])ZU gp
o q! 10120 k!'(p — 2k)!
Replacing p with p — g in the above equation, and equating the coefficients of {¥, we obtain
Equation (25). O

Theorem 3. For p > 0, we have

Pondl ()44t 1Sy (n+ 1,7
LG( (u,v,w) Z Z " +21() ) Z 1LGp—n(u,v,w) (26)

Proof. From Equation (20), we have

) ¢ _ (Ligl—e” Q) {( 2 ) o +ag? }
IE) LGy (u,0,w) = il ( 7 i11)°¢ Co(ug) (27)
Now rr .
Mi(1-ef) =¢re, Bt =1re, Sra-ety
_lyoo (=D vy (_1y\n "
=7 Zr:l P r Zn—r( 1) 52(1’1,7’) n!

(28)

n!

00 1r+n+1 S 1, n
=¥ 0{2?51( )rk I! 2(::1 r)}g

From Equations (27) and (28), we get

0 00 n+1 r+n+1 n 00 14
ZLG“uva, Z{Z( 1) .52(21117’)}”' <ZLG ”“"f,.)

p=0 r=1 rk
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Replacing p by p — n in rh.s of above equation and equating the coefficients of (7,
we obtain (26). [

Theorem 4. For p > 1, we have

LG,(,k)(u,v +1,w) + LG;k) (u,0,w)
(29)

r k
=25 o B S s n ) S

Proof. Applying Definition (2.1), we obtain

p [ee]
) LG;k)(u,v—k 1,w)€—' +) LG,(gk)(u,v,w)f
p=0 p: p=0

C2Li(1—e7%) izt 2Lig(1— ™) o tag?
= T e Co(ug) T e CO(”@)

= 2Lig(1 — &) %6+ 9E Gy (ug)

[ee] n _ r+n n 5
- 2{22( 1,1 r!&(nm)}i,e”“w% Colug)

n=1 r=1 .
B ) n ( 1)r+n Cn ) [%] L 2k )wk »
_ng{zg 1Sy (n,r } (r;)k_o,(p 200! g

Replacing p by p — n in the above equation and equating the coefficients of (¥, we obtain
Equation (29). O

Theorem 5. Ford € N with d = 1(mod2), we have

P n+ld— l -1 r+n+lrls n+1,r a+ov
Lcék)wrvrw):Z( ) vty D 1,6y (1, ) (20
n=0 r=0a=

Proof. From Equation (20), we have

2Lix(1 —e~¢

i P
3 LG (1,005 = 2 =) el ug)

p=0

_ <2L1k(1g_e @)) {eﬂ?il Zle(a—&-v)é-&-wézco(ug)}
a=0

o [n+1 (_qyr+n+l n 1\ " a+v b
{E (Bt EH e e (0 ) £

n=0 \r=1

Replacing p with p — n in the above equation and equating the coefficient of {7, we obtain
Equation (30). O

3. Implicit Summation Formulae

Here, we present an interesting implicit summation formulae for generalized Laguerre

(k) (

poly-Genocchi polynomials, 1 G, (4, v, w) in Equation (20).
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Theorem 6. For u,v,w € Rand p > 0, Then

k v [ n k
LG,(Jr)n(u,y,w) =) ( ) ( > (y — v)”*qLGr(_gn_p_q(u, v, W) (31)
Proof. Replacing ¢ with ¢ + x in Equation (20), we have
2Lik(1 — e—(é—‘:—x)) x x gr §
{ ebtx +1 e (et CO( (C+x)) = o) rnZO Gr+n u,0,w) ! onl (32)

We find that the left member of Equation (32) is independent of variable v. In this regard,
replacing v by another variable y in the right member of Equation (32) and equating the right members
of the resulting identity and Equation (32), we get

(y v)({+x) g x o Cr X"
20 Gr+n u,v, ZU) n ZOLG'r‘-‘rn u, ]// )r| n' (33)
r,n . rn

elaborating exponential function in Equation (33), we obtain

Z y—0) €+x)] Z Gr+nuvw)§n—n_ Z Gr+nuy, )ér M (34)

rn=0 : r,n=0 rt !
now, by using expression (Reference [13], p. 52(2))

= (u+o)* ubl i

fP)y——= L flp+a)— (35)
P;O P! quO Pl
the left-hand side of Equation (35) becomes

00 -0 p+q qxp [e] g x 00 k gr Tl

y, W 68 oS = Y 6% (wyw w) % (36)

|n|

141
p.q=0 P r,n=0 r,n=0

replacing r by r — g, n by n — p and using the lemma (Reference [13], p. 100(1) in Equation (36),
we obtain

n

= 6B wyws S @)

—U P q (k) zr X
Gy po(u,0,w —
pqzmzo T L e s T g

now, equating the coefficients of ¢ and x on both sides of Equation (37), we obtain Equation (31). O

Theorem 7. Foru,v,w € Rand p > 0. Then,

p .
LGP (o +x,w) = ) ( ; ) 1.6y, 0,w) (38)
j=0

Proof. Since

o) 14 o 4
) LG( )(u v+ x, w)g _ 2Lig(1—e7?) e<”+x)5+wézco(ug)

o p! et +1

0 p [ee] . ]
ZLG;(?k)(u,v—{—x,w C—' = (Z G (u,v,w '> (Zx’i)
p=0 A=

replacing p with p — j and equating the coefficients of (¥, we obtain Equation (38). [



8 of 14

Mathematics 2019, 7, 219

Theorem 8. Foru,v,w € Rand p > 0. Then,

p
LGzEzk)(u,v+x,w+Z) - qZO ( Z ) Lch—)q(”'v’w)Hq(x’Z)

(39)

Proof. By the definition of generalized Laguerre poly-Genocchi polynomials and Definition (15)

we have

2Lix(1 =€) (ormzt(wiz)? Ch

— e Co(ug pZ%) LGy (u,0,w) Z Hy(x,z)
replacing p with p — g and equating the coefficients of {?, we obtain Equation (39). O

Theorem 9. For u,v,w € Rand p > 0. Then,
2j [4] (u,v)w/p!
p 9-2j P: (40)

(k) -
G uvw
k ;;0 q'j!(p — g — 2j)!

-6 . . . .
2Li(1-¢") and expanding exponential and tricomi function

Proof. Applying Definition (20) to the term == He
eV t282 Cy(xZ) at I = 0 yields

2Li(1—e%) yriw © 72
- - (£ (Bt (£14)

ef+1

ZLG (uvw)p'—Z(Z v —q) ¢v ];w]j!

p=0 \4=0

p=0
replacing p with p — 2j and equating the coefficients of {”, we obtain Equation (40). O
Theorem 10. For u,v,w € R and p > 0. Then,
v pl-w)inGyy (o w)
P—q—j (41)

(8
Gy (u,v+1,w) =
LGyl ) q,jZ:;o (p—q—7'g'(jH?

Proof. By the definition of generalized Laguerre poly-Genocchi polynomials, we have

P i (1—e%
4 Zle(l e )E(UJrl)éerézCO(ug)

F;]LG‘(’)(MU—'—lw)p! 1
e (& Gk = (<1)i(ug)
_{,,Z_:o (;0 (p—a)tp! )gp}{];) ()2 }

_Jy oop_HG()( 0\ o
{pzo (,;]q;) Dip D2 )C

replacing p with p — j, we have

oo \gZo (P—a)tp!()?

i LG,(,k)(u,v—l—l,w g—' = {i ( L (Cw)'n Glg’k)’i(v w)) gpﬂ}

p=0
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on equating the coefficients of (¥, we obtain Equation (41). O

Theorem 11. For u,v,w € Rand p > 0. Then,
n
LGF(,k)(u,v—i—l,w) = Z ( Z ) LG,E,k,)q(u,v,w) (42)

Proof. By the definition of generalized Laguerre poly-Genocchi polynomials, we have

°° P p
) LGl(,k)(u,ijl,w)i, -y LGI(, (u,v, w)f7
—0 :

p=0
2Lix(1— e\ rvmw
= {(h) Gug? CO(”@)}( _1)
- ZLG}(qk)(u,v,w)g: (i?:_l>
p=0 p: u]:Oq
— ZLG( (u,v,w) Z i G(k)(u,v,w)g:
p=0 p=0
v — (k) 4
_ G G 0, w) 2
pzoqu P quvw)q(rf 9)! pz:(f Pl

Finally, equating the coefficients of the like powers of (¥, we obtain the result of (42). O

4. Addition-Symmetry Identities

Symmetry identities involving various polynomials have been presented (e.g.,
References [10,14-18,20-22]). As in the above-cited works, here we establish some addition-symmetry

(k) (

identities involving generalized Laguerre poly-Genocchi polynomials | G, (1, v, w) in Equation (20).

Theorem 12. Let o, f > 0 and a # B. For u,v,w € Rand p > 0. Then,

25_o< . )W 1L.GYY, (u, o, Bw) Gy (a0, 0*w)

(43)
=Y, ( ; ) w1BP=1.GyY (00, %w) G (u, By, B2e0)
Proof. Consider a function ((), defined by
<2Lik(1 — efé)co(ug>)2 } afol+a?prwl?
h(C) = 44
©) { e+ 1)l +1) J° ()

we see that 1({) is symmetric with respect to the parameters or variables in each of the following pairs

(@ p),  (wvw) (45)

to produce the generalized Laguerre poly-Genochhi polynomials in Equation (20), we need to choose
one element from each of the four pairs in Equation (45). There are 16 combinations consisting of
those chosen four elements. We also need two combinations for function /({). Therefore, we have two
different cases for function h(). For example, we have
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WO = L 5 1680w o, ) B2 5 LGl a0, ) )

«p =0 p! =0 q!

1if( )w”WLG (1,0, ) G, (00, a%0)

0(,3 p=04=0

similarly, we obtain

h(Q) = — i LG,E,k)(u wv, 0’w) =2 (BC) 2 Gék)(u,ﬁv,ﬁzz)(ﬁ)q

aﬁ p=0 q=0

ZZ(JWM G (u, 00, 0%w) G (u, po, B2ew) P

Po’i

equating the coefficients of ¥ on the right-hand sides of the last two equations we obtain desired
Identity (43). O

Remark 1. On putting p = 1 in the above theorem, we obtain the following result:

ZZZO ( P )“p qLG(k) (M,U,w)LG,gk)(u,av,a2w)
’ (46)

Theorem 13. Let o, f > 0and a # B. For u,v,w € Rand p > 0. Then,

Z§_0< )Z Zﬁ 1/3%(” q G( (u po+ £ Bitj pix ) ()(u,«xw,zxzy)
(47)

=y, ( Z ) Ty 20 aipr1.Gy, (w0 + §i+ j,a2x) LGY (, B, By)

Proof. Let

2Lig(1—e=)Co(ug))? } (4B —1)2p8B(o+)5+a2 B2 (x-+y)7
(e*6+1)(ePo+1) (e —1)(ePT—1)

2Lig(1—e~4)Co(ug) rxﬁvé—l—azﬁzxgz |
(eC+1) ePe—1

X

Bl +a* Byl ( e"‘ﬁ; —11 )
elX —

(e®6+1)

2Li(1—e%)Co(uQ)

E e o Bwi+a? Py 25 1 pagj
e

X

{!
{
{zuk(l e t) Co (u)
{
{

2Lix(1—e~¢)Co(ug) }eaﬁvé+zx2ﬁ2x62 Yy bl
1=



Mathematics 2019, 7, 219 11 of 14

5 u — - v Ei L 00
{2le(1(6;’£+)1§0( 9) } €a2ﬁ2x§2 2?6201 Zf:ol e(ﬁ +gitjal Eq LG< )(u aw, y) (/SQ

0o k
= a;s Zp 0L 253 B LGP g (u Bo+ =2 z+],ﬁ2 ) (“El)p Z,FO LGL(7 )(u,aw,oc2y) (iﬁ)q (49)

On the other hand,
h(C)—lii< ) ii (u zxv+fz+],zx x)ZLG uﬁwﬁy)ﬁ” 10929 (50)
«p p=0g=0 \ 1 ) iZ0 =0 B 0

equating the coefficients of {F in both sides of Equations (49) and (50), we obtain desired
Identity (47). O

Theorem 14. Let a, f > 0 and a # . For u,v,w € N and p > 0. Then,

Zgo< )Z Zﬁ 1[3thp q G( (u po+ & Bitj px ) ()(u,(xw+%j,o¢2y)
(51)

=5, ( ' ) 2y wed Gy, (a0 + §i+ j,a2x) 1 G (u, pro+ £, )

Proof. The proof is similar to Theorem (4.2). Now, Equation (48) can also be expressed in the
following form:

1 L)) @) a2\ (B
= B p;) Z;) j;) LG,(,k_),7 (u, po + gz +17, ,82x> e ) LGék) (u,zxw+ il txzy> ﬁq! (52)

7=0

On the other hand, Equation (48) can be shown as equal to

7i°°** 6O (waws Zitiae) P w Pig2y) @8
O = 45 1 X D16 (o i iatn) EO8 306 (wpo Fiaty) S8 69

equating the coefficients of (¥ to zero in the last two equations, we obtain desired Identity (51). O

5. Connection with Sheffer Polynomials

One of the important classes of polynomial sequences is the class of Appell polynomial sequences.
Appell polynomial sequences arise in numerous problems of applied mathematics, theoretical physics,
approximation theory, and several other mathematical branches. The set of all Appell sequences is
closed under the operation of umbral compositions of polynomial sequences. Under this operation,
the set of all Appell sequences forms an abelian group. The Appell polynomial sequences are defined
by the following generating function:

A,0) = AQ = Y. An(w). (54)
n=0 '
power series A({) is given by
AQ) = Ao+ e+ E ot C A =T S Ay #0 (55)
1! 2! n! n!’ ’
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where A;(i = 0,1,2,...) are real coefficients. It is easy to see that, for any A((), the derivative of
Ay (u) satisfies
Ay(u) = nA,_1(u) (56)

Based on an appropriate selection for function A((), different members belonging to the family
of Appell polynomials can be obtained.

Khan, et al. [23] constructed a hybrid family, namely, Laguerre-Appell polynomials (LAPs)
LAn(u,v), as the discrete Laguerre convolution of the Appell polynomials. A systematic study of these
polynomials is presented in Reference [24]. We recall that LAPs ; A, (u,v) are defined by means of the
following generating equation:

(57)

AQETCHE) = Y Au(u) S

n=0

we define the connection of generalized Laguerre poly-Genocchi polynomials LGF(,k)(u, v, w) with
Appell polynomials by means of the following generating function:

A(Q)e 8 Co(ug) = i Au(it,0,0) (58)
where ' .
A= 20—, (59)

6. Concluding Remarks

The paper aimed at presenting the study of Laguerre poly-Genocchi polynomials, which play an
important role in several fields of physics, applied mathematics, and engineering. These special
polynomials are important as they possess essential properties such as recurrence and explicit
relations, and functional and differential equations, summation formulae, and symmetric and
convolution identities. These polynomials are useful and have potential for applications in numerous
problems of number theory, combinatorics, classical and numerical analysis, theoretical physics,
approximation theory, and other fields of pure and applied mathematics. The technique used here
could further establish a wide variety of formulas for certain other special polynomials, and can be
extended to derive new relations for conventional and generalized polynomial.

Furthermore, the generalized Laguerre poly-Genocchi polynomials LG;(,k) (u,v, w) in Equation (20),
being very general, can be specialized to yield various known polynomials and numbers, for example,
Genocchi numbers G, Genocchi polynomials G, (x), and Hermite-Genocchi polynomials Gy (1, v)
(see Reference [12]). In this regard, the results presented here can be specialized to yield or be closely
connected with some known identities and formulas (see, e.g., References [14-21,23,25]), and the
references cited therein). Therefore, the results presented in this article could potentially be useful in
problems that arise in the aforementioned fields.
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