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Abstract

:

In this survey article, some schemata for applications of the integral transforms of mathematical physics are presented. First, integral transforms of mathematical physics are defined by using the notions of the inverse transforms and generating operators. The convolutions and generating operators of the integral transforms of mathematical physics are closely connected with the integral, differential, and integro-differential equations that can be solved by means of the corresponding integral transforms. Another important technique for applications of the integral transforms is the Mikusinski-type operational calculi that are also discussed in the article. The general schemata for applications of the integral transforms of mathematical physics are illustrated on an example of the Laplace integral transform. Finally, the Mellin integral transform and its basic properties and applications are briefly discussed.
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1. Introduction


In this survey article, we discuss some schemata for applications of the integral transforms of mathematical physics to differential, integral, and integro-differential equations, and in the theory of special functions. The literature devoted to this subject is huge and includes many books and reams of papers. For more details regarding this topic we refer the readers to, say, [1,2,3,4]. Of course, in a short survey article it is not possible to mention all known integral transforms and their numerous applications. That is why we focus on just some selected integral transforms and their applications that are of general nature and valid for most of the integral transforms in one or another form.



We start with introducing the integral transforms of mathematical physics that possess the inverses in form of the linear integral transforms and can be interpreted as transmutation operators for their generating operators. The integral transforms of mathematical physics, their generating operators, and convolutions are closely related to each other. In particular, the integral transform technique can be employed for derivation of the closed form solutions to some integral equations of convolution type and to the integral, differential, or integro-differential equations with the generating operators.



Another powerful technique for applications of the integral transforms is the Mikusinski-type operational calculi. They can be developed for the left-inverse operators of the generating operators of the integral transforms. A basic element of this construction is the convolutions for the corresponding integral transforms that play the role of multiplication in some rings of functions. This ring is then extended to a field of convolution quotients following the standard procedure. One of the advantages of this extension is that the left-inverse operator D to the generating operator L of the given integral transform T can be then represented as multiplication with a certain field element. Thus, the differential or integro-differential equations with the operator D are reduced to some algebraic equations in the field of convolution quotients and can be solved in explicit form. The so obtained “generalized” solution can be sometimes represented as a conventional function from the initial ring of functions by using the so-called operational relations.



The general schemata for applications of the integral transforms of mathematical physics mentioned above are demonstrated on an example of the Laplace integral transform. The Laplace integral transform is a simple particular case of the general H-transform that is a Mellin convolution type integral transform with the Fox H-function in the kernel. The general schemata for applications of the integral transforms presented in this article are valid for the H-transform, too. For the theory of the generating operators, convolutions, and operational calculi of the Mikusinski type for the H-transforms we refer the interested readers to [4,5,6,7,8] (see also numerous references therein). In this article, we restrict ourselves to discussion of some fundamental properties of the Mellin integral transform that is a basis for the theory of the Mellin convolution type integral transforms in general and of the H-transform in particular.



The rest of the article is organized as follows: In the second section, general schemata for some applications of the integral transforms to analysis of the integral, differential, and integro-differential equations are presented. In particular, the main ideas behind an operational calculus of Mikusinski type are discussed. The third section illustrates these schemata on the example of the Laplace integral transform. The fourth section deals with the basic properties of the Mellin integral transform.




2. Integral Transforms of Mathematical Physics


The focus of this survey article is on properties of the integral transforms and their applications to different problems of analysis, differential and integral equations, and special functions. Thus, we do not discuss the integral transforms from the viewpoint of functional analysis by considering, say, their mapping properties in some spaces of functions. Instead, we try to illustrate the underlying ideas and procedures both for analysis of the integral transforms and for their applications.



2.1. Applications of the Integral Transforms


The integral transforms of mathematical physics are not arbitrary linear integral operators, but rather those with the known inverse operators and the known generating operators. For the sake of simplicity and clarity, in this article we restrict ourselves to the case of the one-dimensional integral transforms. However, a similar theory can be also developed for the multi-dimensional integral transforms. A one-dimensional integral transform (of mathematical physics) of a function f:R→R at the point t∈R is defined by the (convergent) integral


g(t)=Tf(x);t=∫−∞+∞K(t,x)f(x)dx.



(1)







Its inverse operator must be also a linear integral transform


f(x)=T−1g(t);x=∫−∞+∞K^(x,t)g(t)dt



(2)




with a known kernel function K^. The kernel functions K and K^ of the integral transforms (1) and (2) satisfy the relation


∫−∞+∞K^(x,t)K(t,y)dt=δ(x−y)



(3)




with the Dirac δ-function.



Many applications of the integral transforms of mathematical physics are based on the operational relations of the following form:


T(Lf)(x);t=L(t)Tf(x);t.



(4)







The integral transform T satisfying the relation (4) is called a transmutation that translates an operator L into multiplication by the function L. Following [4,8,9], we call the operator L the generating operator of the integral transform T. For the general H-transform, one of the important classes of their generating operators can be represented in form of finite compositions of the fractional Erdelyi-Kober integrals and derivatives [4,5,6,7,8]. In the case of the Laplace integral transform, the generating operator is just the first derivative.



Let us now discuss a general schema for applications of the transmutation Formula (4) on an example of the equation


P(L)y(x)=f(x),



(5)




where P is a polynomial and f is a given function. Applying the integral transform (1) to Equation (5) and employing the transmutation Formula (4) lead to the algebraic (in fact, linear) equation


P(L(t))Ty(x);t=Tf(x);t



(6)




for the integral transform T of the unknown function y with a solution in form


Ty(x);t=Tf(x);tP(L(t)).



(7)







In the system theory, the function 1/P(L(t)) is often called the transfer function. The inversion Formula (2) allows then to represent the solution (7) as follows:


y(x)=T−1Tf(x);tP(L(t));x.



(8)







In many applications of the integral transforms of mathematical physics, one deals with the linear differential operators of the form


L(x,ddx)y=∑k=0nlk(x)dkydxk.



(9)







Let us suppose that L is a generating operator of the integral transform (1) with the inverse integral transform (2) such that the relation (4) holds true. By


LT(x,ddx)y=∑k=0n(−1)kdkdxk(lk(x)y)



(10)




we denote the operator conjugate to the operator L.



Then it is known that the kernel K of the integral transform (1) is an eigenfunction of the operator LT and the kernel K^ of the inverse integral transform (2) is an eigenfunction of the operator L [9]:


LT(x,ddx)K(t,x)=L(t)K(t,x),










L(x,ddx)K^(x,t)=L(t)K^(x,t).











Let us note that the Formulas (1) and (2) for the integral transform T of a function f and its inverse integral transform can be put together into the form


f(x)=∫−∞+∞K^(x,t)Tf(x);tdt








and then interpreted as an expansion of the function f by the eigenfunctions of the linear differential operator L.



Thus, the integral transforms of mathematical physics are closely connected with the eigenvalues of some differential operators. However, the eigenvalues of the differential operators are known in explicit form only in a few cases and therefore the amount of the integral transforms of mathematical physics is very restricted.



As a rule, the generating operators of the integral transforms of mathematical physics are differential operators either of the first or of the second order. Examples of the integral transforms with the generating operators in form of the differential operators of the first order are:

	(a)

	
the Laplace integral transform with the kernel function K(t,x)=e−xt if x>0 and K(t,x)=0 if x≤0,




	(b)

	
the sine- and cosine Fourier integral transforms with the kernel functions K(t,x)=2/πsin(xt) if x>0 and K(t,x)=0 if x≤0 and K(t,x)=2/πcos(xt) if x>0 and K(t,x)=0 if x≤0, respectively,




	(c)

	
the Fourier integral transform with the kernel function K(t,x)=e−ixt,




	(d)

	
the Mellin integral transform with the kernel function K(t,x)=xt−1 if x>0 and K(t,x)=0 if x≤0.









Following integral transforms possess generating operators in form of the differential operators of the second order:

	(a)

	
the Hankel integral transform with the kernel function K(t,x)=xtJν(xt) (Jν stands for the Bessel function) if x>0 and K(t,x)=0 if x≤0,




	(b)

	
the Meijer integral transform with the kernel function K(t,x) = xtKν(xt) (Kν is the Macdonald function) if x>0 and K(t,x)=0 if x≤0,




	(c)

	
the Kontorovich- Lebedev integral transform with the kernel function K(t,x)=Kit(x) if x>0 and K(t,x)=0 if x≤0,




	(d)

	
the Mehler-Fock integral transform with the kernel function K(t,x)=Pit−1/2k(x) (Pνμ denotes the Legendre function of the first kind) if x>1 and K(t,x)=0 if x≤1.









As already mentioned, the generating operators of the H-transform are certain compositions of the Erdelyi-Kober fractional integrals and derivatives. This connection allows to solve equations of type (5) with the operator L in form of a composition of the Erdelyi-Kober fractional integro-differential operators [4,5,6,7,8].



Another operation that plays a very important role in applications of the integral transforms of mathematical physics is a convolution of two functions associated with a certain integral transform.



In general, a convolution on a linear vector space of functions is defined as a bilinear, commutative, and associative operation defined on a direct product of a linear vector space by itself. Together with the usual addition of two elements of the vector space, the convolution thus equips the linear vector space with a structure of a commutative ring.



A convolution ∗T associated with the integral transform T and defined on a linear functional vector space X satisfies the relation (convolution theorem)


T(f∗Tg)(x);t=Tf(x);tTg(x);t,∀f,g∈X.



(11)







The reader can find many examples of convolutions for different integral transforms of mathematical physics in [4,5].



One of the basic applications of the convolutions is for analysis of the integral equations of convolution type. The convolutions of the integral transforms of mathematical physics are often represented in form of some integrals. In these cases the convolution equations like, e.g.,


y(x)−λ(y∗TK)(x)=f(x),λ∈Rorλ∈C,



(12)




where f and K are some known functions and the function y is unknown, are integral equations.



To solve the integral Equation (12), we apply the integral transform T to both parts of (12). Then we first get an algebraic (in fact, a linear) equation


Ty(x);t−λTy(x);tTK(x);t=Tf(x);t



(13)




with the solution


Ty(x);t=Tf(x);t1−λTK(x);t.



(14)







Applying the inverse transform T−1 to (14), the solution of the integral Equation (12) can be then represented in the form


y(x)=T−1Tf(x);t1−λTK(x);t;x.



(15)







In many cases, the right-hand side of (15) has a convolution form and thus the solution to (12) can be rewritten as follows:


y(x)=f(x)+λ(f∗TM)(x),



(16)




where M is a known function.




2.2. Basic Ideas Behind an Operational Calculus of Mikusinski Type


Another useful technique employed for solution of both integral equations of convolution type (12) and differential or integro-differential equations of type (5) is an algebraic approach based on the operational calculi of Mikusinski type [4,5,6,10,11,12,13,14].



In an operational calculus of Mikusinski type, a close relation between an integral transform, its convolution and its generating operator plays a very essential role as investigated in detail in [15].



Following [15], we first introduce a convolution of a linear operator L. Let X be a linear vector space and L:X→X a linear operator defined on the elements of X. A bilinear, commutative, and associative operation ∗:X×X→X is said to be a convolution of the linear operator L if and only if the relation


L(f∗g)=(Lf)∗g



(17)




holds true for all f,g∈X.



As shown in [4], if L is a generating operator of the integral transform T (the Formula (4) holds true) and if ∗T is a convolution of T that satisfies the relation (11), then ∗T is a convolution of the generating operator L in the sense of the relation (17).



Another important fact is that any of the convolution operators of the type


(Lf)(x)=(h∗Tf)(x),



(18)




where ∗T is a convolution of the integral transform T and h is a fixed element of X can be interpreted as a generating operator of the integral transform T, i.e., it satisfies the transmutation relation (4).



The generating operator L given by (18) is an integral operator that is defined on the functions from the convolution ring R=(X,∗T,+) as multiplication by a fixed element h∈X. It is important to stress that the representations of this type are not possible for the generating operators of the differential type, e.g., for the left-inverse operators of the integral operator (18). However, similar representations of differential operators can be derived on an extension of the convolution ring R=(X,∗T,+) to the field of the convolution quotients. In fact, this extension is a basic element of any operational calculus of Mikusinski type. In the case when the ring R=(X,∗T,+) has no divisors of zero, the extension follows the pattern of the extension of the ring of integer numbers to the field of rational numbers.



If the ring R=(X,∗T,+) has some divisors of zero, the construction of the field of convolution quotients becomes more complicated (see, e.g., [15] for details). A divisor-free convolution ring is usually extended to a field F of convolution quotients by factorization of the set X×(X−{0}) with respect to the equivalence relation


(f,g)∼(f1,g1)⇔(f∗Tg1)(x)=(g∗Tf1)(x).



(19)







The elements of the field F are sets of all pairs (f,g),f,g∈X that are equivalent to each other with respect to the equivalence relation (19). They are often formally denoted as quotients f/g. The addition + and multiplication · operations are defined on F in a standard way:


f/g+f1/g1=(f∗Tg1+g∗Tf1)/(g∗Tg1),



(20)






f/g·f1/g1=(f∗Tf1)/(g∗Tg1).



(21)







It is an easy exercise in algebra to show that the results of the operations (20) and (21) do not depend on the representatives of the field elements f/g and f1/g1 and thus these operations are well defined. Equipped with the operations + and ·, the set F becomes a commutative field that is denoted by (F,·,+).



The ring R=(X,∗T,+) can be embedded into the field (F,·,+), say, by the map


f∈R→(f∗Th)/h∈F,



(22)




where h∈R is any non-zero element of the ring R. A natural choice for the element h∈R in the relation (22) is the function from the Formula (18) that defines the generating operator L. In this case, the corresponding operational calculus is constructed for the differential operator D that is a left-inverse operator to the integral operator (18), i.e., for the operator D that satisfies the relation


D(Lf)=f,∀f∈X.



(23)







On the ring R=(X,∗T,+), the operator L applied to a function f∈X is just multiplication of f with a fixed element h∈X. On the other hand, the differential operator D (a left-inverse operator to the integral operator L) can be represented on the field (F,·,+) in the form


Df=S·f−S·Pf,



(24)




where the operator P=Id−LD is called a projector of the generating operator L and S∈F is the element reciprocal to h∈R⊂F defined by the Formula (18), i.e.,


S=h−1=I/h=h/(h∗Th)=h/h2=⋯=hk/hk+1,k=0,1,2,….



(25)







The element S∈F is often called an algebraic inverse of the generating operator L in the field of convolution quotients.



The operational Formula (24) is very important in applications of the constructed operational calculus because it allows a reduction of the linear differential equations with the operator D to some algebraic equations in the field (F,·,+) of convolution quotients. The obtained equations can be then often solved in explicit form that leads to the “generalized” solutions that belong to the convolution quotients field (F,·,+). In some cases, by making use of the embedding (22) and of the so-called operational relations, these generalized solutions can be reduced to the conventional functions from the initial ring R. In particular, the following operational relation plays a very important role in any operational calculus:


(S−ρ)−1=I/(S−ρ)=h/(I−ρh)=h·(I+ρh+ρ2h2+…)=h(x)+ρh2(x)+ρ2h3(x)+⋯=H(x)∈R,ρ∈C,hk=h∗Th∗T⋯∗Th︸k.



(26)







The general schema for construction of an operational calculus and for its applications that was presented above seems to be not especially complicated. However, in the case of a given generating operator a lot of serious problems can appear while developing the corresponding operational calculus. The main questions are how to construct an appropriate convolution, how to determine its divisors of zero in the corresponding ring of functions (or show that it is divisors-free), how to calculate the projector operator (the projector operator determines the form of the initial conditions for the ordinary or fractional differential equations that can be solved by employing the operational calculus), how to specify the operational relations such as the one given in the Formula (26), etc. For discussions regarding how to overcome all these difficulties for operational calculi for different operators of Fractional Calculus see, e.g., ref. [4] or [5,6,7,8].





3. The Laplace Integral Transform


The Laplace integral transform—along with the Fourier integral transform and the Mellin integral transform—is one of the most important classical integral transforms that is widely used in analysis, differential equations, theory of special functions and integral transforms, and for other problems of mathematical physics. For a function f, its Laplace transform at the point p∈C is defined by the following improper integral (in the case it is a convergent one):


f˜(p)=Lf(t);p=∫0∞e−ptf(t)dt,ℜ(p)>af.



(27)







A sufficient condition for existence of the Laplace integral at the right-hand side of (27) for a function f∈Lc(0,+∞) is the estimate of the type


|f(t)|≤Mfeaft,t>Tf,



(28)




where Mf,af, and Tf are some constants depending on the function f. The space of functions Lc(0,+∞) consists of all real or complex-valued functions of a real variable that are continuous on the open interval (0,+∞) except, possibly, at a counted number of isolated points, where these functions can tend to infinity and for that the improper Riemann integral absolutely converges on (0,+∞). In this section, the set of all functions from Lc(0,+∞) that satisfy the estimate (28) with some constants depending on the functions will be denoted by O. In the following discussions, we always assume that the functions we deal with belong to the space of functions O. For the functions from O, their Laplace transforms f˜(p) defined by the right-hand side of (27) are analytic function in the half complex plane ℜ(p)>af. This feature makes the Laplace transform technique very powerful because all methods and ideas elaborated in the well-developed theory of analytical functions can be employed in the Laplace domain.



Let a function f be piecewise differentiable and its Laplace transform exist for ℜ(p)>af. At all points where f is continuous, it can be represented via the inverse Laplace transform


f(t)=L−1f˜(p);t=12πi∫γ−i∞γ+i∞eptf˜(p)dp,ℜ(p)=γ>af,



(29)




where the integral at the right-hand side is understood in the sense of the Cauchy principal value.



Let us mention here that in some cases the bilateral Laplace transform can be useful. It is defined by the formula


Lblf(t);p=∫−∞∞e−ptf(t)dt,bf>ℜ(p)>af.



(30)







In our article, we assume that the model equations we deal with refer to the causal processes and thus we restrict ourselves to discussion of the Laplace transform.



The Laplace integral transform is treated in many textbooks (see, e.g., [11,16,17,18,19,20,21]). Here, we demonstrate on the example of the Laplace integral transform how the general schemata for applications of the integral transforms of mathematical physics work. It is worth mentioning that the same constructions can be applied for the general H-transform and its numerous particular cases ([4,5,6,7,8]).



Let the inclusion f′∈O be valid. The integration by parts formula applied to the Laplace integral leads to following transmutation relation for the Laplace integral transform:


Lddtf(t);p=pLf(t);p−f(0).



(31)







This means that the Laplace integral transform is a transmutation operator for the first derivative that translates it into multiplication with the linear factor p.



The Formula (31) and its generalization (for f(n)∈O)


Lf(n)(t);p=pnLf(t);p−pn−1f(0)−…−f(n−1)(0)



(32)




are the basic formulas for application of the Laplace transform technique to solution of the linear differential equations.



As an example, let us consider the following initial value problem:


x(n)(t)+a1x(n−1)(t)+⋯+anx(t)=f(t),t>0,x(0)=x0,dxdt|t=0=x1,…,dn−1xdtn−1|t=0=xn−1.



(33)







Applying of the Laplace integral transform to Equation (33) to the initial value problem (33) we get an algebraic (in fact, a linear) equation for the Laplace transform of the unknown function x:


L(p)Lx(t);p=Lf(t);p+M(p),



(34)




where L(p)=pn+a1pn−1+⋯+an and M(p)=pn−1x0+⋯+xn−1+a1(pn−2x0+⋯+xn−2)+⋯+an−1x0. The polynomial L is known as a characteristic polynomial of Equation (33).



For applicability of this technique, the function f from the left-hand side of Equation (33) must satisfy the condition (28).



The linear Equation (34) can be easily solved:


Lx(t);p=Lf(t);p+M(p)L(p).



(35)







Thus, the unique solution to (33) can be (formally) obtained by applying the inverse Laplace transform to the right-hand side of (35):


x(t)=L−1Lf(t);p+M(p)L(p);t.



(36)







Often, the inverse Laplace transform at the right-hand side of the Formula (36) can be evaluated by means of the Cauchy residue theorem or by employing the tables of the Laplace integral transforms [19,20].



The same procedure as above is applicable for the systems of linear ordinary differential equations with the constant coefficients. A similar method can be applied for the linear ordinary differential equations with the polynomial coefficients ([11]). In the case of the time-dependent partial linear differential equations with the constant coefficients, application of the Laplace integral transform with respect to the time variable transforms them to the stationary partial differential equations of elliptic type with some parameters dependent on the Laplace variable p.



A prominent role in several applications of the Laplace integral transform is played by its convolution that is defined by the well-known formula


(f∗Lg)(t)=∫0tf(τ)g(t−τ)dτ.



(37)







The Borel convolution theorem states the main property of the Laplace convolution (37). Let the Laplace integral transforms of the functions f,g∈O be well defined for ℜ(p)>γ. Then the Laplace convolution (37) also exists for ℜ(p)>γ and the convolution formula


L(f∗Lg)(t);p=Lf(t);p×Lg(t);p



(38)




holds true.



In [4,5], a close relation of the Laplace convolution to the Euler Beta-function was established. It turned out that the Formula (37) for the Laplace convolution follows from the well-known formula


B(s,t)=∫01xs−1(1−x)t−1dx=Γ(s)Γ(t)Γ(s+t),



(39)




Γ being the Euler Gamma-function defined as


Γ(s)=∫0∞e−xxs−1dx,ℜ(s)>0.



(40)







Applying the Formula (37) for the Laplace convolution and the Formula (39) for the B-function, convolutions of many other integral transforms including the general H-transform can be constructed [4,5].



The Borel Formula (38) can be employed for solving some integral equations of the Laplace convolution type. As an example, let us consider an integral equation of the second kind in the form


x(t)−λ∫0tk(t−τ)x(τ)dτ=f(t).



(41)







Application of the Laplace integral transform to Equation (41) reduces it to the algebraic (in fact, linear) equation


Lx(t);p−λLx(t);pLk(t);p=Lf(t);p



(42)




for the Laplace transform of the unknown function. Its solution is given by the formula


Lx(t);p=Lf(t);p1−λLk(t);p.



(43)







To get a solution for the integral Equation (41), the inverse Laplace integral transform can be applied to Equation Lap-8. However, let us follow another approach and get a representation of the solution by using the Formula (38). To do this, let us take a closer look at the expression Lx(t);p−Lf(t);p. The Formula (43) leads to the representation


Lx(t);p−Lf(t);p=Lf(t);p1−λLk(t);p−Lf(t);p=Lf(t);p11−λLk(t);p−1=λLf(t);pLk(t);p1−λLk(t);p.



(44)







Because of the Formula (38), we can represent a solution for the integral Equation (41) in the form


x(t)=f(t)+λ∫0th(t−τ)f(τ)dτ.



(45)







In this formula, the function h is the inverse Laplace transform of the function Lk(t);p/(1−λLk(t);p).



The same method can be employed for the initial value problems for the ordinary differential equations in form (33). Let us revisit the Formula (35) and represent the rational functions 1/L and M/L as sums of partial fractions


1L(p)=1(p−λ1)m1×…×(p−λk)mk=∑j=1k∑r=1mjcjr(p−λj)r,λj,cjr∈C



(46)






M(p)L(p)=∑j=1m∑r=1sjdjr(p−ηj)r,ηj,djr∈C.



(47)







The operational formula


Ltneat;p=∫0∞tne−t(p−a)dt=Γ(n+1)(p−a)n+1=n!(p−a)n+1,ℜ(p−a)>0



(48)




and the Borel convolution Formula (38) allow us to represent the solution of the initial value problem (33) in the form


x(t)=∫0tf(t−τ)∑j=1k∑r=1mjcjr(r−1)!τr−1eλjτdτ+∑j=1m∑r=1sjdjr(r−1)!tr−1eηjt.



(49)







It is worth mentioning that the Formula (48) is valid not only for the power functions in the form tn,n∈N, but also for the arbitrary power functions with the exponents α>−1:


Ltαeat;p=∫0∞tαe−t(p−a)dt=Γ(α+1)(p−a)α+1,α>−1,ℜ(p−a)>0.



(50)







In order to solve the linear ordinary differential equations with the polynomial coefficients, a slightly different procedure compared to the method demonstrated above is often employed. Its main element consists in representation of an unknown solution to a differential equation in the form similar to the form of the inverse Laplace transform


x(t)=∫Cϕ(p)eptdp



(51)




with an unknown contour C. In the process of solution, the contour C must be appropriately chosen [22].



To illustrate this technique, let us consider another—a little bit exotic—application of the Laplace integral transform technique, namely, for solving a functional equation. The Euler Gamma-function (40) is a generalization of the factorial function. It satisfies the functional equation


F(s+1)=sF(s),ℜ(s)>0,F(1)=1.



(52)







Let us show that the functional Equation (52) has a unique solution, namely, the Gamma-function in the functional space of smooth functions. To solve the functional Equation (52), the Laplace transform method mentioned above is employed. We look for the solutions F of (52) in form


F(s)=∫−∞∞ϕ(p)e−psdp.



(53)







Then the relation


sF(s)=s∫−∞∞ϕ(p)e−psdp=−ϕ(p)e−ps|−∞∞+∫−∞∞ϕ′(p)e−psdp



(54)




holds valid if the unknown function ϕ is a smooth function on R and the limits limp→±∞ϕ(p)e−ps exist and are finite. Moreover, let the relations limp→±∞ϕ(p)e−ps=0 hold true. At this stage we just suppose that the unknown function ϕ satisfies the conditions above. However, after the functional Equation (52) will be solved, these conditions can be directly verified.



Using the representation (that directly follows from (53))


F(s+1)=∫−∞∞ϕ(p)e−pse−pdp,








and the Formula (54), the functional Equation (52) is reduced to a differential equation for the unknown function ϕ:


ϕ(p)e−p=ϕ′(p).











The general solution formula of the above equation can be derived by separating the variables p and ϕ:


ϕ(p)=−Ce−e−p,C∈R.



(55)







Evidently, the function ϕ defined by the right-hand side of (55) satisfies the conditions limp→±∞ϕ(p)e−ps=0 for ℜ(s)>0. Substituting (55) into (53) and by the variables substitution x=exp(−p), we get the solution formula


F(s)=C∫0∞e−xxs−1dx,ℜ(s)>0.



(56)







The initial condition from (52) leads to a unique value of the constant C:


1=F(1)=C∫0∞e−xdx=C.








Thus, the solution Formula (56) coincides with the integral representation of the Gamma-function and the Gamma-function is the only smooth solution to the functional Equation (52) with the initial condition F(1)=1.



In our last example of this section, we prove the Formula (39) for the Beta-function by employing the Laplace transform technique. We start with an observation that the Beta-function B is the Laplace convolution of two power functions evaluated at the point x=1:


B(s,t)=(τs−1∗Lτt−1)(x)|x=1=∫0xτs−1(x−τ)t−1dτ|x=1.











Let us define an auxiliary function


β(s,t,x)=(τs−1∗Lτt−1)(x)=∫0xτs−1(x−τ)t−1dτ,x>0.








Its Laplace integral transform is given by the formula


L{β(x);p}=Γ(s)psΓ(t)pt=Γ(s)Γ(t)ps+t



(57)




because of the operational relation (50) with a=0 and the Borel convolution formula.



Again using the operational relation (50), we determine the function β with the Laplace transform given by (57) in the form:


β(s,t,x)=Γ(s)Γ(t)Γ(s+t)xs+t−1.



(58)







Specifying the Formula (58) for x=1, we receive the well-known representation of the Beta-function in terms of the Gamma-function:


B(s,t)=∫0xτs−1(x−τ)t−1dτ|x=1=β(s,t,1)=Γ(s)Γ(t)Γ(s+t).











As to the Mikusinski-type operational calculus associated with the Laplace integral transform, we start with the Volterra integral operator that is one of the generating operators for the Laplace integral transform. Indeed, this operator can be represented as the Laplace convolution of the functions f and {1} ({1} is the function that is identically equal to 1):


(Vf)(t)=(f∗L{1})(t)=∫0tf(τ)dτ.



(59)







Evidently, the Volterra integral operator is a linear operator on C[0,∞) with the Laplace convolution as its convolution in the sense of Formula (17).



As stated by the well-known Titchmarsh theorem [23], the space of functions C[0,∞) equipped with the operations + and ∗L is a commutative ring without divisors of zero. The basic idea behind the classical Mikusinski operational calculus is an extension of this ring to a field of convolution quotients according to the schema presented in the previous section. The so constructed Mikusinski operational calculus is closely related with the first derivative ddt that is a left-inverse operator to the Volterra integral operator (59). The projector of the Volterra integral operator is given by the expression


Pf=f−Vdfdt=f(0).



(60)




It is worth mentioning that the projector (60) determines the form of the initial conditions for the differential equations that can be solved by applying the Mikusinski operational calculus.




4. The Mellin Integral Transform


In this section, some basic definitions and formulas for the Mellin integral transform are presented. The Mellin integral transform is one of the main tools for a treatment of the integral transforms of the Mellin convolution type, their convolutions and generating operators. More details regarding the Mellin integral transform, its properties and particular cases can be found in [4,24,25,26,27,28,29].



The Mellin integral transform of a sufficiently well-behaved function f at the point s∈C is defined as


M{f(t);s}=f∗(s)=∫0+∞f(t)ts−1dt,



(61)




and the inverse Mellin integral transform as


f(t)=M−1{f∗(s);t}=12πi∫γ−i∞γ+i∞f∗(s)t−sds,t>0,γ=ℜ(s),



(62)




where the integral is understood in the sense of the Cauchy principal value.



The Mellin integral transform can be interpreted as the Fourier integral transform changed by a variables substitution and by a rotation of the complex plane:


M{f(t);s}=∫0+∞f(t)ts−1dt=∫−∞+∞f(et)eit(−is)dt=F{f(et);−is}.











The integral at the right-hand side of the Formula (61) is well defined, say, for the functions f∈Lc(ϵ,E),0<ϵ<E<∞ that are continuous on the intervals (0,ϵ],[E,+∞) and satisfy the estimates |f(t)|≤Mt−γ1 for 0<t<ϵ,|f(t)|≤Mt−γ2 for t>E, where M is a constant and γ1<γ2. Under these conditions, the Mellin transform f∗ exists and is an analytical function in the vertical strip γ1<ℜ(s)<γ2.



The Formula (62) for the inverse Mellin integral transform holds true at all points where the function f is continuous if f is piecewise differentiable, f(t)tγ−1∈Lc(0,+∞), and its Mellin integral transform f∗ is given by (61).



For the reader’s convenience, we present in this section some important theorems concerning the Mellin integral transform (for the proofs see e.g., [29]).



Theorem 1.

Let f be a function of bounded variation in the neighborhood of a pointt=x,tγ−1f(t)∈L(0,∞), and


F(s)=M{f(t),s}=∫0+∞f(t)ts−1dt,s=γ+iτ.



(63)







Then


f(x+0)+f(x−0)2=12πilimT→∞∫γ−iTγ+iTF(s)x−sds.



(64)









Theorem 2.

LetF(s),s=γ+iτbe a function of bounded variation in the neighborhood of a pointτ=x,F∈L(−∞,+∞), and


f(t)=M−1{F(s);t}=12πi∫γ−i∞γ+i∞F(s)t−sds.



(65)







Then


F(γ+i(x+0))+F(γ+i(x−0))2=limλ→∞∫1/λλf(t)tγ+ix−1dt.



(66)









To formulate other theorems, some special spaces of functions are first introduced. By Lp(μ(t);R+),p≥1 the space of functions summable in the Lebesgue sense on the interval (0,+∞) to the power p and with the weight μ(t)>0,t>0 is denoted. The norm of the space Lp(μ(t);R+) is defined by


∥f∥Lp(μ(t);R+)=∫0∞μ(t)|f(t)|pdt1/p<∞.



(67)







In particular, when μ(t)≡1,t>0, the space Lp(μ(t);R+) is reduced to the usual Lp-space. While estimating the integrals in Lp, the Hölder inequality


∫0∞|f(t)g(t)|dt≤∥f∥Lp(R+)∥g∥Lq(R+),



(68)




where 1p+1q=1 and the Minkowski inequality


∫0∞dx∫0∞f(x,y)dyp1/p≤∫0∞dy∫0∞|f(x,y)|pdx1/p



(69)




are often used.



Theorem 3.

Letf∈L2(t2γ−1;R+). Then the function


f∗(s,λ)=∫1/λλf(t)tγ+iτ−1dt,s=γ+iτ



(70)




converges in the norm ofL2(γ−i∞,γ+i∞)to a functionf∗and the function


f(t,λ)=12πi∫γ−iλγ+iλf∗(s)t−sds



(71)




converges in the norm ofL2(t2γ−1;R+)to the function f, i.e.,


limλ→∞∫0∞|f(t)−f(t,λ)|2t2γ−1dt=0.



(72)







Moreover, the Parseval equality


∫0∞|f(t)|2t2γ−1dt=12π∫−∞+∞|f∗(γ+iτ)|2dτ



(73)




holds true.





Theorem 4.

Letf∈L2(t2γ−1;R+),g∈L2(t1−2γ;R+)andf∗,g∗be their Mellin integral transforms, respectively. Then the Mellin-Parseval equality


∫0∞f(t)g(t)dt=12πi∫γ−i∞γ+i∞f∗(s)g∗(1−s)ds



(74)




holds true.





The Mellin convolution


(f∗Mg)(x)=∫0+∞f(x/t)g(t)dtt



(75)




is a very essential element of the integral transforms of the Mellin convolution type. Following [29], we formulate the following important theorem:



Theorem 5.

Letf(t)tγ−1∈L(0,∞)andg(t)tγ−1∈L(0,∞). Then the Mellin convolutionh=(f∗Mg)given by (75) is well defined,h(x)xγ−1∈L(0,∞)and the convolution formula


M(f∗Mg)(x);s=Mf(t);s×Mg(t);s



(76)




holds true along with the Parseval equality


∫0+∞f(x/t)g(t)dtt=12πi∫γ−i∞γ+i∞f∗(s)g∗(s)x−sds.



(77)









In particular, the Parseval equality (77) can be employed while treating integrals of the Fourier cos- and sin-transforms type for x>0:


Ic(x)=1π∫0∞f(t)cos(tx)dt,










Is(x)=1π∫0∞f(t)sin(tx)dt.











Indeed, the integrals Ic and Is can be interpreted as Mellin convolutions (75) of the function f and the functions


gc(t)=1πxtcos1t,gs(t)=1πxtsin1t,








respectively, evaluated at the point 1/x.



The Mellin integral transforms of the functions gc,gs are well known ([26] or [27]):


gc∗(s)=M{gc(t);s}=Γ(1−s)πxsinπs2,0<ℜ(s)<1,










gs∗(s)=M{gs(t);s}=Γ(1−s)πxcosπs2,0<ℜ(s)<2.











Thus the integrals Ic and Is can be represented by means of the Parseval equality (77) as follows:


Ic(x)=1πx12πi∫γ−i∞γ+i∞f∗(s)Γ(1−s)sinπs2xsds,x>0,0<γ<1,










Is(x)=1πx12πi∫γ−i∞γ+i∞f∗(s)Γ(1−s)cosπs2xsds,x>0,0<γ<2.











In [4], the method presented above was employed to introduce the notion of the generalized H-transform.



In the applications, elementary properties of the Mellin integral transform are often employed. They are presented in the rest of this section.



Let us denote by ↔M the juxtaposition of a function f with its Mellin transform f∗. The basic Mellin transform rules are as follows:


f(at)↔Ma−sf∗(s),a>0,



(78)






tpf(t)↔Mf∗(s+p),



(79)






f(tp)↔M1|p|f∗(s/p),p≠0,



(80)






f(n)(t)↔MΓ(n+1−s)Γ(1−s)f∗(s−n)iflimt→0ts−k−1f(k)(t)=0,k=0,1,…,n−1,



(81)






tddtnf(t)↔M(−s)nf∗(s),



(82)






ddttnf(t)↔M(1−s)nf∗(s).



(83)







In [24,26,27], the Mellin transforms of the elementary and many of the special functions are given. Here we list just some basic Mellin transform formulas that are often used in applications.


e−tp↔M1|p|Γ(sp)ifℜ(sp)>0,



(84)






(1−tp)+α−1Γ(α)↔MΓ(sp)|p|Γ(sp+α)ifℜ(α)>0,ℜ(sp)>0,



(85)






(tp−1)+α−1Γ(α)↔MΓ(1−α−sp)|p|Γ(1−sp)if0<ℜ(α)<1−ℜ(sp),



(86)






Γ(ρ)(1+t)−ρ↔MΓ(s)Γ(ρ−s)if0<ℜ(s)<ℜ(ρ),



(87)






1π(1−t)↔MΓ(s)Γ(1−s)Γ(s+1/2)Γ(1/2−s)if0<ℜ(s)<1,



(88)






sin(2t)π↔MΓ(s+1/2)Γ(1−s)if|ℜ(s)|<1/2,



(89)






πerf(t)↔MΓ(s+1/2)Γ(−s)Γ(1−s)if−1/2<ℜ(s)<0,



(90)






Jν(2t)↔MΓ(s+ν2)Γ(1+ν2−s)if−ℜ(ν2)<ℜ(s)<34,



(91)






2Kν(2t)↔MΓ(s+ν2)Γ(s−ν2)ifℜ(s)>|ℜ(ν)|2,



(92)






Γ(a)Γ(c)1F1(a;c;−t)↔MΓ(s)Γ(a−s)Γ(c−s)if0<ℜ(s)<ℜ(a),



(93)






|1−t|μ/2Pνμ(t)↔MΓ(s)Γ(s+12)Γ(1+ν−μ2−s)Γ(−μ+ν2−s)π2μ+1Γ(1−μ+ν)Γ(−μ−ν)if0<ℜ(s)<min{1+ℜ(ν−μ)2,−ℜ(ν+μ)2},



(94)






Γ(a)Γ(b)Γ(c)2F1(a,b;c;−t)↔MΓ(s)Γ(a−s)Γ(b−s)Γ(c−s)if0<ℜ(s)<min{ℜ(a),ℜ(b)},



(95)






(1−t)+c−1Γ(c)2F1(a,b;c;1−t)↔MΓ(s)Γ(s+c−a−b)Γ(s+c−a)Γ(s+c−b)if0<ℜ(s),0<ℜ(c),0<ℜ(s+c−a−b),



(96)






pFq((a)p;(b)q;−t)↔M∏j=1qΓ(bj)∏j=1pΓ(aj)∏j=1pΓ(aj−s)Γ(s)∏j=1qΓ(bj−s)if0<ℜ(s)<min1≤j≤pℜ(aj),bk≠0,−1,…,1≤k≤qand(1)q=p−1or(2)q=por(3)q=p+1andℜ(s)<14−12ℜ∑j=1paj−∑j=1qbj,



(97)




where Jν is the Bessel function, Kν is the Macdonald function, Pνμ denotes the Legendre function of the first kind, and pFq((a)p;(b)q;z) stands for the generalized hypergeometric function.



As to applications of the Mellin integral transform, we mention here its applications in the theory of the integral transform of the Mellin convolution type [4], for evaluation of improper integrals [26,27], in the theory of special functions of the hypergeometric type [26], for construction of the operational calculi of Mikusinski type for the compositions of the fractional Erdelyi-Kober derivatives [5], for derivation of the fundamental solutions to the space-time fractional diffusion equation [30,31], for analysis of the multi-dimensional fractional diffusion-wave equations [32], for derivation of the subordination principles for the multi-dimensional space-time-fractional diffusion-wave equation [33], and for several other important problems in Fractional Calculus [34].




5. Conclusions


In this survey article, we considered some elements of theory and applications of the integral transforms of mathematical physics. These integral transforms are not arbitrary integral transforms but those possessing well defined inverse integral transforms and generating operators. The basic constructions for most of applications of these integral transforms are their convolutions and generating operators. They lead to some simple and efficient solution methods for the corresponding integral, differential, and integro-differential equations. Another important technique for applications of the integral transforms is the Mikusinski-type operational calculi that were also discussed in the article.



The general schemata for applications of the integral transforms of mathematical physics were illustrated in detail by considering the Laplace integral transform. Similar, but more complicated constructions and solution methods are valid for the general H-transform as a generalization of the Laplace integral transform. In this case, the “integral” generating operators are in form of the compositions of the fractional Erdelyi-Kober right- and left-hand sided fractional integrals and derivatives. Their left-inverse “differential” operators are in form of certain compositions of the fractional Erdelyi-Kober left- and right-hand sided fractional derivatives and integrals. The convolutions of the general H-transform can be constructed in explicit form as some multiple integrals.



In the article, some basic elements of the Mellin integral transform were discussed, too. The Mellin integral transform is a foundation for the theory of the Mellin convolution type integral transforms in general and of the H-transform in particular. For details we refer the interested readers to [4] or [5,6,7,8].







Funding


This research received no external funding.




Conflicts of Interest


The author declares no conflict of interest.




References


	



Davies, B. Integral Transforms and Their Applications; Springer: New York, NY, USA, 2002. [Google Scholar]

	



Debnath, L.; Bhatta, D. Integral Transforms and Their Applications, 3rd ed.; Chapman and Hall/CRC: Boca Raton, FL, USA, 2014. [Google Scholar]

	



Tranter, C.J. Integral Transforms in Mathematical Physics; Methuen: York, UK, 1971. [Google Scholar]

	



Yakubovich, S.B.; Luchko, Y.F. The Hypergeometric Approach to Integral Transforms and Convolutions; Kluwer: Amsterdam, The Netherlands, 1994. [Google Scholar]

	



Luchko, Y.F. Some Operational Relations for the H-Transforms and Their Applications. Ph.D. Thesis, Belarusian State University, Minsk, Belarus, 1993. (In Russian)[Google Scholar]

	



Luchko, Y. Operational method in fractional calculus. Fract. Calc. Appl. Anal. 1999, 2, 463–489. [Google Scholar]

	



Luchko, Y. Operational rules for a mixed operator of the Erdélyi-Kober type. Fract. Calc. Appl. Anal. 2004, 7, 339–364. [Google Scholar]

	



Luchko, Y. Integral transforms of the Mellin convolution type and their generating operators. Integr. Transf. Spec. Funct. 2008, 19, 809–851. [Google Scholar] [CrossRef]

	



Fedoryuk, M.V. Integral transforms. Itogi Nauki i Techniki 1986, 13, 211–253. (In Russian) [Google Scholar]

	



Berg, L. Operational calculus in linear spaces. Stud. Math. 1961, 20, 1–18. [Google Scholar][Green Version]

	



Ditkin, V.A.; Prudnikov, A.P. Operational Calculus; Nauka: Moscow, Russia, 1975. (In Russian) [Google Scholar]

	



Erdelyi, A. Operational Calculus and Generalized Functions; Holt, Rinehart and Winston: New York, NY, USA, 1962. [Google Scholar]

	



Mikusinski, J. Operational Calculus; Oxford University Press: Oxford, UK, 1959. [Google Scholar]

	



Yosida, K. Operational Calculus. A Theory of Hyperfunctions; Springer: Berlin, Germany; New York, NY, USA, 1984. [Google Scholar]

	



Dimovski, I.H. Convolutional Calculus; Publ. House of the Bulgarian Academy of Sciences: Sofia, Bulgaria, 1982. [Google Scholar]

	



Churchill, R.V. Operational Mathematics; McGraw-Hill: New York, NY, USA, 1958. [Google Scholar]

	



Doetsch, G. Handbuch der Laplace-Transformation; Bd. I-IV; Birkhauser Verlag: Basel, Switzerland, 1956. [Google Scholar]

	



Oberhettinger, F. Tables of Laplace Transforms; Springer: New York, NY, USA, 1973. [Google Scholar]

	



Prudnikov, A.P.; Brychkov, Y.A.; Marichev, O.I. Integrals and Series: Direct Laplace Transforms; Gordon and Breach: New York, NY, USA, 1992; Volume 4. [Google Scholar]

	



Prudnikov, A.P.; Brychkov, Y.A.; Marichev, O.I. Integrals and Series: Inverse Laplace Transforms; Gordon and Breach: New York, NY, USA, 1992; Volume 5. [Google Scholar]

	



Widder, D.V. The Laplace Transform; Oxford University Press: Oxford, UK, 1946. [Google Scholar]

	



Evgrafov, M.A. Series and integral representations. Itogi Nauki i Techniki 1986, 13, 5–92. (In Russian) [Google Scholar]

	



Titchmarsh, E.C. The zeros of certain integral functions. Proc. Lond. Math. Soc. 1926, 25, 283–302. [Google Scholar] [CrossRef]

	



Erdelyi, A.; Magnus, W.; Oberhettinger, F.; Tricomi, F.G. Tables of Integral Transforms; McGraw-Hill: New York, NY, USA, 1954; Volumes 1–2. [Google Scholar]

	



Gradshteyn, I.H.; Ryzhik, I.M. Tables of Integrals, Series, and Products, 6th ed.; Academic Press: San Diego, CA, USA, 2000. [Google Scholar]

	



Marichev, O.I. Handbook of Integral Transforms of Higher Transcendental Functions, Theory and Algorithmic Tables; Ellis Horwood: Chichester, UK, 1983. [Google Scholar]

	



Prudnikov, A.P.; Brychkov, Y.A.; Marichev, O.I. Integrals and Series: More Special Functions; Gordon and Breach: New York, NY, USA, 1989; Volume 3. [Google Scholar]

	



Prudnikov, A.P.; Brychkov, Y.A.; Marichev, O.I. Evaluation of Integrals and the Mellin Transform. Itogi Nauki i Tekhniki Seriya Matematicheskii Analiz 1989, 27, 3–146. (In Russian) [Google Scholar] [CrossRef]

	



Titchmarsh, E.C. Introduction to theory of Fourier integrals; Oxford University Press: Oxford, UK, 1937. [Google Scholar]

	



Gorenflo, R.; Iskenderov, A.; Luchko, Y. Mapping between solutions of fractional diffusion-wave equations. Fract. Calc. Appl. Anal. 2000, 3, 75–86. [Google Scholar]

	



Mainardi, F.; Luchko, Y.; Pagnini, G. The fundamental solution of the space-time fractional diffusion equation. Fract. Calc. Appl. Anal. 2001, 4, 153–192. [Google Scholar]

	



Boyadjiev, L.; Luchko, Y. Mellin integral transform approach to analyze the multidimensional diffusion-wave equations. Chaos Solitons Fract. 2017, 102, 127–134. [Google Scholar] [CrossRef]

	



Luchko, Y. Subordination principles for the multi-dimensional space-time-fractional diffusion-wave equation. Theory Probab. Math. Stat. 2018, 98, 121–141. [Google Scholar]

	



Luchko, Y.; Kiryakova, V. The Mellin integral transform in fractional calculus. Fract. Calc. Appl. Anal. 2013, 16, 405–430. [Google Scholar] [CrossRef]







© 2019 by the author. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).






nav.xhtml


  mathematics-07-00254


  
    		
      mathematics-07-00254
    


  




  





