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1. Introduction

Let H be a real Hilbert space and @ # C C H be a closed convex set. Let A : C — H be a nonlinear
operator. Let us consider the variational inequality problem (VIP) which aims to find x* € C verifying

(Ax*,x —x*) >0, VxeC. (1)

We denote the solution set of VIP (1) by VI(C, A).

In [1], Korpelevich suggested an extragradient method for solving VIP (1). Korpelevich’s method
has been studied by many authors, see e.g., references [2-13] and references therein. In 2011, Ceng,
Ansari and Yao [14] considered the following algorithm

ugr1 = PelagyVuy + (I — agpF)Tug], Vk > 0. ()
They showed that {u;} strongly converges to x' € Fix(T) which solves the following VIP

((uF —yV)x',x" — %) <0, Vx € Fix(T). 3)
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Ceng, Guu and Yao [15] presented a composite implicit scheme
Xy = (I — GtB)Txt + Gt[Txt — t(yFTxt — ’yVXt)], (4)

and another composite explicit scheme

{yn = (I —anuF)Txy + anyVxy, 5)

Xn41 = (I - ,BnB>Txn + ,Bnyn, Vn > 0.

Ceng, Guu and Yao proved that {x;} and {x,} converge strongly to the same point x" € Fix(T),
which solves the following VIP

(B—Daxt,x" —%) <0, V& eFix(T). (6)

In [2], Peng and Yao considered the generalized mixed equilibrium problem (GMEP) which aims
to find x* € C verifying

o(y) — p(x") + 0" y) + (Ax,y—x") >0, WyeC, @)

where ¢ : C — R is a real-valued function and ® : C x C — R is a bifunction. The set of solutions of
GMEP (7) is denoted by GMEP(®, ¢, A).

It is clear that GMEP (7) includes optimization problems, VIP and Nash equilibrium problems as
special cases.

Special cases:

(i) Letting ¢ = 0, GMEP (7) reduces to find x* € C verifying

(GEP): O(x",y)+(Axt,y—x") >0, wyecC

which was studied in [13,16].
(i) Letting A = 0, GMEP (7) reduces to find x' € C verifying

(MEP):  ©(x"y) +¢(y) —9(x") >0, VyeC,

which was considered in [17].
(iii) Letting ¢ = 0 and A = 0, GMEP (7) reduces to find x* € C verifying

(EP): O(x'y) >0, WecC,

which was discussed in [18,19].
GMEP (7) has been discussed extensively in the literature; see e.g., [6,7,20-32].
Now, we consider the minimization problem (CMP):
. , 3
minf () ®)
where f : C — Ris a convex and continuously Fréchet differentiable functional. Use E to denote the
set of minimizers of CMP (8).

For solving (8), an efficient algorithm is the gradient-projection algorithm (GPA) which is defined
by: for given the initial guess xy,

Zg1 = Pe(zk —uVf(z)), Vk=>0, )

or a general form,
znt1 = Pc(zk — mVf(zk)), Vk=0. (10)
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It is known that S := Pc(I — AV ) is a contractive operator if V f is a-strongly monotone and
L-Lipschitzand 0 < A < %—”2‘ In this case, GPA (9) has strong convergence.
Recall that the variational inclusion problem is to find a point x € C verifying

0 € Bx 4 Rx. (11)

where B : C — H is a single-valued mapping and R is a multivalued mapping with D(R) = C.
Use I(B, R) to denote the solution set of (11).

Taking B = 0 in (11), it reduces to the problem introduced by Rockafellar [33]. Let R : D(R) C
H — 2" be a maximal monotone operator. The resolvent operator Jg 4 : H — D(R) is defined by
Jra = (I+ AR)’l, Vx € H. In [34], Huang considered problem (11) under the assumptions that B is
strongly monotone Lipschitz operator and R is maximal monotone. Zeng, Guu and Yao [35] discussed
problem (11) under more general cases. Related work, please refer to [36,37] and the references therein.

In the present paper, we introduce two composite schemes for finding a solution of the CMP (8)
with the constraints of finitely many GMEPs and finitely many variational inclusions for maximal
monotone and inverse strongly monotone mappings in a real Hilbert space H. Strong convergence
of the suggested algorithms are given. Our theorems complement, develop and extend the results
obtained in [6,15,38], having as background [39-46].

2. Preliminaries

Let C be a nonempty closed convex subset of a real Hilbert space H. Recall that the metric
projection Pc : H — C is defined by ||x — Pcx|| = infyec [|x — y|| =: d(x,C). Amapping A: H — H
is called strongly positive if (Ax,x) > ||x||?>, Vx € H for ¥ > 0. A mapping F : C — H is called
Lipschitz if ||[Fx — Fy|| < L||x —y||, Vx,y € C for some L > 0. F is called nonexpansive if L = 1 and it
is called contractive provided L € [0,1).

Proposition 1. Let x € H and z € C. Then, the following hold

o z=Px & (x—zz—x")>0, VxfeC

o z=Pox & |x—z|P+|x" —z|2 < ||]x -T2, VaxteC;
o (Pcx — Pext,x —xt) > || Pcx — Pext|?, vat € H.

Definition 1. A mapping F : C — H is called

e monotone if (Fx — Fxt,x — x*) >0, Vxxtec

e y-strongly monotone if (Fx — Fx,x — x) > y||x — x*||?, Vx,y € C for some y > 0;

e w-inverse-strongly monotone (ism) if (Fx — Fx',x — x™) > a||[Fx — Fx'||?, Vx,x" € C for some a > 0.
In this case, we have for all u, utec,

(1 = pF)u = (1= pFyut |2 < [lu — || + pu (e — 20) || Fu — Fu' |2, (12)
where p > 0 is a constant.

Definition 2. A mapping T : H — H is called firmly nonexpansive if 2T — I is nonexpansive. Thus, T is
firmly nonexpansive iff T = %(I +S), where S : H — H is nonexpansive.

Let ® : C x C — R be a bifunction satisfying the following assumptions:

(Al) O(x,x) =0forallx € C;

(A2) O(x,x") +O(xt,x) <Oforall x,x" € G

(A3) forx,xt,yeC, limsup, o+ O(ty + (1 —t)x, ) < O(x, xh);
(A4) O(x,-) is convex and lower semicontinuous for each x € C.
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Let ¢ : C — R be a lower semicontinuous and convex function satisfying the following conditions:

(B1) foreach x € H and r > 0, there exists a bounded subset D, C C and yy € C such that for any
z € C\ Dy,

1
Oz yx) + ¢(yx) = ¢(2) + ~(yx =2,z = x) <0;
(B2) Cisabounded set.

Let r > 0. Define a mapping Tr(®"’)) : H — C by the following form: for any x € H,
1
Tr@"”)(x) ={xtec: 0N y) +oly) — o(x") + ;(xJr —x,y—x")>0,vyeC}.

If p=0,then TO(x) := {xT € C: O(x",y) + + (x" —x,y —x") > 0,y € C}.

Proposition 2 ([17]). Let a bifunction ® : C x C — R satisfying assumptions (A1)—(A4). Let a convex
function ¢ : C — R be a proper lower semi-continuous. Assume conditions (B1) or (B2) holds. Then, we have

e VxeH, Tr@’q’) (x) # @ is single-valued;
. Tr(g’(P) is firmly nonexpansive;

o Fix(Tr@"”)) = MEP(O, ¢);

e  MEP(O, ¢) is convex and closed;

o Vs t>0, T 9%zt - Tt((a’qo)z‘LH2 < ST*t<TS(®’(P)zJr - Tt(®’(’])z+, T(O9) 2t z") forzt € H.

Proposition 3 ([41]). We have the following conclusions:

o Amapping T is nonexpansive iff the complement I — T is L-ism.
o Ifamapping T is a-ism, then yT is %—ism where v > 0.
o Amapping T is averaged iff the complement I — T is a-ism for some & > 1/2.

Lemma 1. Let E be a real inner product space. Then,
x4 2t < Jlx))? +2(xt, x + xT), Va2t € E.

Lemma 2. In a real Hilbert space H, we have the following results

o lx—xT? = |x]|> — 2(x — xT, xT) — ||xT||2, Vx,x" € H;

o JlAx +axt|? = Allx|)? + ql|xT ]2 = Aqyllx — xt|]2, Vx,xt € Hand A,y € [0, 1] with A+ = 1;
o  {uu} C Hisasequence satisfying u, — x. Then,

limsup ||u, — x"||? = limsup ||u, — x||* + ||x — x7||?, Vx" € H.
n—o00 n—00

Lemma 3 ([45]). Let H be a real Hilbert space and @ # C C H be a closed convex set. Let T : C — C be a
k-strictly pseudocontractive mapping. Then,

o ITx—Ty| < Fllx—yllvxyeC.
e | — T isdemiclosed at 0.
o  Fix(T) of T is closed and convex.

Lemma 4 ([39]). Let H be a real Hilbert space and @ # C C H be a closed convex set. Let T : C — C bea
k-strictly pseudocontractive mapping. Then,

ly (e = x%) 4 p(Tx = TN | < (v + p)llx = 2], vx,x" € C,
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where y > 0 and yu > 0 with (v + p)k < 7.

Let T : C — C be a nonexpansive operator and the operator F : C — H be k-Lipschitzian
and 7-strongly monotone. Define an operator T* : C — H by T*x := Tx — AuF(Tx), Vx € C,
where A € (0,1] and p > 0 are two constants.

Lemma 5 ([42]). Let 0 < u < 12{—'27 Then, for ¥x,y € C, we have ||T*x — T'y| < (1 — A1)||x — v,
where T =1 — /1 — u(2y — ux?).
Lemma 6 ([46]). Let {a,} C [0,+0), {wn} C [0,1], {n} and {r,} C [0, +o0) be four sequences. If

(i) Yo ogwn =0c0and ) > 1y < 00;
(ii) either limsup,,_, ., 6y < 0o0r Ynown|du| < oo;
(iii) a1 < (1 — wp)an + wnby + 1y, ¥n > 0.

Then, limy, 00 4y = 0.
Lemma 7 ([44]). Let bounded linear operator A : H — H be y-strongly positive. Then, ||I — pA|| <1 —p¥
provided 0 < p < || Al| L.

Let LIM be a Banach limit. Then, we have following properties:

o g, <cyn>1=LIM,a, < LIM,cy,;
e LIMya,+n = LIM;a,, where N is a fixed positive integer;
o liminf, o a, < LIMya, <limsup, . a,, V{a,} € 1.

Lemma 8 ([40]). Assume that the sequence {s,} € I satisfy LIM,s, < M, where M is a constant.
Iflimsup,, . (Sp4+1 — Sn) < 0, then limsup, _,  sp < M.

Let the operator R : D(R) C H — 2H be maximal monotone. Let A, u > 0 be two constants.

Lemma 9 ([43]). There holds the resolvent identity

Jrax = ]R,y(%x +(1- %)]R,Ax), Vx € H.

Remark 1. The resolvent has the following property
t t 1 t 1 t t
rax = gl < Nl = 274 1A = (S rax = 2l + 2l = T ), V2t € B (13)
Lemma 10 ([34,35]). Jgr a satisfies

(Jrax = JrAY, x —y) = |[Jrax — JRAY|%, Vx,y € H.
3. Main Results

Let H be a real Hilbert space and @ # C C H be a closed convex set. In what follows, we assume:

f : C = Ris a convex functional with gradient V f being L-Lipschitz, the operator F : C — H
is 77-strongly monotone and «-Lipschitzian, R; : C — 2H is a maximal monotone mapping and
B;: C — H(i = 1,..,N) is y;-ism, ©; : C x C — R satisfies (A1)~(A4), ¢; : C = RU {+oo} is a
proper convex and lower semicontinuous satisfying (B1) or (B2), and A; : C — H is p;-ism for each
i=1.,M

V : C — His a nonexpansive mapping and A : H — H is a y-strongly positive bounded linear
operatorsuch1 <4 <2,0 < pu < i—ZandO <y <twitht=1—/1—u(2y — ux?);
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Pc(I = AV f) = s¢I + (1 — s¢) T where T; is nonexpansive, s; = # € (0, %) and A;: (0,1) —
(0, 2) with lim;_,0 Ay = 2;

The operator AN : C — C is defined by ANx = TRy (I = ANGBN) -+ - JRy Ay, (I = A eBr)x, t €
(0,1), for {Aj} C [a;,b;] C (0,2y), i=1,..,N;

The operator AYY : C — C is defined by ANx = JRy AN (I = ANuBN) - 'IRMLn(I — Ay,,B1)x with
{Ain} Cla;, bi] C (0,21;) and limy, 00 Aj, = Aj, foreachi=1,..,N;

The operator AM : C — C is defined by AMx = Tr(gf/”(’]’”)(l — rmtAMm) - --Tr(sl’(’]l)(l
rpdr)x, t € (0,1), for {rj:} C [cj,dj] € (0,2p), j=1,.... M;

The operator AM : C — C is defined by AMx = Tr(gfl/”(PM)(I — rvnAMm) - Ty(ﬁl’%)(l —rnAp)x
with {r;,} C [c;,d;] C (0,2y;) and limy, ;0 7j,, = 7/, foreach j = 1,.., M;

Q:= N1, GMEP(0;, ¢;, Aj) "N I(B;, R)) N E # ©;

{an} C [0 1], {su} C (0, mm{z/ 1AIT}) and {st} e g mingr, 2= 21y C C (0,min{3, [|A[|7'}).

Next, set

Ay = JRoa, (T = AisBi) IR a0, (I = Aim1iBica) -+ Jryay (I — A1eBa), VE € (0, 1),
Al = TR, (T = AinB)JR, 01, (I = AicinBi) -+ Jryay, (I — A1uB1), ¥ >0,

N = T (1= AT (1= 1y g Ay ) - T (L= 1y 4 Ay), WE € (0,1),

it Ti—1,t Tt

and
A]n _ T(®]r<l’/)(1 . rj,nAj)T((ajfl/(Pj*l)(I . T’j71,nAj71) . Tr(l(jlr(l’l)(l _ rl,nAl)r Vn >0,

Ti—1n

forj=1,.,Mandi=1,.., N,AY =A) =Tand A) = A) = I.

By Proposition 3, /\V fis H—lsm for A > 0. In addition, hence, I — AVf is %—averaged. Itis
clear that Pc(I — A4V f) is #—averaged foreach Ay € (0, 2). Thus, Pc(I — MV f) = sl + (1 —s1) Ty,
where T; is nonexpansive and s; := s;(A;) = # € (0, %) for each A; € (0, %) Similarly, for each
n>0,Pc(I—A,Vf)is %-averaged for each A, € (0, %) and Pc(I — Ay Vf) = spl + (1 — sp) Ty
Please note that Fix(T;) = Fix(T,) = &. Since {A;;} C [a;,b;] C (0,27;), by (12) and Lemma 10,
we deduce

IANx = ANYI = [[Tryan, (T = A BN)AY 12 = Try an, (I = AngB)AY "yl < Jlx = yll.

On the other hand, since {r;;} C [c;, d;] C (0,2y;), according to (12) and Proposition 2, we get

(© — O, —
|t =AMyl = [T (1= rage A M e = TP (1= rag An) AM 1|
<0 = ragpA) A x = (= rags Ap) My |
< [x -yl

Next, we present the following net {x¢}, €(Omin{1,21 })’

) Ot P oy,
up = Tr(Mﬁw P(T — rag tt‘lz\/J)Tr(Miwl,t1 P (]~ rpg 1 Apia) - Tr(l,t] P01 — 11 Ar)x,

0t = JrRyAn, (I = ANBN) IRy An-r, (T = AN—1,6BN-1) -+ JRy Ay, (I — AqtB1)ut, (14)
= Pc[(l — StA)TtZ)t + St[th — t(}lFth — 'yTtvt)].

We prove the strong convergence of {x;} as t — 0 to a point ¥ € Q) which solves

(A=V)3p—%) >0, VpeQ. (15)
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Let xg € C, define a sequence {x, } as follows

O, OM_1,9M— 0,
ttn = Toa P (1= gy A) T P (1= rygg g Apie) -~ T (I = 11,0 Ar) 2,
On = JRy An (T = ANuBN) IRy 1 AN 10 (I = AN—10BN-1) == TRy A, (T — A1, B1)tin, 16)
Yn = an YTy + (I — aypuF)Vxy,

xn+1 - PC[(I - SnA)Tnvn + Snyn], Vi/l 2 O.

We will show the convergence of {x,} as n — oo to ¥ € (), which solves (15).

Now, for t € (0,min{1, %}), and s; € (0,min{}, [|A[~'}), let Q¢ : C — C be defined by
Qix = Pc[(I — stA)TtAfVAfVIx + s¢[Vx — t(uFVx — 'yTtAf]Af/Ix)], Vx € C. By Lemmas 5 and 7,

we have
1Qex — Quyll < ||(I— st A)TIAN AMx — (I — s, A)TLAN AMy |
+ 5t/ (I = tuF)Vx + tyTiIANAMx) — (I — tuF)Vy + tyTiAN AMy) |
< (T=sy)llx —yll +s:[(1 = tT)[[x =y + tyl[x —yll]
=[1—s(y—14+tt—7)]llx—yl.

It is easy to check that 0 < 1 —s¢(7 —1+t(t — 7)) < 1. Therefore, Q; : C — C is contraction and
Q¢ has a unique fixed point, denoted by x;.

Proposition 4. Let {x;} be defined via (14). Then

, . . 27

(i) {x¢} is bounded for t € (0, min{1, % );

(ii) limt_>0 th — TtxtH = 0, limt_>0 ||xt — A%th” = 0 and limt_>0 ||Xt — AN.’X{H =0 PVOUidEd
limy 0 A = 2;

(ii) xt, 8¢, Aj g, rjpare locally Lipschitzian.

Proof. (i) Pick up p € Q. Noting that Fix(T;) = E, Alp = p and A]t'p =pforalli € {1,..,N} and
j € {1,.., M}, by the nonexpansivity of T;, A} and A} and Lemmas 5 and 7 we get

lxe = pll < (1 = st A)TeAN AV xe — (1= st A)TEAN AV p|| + s¢[ (I = tuF) Vi + 1y AN MMy — Apl|
< sel|(I = tuF)Vay — (I = tuF)Vp + HYTLAN Ay = uFVp) + Vp — Ap|
+ (1= s | TeAY MM x = AN AV p|
< [ =se(¥ = 1+tr —)llxe = pll + st (t[(v] = wFV)pll + [(V = A)pl]).
Thus,
(V= A)pll + [[(vI = pEV)p||
7-1 '
Hence {x;} is bounded and so are {Vx;}, {us}, {v¢}, { Ty} and {FVx;}.
(ii) From (14), we obtain

[lxe = pll <

th — Ttvt|| = HPc[(I — StA)TtZ)t + St((I — t]lF)th + t’)/TtUt)] — PCTtUt”

(17)
< s¢||Vxy — ATyve|| + t||yTror — pFVxe|| — 0 as t — 0.

From (12), we have

lor = pII* < [[Abus — pl|?
= TRy, (I = AigB) A e — Jron,, (T = Ay By p 12 (18)
< [lxr = plI> + Aie(Aig — 27)|1BiAL " ur — Bip| %,
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and ]
lur = plI* < | A4xe = pl?
(©;,9)) j—1 (©;,9))
=Ty, (I =1 AAY e =Ty (1= 10 Ap)pl1? (19)
i—1
< e = pIP + 7 (rjp = 20 1| A 2 = Ajp|*.
Simple calculations show that
xt—p=x¢ —wr+ (I — s A)(Trop — Tep) + se[(I — tuF)Vxy — (I — tuF)Vp 0)
+ty(Tyor — Tep) + t(yI — uFV)p] +s:(V — A)p,

where wy = (I — st A)Tyve + s¢(tyTyve + (I — tuF) Vxy). Then, by the nonexpansivity of T;, Proposition 1,
and Lemmas 5 and 7, from (18)—(20) we obtain that
llxt = plI* < ((I=stA)(Tror — Tep), xt — p) +s:e[((I — tuF)Vxy — (I — tuF)Vp, xt — p)
+ ty((Teor — Tep), xe — p) + H((y] — pEV)p, xt — p)] +s:((V — A)p, xt — p)
1 i
< (P=se(y = 7)) 5 lllxe = PIZ+7je(rye — 2u) | A8 xe — Ajp 2
+ Aip (A = 20) 1B s = Bip|* + llxe — pl1P] + se[(1— #7) [1xe — pl|? (21)
+ | (vI = uEV)plll[xe = pll] +sel[ (V= A)pllllxe — pll

1—si(7—ty 1
< o= pl2 = T o A6 Al + A2 — i)

< [1BiAE e = Bip|P] + e (¢l (9] = pEV)pll + (V= A)plD % = pll,

which together with {A;;} C [a;,b;] C (0,27;),i = 1,...,Nand {rj;} C [cj,d;] C (0,2p;),j = 1,.... M,
implies that

1—si(y—t i1 .

LTI oy — )40 — Al a2 — ) B s — Bipl
1—si(y—t i1 o

< t(+7)[”j,t(zﬂj — )AL xe = Ajpll? + Mg (20 — Ag) BNy ur — Bipl[?]

<se(t| (I = pEV)pll+ [ (V = A)plDlIx = pll.
Since lim;_,g s; = 0 and {x;} is bounded, we have
. i . i—1 ) .
}IL% ||BZAlt 1ut - Blp” =0and }131’6 ||A]Ai Xt — A]pH =0 (l S {1,..., N},] € {1,...,M}). (22)
According to Proposition 2, we have

‘ - .
A} — plI* < ((I—ri AN xe — (I—1j,A))p, Mx; — p)

A

§(||A]t xe = pllP + | Afxe — pl> = 18] x — Ajxe — 7 (AjA] xe — Ajp)|1%),
which implies that
. - > . >
A — plI> < A xr = pll> = 18] x = Axy — 7 (AN x — Ajp) 1P 23
. . L . -
<l = plI> = A} e — Axe||> + 27| A} e — A ||| AjA] x — Ajp|.-

Also, by Lemma 10, we obtain that for each i € {1,..., N}
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[Afus — pl|* < (1= ABi) AL up — (1= AiBy)p, Abur — p)
_1

2

— I(I = A B) Aty — (1= AyBi)p — (Ajur — p)|1?)

1 ‘ . ' .
< E(Hut—PHer [ Ajur — pl|* = [N Tue — Ay — Ay (BiAL uy — Bip) |12),

(1L = Ay BN Mg — (1= Ay By)pl|* + | Ajue — p|?

which implies

IAfur = pl* < flue = pI? = 1A} — Mgy = Mg (B} e — Bip) |1

2 . a 4 N (24)
<l = plI> = A e = Adue | + 2244 [ A] 1t — Afuae[[| BN e — Bip|-

Thus, utilizing Lemma 1, from (21), (23) and (24) we have

_ 1 ;
[t = pl* < (1 —s¢(7— t7)) 5 ([[Ague — Pl + llxe = plI?) + sl (V = A)pll |2 — pll
+st[(1—t0)||xe = pl* + £l (YT = wFV)pll[|x: = pll]
_ 1 i—1 ‘
< (X =se(y = t7))5lllxe = pIP = 187 — A
- . » - ,
2087w = A ||| AL xe = Ajpl| = 1A — Afu]|?
+ 22 || AF e — Ajue ||| BiA e — Bipl| + 1x: — pl|?]
+si[(1 = t0)[lxe = pl® + ¢ (v] = wFV)plll|xe = pll] + e[ (V = A)pll[|x: = pl|
1—si(y—ty i—1 ‘ i ;
< el — LTI gy A4 A — A)
i—1 ‘ i—1
FrilA x = Mg ||[| AN xe = Ajpll + A
+se(t][(v] = uFV)pll + [[(V = A)pl)[xe — pll,

Ay — A ||||BiAy 'uy — Bip|

which together with {A;;} C [a;, b;] C (0,27;) and {r;;} C [cj,d}] C (0,2p;), leads to

1—si(y—ty)
2

- . - N . 5
< di| A x = M| AN x = Agpll + BillAF e — Afur|[[|BiAY e — Bipl|
+ st (t[(yI = wEV)pl + [[(V = A)p[D[x: = pll.

- . 5 ,
(a2 = A + AL e — Ajue|?)

Since lim;_,¢ sy = 0, lim;_, ||AjA{71xt — Ajp|| = 0and lim; o \|BiAi*1ut — Bip|| = 0 (due to (22)),
we deduce from the boundedness of {x;}, {Alu;} and {A}x:} that

. i - . i—1 ‘
11_% AT uy — Aluy|| = 0 and }1_1)18 &) xp — Alxe|| = 0. (25)
Hence we get

e = uell < | APxe = Al + (18700 = A || + -+ A e — A x|

(26)
—0ast—0,
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and
e —vel| < [[APue — Aguel| + [ Afue — Afuel| 4 -+ [|AN e — A ue| @)
—0ast—0.
So, taking into account that ||x; — v¢|| < ||x¢ — u¢|| + ||u¢ — v¢]|, we have
lim ||x¢ — v¢|| = 0. (28)
t—0
In the meantime, from the nonexpansivity of T; and AV, it is easy to see that
e — Texe | < ||xr — Trot|| + || Tror — Texe|
< llxe = Teoe|| + [lor — xe ],
and N N N N
[[xe = Af x| < floee — Ap el + [|AT ur — Ay x|
< lxe = oell + Jlue — xe]-
Consequently, from (17), (26) and (28) we immediately deduce that
lim ||x; — Tex¢|| = 0 and lim ||x; — ANx|| = 0. (29)
t—0 t—0
(iii) Since Vf is %-ism, Pc(I — A+Vf) is nonexpansive for A; € (0, %) Then,
[Pc(I = AtV oyl < ||Pc(l = AV floy, — Pe(I = AV f)pll + [|pll
< llog Il + 2l pll-
This implies that {Pc (I — A;V f)vy, } is bounded. Also, observe that
4L|/\t — /\t| ||Pc(1 — AtVf)Ut H 4L‘/\t — /\t |
Tyop, — Tiv || < 0 0 0 v
ITewy = oo |l < (2+ ML) (2+ Ay L) CESWAlCE WAL
L A2+ AP = AV flog, — Pl = AV f)on |
(24 AtL)(2 4+ Ay, L) (30)
< At = Ao [LI[Pe(T = AV f) ot || + 41|V f (vr) | + L[t [[]
S M|)Lt - )\t0|r

where sup,{L||[Pc(I — AtV f)vg || + 4|V f(v,)| + Lljvg ||} < M for some M > 0. So, by (30),

we have that
[ Tevr — Trgvey || < (| Tevr — Trogg|| + || Trvey — Ty v, |l

< JJor — ot | + MIA¢ — Ay | -

4M
< lor = or [l + == Ist = st |-

Utilizing (12) and (13), we obtain that
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[0 = 0t || < [ Ragan (I = AN BN)AY 1t = TR an, (1= ANt BN)AY |
F Ry an, (I = ANt BN)AY Mt = Ry g (1= ANt BN AR itz |
< = AN BR)AY = (1= Ay BN)AY |
I = AN BN)AY e = (1= An gy BN)AR Mt ||+ [An e — Ay |

1
X (TNtH]RN,/\N,t(I — ANt BN)AN "Mue — (1= AN BN)AR g | (32)

(I = ANty BN AN Mt = TRy ay (I = AN BN)AR g )

< AN = ANt lIBNAY ]| + M) + AN g — AR |

N
< MoY [Aip = gl + llue — ugy ),
i=1

where .
SUP{fH]R,-,AM(I — At BN g — (1= Ay B A gy |

H( — XigoBOAT e = Jron,, (1= A B)AG g |} < M,

it
li‘[) 0

for some M > 0 and sup, { YN, || B;ALuy || + M} < My for some My > 0. Also, utilizing Proposition 2,
we deduce that

e — | < [T (1 = rag e Bag)AM Ve — TEM (1 — g By ) AM L |

TM,tg
T®M M) I— B AM—l _T(®Mr90M) I— B AM_l
+|| "Myt ( YM,t M) t Xt Mg ( "Mty M) t xt”
(T = rags Ban) A e — (1= TM o BM) AR g |

_ G) _
< Jrags — rango I BaAM Vg | + —— [ TEOWP (1 — ryy By AV,
Mt (33)
— (I =rpBa) A [+ - 4 [|APx — AD x|
®
+ |11, — P | [[|B1Axe || + —HT D1 = 1yBy ) Axe — (1= r1,4By) AV )]

Tt

M
<M Z \Tj,t - rj,t0| + [|xt = x|,
j=1

where M; > 0 is a constant and

M

1 / —1 i—1 ~
Y [I1Ba)” xt||+*||T O (1 — 13 By A x — (1= 1B A 3] < My
j=1

In terms of (31)—(33), we calculate

M N \ 1
_ _ 4
| Tror — Tryory|| < ||x — x¢, || + My Z |7j =7t + Mo Z |Aip—A T st — st
=1 i=1

and hence
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lxr — x| < (I —s¢A)Tror +5¢((I — tuF)Vay + tyTrop) — (I — sty A) Ty 0,
— sty (I — touF) Vixy, + toyTr, vt ) ||
< st = st AN Troe|l + (1 = ste V) Tror — Ty || + toy I Tror — Thy v, |
+ Ist = seo [V xell + t(y | Teoel| + I FVxel)] + seo [(Y Troel] + pl[FVxel)) [t — tol
+ (1= toT) [|xt — xp, ]

M N
< (1=t (7= T+ to(T — 7)) (12t = xeo | + M1 Y [rje — 7] + Mo Aie — Aig |
j=1 i=1

aM
+ = [se = sw|) st = st [[[| AT Tevel| + [1Voxe | + (v [ Troe || + gl FVxe])]

+ 8ty (Y Troe || + pl [ FVxe|[) [t — tol.

This immediately implies that

LA Teoel| + [|[Vxell + t(y | Teoe || + pl|FVxe|]) + 24 5t — 51|
st (7 —1+to(T—1)) 0

YN Teoe || + pl|FVxe ||
¥—1+to(t—")

+ Mo iM s
Sto(r7_ 1+to(’f—f)/l))i:1 it itol

e = xt, || <

i, gt
0@ 1+ (D) &

|t —to| +

rj/t - rjrto

Since s, Aj 4, tjpare locally Lipschitzian, we conclude that x; is locally Lipschitzian. [

Theorem 1. Assume that lim;_,gs; = 0. Then, x; defined by (14) converges strongly to X € Qast — 0,
which solves (15).

Proof. Let ¥ be the unique solution of (15). Let p € ). Then, we have

xp—p = x¢ — W+ 5¢[(I — tuF)Vxy — (I — tuF)Vp + ty(Troy — Typ) + t(y] — uFV)p]
+ (I —stA)(Tyrvr — Tep) +5:(V — A)p,

where w; = (I — s;A)Tyvs + s¢((I — tuF)Vxy + tyTiovy). Then, by Proposition 1 and the nonexpansivity
of T;, we obtain from (18) that

llxe = plI* < ((I—stA)(Tyor — Typ), x¢ — p) + se[((I — tuF)Vxy — (I — tuF)Vp, x¢ — p)
+ ty(Tror — Tep, xe — p) + (Y] = uEV)p, xe — p)] +se((V — A)p, xt — p)
< (1=si7) o = pllllxe = pll +s:[(1 = to) || x¢ — p||?
+ tyllor = pllllxe = pll + {(v] = pEV)p, xe — p)] +se((V — A)p, xt — p)
<1 —=s:((7 = 1)+ t(x = )l = plI> + ((V = A)p, xt — p) + st (H((v] — pFV)p, x; — p)).

Hence,

1
y—1+tt—7

lxt — p|* < )(<(V—A)P1xt—l7>+t<(7I—VFV)P/xt—P>)- (34)

It follows that x;, — x*, where {t,} € (0,min{1, %}) such that t, — 0. By Proposition 4,
we get limy, ;o0 ||xt, — T4, X1, || = 0. Observe that

[Pc(I = A,V f)xe, —xt, || = Ist,xt, + (1= st,) Tt xt, — x4, ||

S HTtnxtn - xtn H’
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where s;, = # € (0, %) for Ay, € (0, %) Hence we have

2 2
1Pc(l = 2V )xe, = x|l < (1= 7 V)xn, = (I = A, Vf)xe, |+ |[Pe(l = A, Ve, — x|

<(

2
—= Z - )\tn)HVf(th)” + HTtnxtn - thH.

By the boundedness of {x;,}, s, — 0 (< A, — %) and || T, x1, — x1,|| — 0, we deduce

% " . 2
Ix* = Pe(1 = 2V f)x*| = lim [lxi, — Pe(I = £V f)xi, | =0.

N

Therefore, x* € VI(C, Vf) = E.

Furthermore, from (25), (26) and (28), we have that A{nxtn — x¥, A?Zutn — x*, uy, — x*
and vy, — x*. First, we prove that x* € ﬂfg:ll(Bm,Rm). Please note that R,; + B, is maximal
monotone. Let (v,g) € G(Ry + Bw), ie, § — Byv € Ryv. Noting that Afuy, = ]Rm//\m/tn(l —
At Bm)A?Z_lutn, m € {1,.., N}, we have

A?Z,_lutn — /\m,tanA]tZ_lutn € (I+ Amp, Rm) A ut,,

that is,

m—1 m m—1 m
(At,, U, — Atnutn — /\m/tn BmAtn Mtn) S RmAtann'

According to the monotonicity of R,;, we have

(v— Aﬁutn,g — Bv—

1
i (AP g, — Al up, — At Bu A ug,)) >0
m,iy

and hence

(v —A{luy,, ) > (v— Afluy,, Byo + (A;Z_lutn — A up, — Ay, Bm/\’;fl_lutn))

Amrtn

—1 -1
> (v — Aflug,, BuAflup, — BmA:’Z ut,) + (v — Aflug,, (AZ u, — Aflug,)).

/\m/tn

Since || A ut, — A’t”n_lutn | = 0(due to (25)) and || By A u, — BmA’tZ_lutn || = 0, we deduce from
Aftug, — x* and {Amt, } C [am, bu] C (0,21 that

lim (v — Af'uy,, g) = (v —x%,8) > 0.

n—o0

By the maximal monotonicity of By, + Ry, we derive 0 € (Ry; + By )x*, i.e., x* € I(By, Ry ). Thus,
. O 0
x* € ﬂ%:l I(By, Ry). Next we prove that x* € ﬁinlGMEP((Bj, ?j, A]'). Since A]tnxtn = T”(j,ty{ (P’)(I —
rj,tnAj)A]tn_lxtn,j € {1,..., M}, we have

j i—1
A{nxtn — A]tn Xt,

. . ™ . .
O;(A] xt,,y) + @i(y) — @i(A) x1,) + (AN, xp,,y — A x,) + (y — A x,, -
Jitn

) > 0.

By (A2), we have

j j=1
Atnxtn - Atn Xty

. i1 . . .
(P](y) - (P]'(A]t”xtn) + <A]A{fn xtn’y - A]tnxtn> + <y - A{‘V,xtn’ > Z G)](y’ A{f,,xtn)'
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Lety € Cand t € (0,1]. Setz; = ty + (1 — t)x*. Thus, z; € C. Hence,

(20 = O %0, Ajze) > @ (] xn,) — @j(ze) + (20— B x,, Ajze — AjD] xi,) + ©j(z1, A x,)
-1 N tn n £y
+ <Zt - A]tnxtn,A]-A{‘nxtn - A]‘A{‘n xtn) — <Z,} — A]tnxtn, %>
Jitn
By (25), we have |\AjA{nxt,, - A]-A{n_lxtn || = 0asn — oco. Please note that (z; — A{n Xt,, Ajzt —
Ainn xt,) > 0. Then,
(zt —x%, Ajzt) > @;(x") — @(2zt) + ©j(z1, x). (36)

Applying (Al), (A4) and (36), we obtain

0=0)(zt,zt) + @j(zt) — @j(zt)
< HOj(zr,y) + 9j(y) — @j(ze)] + (1 = )H{y — x*, Ajzt),
and hence
0<0i(zt,y) + @j(y) — @j(zt) + (1 = £){y — x*, Ajz).
Thus,
0 <0;(x",y) + ¢j(y) — @j(x") + (y — x7, Apx™).
So, x* € GMEP(Q;,¢;,4;) and x* ¢ ﬂinlGMEP(G)]-, ¢j,Aj).  Therefore, x* €
NM,GMEP(O;, ¢;, Aj) N (_i1(Bm, Ri) NE =: Q0.
Next, we prove that x; — ¥ as t — 0. First, let us assert that x* is a solution of the VIP (15). As a
matter of fact, since xy = xy — w; + (I — stA)TtA,{VAfot +5¢((I — tuF)Vx + t'yTtA{VA{VIxt), we have

xt— TiANAMxy = xp —wi +5¢(V — A)TANAMx; +5¢(Vaey — VTANAMx; + (YT AN AMx — uFVxy)).

Since T;, Af\] and Afd are nonexpansive mappings, [ — Tt/\?’ Afw is monotone. By the monotonicity of
I — T:ANAM, we have
0 < {(I=TANAMM)x: — (I = TiAY A p, xt — p)
< St<(V — A)Tﬂ)t — (V — A)Xt, Xt — P> + St<th — VTtUt, Xt — p>
+5:((V—A)xg, xe — p) + st ((YTrop — pFVxy), x¢ — p).
Hence,
((A=V)xt,xt —p) < [[(V = A)Tror — (V= A)xe|[[xe — pll + [|[Vxr — VTioe|[||x: — p|
+ tyTror — uFVaxe||||xe — pl| (37)
< @+ [[AIDNTror — xelll|xe = pll + ([ Teoe|| + wllFVxe ) || xe — pll-

Now, replacing t in (37) with t, and noticing the boundedness of {7 || T;, vy, || + p||[FV x4, || } and
the fact that (V — A) Ty, v, — (V — A)xs, — 0, we deduce

((A—V)x*, x* — p) <0.

Thus, x* € () is a solution of (15); hence x* = & by uniqueness. Consequently, x; — £ as
t—0. O
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Theorem 2. Assume that the sequences {ay} C [0,1] and {s,} C (0, 3) satisfy: (C1) limy—cotty = O
and limy, ,e5, = 0. Let the sequence {x,} be defined by (16). Then LIM,((A — V)X, % —x,) < 0,
where ¥ = lim;_, o+ x; and x; is defined by

xy = Pc[(I — st A)TANAMx; 4 s,(Vxy — H(uFVx; — yTANAMyy))], (38)

where T,AN/ AM:C — Care deﬁned b]/ Tx = PC( - %Vf)x, ANx = ]RN,/\N(I — )\NBN) .. -]R],/\] (I —
MBy)x and MMy = TEWO (1= pyAp) - TP (1= An) for A € lag bi) © (0,20, = 1,0, N
and r; € [cj,dj] C (0,2u7),j =1,..., M.

Proof. We assume, without loss of generality, that 0 < s, < ||A| ! forall n > 0. Let lim;_,ox; =
¥ and % is the unique solution of (15). By Proposition 4, we deduce that the nets {x;},
{Vx}, {AMx;}, {ANAMy,} and {FVx;} are bounded.

Let p € Q. Then T,p = p, A)'p = pand AMp = p. Applying Lemmas 5 and 7, we obtain that

%001 =PIl < su[(1 = anT)[[xn = pl| + anyllon = pll + aul|(v] = HEV)p]|]
+ (1 =suY)llon = pll+ sl (V= A)pll

< su[(1 = anT) |0 = pll + anyllxn = pll + anl (YT = wEV)pll]
+ sl (V= A)pll + (1= su7)[[xn = pll

V= Apl+ I GI=pEVIPl oy

|
<
< max{ 71

By induction

(V= Apl+ (] = pEV)

e P ey — iy, >0

it — pl) < max{ !

Thus, {xn}, {un}, {vn}, {Tuon}, {FVx,},{Vx,} and {y, } are all bounded. By (C1), we obtain
|l xn4+1 — Tuvnl] < |[(I =50 A)Tnvn + Spyn — TnOnl| = Snllyn — ATwon|| — 0 as n — co.

By (31), we also have
~ 2
[TANAMx, — T,ANAMx, || < [|ANAMx, — ANAMx, || + M|T = A, (39)

where sup, - o{L||Pc(I — 25 f)vn|| + 4|V f(0n)|| + L||va]|} < M for some M > 0. According to (32),
we have N
AN AM v, — AN AL | < Mo |A; = Al + [|AM 0 — A, (40)
i=1
where

1 i i
sup{ - [[Jr,a, (I = A B) AT Ay — (1= A By) Ay |

n>0 ‘M

1 », - N
+ = Aq B A! "AMxy = Jroa, (1= AinB) Ay ||} < N,
in

for some N > 0 and sup,,.o{L~; | BA1AMx, || + N} < M, for some My > 0. In terms of (33),
we have

M
[AMx, — AV x| < My Y Jrj =7, (41)
j=1
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. 0.,0; . . N
where sup,, o {Z1 [[| A8 || + %HT,(] ’(P])(I — ANy — (I =1 A) N7 ||]} < My for some
M, > 0. In terms of (39)—(41) we calculate

~ 2
+ M|T = Aal.

M N
ITANAMx, — Ty AN AY x| < My Y Jri =il + Mo Y 1A = Ay
j=1 i=1

It is clear that

ITANAMx; — x| < [[TANAMx; — TANAMx, || + | TANAMx, — T, AN AM x|
+ | T AN AN 0 — x4
M N )
< laer = xull + My Y |rj — rjul + Mo ) A — Aju| + M| T = An (42)
j=1 i=1
+ [ Twon — xpa |

= [|xt — xul| +€n,

where €, = M, Zjl\il i = 7inl + Mo XN A = Al +Z\7I|% — Ayl 4+ || Twvn — x21]] = Oasn — oo
Please note that
(Axp — Axp, xp — xp) > || x¢ —anz. (43)

Furthermore, for simplicity, we write wy = (I — st A)TANAMx; 454 (I — tuF)Vx + tyTANAMy).
By (38), we get x; = Pcw; and

xp— Xpp1 = (I = st A)TANAMxy — (I — 54 A)xpqq + 5¢[(I — tuF)Vaxy — (I — tuF) Vg
+ t(yTANAMxy — uFVx, 1) + (V — A)xy 1] + X — ws.

Applying Lemma 1 and Proposition 1, we have

¢ = xnqa |1 < 250t (YTANAMx; — uF Vi, 1), x5 — %0 11) + 28¢((V = A)xi1, Xt — Xu11)

+25¢((I —tuF)Vxy — (I — tuF)Vxy 41, Xt — Xp41)
+ |[(I — st A)TANAMx; — (I — 51A) x4 |2

< (1—57)?| TANAMx; — x4 |12 + 256 (Vixy — Va1, Xt — X41)
— 254t (FVxy — FVxp 1, X — Xpa1) + 25¢((V — A) X1, X — Xp1) (44)
+ 25pt |y TAN AMxy — puFVixy || l|xe — x|

< (1—59)?| TANAMx; — 1|12 + 250 (VX — Vg, X — Xpp1)
+ 280t (ul|FVay — FVy || + [y TAN MMy — pF Vi ) [0 = x4
+25¢((V — A)Xpi1, Xt — Xpy1)-

Using (42) and (43) in (44), we obtain

e = 21 < (1= 567)? (e = xull +€n)? + 25 (Vr — Vg, X — X 41)
+ 284t (purcl|xp — xppa | + Y TAN AMxy — pFVa ||| — s |
+ 25, ((V — A)xyi1, Xt — Xpi1)
< SY(AQx = xn), % — xn) + [0 = xu||* 4 (1= 517)(2l|xr — xnll€n + €3) (45)
25t (el e — Xl & I TANSMY, — uEV 1 ) 121 — 20|
+25¢[((V = A)xe, x¢ — xng1) + (A(xe — Xnt1), Xt — Xpg1)
— (A(xy — xn), %t — X))
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Applying the Banach limit LIM to (45), we have

LIM, || — xpp1]|? < s2FLIMy, (A (X — %), Xt — X)) + LIM,, || — x|
+ 25t tLIMy, (pc | 3¢ — X || + [y TANAMxy — uF Vi, |) |2 — 21 |

+ 25 [LIM,, ((V — A)xp, xp — xp01) + LIMy (A(xp — Xp041), Xt — Xpy1) (46)
— LIM,, (A(x — x0), Xt — X))
Using the property LIM,a,, = LIMya,, 11, we have
LIM, ((A — V)xp, xt — x) = LIM, ((A — V) xp, xp — Xy 11)
< STLIM A — 30), 31— ) + ziSt[LIMont 2 — LM 31 — 1]
+ LIy (pie |t — 21 ||+ |7 TAN AM e — Vi |])[|xe — x1 | 47)
+ LIM, (A(xr — xp01), Xt — Xpp1) — LIMu (A(xr — xp0), X — Xp)
= %LIMMA(JQ — Xn), Xt — Xp)
+ LM (pie | xe — X || + (1Y TANAMxy = pEVix ) [|xe = X -
Since
st{A(xr — xu), Xt — xu) < stl|A||[|x: — xn]|* < st]|A|IK> = 0ast — 0, (48)
where ||x; — xu || + [y TANAMx, — uFVx, || <K,
txr — xu41)*> = 0and t|yTANAMx; — uF Vi, q||||x: — xps1] — Oast — 0, (49)

we conclude from (47)—(49) that

LIM, ((A — V)% % — x) < limsupLIM,, ((A — V)xy, x; — x,)

t—0

< lim suptLIM (]| 2 — X1 || + |y TAN MM — pF Vi ) [l = 11|

t—0
. St
+ lim sup——LIM,, (A (x¢ — Xxp), Xt — Xn)
t—0 2

=0.

This completes the proof. [

Theorem 3. Let the sequences {a,} C [0,1] and {s,} C (O, %) satisfy: (C1) limy—co 0y = 0, limy 00 S =
0and (C2) Y57 sn = oo. Let the sequence {x,} be defined by (16). If x,41 — x, — O, then x, converges
strongly to & € ), which solves (15).

Proof. We assume, without loss of generality, that «,7 < 1 and %Z;l) < 1foralln > 0. Let x; be
defined by (38). Then, lim;_,g x; := & € Q) (due to Theorem 1). We divide the rest of the proof into
several steps.

Step 1. It is easy to show that

I |V = A)pll +|(v] = pEV)

71 p”},VnZO.

[[xn = Pl < max{]|xo — p|

Hence {x,}, {un}, {vn}, {Tuvn}, {FVxn},{Vx,} and {y, } are all bounded.
Step 2. We show that limsup,,_, . ((V — A)%, x,, — %) < 0. To this end, let

ap:=((A=V)%,%—x,), VYn>0.
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According to Theorem 2, we deduce LIMa, < 0. Choose a subsequence {xy, } of {x,} such that

limsup(a,4+1 —a,) = lim sup(an].H — ;)
n—00 ]'~>oo

and Xng =0V E H. This indicates that Xpip1 — 0. Hence,
w— lim (¥ — x,,. =w—lim(¥—x,) = (¥ —0),
Jim (£ — 1) = w — im (£~ ) = (£ )
and therefore

limsup(a,+1 —an) = im ((A - V)%, (¥ — xn],H) — (¥ —xy)) =0.
n—00 J—ree

Then, by Lemma 8, we derive

limsup((V — A)%, x, — X) = limsup((A — V)%, % — x,) <O0.

n—oo n—oo

Step 3. We show that limy, e ||x, — %|| = 0. Set wy, = (I — s, A)Tyvn + Spyn for all n > 0.
Then x,,11 = Pcwy. Utilizing (16) and T, ANAM% = T,% = %, we have

Xpi1 — X = su[(I — anpuF)Vxy — (I — aypF)VE 4 any(Tpvoy — TyX) + an(yl — uFV)Z|
+ (I = 54 A)(Tpvy — TuX) + 50 (V — A)X + X1 — Wy

Thus, utilizing Proposition 1 and Lemma 1, we get

X041 — XHZ < (T = a7 Tovn — TuX[| + 50 ((1 — anT) |20 — Z|| + any[| Tuon — Tnf”)]z
+ 2sn[on || (Y] = EV)E||[|xp01 — %[ + ((A = V)T, X — x541)]
<1 =50 (¥ = 1+ an(T — 7))]ll20 — 2|
25, | (7] — HEV) ] [te1 — T+ (A — V)T, % — 1)
=[1—su(7 =1+ an(t—Y)||xn — Z|> +52(7 — 1+ an(t— 7))
o 2
Y =1+ an(t—7)
= (1= wy)||xn — Z|* + wnbn,

[an || (YT = pEV) ||| 20011 — T + (A = V)%, X = x041)]

where wy, = s, (7 — 1+ a,(t —7)) and

2 N g - =
= T anlt =) [an | (YT = pEV)E[|[| 20011 — X[ + (A = V)Z, = x040)]-

It is easy to check that w, — 0, ¥y w, = o and limsup,,_, d; < 0. By Lemma 6 with r, =0,
we deduce that lim,, ;. ||x, — %|| = 0. This completes the proof. []
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