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Abstract: In this work, we concern ourselves with the problem of solving a general system of
variational inequalities whose solutions also solve a common fixed-point problem of a family of
countably many nonlinear operators via a hybrid viscosity implicit iteration method in 2 uniformly
smooth and uniformly convex Banach spaces. An application to common fixed-point problems of
asymptotically nonexpansive and pseudocontractive mappings and variational inequality problems
for strict pseudocontractive mappings is also given in Banach spaces.
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1. Introduction

Let E be a real Banach space whose topological dual space is denoted by E*. Recall that the
normalized duality mapping ] : E — 2F" is defined by

J(x) ={p € E*: |lgll = llxll, (x, ¢} = [ x|I*}, Vxe€E,

where (-, -) is the duality pair on E and E*. ] is single-valued in a smooth Banach space. In the sequel,
we shall denote by j the single-valued duality mapping, that is, j(x) € J(x). Let C be a convex closed
setin E. A mapping f : C — C is said to be d-Lipschitzian on Cif § € (0, +o0) and || f(x) — f(y)|| <
O||x —y|l forall x,y € C.If § < 1, then f is called a J-contraction mapping or a contraction mapping
with coefficient 6. Each contraction f : C — C has a unique fixed point from the well known the
Banach contractive principal. A mapping f : C — C is said to be nonexpansive if it is Lipschitzian
with § = 1. We use Fix(f) to denote the set of fixed points of f, i.e., Fix(f) = {x € C: f(x) = x}.
Moreover, a mapping T : C — C is said to be asymptotically nonexpansive [1]if there exists a sequence
{0,} C [0, +00) with lim;,_,« 6, = 0 such that

IT"x = T[] < |lx = yl[ + Oullx —yll, Vx,y€C vn=>0.

If
limsup ( sup (||T"x — T"y|| - [x = y[)) <0, (1)

n—oo  x,yeC

and T enjoys the continuity, then T is called an asymptotically nonexpansive mapping in the
intermediate sense; see [2]. Throughout this paper, we assume

e = max{0, sup (||T"x — Ty — || — yI|)}. (2)
x,yeC
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Hence, ¢, > 0Vn >0, ¢; — 0 (n — o), and the definition is reduced to
IT"x —T"y|| < ||x =yl +cn, Vx,y€C,Vn>0.

Recall that a mapping T with domain D(T) and range R(T) in E is called pseudocontractive if
the inequality holds

lx =yl < Ir((I=T)x = (I=T)y) + (x=y)ll, Vx,y € D(T),vr >0.

From a result of Kato [3], we know that the notion of pseudocontraction is equivalent to the one
that for each x,y € D(T), there exists j(x —y) € J(x — y) such that

(Tx =Ty, j(x —y)) < |x—yl*.

It is well known that the class of pseudocontractive mappings is a crucial generation of
nonexpansive mappings. Moreover, focus on pseudocontractive mappings are also from their relation
with the class of accretive mappings in Banach spaces (monotone in Hilbert spaces). A mapping
A with domain D(A) and range R(A) in E is called accretive if for each x,y € D(T), there exists
j(x —y) € J(x —y) such that

{(Ax — Ay, j(x —y)) 2 0.

It will be called a monotone mapping if the space is Hilbert. If for each x,y € D(A), there exists
j(x —y) € J(x —y) such that

a||Ax — Ay||? < (Ax — Ay,j(x —y)) forsomea >0,

then A is called a-inverse-strongly accretive.
Recently, fixed /zero points of pseudocontraction/accretive operators were investigated by many
authors for solving various convex optimization problems; see [4-13] and the references therein.
Let E be a smooth Banach space. Let By, B, be two non-self-mappings from C to E. The general
system of variational inequalities (GSVI) is to find (x*,y*) € C x C such that
{(mBry* —y* + 2%, j(x —x%)) 2 0 @)
(2Box* —x* +y*,j(x —y*)) >0, VxeC,

where 1 and y are two positive coefficients.
In particular, if By = By = B, then problem (3) reduces to the following system of variational
inequalities (SVI) in Banach spaces:
Find (x*,y*) € C x C such that
(mBy* —y* +x%,j(x —=x*)) 20, VxeC, @)
(UoBx* —x* +y*,j(x —y*)) >0, VxeC.
Furthermore, if x* = y*, then we obtain the following variational inequality (VI) in Banach spaces:

Find x* € C such that
(uBx*,j(x —x*)) >0, VxeC. (5)

Let VI(C, B) denote the set of solutions to problem (5). Whenever E = H a real Hilbert space, it is
easy to see that the GSVI (3) reduces to the following problem of finding (x*,y*) € C x C such that

(mB1y* —y* +x*,x—x*) >0, VxeC, 6)
>0,

(M2Box* — x* +y*, x — y*) Vx € C,
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which is called a GSVI in Hilbert spaces. In [11], the GSVI (6) was transformed into a fixed-point
problem by Ceng, Wang and Yao in the following way.

Lemma 1. [14] For chosen x*,y* € C, x*-y* is a solution of GSVI (1.6) if and only if x* € GSVI(C, By, By),
where GSVI(C, By, By) is the fixed-point set of the mapping G := Pc(Pc(I — nBy) — pB1Pc(I — By)), and
y* = Pc(I —nBy)x*.

Recently, many authors studied problems (3)—(6) via projection-based methods in Hilbert
or Banach spaces; see [15-22] and the references therein. In this paper, we introduce a hybrid
viscosity implicit iteration method that is based on Korpelevich’s extragradient method, the viscosity
approximation method and the Mann iteration method for finding a common solution of the GSVI (3)
for two inverse-strongly accretive mappings, a common fixed-point problem (CFPP) of a countable
family of uniformly Lipschitzian pseudocontractive mappings and an asymptotically nonexpansive
mapping in the intermediate sense. We prove the strong convergence of the proposed method to a
common solution of the GSVI (3) and the CFPP, which solves a certain variational inequality on their
common solution set in 2-uniformly smooth and uniformly convex Banach spaces. Additionally, we
give an application to solve CFPPs of asymptotically nonexpansive and pseudocontractive mappings,
and variational inequality problems for strict pseudocontractive mappings in Banach spaces.

2. Preliminaries

Throughout this paper we write x,, — x (respectively, x, — x) to indicate that the sequence {x, }
converges weakly (respectively, strongly) to x. Without loss of generality, we assume that E is a real
Banach space and the dual will be presented by E* in this paper.

Definition 1. Let {S,,}5, be a vector sequence of pseudocontractive continuous self-mappings on C, a convex
closed convex subset of Banach space E. Recall that {S,}5,_ is said to be a countable family of (-uniformly
Lipschitzian pseudocontractive self-mappings provided that there exists a constant £ > 0 such that each Sy, is a
£-Lipschitz continuous mapping.

In a smooth Banach space E, an operator A is said to be strongly positive if there exists a constant
¥ > 0 with the property

o1 = Al = sup |0l = bAYx (L, (Ax,j(2) 2 71l 0 € [01] b€ [-1,1

where [ is the identity mapping and j(-) is the single-valued normalized duality mapping.
Recall that a Banach space E is said to be strictly convex if for any x,y € {x € E : |[x| = 1},

x#y = || XT—i—y || < 1. Itis also said to be uniformly convex if for each € € (0,2], there exists 6 > 0

such thatforany x,y € {x € E: ||x|| =1}, [|[x —y|| > € = ||x+y| <2—26. Clearly, if E is uniformly
convex, then it is strictly convex. A Banach space E is said to have a Gateaux differentiable norm if

the limit
o Iyl = ]
t—0 t

exists for each x,y € {x € E : ||x|| = 1} and in this case we call E smooth; E is said to have a uniformly

Gateaux differentiable norm if for each y € {x € E : ||x|| = 1}, the above limit is attained uniformly
for x € {x € E : ||x|| = 1}. Moreover, it is said to have a uniformly Fréchet differentiable norm if the
above limit is attained uniformly for x,y € {x € E : ||x|| = 1} and in this case we call E uniformly

smooth. The norm of E is said to be the Fréchet differentiable if for each x € {x € E : ||x|| = 1}, the
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above limit is attained uniformly for y € {x € E : ||x| = 1}. The modulus of smoothness of E is
defined by

X4yl +||x — -2
o) = sup{UWXHHEIZVD =2 e p =1, ) =),

where ¢ : [0,00) — [0,00) is a function. It is known that E is uniformly smooth if and only if
lim;_ g @ = 0. Let g be a fixed real number with 1 < g < 2. A Banach space E is said to be

g-uniformly smooth if there exists a constant ¥ > 0 such that @ < 11 for all T > 0. From [23], we

K
know the following relation. Let g be a fixed number with 1 < g < 2 and E be a Banach space. Then E
is g-uniformly smooth if and only if there exists a constant ¢ > 0 such that

[l +yl17 + [lx = y]?

[l + [yl = 5 ,

Vx,y € E.

The best constant x in the above inequality is called the g-uniformly smooth constant of E; see [23]
for more details. In addition, no Banach space is g-uniformly smooth for g > 2; see [24] for more
details. If E be a 2-uniformly smooth Banach space. Then

I+ yl1? = llx 1 < 2(y, j(x)) +2llxyl|>,  Vx,y € E,

where « is the 2-uniformly smooth constant of E.

In particular, if E is a Hilbert space, then the duality pairing (-, -) reduces to the inner product,
j = I the identity mapping of E, and x = v/2/2.

For g > 1, the generalized duality mapping J, : E — 2F is defined by

Jox) = {9 € E": [lgl = Ix|""", {x,9) = |I[|7}, Vx€E.

_ Jq(x)
- . . i
for all x € E. If E is a Hilbert space, then | = I (the identity mapping). Recall that the following
statements hold:

In particular, | = ], is called the normalized duality mapping. It is known that J(x)

(1) if E is smooth, then | is norm-to-weak* continuous single-valued on E;

(2) if E is uniformly smooth, then | is norm-to-norm uniformly continuous single-valued on bounded
subsets of E;

(3) if E has a uniformly Gateaux differentiable norm, then | is norm-to-weak* uniformly continuous
single-valued on bounded subsets of E;

Proposition 1. (see [25]). Let C be a convex nonempty closed set in a Banach space E. Let Sy, Sy, ... be a
sequence of mappings of C into itself. Suppose Y1 sup{||Snx — S,_1x|| : x € C} < oo. Foreachy € C,
{Sny} converges in norm to some point of C. Moreover, let S be a mapping defined by Sy = lim,, 0 Sy for all
yeC {||Sx —Sux||: x € C} - 0asn — oo.

Proposition 2. (see [26]). Let C be a convex closed set in a Banach space E and T : C — C be a strong
continuous pseudocontraction mapping. Then, T has a fixed point. Indeed, it is the unique fixed point in C for T.

Let D be a nonempty set in C and let IT be a mapping from C to D. Then I1is said to be a sunny if
IT[(1 — )IT(x) + tx] = II(x), when (1 — t)II(x) + tx € C forall x € C and t > 0. A mapping IT of C
into itself is called a retraction if [T> = I1. If a mapping IT of C into itself is a retraction, then I1(z) = z
for each z € R(IT), where R(IT) is the range of I1. A subset D of C is called a sunny nonexpansive
retract of C if there exists a sunny nonexpansive retraction from C onto D.

In a smooth Banach space E, a duality mapping ] is said to be weakly sequentially continuous [27],
if for each {x, } C E with x, — x, then {j(x,)} converges weakly* to j(x). In [27], Gossez and Lami
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Dozo showed that a space with a weakly continuous duality mapping satisfies Opial’s condition.
Conversely, we know from [28] that if a space satisfies Opial’s condition and has a uniformly Gateaux
differentiable norm, then it has a weakly continuous duality mapping.

Proposition 3. (see [29]). Let C be a nonempty closed convex subset of a smooth Banach space E, D be a
nonempty subset of C and I1 be a retraction of C onto D. Then the following are equivalent:

(i) Ilis sunny and nonexpansive;
(i) {x =y, j(T(x) = T(y))) > [TT(x) = TI(y) || Vx,y € C
(iii) (x —TI(x),j(y —II(x))) <0,Vx € C,y € D.

If E is a Hilbert space, then a sunny nonexpansive retraction I1¢ of E onto C coincides with the
nearest projection of E onto C and it is well known that if C is a convex closed set in a reflexive Banach
space E with a uniformly Gateaux differentiable norm and D is a nonexpansive retract of C, then itis a
sunny nonexpansive retract of C; see, e.g., [30,31] and the references therein.

To prove our main results, we need to use some lemmas in the sequel. The following Lemma is

1
an immediate consequence of the subdifferential inequality of the function 5 |- 1%
Lemma 2. [32] Let E be a real Banach space and | be the normalized duality mapping on E. Then for any
given x,y € E, the following inequality holds:

2+ ylI? = llxI* < 2{y, j(x +v)), Vilx+y) € J(x+y).

If C is a convex closed set in a smooth Banach space E and Il a sunny nonexpansive retraction from E
onto C, we have
VI(C, B) = Fix(Ilc(I — AB)).

where B : C — E be an accretive mapping and A > 0,
Using Proposition 3, we immediately obtain the following lemmas.

Lemma 3. Let C be a nonempty closed convex subset of a smooth Banach space E and By, By : C — E be two
nonlinear mappings. Let I1c be a sunny nonexpansive retraction from E onto C. For given x*,y* € C, (x*,y*)
is a solution of the GSVI (3) if and only if x* € GSVI(C, By, By) where GSVI(C, By, By) is the set of fixed
points of the mapping

G :=Tlc(Ilc(I — p2By) — u1Billc(I — p2By))

and y* = Tc(I — paBy)x™.

Lemma 4. Let C be a nonempty closed convex subset of a 2-uniformly smooth Banach space E. Let the mapping
A : C — E be a-inverse-strongly accretive. Then, for any given A > 0,

1= AA)x — (I = AA)y|* — x = y|* < 2A(x*A — a) | Ax — Ay|*.

In particular, if 0 < Ax?> < w, then I — AA is a nonexpansive operator. Let Tlc be a sunny
nonexpansive retraction from E onto C. Let the mappings By,By : C — E be wa-inverse-strongly
accretive and PB-inverse-strongly accretive, respectively. Let the mapping G : C — C be defined as
G := (I — p1 B (I — paBy). If 0 < pyx?® < wand 0 < ppx® < B, then G : C — C is nonexpansive.

Let C be a nonempty closed convex subset of a uniformly convex Banach space Eand T: C — C
be an asymptotically nonexpansive mapping in the intermediate sense. Given any bounded subset
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IC C C. For every € > 0 and every integer n > 2 there exist an integer N; > 1 and J; > 0, where both
N and 6, are independent of #, such that if k > N, z1,2p,...,z; € K and if

l2i — 2| = 1 T2 — T[] < &

for1 <i,j <mn,then
n n
1T Aizi) = Y Aoz < e
i=1 i=1

forall A = (A1, Ag,...,Ay) such that A; > Ofori = 1,2,...,nand }J' ; A; = 1; see ([33], Lemma 4)
for details.

From the above results, we know that if {x,, }?_ is a sequence in C converging weakly to x and
if im0 || Xm — Txm|| = O, then Tx = x, where T : C — C is a uniformly continuous self-mapping on
C, which is asymptotically nonexpansive in the intermediate sense.

Lemma 5. (see [34]). Let E be a smooth and uniformly convex Banach space, and let r > 0. Then there exists a
strictly increasing, continuous, and convex function g : [0,2r] — R, g(0) = 0 such that

glllx = yll) +24x, j(y)) < Ixl* +Ilyl*>, vxye{xeE:|lx| <r}

Lemma 6. (see [35]). Let E be a reflexive Banach space, C be a convex nonempty, closed subset of E, and
T : C — E be a nonexpansive mapping. Suppose that E admits a weakly sequentially continuous duality
mapping. Then the mapping I — T is demiclosed on C, where I is the identity mapping.

Lemma 7. (see [36]). Let {ay,} be a sequence of nonnegative real numbers satisfying
an—i—l S an + sntn + Vyp — Snly, VTZ Z 0,

where {sy }, {tn} and {v, } satisfy the conditions:

(i) {sp} C [0,1] and Y 5 sn = oo;
(iii) vy, >0, Vn>0,and Y v, < oo.

(i) limsup, t, <0;

Then lim;, 00 a;;, = 0.

3. Main Results

In this section, we suggest and analyze a hybrid viscosity implicit iteration method for solving the
GSVI (3) with the hierarchical variational inequality (HVI) constraint for countably many uniformly
Lipschitzian pseudocontractive mappings and an asymptotically nonexpansive mapping in the
intermediate sense in a 2-uniformly smooth and uniformly convex Banach space.

Theorem 1. Let C be a convex closed set in a 2-uniformly smooth and uniformly convex Banach space E which
admits a weakly sequentially continuous duality mapping. Let I1c be a sunny nonexpansive retraction from
E onto C. Let the mappings By, By : C — E be a-inverse-strongly accretive and B-inverse-strongly accretive,
respectively. Let f : C — C be a contraction mapping with coefficient v € [0,1) and F : E — E be a strongly
positive linear bounded operator with the coefficient 4 such that 0 < v < 40 and 0 < 6 < |[F||~'. Let
T : C — C be uniformly continuous and asymptotically nonexpansive mapping in the intermediate sense,
and {S, };>_, be a countable family of £-uniformly Lipschitzian pseudocontractive self-mappings on C such
that Q) :== N;_o Fix(S,) N GSVI(C, By, By) NFix(T) # @ where GSVI(C, By, By ) is the fixed-point set of the
mapping G := Uc(Ic(I — uaBa) — w1 Billc(I — paBy)) with 0 < pyx? < awand 0 < ppk> < B for « the
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2-uniformly smooth constant of E. Assume that Y. ¢, < 0o, where cy is defined by (2). For arbitrarily given
xo € C, let {x,,} be the sequence generated by

un = Bn(Xn = Snitn) + Snitn,

zp = Hc(un — p2Baun),

Yn = Hc(zn — p1B1zn),

Xp+1 = He[(T"yn — an@FT"yy) + anf(xn)], Vn >0,

where {ay, } and { By } are the sequences in [0, 1] satisfying the following conditions:

(i) limyeoan =0, 220:1 lan — ay—1| < 00 and Z;iozo &y = 0,
(i) 0 < liminf, e By < limsup, o Bn < land Y37 1 |Bn — Bn-1| < .

Assume that Y7° 1 sup,..p ||Sux — Sy—1x|| < co for any bounded subset D of C, and let S be a mapping
of C into itself defined by Sx = lim,_.c Spx for all x € C, and suppose that Fix(S) = N5 Fix(5,).
Y o IT"™ Yy, — T'yy|| < oo, then {x,} converges strongly to x* € Q. In this case,

(a) x* € Qsolves the VI: (f(x*) —6F(x*),j(x —x*)) <0, Vx € ()
(b) (x*,y*) is a solution of GSVI (1.3) with y* = T1c(I — upBy)x™.

IEI

Proof. First of all, from &, — 0 (n — 00), we may assume, without loss of generality, that a), <

forall n > 0. Since F is strongly positive linear bounded, it follows that 1 — a,, 70 > ||I — a,0F||. Taking
into account that {B, } is bounded away from 0 and 1, we may assume that {3, } C [a,b] C (0,1) for
some a,b € (0,1). Please note that the mapping G : C — C is defined as G := Il (Il (I — paBy) —
#1B1TTc (I — ppBy)), where 0 < pyx? < wand 0 < ppx? < B for « the 2-uniformly smooth constant of
E. Therefore, by Lemma 3, we obtain that G is nonexpansive. It is easy to see that for each #n > 0 there
exists a unique element u, € C such that

Up = Bu(xXn — Spttn) + Spity. (8)
As a matter of fact, consider the mapping
Fux = Bu(xn — Spux) +Sux, Vx € C.

Since S, : C — C is a continuous pseudocontraction mapping, we deduce that

(1—Bn)llx _yHZ > (1= Bn)(Sux = Sny, j(x —y)) = (Fax — Fay, j(x —y)), VYx,y€C.

Also, from {B,} C [a,b] C (0,1) weget0 < 1— B, < 1foralln > 0. Thus, F, is a continuous
and strong pseudocontraction mapping of C into itself. By Proposition 2, we know that for each n > 0
there exists a unique element u,, € C, satisfying (8). Therefore, it can be readily seen that the hybrid
viscosity implicit iterative scheme (7) can be rewritten as

n = Bu(xn — Sty Sn ns
{ Uy = Bn(x Up) + Sput )

Yn = Guy, xy11 = He[(T"yn — anOFT"yy) + anf(xn)], Vn >0,
Next, we divide the rest of the proof into several steps.

Step 1. We claim that {x, }, {yn}, {zn}, {un}, {f (xn) }, {T"yn} and {F(T"y,)} are bounded vector
sequences. Indeed, take an element p € Q) = N, Fix(S,) NGSVI(C, By, By) NFix(T) arbitrarily. Then
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we have S,p = p, Gp = pand Tp = p. Since each S, : C — C is a pseudocontraction mapping,
it follows that

lp = unll* = (Bu(p —xn) + (1 = Bu) (p — Suttn), j(p — ttn))
= (1= Bu)(p = Suttn, j(p = un)) + Bu(p — xn,j(p — ttn))
< (1= Bu)llp — unll® + Bullxn — pllllp — unll,
which hence yields
Ip —unll < [lp — xnll, V1 =0 (10)
Then we observe
[yn = pll = [1Gun = pl| < [Jun = pll < llxn = pll- (11)
Combining (9) and (11), we have

[%np1 =PIl < llan(f(xn) = OF(p)) + (I — 2n0F) T"yn — (I — anfF)p]|

Y|l = pll +anll f(p) = OF(p)I| + (1 — € ¥O) | "y — p|
Y|l = pll +anllf(p) = 6F(p)[| + (1 = 0w ¥0) (llyn — pll + cn)
cn+anllf(p) = OF(P)Il + anylxn — pll + (1 = 2n¥0) [xn — p||

o ) —0F)l
pll, ARE—,

IN A

IN

< ¢y + max{||x,
By induction, we get

= pll < 3 en + max{[lxo — pll, EEL=OF@IL -y 5
=0 70—

It immediately follows that {x,} is bounded, and so are the sequences
{yn} {un}, {f(xn)}, {T"yn} and {F(T"y,)} (due to (10), (11) and the Lipschitz continuity of
f). Taking into account that {S, } is f-uniformly Lipschitzian on C, we know that

O = pll+ 1pll > [Suttn — pll+ 1]l > [Sutiall

which implies that {S,u,} is bounded. In addition, from Lemma 3 and p € O C GSVI(C, By, By),
it also follows that (p,q) is a solution of GSVI (3) where g = Ilc(p — u2Bap). Please note that
zy = e (I — paBy)uy for all n > 0. Then by Lemma 4 we get
lzall < ITlc(un — p2Boun) = Te(p — p2Bap) || + [l4ll
< |[(un = p2Baun) — (p — p2Bap)|| + ll4]
< llall +llun = plI.

This shows that {z, } is bounded.
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Step 2. We claim that ||x, 1 — x,|| = 0and ||y, 41 — yu|| — 0asn — oo. Indeed, from (9) we have

e
<l f (vn) + (I = 08F) T — @1 f(xu1) — (I =y 16F) Ty o]
< oyl = 2ol + o — a1 (Rmt) = OF Tyt [+ (1 38) (lys — vt [l + )

1 (12)
+ (1 - “n71'76)||Tn]/n71 =T ynle
< anylxn — X1 || + | — ap—1 My 4+ (1 — 2, ¥0) ||t — 11|
+ 1 T"Yn—1 — T”_lyn—l\l + Cny
where
My = sup [OFT"y, 1 — F(xy 1)l
n>1
Also, simple calculations show that
[ty — 11|
< Bullxn — xp—1[lun — wn—all + (1 = Bu) [[|Sntn — Su—1un|[[|tn — 1| (13)
+ [lun — ”nleZ] +1Bn — Bu—1lllXn-1 — Sn—1ttn—1||||tn — un—1]-
So, it follows from (13) that
lun —un—1ll < Bullxn — xu—1ll + (1T = Bu)[l|Snttn — Sp—11n |
+ H”n - ”n—l”] + |;8n - ﬁn—l|||xn—1 - Sn—l”n—l“z
which immediately leads to
1-—- Xpy—1 — S _1Unu—
it — 1= [ — 0t S P St — Sy gt + (B — Byt = St |
F a1 = Suattn (9
< EHSn”n — Su_ttnll + [Bn — Bu-1l7—— ani —.

Putting D = {u, : n > 0}, we know that D is a bounded subset of C. Then by the assumption we
get Yo7 1 sup,p [|Snx — Sy_1x|| < co. Noticing that

sup [|Spx — Sy_1x|| > [|Suttn — Sy—qun|, Vn>1,
xeD

we have o
Y ISnttn = Sy—vttn| < co. (15)
n=1

Therefore, from (12) and (14) we deduce that

|xni1 — xull < anyllxn — 201l + |an — a1 My + (1 — an¥0){||xn — 21|
+ %HSnun — Sp_qttn + |Bn — Brtl [[xXn—1— influnflﬂ )
+on+ | T Y1 — T Ly, 4|
< an — a1 M1 + %Hsnun = Sp_ttin | + [1— an (70 — 7)]l|xn — x4-1]| (16)

—B 1| n—1— Su_1up 1]
e

+ 1Bn +en+ | Tno1 — T Ly ||

< Map(fan — 1]+ [Bn — Bu-1] + [1 — an (70 — 7)][lxn — xn—1]|
+ [|Snttn = Sp—1ttnll + cn 4+ | T"Yn-1 — T yu_al]),
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where . 5
M, = sup{f + ”xnfl - nflunfln + My + 1}‘
n>1 @ a

From (15), the assumption ) ;> (¢, < o0 and conditions (i) and (ii), it can be readily seen that
Yoo n (70 — ) = coand

[e9)

Y- Ma(lISuttn — St + e+ lanw = wu1] + |Bn = a1l + I T"yu1 = T" ynal]) < oo,

n=1

So, it follows from Lemma 7 and (16) that
Bim 1 — 3] = 0. (17)
Again from (9) and (14) we conclude that

allyn = yn1ll = al|Gun = Gup || < aljuy —uy ||
< al|xy — xp-1ll + [[Snttn — Sp—1tn || + |Bn — Bu-1lllxn-1 — Su—1un-1l| = 0 (1 — o).
That is,
im0~ yall = 0. (18)
Step 3. We claim that ||x, — Gx,|| — 0as n — co. Indeed, note that g = Ilc(p — u2Bap),
zp = He(uy — paBouy) and vy, = Il (zy — p1B1zy). Then y, = Guy,. By Lemma 4 we have

lzn —qlI* < |lun — p — p2(Bouty — Bap) |12

(19)
< 2up (K pz — B) || Battn — Bapl* + |lun — pl|?

and
lyn —plI* < llzn — 9 — p1(Biza — B1gq)|I?

< 21 (1P p1 — @)||Bizn — Baql* + ||z — g%
Substituting (19) for (20), we obtain

(20)

[yn = pII* +2u2(B — K*2) || Baun — Bapl|* + 21 (& — k%p1) || Biza — Bag* < lun — p[”. (21)
Let v, := (T"yn — an0FT"y,) + ay f(x,). Then, from (7) and Lemma 2 we obtain

%01 =PI < llow —pl?
< 2 (f (xn) = OF "y, j(vn — p)) + I T"yn — plI?
< 2au | f(xn) = OFT"yul[lon — pll + (lyn — pll +cn)?
< llyn = pI> + caMz2 + 2 Ms,

where My = sup,,~o{2[lyn — pll +cu} and
M3 = sup{2||f(xn) = OFT"ynll[|on — pl|}-
n>0
Substituting (21) to (22), we deduce from (10) that

%51 — plI? + 2p2(B — K2p2) || Batn — Bap||* + 2p1 (& — k% 1) | Bazis — Bag ||
< |lxn — plI> + cnMa + &y M3,
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which immediately yields

242 (B — k*p2)||Bottn — Bopl|* + 2p1 (& — 52441 || Bz — B2
< apMs — ||xy1 — plI* + caMa + [|xn — p||?
< enMy + ayMs + ([[xn — pll + lxn51 — plD) 1xn — xnga-

Since ;417(2 € (0,a), yzxz € (0,B), limy—ecy = 0and lim,— &y, = 0, we obtain from (17) that
nh_r}rolo ||Boun — Bap|| =0 and nl‘_?,}o |IB1zn — B1g|| = 0. (23)
On the other hand, from Proposition 3 and Lemma 5 we have

2l|zu —qll* < 2(un — p2Boutn — (p — p2Bap), j(zu — q))
< Nun = plI* + llzn — ql1* = g1(lttn — 20 — (p — q) I1)] + 22| B2p — Bautu ||| z0 — g1,

which implies that
lzn = qlI* + g1 (l[un = 20 = (p = D) < llun = plI* + 2p12]| B2p = Batn|l[|20 = 4| (24)

In the same way, we derive

2|lyn —pl* < 2(za — p1Biza — (9 — 11B19),j(yn — p))
< Iz = qlI* + lyn — P> = 220 — yu + (p — 9) )] + 20111 B1g — Bazallllyn — pII,

which implies that
lyn = pI1? + 821120 =y + (p = D) < llzu — 4l* +2p1|[B1g — Bazalllyu — plI. (25)
Substituting (24) for (25), we deduce from (10) that
lyn =Pl < llun = pl* = g1(ltn — 20 — (p = D) = 82|20 — yu + (p — D)
+ 2p2(|Bop — Bounl|||zn — gl + 2p1(|B1g — Bazall [lyn — p|

<xn=plP = g1(lun —zo — (P =) — &2(llz0 —yu + (P — D))
+2p1|B1g — Bizal|llyn — pll + 2p2|[B2p — Baun||||zn — ql-

Substituting (26) for (22), we have

1xn1 — P2+ &1 (lun — 20— (p— D) + 2120 —yn + (p—9)|)
< |lxn = plI* + 2p2||Bap — Baunl|||zn — gl + 21(|B1g — Bizall|lyn — pll + cnMz + anMs,

which hence yields

s1(lun —zn = (P =) ) + $2(lzs —yn + (p —9)II)
< ([len = pll + X1 — PID X0 — Xpg1[| + 2p2|| Bap — Boutu||||zn — 4|
+2p1|B1g — B1zul|llyn — pll + anMs + cn M.

Since lim;, 00 ¢; = 0 and lim,,_, &;;, = 0, we conclude from (17) and (23) that

lim ¢1([lun —zn —(p—q)) =0 and  lim gs(||zx —yn + (P —9)[)) = 0.

n—o0
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Using the properties of g; and g», we obtain

lim [luy —zp — (p—q) =0 and  lim |z, —yu + (p —q)[| = 0. (27)
It follows that

lun —yull < llun —zn —(p =D+ llza —yn +(p—q)| =0 (1 — ).

That is,
nh_{r.}o [t — Gun|| = nlgrolo l[tn —yull = 0. (28)

Also, according to (8) we have

([ — PH2 < Buxn = p,j(un —p)) + (1 = B)llun — P”zf

which together with Lemma 5, yields

2||un — PHZ < 2(xp — p, j(un — p))
< [llxn = plI* + [ln = plI> = g([lxn — unll)].

This immediately implies that
e = pII? + g (lln — ) < lln = pII?,
which together with (22), yields

[xp41 = plI> < llun — pl* + caMa + 2y M3
< lxn = plI* = g(lxn — unl|) + caMz + a, Ms.

Hence we have

§llun —2nll) < Nl = plI? + caM2 — [xns1 — pl* + anMs
< ([lxn = pll+ 1 = pIDI%n = Xnga || + €nMs + € Ma.

Since limy, 0 ¢ = 0 and limy, ;00 &, = 0, we obtain from (17) that lim, e g(||xn — tnl|) = 0.
Using the properties of g, we have
nli_{lgonxn_”nn =0. (29)
Also, observe that
[0 — tn || + |tn — Gunll > [lxn — yull,
and
[0 = ynll + lun = xnll > |10 = yull + |Gun — Gxnll > [|xn — G-

Then from (28) and (29) it follows that
nlgIgo |xy —yn|]| =0 and nlgrolo |2y — Gxy|| = 0. (30)

Step 4. We claim that || Tx, — x,|| — 0 and ||S,x, — x,|| — 0 as n — oo. Indeed, combining (8)
with (29), we obtain that

B
1—Bn

b
[xn — un|l < ——||xn —tn]| = 0 (1 — o0).

[Snttn — un|| = 1-b
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That is,
lim ||S,u, — uy|| = 0. (31)
n—o0

Since {5, }5_ is (-uniformly Lipschitzian on C, we deduce from (29) and (31) that
[Snxn = xull - < [[Snxn — Spttn || + [ Snten — unl| + [lun — xu|
< (U4 1)||xp —un|| + |Snttn — un|| = 0 (1 — o).

That is,
n—oo

We note that

10 = T"yull - < llxn = Xnga I+ xna1 = Ty
=< llxn = xngall + anl| f (xn) — OFT"yn]].

Then we have

lyn = Tyull < llyn — xull + 10 — T"ynl|
< lyn — xull + X0 — X1 |l + anll f(xn) — OFT"yu]|.

Consequently, from (17), (30) and lim;, o & = 0, it follows that
lim |y, — T"ynl| = 0. (33)
We also note that
1Yn = Tynll < lyn = T"yull + 1Ty = Tyl + (| Ty — Tyal.

By the assumption Y5 o | T" "1y, — T"y,|| < oo, (33) and the condition that T : C — C is
uniformly continuous, we get
lim ||y — Tynl| = 0. (34)

In addition, noticing that
[xn = Txull < llxn — yull + [lyn — Tynll + [ Tyn — Txal|,
we deduce from (30), (34) and the uniform continuity of T that

lim ||x, — Tx,|| = 0. (35)
n—oo

Step 5. We claim that ||x, — Sx,|| — 0asn — co where S := (21 — S)~!. Indeed, first, let us show
that S : C — C is pseudocontractive and ¢-Lipschitzian such that lim, s [|Sx;, — x| = 0 where Sx =
lim,, 0 Spx Vx € C. Observe thatforall x,y € C, lim, e [|Spx — Sx|| = 0and limy, 0 || Sny — Sy|| = 0.
Since S, is pseudocontractive operator, we get

(Sx =Sy, jlx—y)) < |x—yl*

This means that S is pseudocontractive. Noting that {S,, }°°, is {-uniformly Lipschitzian on C,
we have
xSyl = lim [[Swx — Suy|l < flx—yll, VxyeC
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This means that S is ¢-Lipschitzian. Taking into account the boundedness of {x, } and putting
D = conv{x, : n > 0} (the closed convex hull of the set {x, : n > 0}), by the assumption we have
Y1 SUPyep |[Sn—1x — Spx|| < co. Hence, by Proposition 1 we get

lim sup ||S,x — Sx|| =0,
n—oo xeD

which immediately yields
nl% |Snxn — Sxul| = 0. (36)

Thus, combining (32) with (36) we have

lxn — Sxnl| < ||xn — Suxnll + [|Suxn — Sxu|| = 0 (n — o).

That is,
lim ||x, — Sx,|| = 0. (37)
n—oo

Now, let us show that if we define S := (21 — S)~!, then S : C — C is nonexpansive,

Fix(S) = Fix(S) = N3 Fix(Sy) and limy, e || x4 — Sxy|| = 0. Indeed, put S := (21 — S)~!, where I
is the identity mapping on E. Then it is known that S is nonexpansive and the fixed-point set

Fix(S) = Fix(S) = Ny~ Fix(S,). From (37) it follows that

1

|26 _gan = Hgi Xn _gan

-1
<SS “xn — xal|

That is,
lim l|xn — Sxyu|| = 0. (38)
Step 6. We claim that
limsup(f(x*) —0F(x*),j(x, — x*)) <0, (39)
n—00

where x* =TIq(f + I — 0F)(x*). Indeed, there exists a subsequence {x;, } of {x,} such that

tim sup(f(x*) — 0F(x*), j(x — x*)) = lim (f(x") ~ 6F(x"), (xy, — x°)).
n—00 ®©
Now we show that Il (f + I — 0F) is a contraction mapping. Since F is bounded linear strongly
positive, for all x,y € C, we have

Mo (f +1—=0F)(x) —Ia(f +1-60F)(y)||
<fG) = fFWI + [T =60F) (x) — (I = 6F) ()|
<[+ (r=7)llx -yl

which implies that I1q(f + I — 6F) is a contraction mapping. Banach’s contraction mapping principle
guarantees that Il (f + I — 6F) has a unique fixed point. Say x* € C, thatis, x* = Ilq(f + 1 —6F)(x*).
Since {x,} is a bounded sequence in C, we may assume that x,, — ¥ € C. Please note that G and
S are nonexpansive and that T is asymptotically nonexpansive in the intermediate sense. Since

(I —G)xp, — 0and (I — S)x, — 0 (due to (30) and (37)), by Lemma 6 we have that ¥ € Fix(G) =

GSVI(C, By, B;) and % € Fix(S) = Fix(S) = N, Fix(S,). From (35), we have that lim;_, ||x;, —
Txy,;|| = 0 for the subsequence {xy, } of {x, }. It follows that ¥ € Fix(T). Then, X € O = ;2o Fix(S,,) N
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GSVI(C, By, By) N Fix(T). Since E admits a weakly sequentially continuous duality mapping j(-) and
Xy, — %, we obtain

limsup (f(x*) — 0F(x*),j(xn —x7)) = Hm (f(x*) = OF(x"), j(xn; — x*))

n—oo 1—00

= (f(x*) — OF(x*), j(x — x*)) <0,

which implies that (39) holds. Noticing that j(-) is also norm-to-norm uniformly continuous on
bounded subsets of E, we obtain from (17) that

limsup{f(x*) — OF(x*), j(xns1 — x*)) < 0. (40)

n—o0

Step 7. We claim that x, — x* as n — oo. Indeed, it follows from x,,.1 = I1cv, and Proposition 3
(iii) that
(ITcvy — vy, j(Ilcv, — x™)) <0,
which leads to
(Xn1 = On, j(xp11 — x7)) < 0.
Then, from (11) we have
2|21 — 2|7
< 2(x" = g, j (X" = xup1))
< 20| — X 501 = 51+ 201 = 070 (yn — x| + ) 0041 — 37
+ 20 (f (x*) = OF (x7), j(xXnt1 — x*))
<201 = an (Y0 — ]llxn — 2" ([ xXn01 — X*[| 4 200 Mg + 20 (f (x7) — OF (x*), j(xXp11 — x7))
< Jen = 217+ (1= an (70 — 7)) 20w — x*[|? + 20 My + 2000 (f (x*) — OF (x*), j (2511 — x7)),

where My = sup,,~ || xp4+1 — x*||. This immediately implies that

2<f(x*) - GF(X*),j(x;1+1 - X*)>
70—

(B _X*Hz <1 = an (90 — 7)]llxn _X*H2+an(’79_7) +2c, My, (41)

Applying Lemma 7 to (41), we infer that x, — x* as n — oo. The proof is completed. [J

It is remarkable that according to the proof of Theorem 1, we know that {y, } is bounded. We now
give two examples to illustrate partial conditions of Theorem 1 to be satisfied.

Example 1. Let T : C — C be a contraction mapping with a constant p € (0,1). We take S, := T" and obtain

sup [|Spx — Sy_1x|| = sup ||T"x — T" x| < " -sup || Tx — x|, Vn>1,
xeD xeD xeD

for any bounded subset D of C. Therefore, it follows that

00 0
too> Y B .sup |[Tx — x| > Y sup [|Sux — S,_1x].
n=1 xeD n=1x€eD

In particular, whenever D is a bounded sequence {x,,}%° , in C, we have

(o] [o0] o
too > Y sup [[Sy1x — Suxl| = Y [ISus1xn — Suxall = Y [T xy — T

n=0x€eD n=0 n=0
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Since T is a contraction mapping, Banach’s Contraction Mapping Principle guarantees that T has
a unique fixed point. Say p € C. We define Sx := p for all x € C. Itis easy to see that Sx = lim, 0 Sy X
for all x € C and Fix(S) = N5~ Fix(Sy).

Example 2. Let E = Rand C = [—1,1], and let T : C — C be an identity mapping, i.e., Tx = x for all
x € C. Moreover, we define
Spxi= XY vrec v >0,
2+n

Then we obtain

sinx+ siny—i—y‘
n+2 n+2
< ly — x| + | siny — sin x| - 2|x —y|

|Snx — Sny| = |

<|lx—y|, VYx,yeC Vn>0,

- n+2 - n+42

and ) ) )
su \Sx—S x\ —su |x+s1nx_x+smx‘_su| X +sinx |
O n+z  atl vee (n+2)(n+1)

Vn > 0.

< <
“(n+2)(n+1) ~ (n+1)%
Therefore, it follows that for any bounded subset D of C,

[ee]
Y sup [Spx — Sy_1x| < 0.
n=1xeD

In addition, whenever {x,}_, is a bounded sequence in C, it is clear that
[e9)
Y T — T x| < oo,
n=0

Also, we define Sx := 0 for all x € C. Then, it is clear that Sx = lim;, ;0 S;x Vx € C, and
Fix(S) = Ny—o Fix(Sx).

4. Applications

Now, we give an application to solve CFPPs of asymptotically nonexpansive and
pseudocontractive mappings, and variational inequality problems for strict pseudocontractive
mappings in Banach spaces.

Let C be a nonempty, closed, and convex subset of a real Banach space E. A mapping T: C — C
is said to be A-strictly pseudocontractive if for every x,y € C there exists j(x —y) € J(x — y) such that

(Tx = Ty, j(x = y)) + AT~ T)x — (L= T)y|P < |x —y|?, forsomeA € (0,1).  (42)
A simple computation shows that (42) is equivalent to the following inequality:
(I=T)x=(I=T)y,j(x—y) 2 A|(I-T)x = (I-T)y|? (43)

for every x,y € C and for some j(x —y) € J(x — y). Therefore, I — T is A-inverse-strongly accretive.
By Theorem 1, we can obtain the following results easily.

Theorem 2. Let C be a convex closed set in a 2-uniformly smooth and uniformly convex Banach space E which
admits a weakly sequentially continuous duality mapping. Let I1¢ be a sunny nonexpansive retraction from
E onto C. Let the mappings By, By : C — C be a-strictly pseudocontractive and B-strictly pseudocontractive,
respectively. Let f : C — C be a contraction mapping with coefficient -y € [0,1) and F : E — E be a strongly
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positive linear bounded operator with the coefficient 4 such that 0 < v < Y0 and 0 < 8 < |[F||~'. Let
T : C — C be uniformly continuous and asymptotically nonexpansive mapping in the intermediate sense,
and {S,}5°_, be a countable family of (-uniformly Lipschitzian pseudocontractive self-mappings on C such
that Q) := 5o Fix(S,) N GSVI(C,I — By, I — By) NFix(T) # @ where GSVI(C,I — By,1 — By) is the
fixed-point set of the mapping G := [(1 — 1)1 + p1B1][(1 — p2)I + p2Ba] with 0 < pyx? < min{1,a} and
0 < ppx? < min{1, B} for x the 2-uniformly smooth constant of E. Assume that Y5 ¢, < oo, where ¢, is
defined by (2). For arbitrarily given xo € C, let {x,,} be the sequence generated by

Yn = (1 — p1)zn + p1B12n,

zn = (1 — p2)un + p2Boiy,

un = Bn(Xn — Sutin) + Snitn,

Xp+1 = He[(T"yn — an@FT"yy) + anf(xn)], Vn >0,

(44)

where {ay, } and { B, } are the sequences in [0, 1] satisfying the following conditions:

(i) Yggtn =00,Y o0 |an —ay_1| < o0andlim, e an =0;
(ii) 0 <liminf, e By < limsup, . Bn < land Y5> 1 |Bn — Bn_1| < .

Assume that Y3>_; sup,..p ||Sux — Sp—1x|| < co for any bounded subset D of C, and let S be a mapping
of C into itself defined by Sx = lim,_.c Syx for all x € C, and suppose that Fix(S) = Ny Fix(Sn).
IFYe o IT™ Yy — T'yy|| < oo, then {x,} converges strongly to x* € Q. In this case,

(a) x* € Q solves the VI: (f(x*) —0F(x*),j(x —x*)) <0, Vx € ()
(b) (x*,y*) is a solution of GSVI (1.3) for two inverse-strongly accretive mappings I — B;, i = 1,2, where
y* = (1 — po)x* + upBox*.

Proof. Since the mappings By,B, : C — C are a-strictly pseudocontractive and p-strictly
pseudocontractive, respectively, it can be seen readily that I — By, I — By : C — E are a-inverse-strongly
accretive and B-inverse-strongly accretive, respectively. Please note that 0 < y1x* < min{1,a} and
0 < pox? < min{1, B} for « the 2-uniformly smooth constant of E. Then, GSVI(C,I — By, I — B,) is the
fixed-point set of the following mapping

Gx: =TIc[(1 — p1)I + p1 B|TIc[(1 — p2)x + p2Box]
= Ic{(1 — p1)[(1 — p2)x + p2Box] 4+ 1B [(1 — p2)x + p2Box|}
= [(1 - .141)1"‘ VlBln(l — ,112)1-0- ysz}x, Vx € C.

In this case, it is easy to see that the iterative scheme (7) reduces to (44). Therefore, by Theorem 1
we obtain the desired result. [

Theorem 3. Let C be a bounded, convex and closed set in a 2-uniformly smooth and uniformly convex Banach
space E which admits a weakly sequentially continuous duality mapping. Let Ilc be a sunny nonexpansive
retraction from E onto C. Let the mappings B1, By : C — C be a-strictly pseudocontractive and B-strictly
pseudocontractive, respectively. Let f : C — C be a contraction mapping with coefficient -y € [0,1) and F : E —
E be a strongly positive linear bounded operator with the coefficient  such that 0 < v < 40 and 0 < 0 < ||F||~..
Let T : C — C be an asymptotically nonexpansive mapping with a sequence {6,} C [0, 00) satisfying
Yoo On < 00, and {S,}57, be a countable family of (-uniformly Lipschitzian pseudocontractive self-mappings
on C such that Q) := N;_ Fix(S,) NGSVI(C,I — By, 1 — By) NFix(T) # @ where GSVI(C,I — B1,1 — B)
is the fixed-point set of the mapping G := [(1 — 1)1 + p1B1][(1 — p2) I + paBa] with 0 < pyx? < min{1,a}
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and 0 < ppx? < min{1, B} for « the 2-uniformly smooth constant of E. For arbitrarily given xo € C, let {x,}
be the sequence generated by

zn = (1 — p2)un + u2Bouy,

Uy = ,Bn(xn - Snun) + Snitn,
(45)
Yn = (1 - ,ul)zn + u1B1zy,

Xpi1 = Helanf(xn) + (I — an0F)T"yy,], VYn >0,
where {ay, } and { By } are the sequences in [0, 1] satisfying the following conditions:

(i) Yo gan =00,Y 0" |an —ay_1| < ooandlim, ety =0;
(i) 0 <liminf, e By < limsup, , Bn < land Y77 1 |Bn — Br—1| < .

Assume that Y7° ; sup,..p ||Sux — Sp—1x|| < co for any bounded subset D of C, and let S be a mapping
of C into itself defined by Sx = lim,_.c Syx for all x € C, and suppose that Fix(S) = Ny—o Fix(Sn).
IFYe o IT™ Yy — TMyy|| < oo, then {x,} converges strongly to x* € Q. In this case,

(a) x* € Qsolves the VI: (f(x*) —6F(x*),j(x —x*)) <0, Vx € ()
(b) (x*,y*) is a solution of GSVI (1.3) for two inverse-strongly accretive mappings I — B;, i = 1,2, where
y* = (1 — po)x* + upBpx*.

Proof. Since set C is a bounded set, we know that diam(C) = SUp, yec |lx — y|| < co. We have that
T : C — C is an asymptotically nonexpansive mapping with a sequence {6,} C [0, ) satisfying
Yoo 6n < oo. Then, we deduce that forall x,y € C,

IT"x = T"y[| < (1+0n)llx —yll = [lx =yl + Oullx =yl < [lx —yl| + Ondiam(C).
Hence, we get

¢y :=max{0, sup (||T"x — T"y|| — ||x — y||)} < 6,diam(C),
x,yeC

which immediately attains Y ¢, < oo. Therefore, by Theorem 1 we derive the desired result. [

5. Conclusions

In this work, we studied problem of solving a general system of monotone variational inequalities
whose solutions are also the solutions of the CFPP of countably many nonlinear operators via a hybrid
viscosity implicit iteration method. Strong convergence theorems were established in 2-uniformly
smooth and uniformly convex Banach spaces. An application to CFPPs of asymptotically nonexpansive
and pseudocontractive mappings, and variational inequality problems for strict pseudocontractive
mappings was also given in Banach spaces. We also provided two examples to support the main
results of this paper.
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