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Abstract: In the article we establish some new Opial’s type inequalities involving higher order partial
derivatives. These new inequalities, in special cases, yield Agarwal-Pang’s, Pachpatte’s and Das’s
type inequalities.
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1. Introduction and Statement of Results

In 1960, Opial [1] established the following integral inequality:

Theorem 1. Suppose x € C'[0,a] satisfies x(0) = x(a) = 0 and x(t) > 0 forall t € (0,a). Then the
integral inequality holds

(Khﬁﬂﬁﬂﬂg%%%f@yﬁ (1)

where this constant § is best possible.

The first natural extension of Opial’s inequality (1) involving the higher order derivatives
x("(s)(n > 1) instead of ’(s) is embodied in the following:

Theorem 2 ([2]). Let x(t) € C("™(0,a] be such that x)(0) = 0,0 < i < n —1(n > 1). Then the following
inequality holds

dt. 2)

A sharp version of (2) is the following:

Theorem 3 ([3]). Let x(t) € C(”’l)[O,a] be such that x) (0) = 0,0 < i < n—1(n > 1). Further, let
2
x("=1)(t) be absolutely continuous, and I ‘(x(")(t)‘ dt < co. Then the following inequality holds

a 1 n 172 a
(n) 1 n
/O x(x0) (1) dt < 5 (2n_1) a/o

A more general version of (3) was established in [4] as follows:

2
x(”)(t)‘ dt. 3

~—

Theorem 4. Let 1y, 0 < k < n — 1 and { be non-negative real numbers such that £o > 1, where ¢ = ZZ;& ks
and let p(t) be a non-negative continuous function on [0,h]. Further, let x(t) € C"=1[0,h] be such that
x00) = xO(h) = 0,0 < i < n—1,and let x"""V(t) be absolutely continuous. Then the following
inequality holds
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Opial’s inequality and its generalizations, extensions and discretizations play a fundamental

role in establishing the existence and uniqueness of initial and boundary value problems for
ordinary and partial differential equations as well as difference equations [2,5-8]. The inequality
(1) has received considerable attention and a large number of papers dealing with new proofs,
extensions, generalizations, variants and discrete analogues of Opial’s inequality have appeared in the
literature [1,3,4,7,9-31]. For an extensive survey on these inequalities, see [2,8].

The first aim of the present paper is to establish a new Opial’s type inequality involving higher
order partial derivatives which is a generalization of inequality (4).

Theorem 5. Let ri,, r,,0 < ki < —1,1 < i < n and ¢ be non-negative real numbers such
that bo > 1, where ¢ = Zk11=1
function on [0,a1] X --- X [0,a,].

ny—1 . .
Zk:_o Tk, dens Gnd let p('sl,...,sn) b? a non-negative continuous
Let x(s1,...,5n) be a continuous function on [0,a1] x --- x [0,ay]

n
k: .
such that a,;_x(sl,...,sl-,... )Isl —0andsi—a; = 0,1 < i < mand 0 < k; < n; — 1. Further, let
i an -1 ] 9™ i ) .
25 g :x(81,...,Si,.-.,Sn) ) and 2T o x(s1,.-.,Si,.-.,5n) ) be absolutely continuous on [0,a1] X
[0, an]. Then
np—1 ny—1 akl+"'+kn Tkq,kn ¢
/ / (51,---,5n HH ﬁx(sl,...,sn) dsy -+ -dsy
k=0  k,=0 [0Sy -~ -0sy"
1 (bo—1)/2
= 20 / / [HS ] p(s1,.-.,8n)dsy - -dsy | ¥ (5)
nlil nnzl an | gk1+1) -4 (kn 1) | to
X : Tke,... / / T 7 x(51,- ., 5n dsy -+ - dsy.
K=0 k=0 R

Remark 1. Let x(sq,...,5,) and p(sy,...,sn) reduce to x(t) and p(t), respectively, and with suitable
modifications, then (5) changes to (4). A special case of Theorem 5 was proved in [31].

A result involving two functions and their higher order derivatives is embodied in [18]:

Theorem 6. For j = 1,2 let x;(t) € C"~1[0,a] be such that x]@(O) = 0,0 <i <n—1. Further, let x]gnfl)

be absolutely continuous, and [ |x](n)(t) |?dt < co. Then

/O'”{\x2(t>x§">(t>\+\x1<t> Oy < o (Znn_l)”an/: (‘x§n>(t)‘2+’x§n>(t)‘2> i (6

The second aim of the present paper is to establish a new Opial’s type inequality involving higher
order partial derivatives which is a generalization of inequality (6).

Theorem 7. For j = 1,2, let xj(s1,...,sx) be a continuous function on [0,a1] X - -+ x [0,a,| such that
aK1+ KGRt Rn

i—15.5i+1 Jskn ]
asl asH asi+1 dsq

Xi(81,+++/8i—1,8i,Si41s -, 5n)|s;=0and s,=a; = 0, 0 <k <my—L,andi=1,...,n
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7] .
Further, let a ki (a ! 1x](sl,...,si,...,sn)) and 2 — (an x](sl, ..,si,...,sn)) be absolutely continuous

3, 3s;
2
a1 g+t )
on [0,a1] X -+ x [0,a,], and f*--- [ PR Xj(1,.,5n)| dsy - - -dsy, exist. Then
ax1+ +Kp an]erJrnn
/ / __'asznxl(sll Sn>WX2(Sl,...,Sn)
aK1+...+Ky, an1+"'+nn

x2(51, -+, 5n x1(51,---,5n)

}dsl -+ -dsy (7)

dsy' - - - Osy! syl -+ - dsy"

S ai’l1+ 1y 2
S\/ED(”],...,nn,K],..., Ha ! l/ / { asnl' asn"'xl(sll"'rsfl)
1 n
an1+ +ny
+ | ———+x9(51,...,8 dsy---dsy,
357111---852" 2( 1 ﬂ) } 1 n
where »
1 [T (n; —x;)
D(ny,...,ny,K1,...,Kkn) = < =1 .
( " ") ATTE (n — ) \IT,(2n; — 2k; — 1)
Remark 2. Taking forxy =--- =%, =0andny = --- =n, = 1lin (7) and for j = 1,2, let xj(sl,...,sn)

reduce to x;(t), respectively and with suitable modifications, then (7) changes to (6). A special case of Theorem 7
was proved in [31].

2. Proofs of Main Results

In order to prove Theorem 5, we need the following lemma.

Lemma 1. Let A > 1 be a real number, and let p(sy,...,sn) be a nonnegative and continuous functions on
[0,a1] x -+ x [0, ay]. Further, let x(s1, . ..,sn) be an absolutely continuous function on [0,a1] X - - - X [0, a,],
with x(s1,...,5-1,0,8141,---,5n) =0, x(51,...,8i-1,8;,5i4+1,.--,5n) =0andi=1,...,n. Then

/ / (s1,.-.,5n)|x(51,...,8:)|Mdsq - - - dsy,

(A-1)/2
1 a1 an n
< 5 / / [l |si(ai—si)] p(s1,...,Sn)dsy - -dsy (8)
0 0 [i=1

ay an A
0 0

dsdt.
Proof. From the hypotheses, we have

x(s1,.--,8 / / 851 (sl,...,sn)dsl---dsn

By Holder’s inequality with indices A and A/ (A — 1), it follows that

tes50)| 2 < [(/ I

mX(Sl,. . .,Sn)

1/2

/SH)

A
dsy - -dsn> 1

851 (51,. ..
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. (A-1)/2 5 . A 1/2
< . dsi---d . 9
(i) )

x(81,---,5n)

ds1 - - - 9sy

Similarly

" a2, . A 1/2
Ix(s,-. . sn) M2 < (H(a,-s,-)) (/ / dsl‘--dsn> . (10
i=1 1 n

Now a multiplication of (9) and (10), and by the elementary inequality 2,/af < a + B,a > 0,8 > 0 gives

" (A=1)/2 . ) N 1/2
|x(sl,...,sn)\A < [Hsi(ui—si)} </0 /0 dsl~~-dsn>
i=1

L L

mX(Sl,...,Sn)

an
mX(S‘l,. . .,Sn)

A 1/2
dsq - - -dsn>

851 (51,...,sn)

n (A-1)/2 A
1 /51 /s,, , ) (11)
<3 i\ti = o0 P .
-2 gsl(al Sl) Jo Jo asl"'asnx(sll /Sn) 51 S
- iy A
+/51 /Sn mx(sl/-u,sn) dsy---dsy
1 [z (A-1)/2 o . Ad d
=5 gsz‘(aifsl‘) /0 /0 mx(sl,...,sn) 51 dsy

Multiplying the both sides of (11) by p(sy,...,ss) and integrating both sides over s; from 0 to a;,i = 1,...,n

respectively, we obtain
ay ay A
/ / (s1,---,8n)|x(s1, ..., 80)|"ds1 - - - dsy,

1 a1 ay n (/\71)/2
Si/o /0 (Lllsi(ai—si)} p(s1,...,81) %
"1 "y " A
X‘/O /0 WX(Sll.“/Sn) dSl"'dSn>d51"'dSn

} (A-1)/2

:% (/(:h ,../0% Llﬁsi(“z
X/O‘“.../O“”

Proof of Theorem 5. We recall that for the real numbers Ok, s Ty ey = 0,0 < ki<n;—1,1<i<mn,
and any ¢ > 1, the following elementary inequality holds

p(s1,-..,8n)dsy - 'dsn)

A

x(s1,...,8n)| ds1---dsy.

dsy - - - sy
O

ni—1 ny—1 ek n1—1 ny—1 n—1 np—1 ’ 1/¢
okn
[T TTa) < Y mklti b < {2 2 Tk | - (12)

k=0  kn=0 k=0  kn=0 k1=0 k=0

From the inequality (12), we have
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(nll_ll nln_—Il okt +kn rkl/'“/k”>€
e - x(s1 Sn)
k k ’
k=0  ky=0|0S;' - -- 05"
lo
m—1  ng=1| gkyteethy Ty fin /O
=(]]- ,(1735(51,---,5;1)
ki=0  ky=0|0Sy' - - 0sy"
Lo
np—1 np—1 r k1+---+kn
kl,m,kn a
<) - 5 knx(sl,...,sn)
k1=0 k=0 dsy' - - - dsy
Lo
n—1 np—1 r ak1+“'+kn
kl,...,k”
SZZ - akl aknx 1,..,5;1)
k=0  k,=0 1 -0y

Multiplying (13) by p(si,...,sn), integrating the two sides of (13) over s; from 0 to a;,i,
respectively, and then applying the Lemma 1 to the right side again, we observe

Ty \ €
) dsy -+ -dsy

nlfl np—1

/ / (51,...,3 )(kgo...kgo

of1+-+kn

——x(81,..-,51)
as’lﬁ < Qgkn e

1 np—1 np—1 ak1+~~~+kn to
<= Y Y ek / / p(st--sn) | X(51,--,5n) | dsyoo-dsy

ag k1:0 kn:() 851 - asn"

L m-1 rk (bo—1)/2
gfz... 1" / / —5;) p(s1,...,Sn)dsy - -dsy | X

o

k=0  ky=
/ / Uk +1) 4+ (kn 1) y ) o
x(81,...,5n dsy - -dsy
ask1+1 . aS]:l”+1

1 o ay [0 (br—1)/2
= — si(a; —s;) p(s1,...,Sn)dsy - -dsy | X
o [ 7 st sy - dy

n1—1 ny—1 o an to
x Y ¥ rkl,...,kn/o /0
=

a(k1+1)+'”+(k¢1+1)
dsy - - - dsy.
This completes the proof of Theorem 5.

x(S1,..-,5n)
ki+1 kn+1 T
dsy'" - 08y

Proof of Theorem 7. From the hypotheses of the Theorem 7, we have for 0 <x; <n; —1,i=1,...

o1t Ky

KT Aokn
dsy' -+ - dsy"

51 sn M xi—1
X / .. / H(Si _ o’i)n171{17
0 0 9

anl +-tnp
n
1...9smn

x1(81,...,8 <
( n) ?:1(7’11' —K; — 1)!

afl1+"'+7ln

le(Ul,...,Un) d0’1 . -d(Tn.
1 n

and using Cauchy-Schwarz inequality, we obtain

Multiplying (14) by x2(81,---,5n)

(13)

N
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of1ttKn oMttt

395 x1(81,---,5n FY I x2(81,.-.,5n)
1 n 1 n

1/2
1 oMttt (K1)
oo, 8 - iTri=d -doy
=TI (i~ — 1)1 a5 - - a5y x2(s1 (/ / H %) o
1/2
an1+ Fny 2
/ / S oo x1(o1,...,00)| doy---doy (15)
n

x2(81,---,51)

1/2 moL gl
(i —x; —1)! {(Zni — 2K — 1)] 05 dsy
2 1/2
ottt
/ / aU{u 90 x1(o1,...,00)| doy---doy

Integrating the two sides of (15) over s; from O toa;,i = 1,...,n, respectively and then applying the
Cauchy-Schwarz inequality to the right side again, we observe
of1T Ak oMt

——x1(s1,...,57) ————
/ / syl - - dsy" (51,0, )85T1~~~Bsﬁ”

. 1/2
21 2K;—1
<— 7 (,/ / S dsl~~~dsn> (16)

(- — 1)1 [(2;1,- — 2K — 1

A

an1+ 1y

aaf L...9g/m

X2(51,.+-,8n)|dsy - - dsy

an1+ +ny 2

aS K a ”n 2(51/"-1571)
1

2

x1(o, ..., 0n)

bl

1/2
doy - - -doy, dsl~~~dsn} .

Similarly

ay an | g1t Ttk oMt
—x2(S1,. .., ) ————
/0 /o sy - - - Osy! (51,0, )E)s;'1 N

1 1/2
2 —2K—1
< n 172 (/ / T s 'd5”> (17)

" (i — w— 1)1 [(2ni — 2K — 1

Ry E

an]+ +ny

aaf L... 9

x1(51,.-.,8n)|dsy - - dsy

an1+ +ny 2

o ————x1(51, .-+, 5n)

2

bk

2(01/' . -/Un>

1/2
doy - - - doy, dsl~~~dsn} :
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Taking the sum of the two sides of (16) and (17), and in view of the elementary inequality a'/% + g1/2 <

[2(a 4 B)]2,a >0, > 0, we have

of1ttKn oMt

/ / 85’1‘1~ aszn.‘m(Sl/-..,Sn)mﬁQ(Sl,...,SH)

aK1+..-+Kn an1+...+n" ]
_._7'76 S/"'/S P E——. S,...,S ds “e .

as’l‘l...aszn 2(s1 ”)asffl,,.aszn 1( 1 n) 1 Sn

1/2
1 ap ap, N o
S 1/2 </ ° / Hslgnl ZKl ld51 e dSn>
i= 1( —Ki — 1) [(2711‘ —2K; — l)] 0 0 ix
oMt 2
x>(s1,...,8 18
/ / 85?1 - Ospn 2(s1 n) (18)
oMt 2
01,...,0 doi---do, | ds+---ds
/ / doy'! - P (o1 n) 1 n 1 n
ai’l1+ +ny 2
w2 M " e,
as;” ... s (s ")
oMt 2 1/2
/ / ao_i’ll ao_nn 2(0'1/ .. */0-1’1) dUl e do-n dSl e dSn .
1 n

On the other hand, note the derivation rule of integral upper bound function and the derivation rule

of product function, we have

oMttt
X101, - - -
/ / 801"1- Aoy x (o,
/ / ottt
x2(01,.-.,00)
N 11 A g 7 7
doy ! - -+ doy"
oMt ety ( ) s1 Sn | @Mt tnn
. R
syl 8”” T 0 0 |doy! 00y
oMt ( ) 2 $1 Sn ot
|| ([
syt -+ - dsy" Y 0 0 |90yt -9y

and

2
,00)| doy---doy
doy - - - doy, (19)
2
x2(01,...,00)| doyp---doy
2
1((71/ /Un) dom doy
a 1/2
/ sf,”” 2Zkn 1dsn) (20)
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From (18)-(20) and in view the elementary inequality (¢B)!/? < 1(a + B),a > 0, > 0, we have

AR

of1ttKn ottt
(51 )
sy - - - Osy! A T E

of1ttKn ottt

asKl. aSK” 1(51,...,Sn)mxz(&l,...,sn)
1 n 1 n

}dsl <o dsy

X1(Sl,...,5n)

n i—%; oMt + 2
<2D(ny,...,Mp, K1, .-, Kn) al i / / X151, ., 5n) | ds1---dsy
Pl dsy' -+ dsy

1/2
"1 an an1+"'+”n 2 /
X / / ————x2(51,...,5,)| ds1---dsy
o o (et asp ey n)
an1+ 1y 2

————x1(51,-.-,5n)

< V2D(ny,... 1,50, Kn Ha”z Kl/ / {

an1+ 1y

3 el
dsy' - -+ 0sy"

711 n
dsy' - - 0sy"

+ xX2(51,-+-,5n)

}dsl - -dsy,

where

D(ny, ..., np, K, ..., Kp) =

1/2
L ( [Ty (i — 1) )/ .
41—[?:1(111' — Ki>! H?:l (2711' — 2Ki — 1) ’ ’ ’
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