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Abstract: In this paper, we propose a generalized viscosity implicit iterative method for
asymptotically non-expansive mappings in Banach spaces. The strong convergence theorem of
this algorithm is proved, which solves the variational inequality problem. Moreover, we provide
some applications to zero-point problems and equilibrium problems. Further, a numerical example
is given to illustrate our convergence analysis. The results generalize and improve corresponding
results in the literature.
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1. Introduction

Variational inequality theory and fixed point theory are two important fields in non-linear analysis
and optimization. Much attention has been given to developing implementable viscosity iterative
methods for solving variational inequality problems, due to their applications in many real world
problems, such as signal processing, saddle point problems, equilibrium problems, and game theory,
in the frameworks of Hilbert spaces or Banach spaces; see [1-9] and the references therein.

The implicit midpoint rule is one of the most important numerical methods for solving certain
differential algebraic equations. Convergence analysis for viscosity iterative algorithms using the
implicit midpoint rule have been introduced by many authors; see [10-16] and the references therein.
More precisely, in 2015, Xu et al. [17] introduced the viscosity implicit midpoint rule for non-expansive
mappings in Hilbert spaces, wherein they showed that the sequence {x, } generated by

Xpn+1 + Xn

Xpp1 = nf(xn) + (1 —an)T( 5

),n >0,

converges strongly to a fixed point of T, which was also the solution of the following variational
inequality (VI):
(I=flgx—4q) 20,xeKT),

where F(T) is the set of fixed points of T. In 2017, Luo et al. [14] extended the work of Xu et al. [17]
to uniformly smooth Banach spaces, which contains Hilbert spaces as a special case. They proved
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a strong convergence theorem for the iterative scheme. In 2015, Ke et al. [18] studied the following
generalized viscosity implicit rule for nonexpansive mappings in Hilbert spaces:

X1 = &nXn + Buf (xn) + YnT(spxn + (1 — 5p)Xpy1),1 >0,

which converges strongly to a fixed point of T under certain assumptions, and is also solved by the
variational inequality (VI). In 2017, He et al. [19] considered the generalized viscosity implicit rule of
asymptotically non-expansive mappings in Hilbert spaces. They proved that the iterative algorithm,
defined by

X1 = @nf (xn) + (1 — ) T" (Buxn + (1 = Bu)Xus1),1n >0,

converges strongly to a fixed point of T, which was also the solution of the variational inequality (VI).

Motivated and inspired by the above works, we present a generalized viscosity implicit iterative
method for an asymptotically non-expansive mapping in a Banach space. Then, we prove a strong
convergence theorem of this algorithm, which solves the variational inequality problem. Applications
to zero-point problems and equilibrium problems are presented. Finally, a numerical example is given,
to illustrate our convergence analysis. Therefore, the results in this paper generalize and improve the
corresponding results found in [13-15,17-19].

2. Preliminaries

Throughout this paper, let K be a subset of a real Banach space E and let E* be the dual space of E.
Let T : K — K be a mapping, and denote by F(T) the set of fixed points of T. Recall that the duality
mapping ] : E — 2F" is defined by

J(x) = {x* € E*: (x,x*) = ||x||* = ||x*||*},Vx € E.

A mapping T is said to be contractive on K if there exists a constant p € (0,1) such that || Tx —
Ty|| < pllx — y|| for all x,y € K. Further, T is said to be nonexpansive if || Tx — Ty|| < ||x — y|| for all
x,y € K, and T is said to be asymptotically nonexpansive if there exists a sequence {k,} C [1,00):
lim, 00 ky = 1 such that | T"x — T"y|| < ky||x —y|| for all x,y € K, and {k, } is called an asymptotic
coefficient sequence of T.

We need some Lemmas for the proof of our main results.

Lemma 1 ([20]). Let {ay, } be a sequence of non-negative real numbers satisfying the condition
i1 < (1= yn)an + yu0n,Vn 20,

where {7y, } C (0,1) and {0y, } satisfy

(i) limy, o0 yn = 0and Y5y yn = oo; and

(ii) either limsup, ,  0n < 0o0r Y ;7 o |vn0n| < co.
Then, {ay, } converges to zero.

Lemma 2 ([15]). Let {x,} and {y,} be bounded sequences in a Banach space E and {B,} be a sequence
in [0,1] with 0 < liminf, e Bn < limsup,, . Bn < 1. Suppose that x,41 = (1 — Bn)xu + Buznu for
alln > 0and limsup,,_, . (||zp1 — zul| = ||Xn1 — xul|) < 0. Then, limy, e0 |20 — xn|| = 0.

Lemma 3 ([21]). Let K be a non-empty closed convex subset of a Banach space E, and let T : K — K be
an asymptotically non-expansive mapping with a fixed point. Suppose that E admits a weakly sequentially
continuous duality mapping. Then, the mapping I — T is demiclosed at zero (i.e., where I is the identity mapping,
if xy — xand ||x, — Tx,| — 0, then x = Tx).
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Lemma 4 ([22]). Let E be a uniformly smooth Banach space, K be a nonempty closed convex subset of E, and
T : K — K be a nonexpansive mapping with F(T) # @. Let f : K — K be a contractive mapping. Then, the
sequence Xy defined by x; = tf(x¢) + (1 —t)Tx¢, t € (0,1) converges strongly to a point in F(T). If we define
amapping Q : I1. — F(T) by Q(f) = lim;_o x¢, f € I, then Q(f) solves the variational inequality

(L= RN, Q) —p)) <0,Vp € F(T).

Lemma 5 ([23]). Let E be strictly convex, and Ty and T, be an attracting non-expansive and a non-expansive
mapping, respectively, which have a common fixed point. Then, F(T;T,) = F(T,Ty) = F(Ty) N F(T1).

3. Main Results

Theorem 1. Let K be a non-empty closed convex subset of a uniformly smooth Banach space E, which has a
weakly continuous duality mapping. Let T : K — K be an asymptotically nonexpansive mapping with its
asymptotic coefficient sequence {kn} C [1,00): limy_e0 ky = 1. Assume that F(T) # @ and f : K — K
is a contraction with coefficient p € (0,1). For a given xo € K, let {x,} be a sequence generated in the
following manner:

Xp+1 = &nXn + ﬁnf(xn) + 'YnTn<tnxn + (1 - tn)xn+1>/ (1)
where {an }, {Bn}, {1n}, {tn} C (0,1) satisfy the following conditions:

(Z> an+ﬁn+7n = l'nlgrc}oﬁn = OIZZOZO,BH = OO,kn _1 :e,Bi’l/O <e< 1_P1

(ii) 0 < hﬂg}f‘x” < hrnn_>soljpo¢n < 1,nlgr.}o lay i1 — an| = O,nlgr.}<J |Bni1 — Bnl =0;

(i) 0 <ty <tyi1 <191 —ty)k, <1; and
(iv) T satisfies the uniformly asymptotic reqular condition (i.e., lint, o sup || T"Tx — T"x| = 0).
xeK

Then, {x,} converges strongly to a fixed point x* of the asymptotically nonexpansive mapping T, which solves
the variational inequality:

(I=f)pj(p—y)) <0,Vy € F(T).

Proof. We divide the proof into five steps.
Step 1: We show that {x, } is bounded. Indeed, if we let p € F(T), then we have

[Xn+1 = pll = llanxn + Buf (xn) + 1aT" (tnxn + (1 = ta)xp11) — Pl
= [lan(xn — p) + Bu(f(xn) = £(P)) + Bu(f(P) — P) + 7u(T" (tnxtn + (1 — tu) X 1) — p)|
< anllxn = pll 4 Bull f (xn) = F(P + Bull f(p) — Pl + vull T" (bwxn + (1 = tn)xn 1) = p|
< anllxn = pll 4 Bupllxn — pll + Bullf(p) = pIl + vukn || (Fnxn + (1 = tn)xn41) — p|
< anllxn = pll + Bupllxn — pll + Bull f(p) — Pl + Yrkntullxn — pll + Ynkn (1 = ta) | x011 — Pl
= (an + pPn + Ynkntn) X0 — pll + Bull f(P) = pIl + Vukn(1 = tn)[[xn11 = p-

It follows that

(1= yukn (1 — t)]l|xns1 — pll < (@n + pBn + Ynkntn) |l xn — pll + Bull f(p) — pII- 2)
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Ask, —1 = ep;, we can get

I =l < SR oy i+ P () )
= 1= S, — pl o+ P
~ - Elopl ol -1 1) )
1 el 5 fnf[yil;fl_—et]a e

[ln = pll +

We deduce that
[2n+1 = pll < max{|lxn = pll, 7———IIf(p) = plI},¥n = 0.

By induction, we get

[l2n = pll = max{[lxo = pll, 7———llf(p) = pll}, ¥n = 0.

Then, we obtain that x, is bounded, and so are f(xy,), T" (txxn + (1 — tn)Xp11)-

Step 2: Show that ||x, 11 — x| — 0,1 — oo. Setting z, = W, for all n > 0, we have

Xn42 = &n41Xn+1  Xn41 — &nXn

Zptl — Zn = 1— 41 1—ay,
ABn-i-lf(xn—&-l) + Y1 T" +1( Fpo1Xne1 + (1 — 1) Xpa2)
1—anm
~ Buf(xn) + 1T (tnxn + (1 — ta)Xn41)
1—ay
_ ,BnJrlf(xn+1) + (1 — &nt1 — ,Bn+1)Tn+1 (thrlanrl + (1 - tn+1)xn+2)
N 1T —app
= Buf(xn) + (1 —an — Bu) T" (tnxn + (1 — £n)Xny1)
1—ay,

= By )]+ (R - P

1 ﬁnojnlﬂ 1 fn&n )T (tnn + (1 = tn) X 41)
__Bunr

P [T i + () s2) = T (b (1= 60)00)]
n

+ [Tn+1(tn+lxn+l + (1= ty1)xp42) — T (Fnxn + (1 — tn)xn+1)]

40f13

= P (1) = f)])+ (R — P ) = T+ (1= ) 0s1)

1_“n+1 1_“n+1 1—ay
_ %[T"Jrl(tnﬂxnﬂ + (1= tyg1)xnt2) = T (tnxn + (1 — £n) Xp11)]
- Bn+

+ [T (bygaxnsr + (1= tyg1)Xng2) — T (bnxn + (1 — £0)Xp41)]

= P ) — fn)] + (P = P ) = T (1= )

1— a4 1—ay1 1—ay
+(1_@

- +1)[T”+1(tn+1xn+1 + (1= tpy1)xns2) = T (Baxn + (1= £)xp41))]
n

+(1-7 fnocﬂﬂ)[T"H(fnxn + (1= tn)xpg1) = T"(bwxn + (1 = )X 41)],
n



Mathematics 2019, 7, 379 50f 13

which implies that

PBu+1 Bn+1 Bn Tn+1 n+1 n
_g|| < PPt _ - C T"Hly T
fonsn = 2ol € 2L g~ + B2 oy I s ey oy
+(1- f;rlH)knJrl”thrlanrl + (1= tyg1)Xnt2 = (bnXn + (1 — ) Xn4) |
n
< P P P jo e T g iy g
1 - ‘XnJrl 1 - ‘Xn*‘rl 1 —&p 1 - Dén+1 xeK (3)
+(1- 1ﬁn7+1)kn+1||tn(xn+1 = xn) + (1 = ty1) (Xn2 — Xny1) |
— Ol
PBn+1 Brt1 Bn Tn+1 n+1 n
< ———|lxp41 — x| + — C+ sup ||[T" " x — T"x
B B o T l
+(1- Prr hnaltnllxne1 — xall + (1= tns1) [ X042 — 2l
1- Ap41

where C > 0is a constant that satisfies:

C > {supp>ollxn — T" ™ (tnxn + (1 — ta)Xus1) |, supuzoll f(xn) = T (bnxn + (1 = tn) x5 41) |,
supp>ollf(xn) — T" (tnxn + (1 — tn) x|l }-

By (1), we can get

42 = X1l = ll@ns1Xns1 + Bt f (Xnr1) + Va1 T (Busa X1 + (1= tug1) Xng2)
— anXy — Buf (xn) = YnT" (tnxn + (1 = t0) X041 ||
= llns1 (X1 = xn) + (@n1 — an)xn + B1 (f (Xn41) = f(xn)) + (Brusr — Bn) f (xn)
+ Y1 [T (trg1 %01 + (1= tug1) Xnr2) — Tty + (1 — t)X41)]
+ (Y1 = ) Tt + (1= tn) X041)
[T (baxn + (1= tn)x11) = T" (b + (1= t) %0 10)] |
i1 G — )+ (@1 — @) + B (FCons) — £ (on)) + (Busa — ) f (o)
+ Y1 [T (b1 X1 + (1= tug1) Xnr2) — Tty + (1 — t)X41)]
— [(@ng1 = an) + (a1 = Bu)] T (buxn + (1= )X 1)
[T (b + (1= tn)xng1) = T" (bnxn + (1= t) %0 11)] |
= Jlatn1(Xn g1 = xn) + (@n1 — @) [en = Tty + (1= t)x,41)]
+ (Bus1 = Bu) [f (xn) = Tt + (1= t) %0 40)] + Brga (f (Xng1) — f(xn)
F Yt [T (b1 + (1= tyg) Xng2) — T (B + (1= tn) X011
+ 'YW[THH (tnxn + (L= tn)xpg1) = T" (Bnxn + (1 — tn)xp11)] |
< atpplxng1 — Xnll + lan g1 — anlllxn — T (Baxn + (1= ta)x041) |
+1But1 = Bulllf (xn) = T (tnxn + (1= tn) % 00) | + pBrsa || Xn g1 — X
+ ’YnHTnH(tnxn + (1= tn)xn1) — T" (tnxn + (1 — tn) X041 ||
+ Ynrrknr1 a1 ¥ns1 + (1= tyg1)Xnp2 — tnXn — (1= tn) X1 |
< api1llxnir — xull + lani1 — an|C + |Bui1 — BulC + pButallxni1 — xull
+ Yns1kna1[[(1 = tus1) (Xns2 — Xng1) + ta(Xng1 — xu) ||
+ 'YnHTnH(tnxn + (1= tn)xng1) = T (tnxn + (1= tn)xp11) |
< (@n41 +0But1 + Ynrrkniatn) | Xn1 — Xnll + Yur1kn1 (1 — tnsn) |xn2 — Xupa |
+ (lan+1 — an| + |But1 — Bal)C
+ Yl T (tnxn + (1= t)xpg1) = T (tnn + (1= tn) 11|
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< (@ng1 + But1 + Ynsrknitn) | Xng1 — X || + Yugrknp1 (1 = ts1) | Xng2 — X ||

+ (|&ns1 — an| + |Bus1 — Bul)C + yn sup ||T”+lx — T"x|.
xeK

This implies that

1= Yurrkni1 (T =ty )] %042 — g1l < (@ng1 +0Brst + Yurrkniitn) [ Xng1 — Xl
+ (|ans1 — &n| + [Bus1 — Pul)C + yusup | T x — T"x]).
xeK

Then,
lln12 — xpp1l]
Kpy1 + p,BrH»l + 'Yn+1kn+1tn C
< Xpa1 — Xnll + Mot — |+ B
1-— 'yn+1kn+1(1 _ tn+1) || n+1 nH 1— 7n+1kn+1(1 — tn+1) (| n+1 n| |,3n+1 ﬁn|)
+ Tn Sup ||T‘rl+1x _ Tan

1= Yuprkn1(1 = tg1) ek
=[1- Brui1(1—p) + Ynrtknp1(fuy1 —tn) — Ynr1(knp1 — 1)

Hixn1 — xnll

1- 'Yn+1kn+1(1 - tn+1) (4)
C Tn 1
Myl — | + - + sup [|T"Mx — T"x
1- 'Yn+lkn+1(1 - tn+1) (| i n| |an+1 ﬁn|) 1-— 7n+1kn+1(1 - tn+1) xeg H H
;Bn+l[1 —P— €] + Ynyrkni1 (b1 — tn)
< |1-— X —X
o [ 1- ’)’nkn+1(1 - tn+1) ]H i n”
C Tn 1
+ Mpy1 — | + - + sup || T" ™ x — T"x||.
1= Yngtknp1(1—tyg1) (e = ol + [Brss = Bul) 1= Yngtknp1 (1 —tyg1) erIz | |
Substituting (4) into (3), we have
2t — 2ol < (2B o By B g —
1—ay 1—anp T—anp
Yng1kni1(1 =t 41)C
+ QXpy1 — Qn| + -
(1 =y 1) [T = Yugrknp1 (1 = ty1)] (ot ol 1Bt = Bul)
+ Tn+1 sup ||Tn+lx _ Tnx”
1—app x€K
YnYni1kni1(1—ti1) 41 " Bn+1 B
+ sup ||[T" " x — T"x|| + — C
(1- “n+1)[1 — Ynt1kns1 (1 — tn+l)] xeg | | |1 . T ey 7 |
< p,BnJrl + 7n+lkn+1tz+ ')’n+lkn+1(1 — tn+1) ||xn+l o xn” + | En+1 . En |C
1—a,q1 l—ayy 1—ay
1
+ sup || T"1x — T"x
(1 - D‘n+1) [1 - ')’n-i-lkn-&-l(l - tn+1)] erIz H ”
k 1—t C
+ TYn+1 n+1( n+1) )] (|“n+1 _ an| + |,Bn+l _ ﬁn‘)

(1 - D‘n+1) [1 - '7n+1kn+1(1 — b1
< PBn+1 + Ynr1knia

:Bl’l+l . ‘Bn |C

st = xall + 15

T~ —tp  1-a
1
+ sup || T""1x — T"x
(1 - “n+1) [1 - 7n+lkn+1(1 - tn+1)] xellz H H
kpy1(1 —ty41)C
b etk (= ) 5 =l + 181~ Bul)

(1= an1)[1 = Ynrrkns1 (1 — typa
=[1- (1=p)Bn+1 = Yni1(kn1 — 1)]

:Bn+1 . ‘Bn |C
1—apn

—ayp1 1—ay

s =l + 15
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1

1 sup | T" " 1x — T"x
(1 — D(n_;’_l)[l - ’)/n+1kn+1(1 - tYl“rl)] XEE || H
Yn+1knt1(1 — th41)C

(1 - “n—i—l)[l - ')/n-&-lkn-&-l(l — bt

+

)] (|D‘n+l - D"’l| + |l3fl+1 - ﬁ”')

[1- 0— e]ﬁn+1 Bn+1 Bn
e =P €lpns1 _ _
=[1 1— a1 e xn||+|1—ocn+1 1—04n|c
1

+ su Tﬂ+1x_ Ty

(1= 1) [T = Ynprkn1 (1= tyg1)] xellz | :

k 1—-t¢ C

N Yusrknr1 (1= tas1) 77 (Jn 1 = nl + [Busa = Bul).

(1 —ans1) [ = Ynprkn1(1 =ty
By conditions (i), (ii), and (iv), we have

limsup(|[zn41 = zu | = [[Xps1 — xal) < 0.
n—oo

Applying Lemma 2, we can get

lim ||z, — x,|| = 0.
n—oo
Note that
_ Xp41 — Xn
S T
n
and so we have
Jim {|x 41 = xu | = 0.

Step 3: We show that limy, .« || Xy — Txy|| = 0.

[xp1 = T"(twxn + (1 = tn)Xn41) |

= llanxn + Buf (xn) — anT" (tnxn + (1 — tn)Xn41) — BuT" (tnxn + (1 — tn)xp11) |

= lJan[xn — T" (tnxn + (1 — tu)Xps1)] + Bulf (xn) — T" (tnxn + (1 — tn)xp11)] ||

< anllxn = xppa | + anllxnr1 — T (nxn + (1= tn) X 1) | + Bullf (xn) — T" (tnxtn + (1 — tn)xus1) |-

Moreover, we know that

(1 —an)l[xn1 = T"(tnxn + (1 = tn) X)) || < nllxn — Xugall + Bull f(xn) = T (tnxn + (1 — tn) X 11) |-

That is,
01 = T (1= 6)052) | € T2 ot = St |+ T £ 0) = Tt + (1= b))
From conditions (i) and (ii), and Step 2, we obtain

41 = T (tnxn + (1 = tn)Xnp1) | = 0, (n — o0). ®)

[0 = T x| = [|xn = Xng1 + Xng1 — T (tnXn + (1 = t)Xpp1) + T (Enxn + (1 — tn)xpg1) — T x|
< lxn = g ll + 161 = T (tnxn + (1= tn)x1) |+ 1T (tnxn + (1= tn)xp41) — T |
< lxn = g ll + 11 = T (x4 (1= £0) 1) | knllEnxn + (1 = £0) X1 — Xa|
= llxn = Xl + [lxnsn = T (tnxn 4 (1= t0) Xpga) | + k(1 = ) [ X1 — x|
= (L +kn(1 = ta)llxn — X1 [l + [[xn1 — T" (Bnxn + (1 — tn) X 41) |-
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By (5) and Step 2, we have
|xn — T"xy|| = 0,n — oo, (6)
We know that T is an asymptotically non-expansive mapping, and so we have

10 — Tl = 120 — Xpg1 + X1 — T g + T gy — T g, 4+ Ty, — Ty |
< lan = Xt |+ a1 = T g | [T o = T |+ | T o — Toxa|
< lan = st | a1 = T g | K 61— 2]+ ke[| T2 — x|

< (1 Kne) %0 = Fnsa ]+ [ = T [ 4+ K| T — -

By Step 2 and (6), we can get
|xp — Txu|| — 0,n — oo.

Step 4: We prove that limsup, ., (I — f)p,j(p — xn)) < 0.
As K is a uniformly smooth Banach space and x;, is bounded, then there exists a subsequence of x;
which converges weakly to y. Further,

im (I = f)p, j(p = xn)) = limsup((I = f)p, j(p = xu))-

k—o0 n—00

It follows from Step 3 and Lemma 3, we can get y € F(T). Then, p € F(T) satisfies

(I=fpjl(p—y)) <0,Vy € F(T),

by the weakly sequential continuous duality mapping and Lemma 4, we have

limsup (I = f)p, j(p = xn)) = Hm ((I=f)p,j(p —xn,)) = (I~ f)p,j(p —y)) < 0.

n—oo

Step 5: Finally, we prove that x,, converges strongly to p € F(T).

%ns1 = pIP = (@nxn + Buf (xn) + 1 T" (tnxn + (1= t)Xn41) = p,j(¥us1 = p))
= an(xn — p,j(Xns1 — p)) + Bulf (xn) — P, j(Xns1 — P))
+ Y (T" (tnxn + (1 = tn)Xp11) = P, j(Xnt1 — P))
< an(xn = p,j(xXns1 = p)) + Bu{f (xn) = f(p),j(xXns1 = p))
+Bulf(p) = P j(xnsr = p)) + (T (tnxn + (1 = tn)Xn11) = poj(Xns1 — P))
< anl[xn = plll[xns1 = pll + Bupllxn — pll{lxns1 = pll
+ Bulf(p) — P, j(xXn1 — P)) + Yuknl[tnxn + (1 — tn)Xn41 — plll X041 — Pl
< anl[xn = plllxns1 = pll + Bupllxn — pllllxnt1 = pll + Bulf(P) — P, j(xnt1 — P))
+ Yuknta |0 = pll1xn1 = pll -+ Yakn (1= ta) 2031 — plI?
= [an + Bup + Yakutul | xn — Pll1xns1 — Pl + vikn (1= t) X031 — plI?
+Ba(f(p) = P, j(xnt1—Pp))
< &y + Bup + Yukntn
- 2
+ Yk (1= ta) [|Xn11 = P12 + Bulf(p) = P, j(¥ur1 — P))

oy + + Ykt oy + + Yukn(2 —t
_ .Bnpz Tn nn||xnfp||2+ n ,Bnp ;’n n( n)|

+ Bu(f(p) — P, j(xXus1 —P)),

Xy + + Yuknt
n Pl b P

lxn = plI? +

1 = plI?
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which implies taht

0y + ﬁnP + 'Ynkntn

o, + + k,(2—t
R T e A LY PR LY
That is,
2 an+[3np+7nk tn 2
Xpa1 — Ynt1 —
s =PI < gy It =l
2,8;1

2—a, — P,Bn_'Yn n( tn)<f(p)_pfj(xn+1_p)>

=[1- 2(1 — &y — PPn — Ynkn)
— &y — Pﬁn Tn n( —t

)]len+1 —pl?

2Bn §
2 — 0y — p/gn_ ( )<f( ) ( n+1 — P)>
<= 2—(§>m p)[f: e 612 t) )]”xn-H pl?
2B ’
I E & — PPu — Ynkn(2 — t,) (f(p) =P, j(xn41 = p))
sl=3= anz—((;ﬁ_n {ijrjlzf(g gy s = I
2Bn

+5 — (f(p) = p j(xns1 —p));

— 0y — P,Bn Tn n(

we note that

2 — oy —PpBn — Ynkn(2 — tn)
=1—an—0Bn— Yukn + [1 — yuku(1 — t;)]
= Bu(1—p) = yulkn — 1) + [1 = yukn(1 — t5)]
=Bu(1—p—evn) + [1— yukn(1—ty)]

> Bu(1—p)(1 = yn) + [1 = yukn(1 — ta)] > 0.

90f13

— 1. j(xnp1—p))-

@)

By Step 4, we have ((I — f)p,j(p —vy)) < 0,Vy € F(T). Thus, by condition (i) and applying Lemma 1

to (7), we conclude that lim, e ||x, — p|| = 0. This completes the proof. [J

Theorem 2. Let K be a nonempty closed convex subset of a uniformly smooth Banach space E, which has a
weakly continuous duality mapping. Let T : K — K be a non-expansive mapping. Assume that F(T) # @ and
f : K — Kis a contraction. For a given xo € K, let {x, } be a sequence generated in the following manner:

X1 = &nXn + Buf (Xn) + YT (tuxn + (1 — tn)Xp41),
where {an}, {Bn}, {7}, {tn} C (0,1), satisfy the following conditions:

(l) Ay + ﬁn + ’Yn - 1, hm ﬁ}’l = 0, Z;o:()ﬁn = 09,

(ii) 0 < 11m1nfocn <limsupa, <1, hm |y 1 —an| =0, nlgn |Brn+1 — Bn| = 0; and

n—0o0

(iii) 0 < t, <ty < 1.

Then, {x,} converges strongly to a fixed point x* of the nonexpansive mapping T, which solves the

variational inequality:
((I=F)pj(p—y)) =0,y € K(T).
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Remark 1. The aim of this paper is to study the general viscosity implicit midpoint rule for asymptotically
non-expansive mappings in Banach spaces. In Theorem 1, if t,, = % in a Hilbert space, this is the main result of
Yan et al. [24]. We know that every non-expansive mapping is an asymptotically non-expansive mapping. In
Theorem 1, if k, = 1, then T is a non-expansive mapping. Thus, we extend and generalize the Hilbert space
results to Banach spaces, the non-expansive mapping to asymptotically non-expansive mapping, and the implicit
midpoint rule to the generalized viscosity implicit midpoint rule, which includes some corresponding recent
results (see, for example, [13,14,17-19]) as special cases.

4. Applications

4.1. Application to Zero-Point Problems

Consider the zero-point problem: Find x € E, such that

0 € Ax,

where A C E x E is an accretive operator: An operator is accretive if, for Vx,y € E, there exists
j(x —y) € J(x —y) such that (Ax — Ay, j(x —y)) > 0. Further, J, : R(I+rA) — D(A) is called
the resolvent of A, which we define by J, = (I +rA)~L. It is well-known that J, is a non-expansive
mapping and that A=1(0) = F(J,,), where A~1(0) = {x € E: 0 € Ax} is the set of zeros of A and F(J,)
is the fixed point set of J,. Thus, we can apply the our results by taking T = J;.

Corollary 1. Let K be a nonempty closed convex subset of a uniformly smooth Banach space E, which has
a weakly continuous duality mapping. Let A be a m-accretive operator in E, such that A~1(0) # @ and
f : K — Kis a contraction. For a given xo € K, let {x,, } be a sequence generated in the following manner:

X1 = X + B f (Xn) + YnJr (BnXn + (1 — tn)Xn41),
where {an}, {Pn}, {vn}, {tn} C (0,1), satisfy the following conditions:

(l) Ay + ﬁn + ’)/n - 1, ’/llgrf}oﬁn = 0, Z;ozoﬁn = 00,
(ii) 0 < ligg}focn < liTjgp“” < 1,7}320 |1 — an| = O',}E}o |Brn+1 — Bn| = 0; and

(iii) 0 < ty < tp41 < 1.
Then, {x,} converges strongly to x* € A~1(0), which solves the variational inequality:

((I=Hp.ilp =) <0,y € AH(0).
4.2. Application to Equilibrium Problems

Let B be a non-empty, closed, and convex subset of a Hilbert space H. Consider the equilibrium
problem: Find x € B, such that

G(x,y) >0, forally € B,

where G : B x B — Ris a bi-function satisfying the following conditions:
(H1) G(x,x) =0forall x € B;

(H2) G(x,y) + G(y,x) <0, forallx,y € B;

(H3) for each x, v, z, € Blim;e G(tz + (1 — t)x,y) < G(x,y); and

(H4) for all x € B, G(x,y) is convex and weakly lower semi-continuous.

Assume that G satisfies H(1)-H(4). Forr > 0and x € H, we define T, : H — Bby T, = {u €
B: G(u,y)+ %(y —u,u—x) > 0,Yy € B}, and the set of solutions of the equilibrium problem is
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denoted by EP. It is well-known that the single-valued mapping T is firmly non-expansive and that
EP(G) = F(T;), where EP(G) is a closed and convex set. Thus, we can apply our results by Lemma 5.

Corollary 2. Let B be a non-empty, closed, and convex subset of a real Hilbert space H and G : B x B — R
be a bi-function satisfying the conditions (H1)—(H4). Let T : B — B be a non-expansive mapping such that
Q =F(T)NEP(G) # @and f : B— Bisa contraction. For a given xo € B, let {x,, } be a sequence generated
in the following manner:

X1 = @nXn + B f (Xn) + ynTTr(tnxn + (1= tn)Xp41),
where {an}, {Pn}, {vn}, {tn} C (0,1), satisfy the following conditions:

(l) Ay + ﬁn + ’)’n - 1, }}E}rc}oﬁn = 0, Z;.lo:()ﬁi’l = 09,

(ii) 0 < lirllgiolgfan < hinjol:p“” < 1,7113{)10 a1 — an| = 0,711135)10 |Brn+1 — Bn| = 0; and

(iii) 0 < t, <ty < 1.

Then, {xy } converges strongly to x* € Q, which solves the variational inequality:

(I=Fp.p—y) <0,VyeQ.

5. Numerical Examples

Example 1. Let the inner product (.,.) : R® x R® — R be (x,y) = x1y1 + Xoyn + x3y3. We set T"x =
(1+ £)xand f(x) = ;x, where x = (x1,x2,x3) € R®. Wetakewy = 1 +1, 8, =1 4, =2(1 — 1) and
th =1— %,for allnm € N. It is easy to see that k, =1 + 3%1 , €= % and p = % satisfy the conditions (i)—(iv)
in Theorem 1. Then, we get
_108n® — 81n% — 8n +24
LT 70803 — 24n7 + 64n + 24"

Starting with x1 = (1,2,3) and using the algorithm in Theorem 1, we get the following numerical results, as
shown in Figures 1 and 2.

3.0

254

2.0 1

0.54

0.0

Figure 1. Two dimensions.
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Figure 2. Three dimensions.
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