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Abstract: This article is to study a three-point boundary value problem of Hadamard fractional
p-Laplacian differential equation. When our nonlinearity grows (p — 1)-superlinearly and
(p — 1)-sublinearly, the existence of positive solutions is obtained via fixed point index. Moreover,
using an increasing operator fixed-point theorem, the uniqueness of positive solutions and uniform
convergence sequences are also established.
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1. Introduction

In this paper, we study the existence and uniqueness of positive solutions for the Hadamard
fractional p-Laplacian three-point boundary value problem

( )
DPu(1) = DPu(e) = 0,u(1) = u'(1) = 0,u(e) = au(¢),

{D“(fpp(Dﬁu(t))) = f(tu(t)), te(Le),

)
where « € (1,2], B € (2,3], and D% DF are respectively the Hadamard fractional derivatives of
orders o, ; ¢ € (1,¢),and a > 0 with a(log &)P~! € [0,1); note ¢, (s) = |s|P~2s is the p-Laplacian for
p>1secR

Arafa et al. [1] introduced a fractional-order HIV-1 infection of CD4+T cells dynamics model and

then used the generalised Euler method to find a numerical solution of the HIV-1 infection fractional
order model: the model is

DY (T) =s—KVT —dT +bl,

D*2(I) = KVT — (b+4)],

D% (V) = NoI—cV,
where D% (i = 1,2,3) are fractional-order derivatives. Nonlinear analysis methods (such as
fixed-point theorems, Leray—Schauder alternative, subsolution and supersolution methods and

iterative techniques) are used to study various kinds of fractional-order equations (most of these
results involve the Riemann-Liouville and Caputo-type fractional derivatives); see [2-52] and the
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references therein. In [2], the authors used a double iterative technique to study the unique solution of

the p-Laplacian fractional boundary value problem
—Di(@p(=D¥2))(x) = f(x,2(x)),0 <x <1, @)
2(0) = 0,Dz(0) = D¥z(1) = 0,2(1) = fy z(x)dx(x)

where D%, DY are the standard Riemann-Liouville derivatives. For the unique solution, they constructed

uniform converged sequences, and provided estimates on the error and the convergence rate. In [3],

the authors adopted some fixed-point theorems on cones to study the unique solution for the fractional

p-Laplacian boundary value problem

DY, ¢p(D§ u(t) + f(t,u(t)) = 0,t € (0,1), .
u(0) = u'(1) = u"(0) = D§, u(0) =0,

where Dy, Dﬁ are the Caputo fractional derivatives and they presented iterative schemes for the

unique solutlon when f doesn’t satisfy a Lipschitz condition. When nonlinearities satisfy a Lipschitz

condition, we refer the reader to [4-9]. For example, the authors in [4] used Banach’s contraction

mapping principle to study the unique solution for the fractional Dirichlet boundary value problem

Dg, u(t) + f(t,u(t),u'(t)) =0,t € (0,1), @
u(0) =u(1) =0,

where Dg, denotes the Riemann-Liouville fractional derivative. Positive solutions [16-35] and

nontrivial solutions [36-52] were also studied for fractional-order equations. For example, the authors

in [16] used the Guo—Krasnoselskii’s fixed-point theorem and the Leggett-Williams fixed-point theorem

to study the existence and multiplicity of positive solutions for the fractional boundary-value problem
D*(p(Du(1))) = f(t,u(t),t € 01], .
u(0) = u(c(1)) = D*u(0) = D*u(c(1)) =0,

where D* is the conformable fractional derivative on time scales. In [17], the authors studied positive
solutions for the fractional system

Db (9p(DELu(1))) + A1 fi(t u(t),0(t)) = 0,¢ € (0,1),
€+<<op<D“2 u(t))) + Ao fo(t,u(t), o(t)) = 0,t € (0,1),
u(0) = u'(0) = - = ul"2(0) = 0, 9, (D u(0)) = (¢, (DyLu(1))) =0, ©)
v<o>—v'<o>=- - =o(m2)(0) = o,qopwg‘iv(o» (pp(D§20(1))) =0,
—Vlfo g1(s)v(s)dA1(s),v(1) = p2 fo $2(s)u(s)dAz(s)

and obtained existence and nonexistence of positive solutions, and considered the impact of
parameters on solutions. In [36], the authors used the Kuratowski noncompactness measure and
the Sadovskii fixed-point theorem to study the impulsive fractional differential equations with the
p-Laplacian operator

Db (¢p(D%, 2))(8) = f(t,x(t),¥' (1)), £ € (0,1),
Ax(£)i- tk—rk<x<tk>> <>|t tk—m x()), )
DE, x(0) = 0,x(0) = x'(0) = Jy ay(x(s))ds, x(1) — [ ap(x
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Hadamard fractional-order problems were briefly discussed in the literature; see [53-72] and the
references therein. Yang in [53] used the comparison principle and the monotone iterative technique
combined with the subsolution and supersolution method to study the existence of extremal solutions
for Hadamard fractional differential equations with Cauchy initial value conditions

{(DZ‘M)(f) = f(t,x(8),y(1), a7 x)(a*) = x5, a € (0,1],t € (a,b], ®)
(D y)(1) = g(t,x(1),y (1), (o "y)(a") = yg, & € (0,1], £ € (a,b],

where Dy, J7, are the left-sided Hadamard fractional derivative and integral of order «, respectively.

In [54], the authors used fixed point methods to study the existence of positive solutions for Hadamard

fractional integral boundary value problems
DF(@y(D*u(t))) = f(t,u(t)),t € (L), 9
u(1) = D*u(1) = u'(1) = /() = 0, ¢p(D"u(e)) = pu J{ ¢p(D*u(t)) -

In this paper, we study the existence of positive solutions for the Hadamard fractional p-Laplacian
three-point boundary value problem (1). Note: (i) we establish some relations from the corresponding
problem without the p-Laplacian operator, and use some (p — 1)-superlinearly and (p — 1)-sublinearly
conditions for the nonlinearity to obtain positive solutions for (1); (ii) using an increasing operator
fixed-point theorem, we obtain the unique solution for (1), and establish uniformconverged sequences
for this solution.

2. Preliminaries

In this paper, we only provide the definition for the Hadamard fractional derivative; for more
details about Hadamard fractional calculus, see the book [73].

Definition 1. The Hadamard derivative of fractional order q for a function g : [1,00) — R is defined as

1

Dig(t) = — ti n/t(lo t —logs)" 11 (s)@n—l< <n
8 T(n—q) \ dt , Vo8 & 35 =M

where n = [q] + 1, [q] denotes the integer part of the real number q and log(-) = log,(-).

In what follows, we calculate the Green’s functions associated with (1). We let ¢, (DPu(t)) = —o(t)
fort € [1,e]. Then, from (1) we obtain

—D*v(t) = f(t,u(t)), t € (1,e), (10)
v(1) =v(e) = 0.
Lemma 1. The boundary value problem (10) takes the form
e ds
o(t) = [ Galt,)flsu() T, ay
where
Galt,s) 1 [(logt)* (1 —1logs)* ! — (logt—1logs)* !, 1<s<t<e,
,S) = =~
¢ T'(a) (log £ 11— logs)“’l, 1<t<s<e

Proof. We use ideas in Lemma 2 of [59]. For some ¢; € R(i = 1,2), we have

ds

o(t) = c1(logt)* 1 + e (log t)* 2 — 1,(10() /1t(logt - logs)"‘*lf(s,u(s))?.
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From the condition v(1) = 0, we have ¢; = 0. Hence,

o(t) = ailog )"~ = i [ (logt —loge)* s, u(s))

S
Substituting e into the above equation, and using u(e) = 0, we obtain

0le) = 1 = gy (1= Tog9)* (s u(s)§ =0

S

Then, ) p
= T(a) /1 (1 —logs)"‘_lf(s,u(s))—s =0.

S

€1
Consequently, we have

o00) = ey /. ogt)* 11— togs)* S, u(s) S~ i [ (logt —loge)* s u(s)
_ /le Galt,)f(s,u(s) 2.

ds
s

This completes the proof. [

Note that ¢, (DPu(t)) = —o(t). Then, ¢, (—DPu(t)) = v(t) and —DPu(t) = @4(v(t)), where q is
a constant with ¢! 4+ p~! = 1. Then, from (1), we have

{—Dﬁu(t) =g¢q(v(t)),t € (Le), (12)

te
u(1) = u'(1) = 0,u(e) = au(g).
Lemma 2. The boundary value problem (12) is equivalent to the integral equation

— [ Gptts)y (o)) 5, 13

S

where

~~

IAIA
[9)

IAIA
SIS

1 log )P~1(1 —logs logt — logs)P~1,
Gapltys) = {( )l gs)f~ — (logt —logs)

( 1
I'(B) | (logt)P~1(1 —logs)P1, 1
(

a(logt)P—1
Cplt:s) = Gapltis) + 37 a(loggg)ﬁ DI(B)

Proof. We follow the ideas in Lemma 1. For some ¢; € R(i = 1,2,3), we have

IA A
~ wn

~

(14)

Gip(¢, ).

5 [ (togt ~logs)P gy (o)) .

Then, u(1) = u/(1) = 0 implies ¢; = ¢3 = 0. Consequently, we have

u(t) = c1(logt)P~1 4 cp(log t)P~2 4 c3(log t)P 3 —

u(t) = c1(logt)P~1 — r(lﬁ) /;(logt —logs)P 1, (v(s)) ds

S
Substituting e, ¢ into the above equation, and using u(e) = au(¢), we obtain

e S a ¢ S
1= w57 | (1= 1089 gy (0(e)) 5 = aes (10g2)" ! — 5 [ (log —log)* gy (0(s)) %

Solving this equation, we have
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1 e _ ds a g
V= G atog T b 18 ) T - e
(log — logs)* gy (v(s)) =

As a result, we obtain

_ (log t)/g_l € _ ds a(log t‘)ﬁ_1 ¢
w0 = Tt h (108 0O T~ s

(log & — logs)P 1, (v(s)) % _ r(lﬁ) /lt(logt —logs)f g, (u(s)) %
_ (log t>ﬂ71 € . _ @ B a(log t):Bfl ¢
= st A 108 e OO T - e

(log ¢ — logs)ﬁflq,q (v(s)) % — 1”(1[%) /;(logt — logs)ﬁ’1¢q (v(s)) % + 1,(1/3) /16(10gt)/371
S~ i osn 1 —10ge) gy (000) T

(1—1logs)" gy (v(s))

e ;
e ds a(logt)f1 e _ _ ds
= Jy Gt o0 ) T4 ey (o890 o) g ol
a(logt)P~1 4 s
~ = dlo e, 1o8E 1085 My (50 ¢
e ds a(logt)P1 e ds
= [} Guplt:)en (0O T+ G onm i)y Gl (0
= [ Gatt ) (005 2.

This completes the proof. [

Note v(t) = [{Gu(t,s)f(s,u(s))%,t € [le], and we have that (1) is equivalent to the
Hammerstein type integral equation

e e dt) ds
u(t) = [ Gptt9)0 [ Guls Do) ) T as)
Let E:= C[L,e], [lul| := maxepyq [u(t)|, P:={u € E:u(t) >0, Vt € [L,e]}. Then, (E, |- ||) isa
real Banach space and P a cone on E. From (15), we define an operator A : E — E as follows:

) = [ Gts)e [ ats0fu) ) L ek, (16)

Note that our functions G, Gg, f are continuous, so the operator A is a completely continuous
operator. Moreover, if there is a u € E is a fixed point of A, then from Lemmas 1-2, we have that u
is a solution for (1). Therefore, in what follows, we turn to study the existence of fixed points of the
operator A.

Lemma 3 (see [21] (Lemma 3.2). Let B € (n —1,n], and n > 3. Then, the function G has the properties:
(R1) G(t,s) = G(1 —s,1—1t),fort,s € [0,1],
(R2) tF=1(1 — t)s(1 —5)P~1 < T(B)G(t,s) < (B—1)s(1 —s)P~1, fort,s € [0,1],
(R3) tP=1(1 — t)s(1 —5)P~1 < T(B)G(t,s) < (B— 1)tP~1(1 —t), for t,s € [0,1], where
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Lemma 4. Let ¢(t) = W#,q(s) = %,for t,s € [1,e]. Then, the functions Gy, Gg
have the properties:
(I1) Gy € C([1,¢] x [1,¢], RT) and T(a)Gy(t,s) <1, fort,s € [1,¢],

—a(log &)P~1 —a(log &)F-1 _
(12) p(t) () T UBE I < Gy (t,5) < (Ul EENEL) (), for b5 € [1, ),

1—a(log&)P 1+ —1)(log )1
(I3) Gg(t,s) < (1=a( gfl)fa(lo“g‘i’g(f[}}fr(ﬁ)) 8" fort,s € [1el.

Proof. From the definition of G,, we easily have (I1). From Lemma 3, in G(t, s), using logt,logs to
replace t, s, we have

L(B)¢(t)n(s) < Gip(t,s) < (B—1)y(s), fort,s € [1,e], (17)
and
Gip(t,s) < (B—1)¢(t), fort,s € [1,e]. (18)

Consequently, from (17), we have

a(logt)P~1
(= a(log &)F DI (B)
(s a(logt)P~1
< B D1+ T l0g P DI (B)
(a4 (1 a(log)PHr(8) (6 1)
0= allog P DI (B)

Gﬁ(t,s) = Glﬁ(t/ S) +

GLB (6/ S)

(B—=1)n(s)

n(s), fort,s € [1,¢,

and
ogt)P~1
Gp(t:5) = Gaplt,s) + = aa((lzggg))ﬁ—l)l“(ﬁ) Gip(&,s)
> T(B)p(0(s) + — 0BV ppsane)
(1—a(log&)F~1)T(B)

a(logt)P~1(1 —logt) r
a

)t T alogap 1L P

L= a(log&)P! +ag(§)

1—a(log¢)P1

This implies that (I12) holds. Finally, from (18), we obtain

, fort,s € [1,e].

a(logt)P~1
(1~ allog )P Tyr(p) "
B (logt)P~1(1 —logt) a(logt)P~1
DT e T U alog P OT(P)
(B—1)(log P! a9 ()
=TT (”1—a(logf;>ﬁ‘—1)
(1 - a(log &)~ + ag(2))(B — 1) (log P!

= 0 —allog)F )L (B) , fort,s € [1,e].

Thus, (I3) holds. This completes the proof. [

G/g(t,s) = Glﬁ(t,s) +

(B—=1)¢(3)




Mathematics 2019, 7, 439 7 of 20

For convenience, we define three positive constants

(1—a(log&)P~" +ag(Z))L(B) (a+(1—a(log&)P~H)I(B))(B—1)

K1 = K2 = ’

1—a(logZ)P1 (1—a(logg)P~HI(B)

(1—a(logd)P! +ap(0)(B—1)

K3 =
(1—a(logg)P~)r(p)
Lemma 5. Let z € P and pu(t fl (s,7) ds , for T € [1,e]. Then, we have the following two
integral inequalities
e
/ Gg(t,s / Ga(s, T)z ﬂ% > K ¢>(t)/ z(T)‘u(T)d?T,fort € [1,e], (19)
1
and . . it d . p
Tds T
= < — .
/1 Gﬁ(t,s)/l Gals, T)2(1) 25 _K2/1 2O, fort € [1,e] (20)

This is a direct result from Lemma 4(12), so we omit the details.

Lemma 6 (see [74] (Lemma 2.6)). Let 8 > 0and ¢ € P. Then,

(/: (P(t)dt) < /(;1 ¢?(t)dt, if0 > 1, and (/Ol q)(t)dt)

Lemma 7 (see [75]). Let E be a real Banach space and P a cone on E. Suppose that Q) C E is a bounded open
set and that A : QN P — P is a continuous compact operator. If there exists a wy € P\{0} such that

0 0

1
> /O o (1)dt, if0 <8 < 1.

w—Aw # Awy, VA > 0,w € 00N P,
then i(A,QQN P, P) = 0, where i denotes the fixed point index on P.

Lemma 8 (see [75]). Let E be a real Banach space and P a cone on E. Suppose that Q) C E is a bounded open
set with 0 € Q) and that A : QN P — P is a continuous compact operator. If

w—AAw #0,YA € [0,1],w € 2QNP,
theni(A,QNP,P)=1.

Lemma 9 (see [75]). Let E be a partially ordered Banach space, and xo, yo € E with xo < yo, D = [x0, yo)-
Suppose that A : D — E satisfies the following conditions:

(i) A is an increasing operator;

(ii) xo < Axo,yo > Ayo, i.e., xo and Yy is a subsolution and a supersolution of A;

(iii) A is a completely continuous operator.

Then, A has the smallest fixed point x* and the largest fixed point y* in [xo, yo|, respectively. Moreover,
x* = limye0 A"xg and y* = limy, o A"yo.

3. Positive Solutions for (1)

For convenience, let
e dt e dt
= [ pOpOT m=r [ #0OT

First, we list assumptions for our nonlinearity f:
(H1) f € C([0,1] x RT,RT),
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K;ip, 1<p<2,

such that
K;"’rzfp(a), p>2,

(H2) there exist ¢c; > 0,a1 > {

f(t,z) > a1zP~t —cy, V(t,z) € [1,¢] xR,

0, Kl_pl“z_”(oc)), 1<p<2,

such that
0K41K§ p), p>2,

(H3) there exist r; > 0,a € {E

f(t,z) < ayzP 1, V(t,z) € [1,e] x [0,1],

1-p
Ky ', 1<p<2,
(H4) there exist r, > 0,a3 > { 3 P=

such that
Ky T2 (0), p>2,

f(t,z) > a3zl 1, V(t,z) € [1,e] x [0,12],

0,6, 2P 212 P()), 1<p<2

" such that
0, K;lKg ", p=2,

(H5) there exist c; > 0,a4 € {E

f(t,z) <agzP t 4o, V(t,2) € [1,¢] x RY,

(H6) there exists k € (0,1) such that f(t, Au) > AKP=1 £(t,u),VA € [0,1],t € [1,¢].

(H7) f(t,u) is increasing with respect to u, i.e., f(t,u1) < f(t,up) if u; < up, and f(t,0) £ 0,
Vi e [1,e].

Let

(1—a(log&)P~" +ag(Z))r*(B) p
(a+ (1 —a(log&)P~")T(B))(B—1)

= {z EP:z(t) > ﬂ<P(f)HZ||/ vt e [1'6}} :
K2

Py = {z eP:z(t)> (t)||z]|, Vt € [1,6]}

Then, we have the following lemma.
Lemma 10. Suppose that (H1) holds. Then, A(P) C P,.

Proof. From Lemma 4(12), for u € P, we have

e e
:/ Gp(t,s)9q </ Ga(s, T) T,u(T))dTT)dSS

_ o ,5 1 _ e
< [l Ot lE =D gy ([ Guts,mistruen T ) 2,

(1~ allog )P DI (p) ©)s
and
e 1—a(log&)P~1 +ag(%) dT ds
() = [T B, ( [*ous ) T ) &

(1—a(log&)P~" +ag(Z))r

VT
*(p) (a+ (1= a(log&)* HI(B)(8 1)
Bt [ 7(s)

¢)
)

(@t (1-a(log)F 1)T(B)) (1= allog & 1IT(B)
9, (/ Guls, T)f (7, u(T))T> =
(1 allog&)P~! + ap(@)12(p)
% Ta+ (1 allogg Hr(p)(p— 1) 1AM for e < ek
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Therefore, (Au)(t) > (;}rzﬁl;’ﬁg;;;ffﬁ_(fg));zﬁ(f)l)¢(t)HAuH,fort € [1,e]. This completes
the proof. O

Let By = {u € P: |Jul| < p}, forp > 0.
Theorem 1. Suppose that (H1)-(H3) hold. Then, (1) has at least one positive solution.

Proof. LetS; = {u € P:u = Au+ Ay, VA > 0}, where ¢ € P is a fixed element. We prove that S;
is bounded in P. If u € Sy, then, from Lemma 10, we have u € Py, and u(t) > (Au)(t) for t € [1,¢].
Now, we consider two cases. [

Case 1. Let p > 2. Then, we have ;= € (0,1]. From (H2), we have

1 1

FPz) 4T 2 (f(12) + )P 2 (a2 )P =al Tz, for (1,2) € [1,¢] x R,

Consequently, from (19) and Lemma 6, we obtain

t) > /16 Gg(t,s) (/16 Ga(S,T)f(Tr“(T))dTT)ll %

—1710) [ 6500 ([ T@ G5 D mu(en D) E

- B
T (a /Gﬁts (/e (0)Ga(s, T)f(T, ())dlogf)llis
— T /Gﬁts (/ T'(a)Ga(s,e*)f(e,u(e ))d">pllss

(21)
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Note that, for u € Py, we get

‘1 gt kel T () [ pu(t) ki T (a)
el G < 25 and ) < 2
Kkza] TrT(a) —1 k3l TrT(a) —1
Case 2. Let p € (1,2]. Then, we have p — 1 € (0, 1]. Note that %js) <1, fort,s € [1,e], by (H2),

(19) and Lemma 6 we have

1 -1
up%wz(A%%@@(A%h@Tﬁﬁﬂﬁnf>plf>p

e -1
=%1<Aﬂfgﬂ(A%Maﬂﬂnwﬂff>wﬂbw>p

1

= (/Ol Gﬁi{f;) (/1 Ga(ex,f)f(f,u(r))dg ! dx>p

> K§71 /01 (Gﬂ(t'ex)>pl /le Ga(ex,”r)f(”r,u(r))d%dx

K3
> 7 [ Gylts) [ Gals 0f (r (o) 2
> i (0) [ o u(e)
dt

> s 2(0) [ () (e o) - en) S

(22)

T
Multiplying by y(t) on both sides of (22) and integrating over [1, ¢], we conclude that

[ rwur 0% 2l [Tuwew T [ a6 @eo -,

t t

Solving this inequality, we have

e gy INIGL:
p—1\2" 3 1 t
| nur T < B .

1 Ky a1 —1
Noting that u € Py, we have
p—1 _p—2 1-p -1
1 Ky Ky Ky TC1Ky e _ dt
fult < SIS (g i)
Ky ap—1 1

The above two cases imply that S is bounded in P. Then, we can choose

p-1 "5717‘572"%7%17(4 e p—1(p)dt -1
T (fl u(t)e (t)T) , 1<p<2

K371a1
Rl > 11 p—2
p= -1
kgei TP (a)
B e e p=2,

Lo p=2
raa] TP T (a)-1

such that
u # Au+ Ay, foru € dBg, NP, YA > 0.
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As a result, Lemma 7 implies that
i(A,Bg, NP,P) =0. (23)

For r; in (H3), we now prove that
u # AAu, foru € 0B,, NP, VA € [0,1]. (24)

If this claim isn’t true, then there exist u € 0B,, N P and A € [0,1] such that u = AAu, and u(t) <
(Au)(t), for t € [1,e]. Now, we consider two cases.
Case 1. Let p > 2. Then, we have p — 1 > 1. From (20), (H3) and Lemma 6, we get

uP=l(t) < (/16 Gg(t,s) (/16 G,X(s,r)f(r,u(r))d:> & ?) -
. -1
— ! </01 Gﬁ(xt;) (/1 G“(e",r)f(r,u(r))d:> 1dx>p

<72 [ Gptte) [ Galet, D) () T

/GﬁtS/GaST flt,u(t ))d;.'dss
_ dt
< [ p(@ar ()

T

(25)

Multiplying by (t) on both sides of (25) and integrating over [1, e], we find

e 1, dt - e 1, At
S uOw T OF < e w0 %

3
This implies that
¢ PN _
/ p(OuP 1 ()5 =0, andu(t) =0, fort € [1,¢],
J1

since yi(t) # 0, for t € [1,¢]. This contradicts u € 9B,, N P, r; > 0.
Case 2. Let p € (1,2]. Then, we have ﬁ > 1. From (20), (H3) and Lemma 6, we obtain

/Gﬁts (/ Gu(s, T)f(T,u(t ))d;>H6?

1

7w [ Gl ([ T@Gs e e L

J1

11 ds (26)

J uoun® <tB @l [ poun?
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Note that p(t) # 0, for t € [1,¢], and this implies that
e g, dt
/ u(t)u? (t)? =0, and u(t) =0, fort € [1,¢].
1

This contradicts u € dB,, NP, r; > 0.
Combining the above two cases, we have that (24) holds. Then, from Lemma 8, we obtain

i(A,B,,NP,P)=1. (27)
Note that we can also take Ry > rq such that (23) is still true. Thus, from (23) and (27), we have
i(A, (Bg,\B,) N P,P) =i(A,Bg, N\P,P) —i(A B, NP,P) =—1,

and hence A has at least one fixed point in (B R, \El) N P,ie., (1) has at least one positive solution.
This completes the proof.

Theorem 2. Suppose that (H1), and (H4)—-(H5) hold. Then, (1) has at least one positive solution.
Proof. We can use similar methods as in Theorem 1 to provide the proof. We first prove that
u # Au+ A, for u € 9B, N P,YA >0, (28)

where lf € Pis a given element, and ry is defined in (H4). Otherwise, there exist u € dB,, N P and
A > 0 such that u = Au + Ay, and thus u(t) > (Au)(t), for t € [1,e]. Now, we consider two cases. []

Case 1. Let p > 2. Then, we have ﬁ € (0,1]. Using (21) and (H4), we conclude

p=2 P*? L dt

¢ 1 dr p=2 ¢ =
u(t) 2 k(O @) [ (071 () 2 2 g @) [ w0 Tuo?
Multiplying by y(t) on both sides of the preceding inequalities and integrating over [1, ¢], we find

dt Lo p2
72a§1K1F”*1 ;

‘ ¢ dt e dt
/| ey @ [Cowut) T [ uunT.

This implies that
e
/ y(t)u(t)? =0, and u(t) =0, fort € [1,e],
1

since u(t) # 0, for t € [1,e]. This contradicts u € 0B,, N P, rp > 0.
Case 2. Let p € (1,2]. Then, we have p — 1 € (0,1]. Using (22) and (H4), we obtain

_ - e dt - e _ ar
w0 2 (1) [ e f ()5 2w () [ a0
Multiplying by y(t) on both sides of the preceding inequalities and integrating over [1, e], we find
e g, dt 2 ¢ dt (¢ 1, dt
| nouw 0% z s [Cemnn T [ uww T
1 t 1 t t
This implies that

e
/ ‘u(t)up_l(t)$ =0, and u(t) =0, fort € [1,¢],
N

since u(t) # 0, for t € [1,e]. This contradicts u € 0B,, N P, rp > 0.
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As a result, we have that (28) holds, and Lemma 7 implies that
i(A,B;,NP,P)=0. (29)

Let S, = {u € P: u = AAu, VA € [0,1]}. Then, we claim that S; is bounded in P. Indeed,
if u € Sy, then from Lemma 10 we have u € Py, and u(t) < (Au)(t), for t € [1,e]. Now, we consider
two cases.

Case 1. Let p > 2. Then, we have p — 1 > 1. Using (25) and (H5), we have

e
W) < e [ e ) + )2

Multiplying by y(t) on both sides of the preceding inequalities and integrating over [1, ¢], we find

e 1,4t - ¢ _ dt
[ 0% <o [ a7 0 + ) T
Solving this inequality, we have
-2
[ w8 e i K0
b ET 1l ey
3 414

Note that u € Py, and we have

p—=2 p=2 1-p 2

_ KL KL Tx, oK e B dr\ !
-t < B2 EL ([0

-2
1—x«F ayky

Case 2. Let p € (1,2]. Then, we have ﬁ > 1. Using (26) and (H5), we obtain

p=2 1 dt p—2 2—p

u(t) < TH @ [ (o) @ (1) 4 )71

[ run <t @2y [ poaf e +ef )

Solving this inequality, we have

Noting that u € Py, we have

lull <
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Combining the above two cases, we have proved that S; is bounded in P. Then, we can choose
Ry > rp and

p—1 p—1.P-1.2

FPL&)ZP&Q ) 1<p<2,

Ry > k3 (1-TP~1(a)27-1 affl K4)
p=2 p=2 1-p 2 -1
p-1/%3 K T ~Coky p—1(p\dt >
,¢ S (e ) L pze,
such that
u # AAu, foru € 0Bg, NP,VA € [0,1]. (30)
Then, from Lemma 8, we have
i(A,Bg,NP,P) =1. (31)

Thus, from (29) and (31), we have
i(A, (Br,\By,) NP,P) =i(A,Bg, N\ P,P) —i(A,B,, NP, P) =1,

and hence A has at least one fixed point in (Bg,\B;,) N P, i.e., (1) has at least one positive solution.
This completes the proof.

In what follows, we consider the uniqueness of positive solutions for (1) with the boundary
conditions DPu(1) = DPu(e) = 0,u(1) = u'(1) = u(e) = 0. This problem is equivalent to the
Hammerstein type integral equation

0= [ Gstt900y ([ uts,mrtruen ) 2, @)

T S

where Gg(t,s) = Gip(t,s) for t,s € [1,¢]. Note that here we still use the operator A as in (16).

Lemma 11. Let wy(t) = [/ Gﬁ(t,s)%fort € [1,e]. Then, for all nonnegative functions w € C[1,e](# 0),
there exist two positive ay, by (ay < by) such that

aypwo(t / Gg(t,s) — < bpwy(t), fort € [1,e]. (33)

Proof. We first calculate wy. From (14), we have

[ s st s

+ 1"(1ﬁ) ./te(log HF (1 - logs)ﬁ_l%

1 e _ s 1/t _
= Tﬁ)/l (logt)P~1(1 — logs)P~ l?_ﬁﬁ)/ (logt —logs)P~!
_ (logt)P~1(1 —logt)

BL(B)
Using (17) and (18), we have

A%wWWWM@§sA%w@ ©% < [(6 - Do(0()%.

Therefore, let a,, = B(B fl %, and by = B(B—1) fle w(s) % ; then, we have that (33)
holds. This completes the proof. D

Theorem 3. Suppose that (H1), (H6)—(H7) hold. Then, (1) has a unique positive solution.
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Proof. Note that (H7) implies that A is an increasing operator, and 0 isn’t a fixed point for A.
Next, we shall prove that A has a subsolution and a supersolution. Let

/Gﬁtsq’q(/ Guls, T)f(T,p(t ))T) is,

) :/jcﬁ(t,s)(l)q (Aeca(s,r)d;)d: fort € [1,e].

From Lemma 11, there exist a, > 0, b, > 0 such that

where

app(t) < &(t) < bpp(t), fort € [1,e].

k

k
Take &1 (t) = 618(t),Ga(t) = 628 (t), where 0 < 61 < min{blp,apl" } , 07 > max {gl by * } Then,

we have PRy
(Az)( / Go(ts)n ( [ Ga<s,r>f<r,cl<r>>7)j

T
ds
S

(

= ] cattmn (|

_/ Gﬁtsq)q(/ G,X(s,r)f< ‘Slé(r ):)ds
( f
(

e 1)
> [ Gote o ([ utsm (2E0) i <>>§)S
[ Guts 1) (1) "V (00 T ) £
[ G s (o) )

J1

o [ F A

|
—

>
~

_]

o
SN—
_—

A2
D
=
—
:0-
©
N—
s
-
N\

and
A1 > ¢q, i.e., §1 is a subsolution of A.

In addition, we have

e

(Az2)(1) = [ Gplt,)ey

and
Aly < (o, ie., G2 is a supersolution of A.
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As a result, from Lemma 9, A has the smallest fixed point u. and the largest fixed point u#* in
[€1, 2], respectively. Moreover, i, = limy, ;00 A" and u* = limy, 00 A"(.
Next, we claim that u, () = u*(t), for t € [1,e]. We only prove that u.(t) > u*(t). Note that they

are fixed points for A, so
¢ ¢ dt ds
= [ 6stt99y ([ Cuts () 2,
d

_ /le Gp(t,5) g </: Ga(s,T)f(T,u*(T))dTT> s

Then, from Lemma 11, there exists b; > 4;(i = 1,2) such that
mwy < ux < bywy, axwy < u* < bhwy.

Hence, u, > %u*. Let pg := sup{pu > 0 : u, > pu*}. Then, uy > 0, and u, > pou*. Next, we
claim that 9 > 1. If it is not true, then yy € (0,1). Using (H6), (H7), we have

/Glgts% (/ Gu(s, T)f(7, u*(r))dT)ds

T ) s
ds

Z/l Gg(t,s)¢q (/1 Ga(s,r)f(r,you*(r))d:) -
> [“Galts)y ([Ga(slf)yg@nf(w*( ))dT> ds

)T
T S
=i [ Gptt90 ([ Grts )T ) £

[v5)

Let

)= oy ([ Gats, o @) )~ iy ([ Gulo s @) ).

T

Then, from (H6) and Lemma 11, we have

aswo(t / Gﬂ (t, s)g(s)— < bywo(t).

Consequently,

/ G/S f S +,MO/ Gﬁ f s)qoq </EG (s T)f(’r u*(T))dT> @

T S

> b?u “(£) + pgu (t)

> (£ ).

This contradicts the definition of o, and u.(t) > pou*(t) > u*(t). Therefore, A has a unique

positive fixed point in [¢1, &>], and (1) has also a unique positive solution in [¢1, &2]. This completes
the proof. O

Theorem 4. Suppose all the assumptions in Theorem 3 hold. Let il is a unique positive solution in [G1, G2].
Then, for any ug € [&1, &) with f(t,ug(t)) # O, the sequence

_ /1 Gp(t,5)p, (/1 Ga(s,r)f('r,unl(‘t))ﬁ> =12,

T S
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uniformly converges to u(t), for t € [1,e].

Proof. From Theorem 3, we have i = lim; 0 A"¢1 = limu_00 A"C>. Note that A is increasing,
so, if uy € [§1,&2], we have
A"g) < Aug < A'"Gp, Vn € Ny

This implies that A"uy — i as n — co. From the definition of A, we have u, (t) = (Au,_1)(t) =
A(Auy 2)(t) = (A%uy 5)(t) = -+ = (A™up)(t), and thus u,(t) — #(t) uniformly on t € [1,e].
This completes the proof. [

4. Conclusions

In this paper we investigate the existence and uniqueness of positive solutions for the Hadamard
fractional p-Laplacian three-point boundary value problem (1). We first establish some relations from
the corresponding problem without the p-Laplacian operator, and use some (p — 1) —superlinearly
and (p — 1) —sublinearly conditions for the nonlinearity to obtain positive solutions to problem (1).
After, using an increasing operator fixed-point theorem, we obtain the unique solution to problem (1),
and establish uniform converged sequences for this solution.
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