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Abstract: We establish the existence of positive solutions for systems of second-order differential
equations with discontinuous nonlinear terms. To this aim, we give a multivalued vector version of
Krasnosel'skii’s fixed point theorem in cones which we apply to a regularization of the discontinuous
integral operator associated to the differential system. We include several examples to illustrate
our theory.
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1. Introduction

We study the existence and localization of positive solutions for the system

(£) =0,
0,

subject to the Sturm-Liouville boundary conditions (7).

The novelties in this paper are in two directions. On the one hand, we allow the functions
fi (i = 1,2) to be discontinuous with respect to the unknown over some time-dependent sets, see
Definitions 1 and 2. On the other hand, in order to localize the solutions of the system, we shall
establish a multivalued vector version of Krasnosel’skii’s fixed point theorem which allows different
asymptotic behaviors in the nonlinearities f; and f,, see Remark 3.

The existence of discontinuities in the functions f; or f, makes impossible to apply directly the
standard fixed point theorems in cones for compact operators since the integral operator corresponding
to the differential problem is not necessarily continuous. In order to avoid this difficulty, we regularize
the possibly discontinuous operator obtaining an upper semicontinuous multivalued one. Then we
look for fixed points of this multivalued mapping that are proved to be Carathéodory solutions for the
differential system. In the case of scalar problems, similar ideas appear in the papers [1-3].

This approach of using set-valued analysis in the study of discontinuous problems is a classical
one, see [4]. Nevertheless, the regularization is usually made in the nonlinearities transforming the
problem into a differential inclusion and the solutions are often given in the sense of the set-valued
analysis (Krasovskij and Filippov solutions [5,6]), see e.g., [7,8]. Similar ideas are also used in
the papers [5,9] where there are provided some sufficient conditions for the Krasovskij solutions
to be Carathéodory solutions. Recently, second-order scalar discontinuous problems have been
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investigated by using variational methods [10-12]. However, in these papers there are not considered
time-dependent discontinuity sets. Observe also that a lot of existence results for discontinuous
differential problems are based on monotonicity hypotheses on their nonlinear parts, see [13], but such
assumptions are not necessary in our approach.

Going from scalar discontinuous problems to systems of discontinuous equations is not trivial
and it makes possible to consider two different notions for the discontinuity sets. The first approach
(see Definition 1 and Theorem 3) allows to study the discontinuities in each variable independently.
For instance, it guarantees the existence of a positive solution for the following particular system

—x"(t) = x2 +x2y2H(l —x)H(1—-y),
—y(t) = VE+ i+ Hix = DH(y ~ 1),

subject to the Sturm-Liouville boundary conditions, where H : R — R is the Heaviside step function

given by
0, ifx<Q,
H(x)_{ 1L, ifx>0,

see Example 1. Notice that the nonlinearities in this example are discontinuous at x = 1 for each
y € Ry and at y = 1 for every x € R . Moreover, the first nonlinearity has a superlinear behavior
and the second one has a sublinear one. Our second approach allows to study functions which are
discontinuous over time-dependent curves in R% and the conditions imposed to these curves are local,
see Definition 2 and Theorem 4. In particular, we establish the existence of a positive solution for
the system

—x"(t) = ()13,
—y"(t) = (1+ () 2) H(2 +2),

subject to the Sturm-Liouville boundary conditions.

As mentioned above, our results rely on fixed point theory for multivalued operators in cones.
We finish this introductory part by recalling the version of Krasnosel’skii’s fixed point theorem for
set-valued maps given by Fitzpatrick—Petryshyn [14].

Theorem 1. Let X be a Fréchet space with a cone K C X. Let d be a metric on X and let 1,1, € (0,00),
r =min {r, 72}, R = max {ry, 2} and F : Bg(0) N K — 2K usc and condensing. Suppose there exists a
continuous seminorm p such that (I — F) (B,,(0) N K) is p-bounded. Moreover, suppose that F satisfies:

1. Thereis some w € K with p(w) # 0 and such that x & F(x) + tw for any t > 0 and x € dxB;,(0);
2. Ax & F(x) forany A > 1and x € dgBy,(0).

Then F has a fixed point xo with r < d(x(,0) < R.

In the case of a Banach space (X, ||||y) and of an operator F = (F;, F») : K C X? — 2K under the
hypotheses of the previous theorem, we obtain the existence of a fixed point x = (x1,x2) for F such
that 7 < ||x|| < R, where ||| denotes a norm in X?, for example, ||(x1,x2)| = |lx1] x + || %2/ x- Then
0 < |[x1]lx £ Rand 0 < ||x2||x < R, butitis not possible to obtain a lower bound for the norm of every
component. This fact motivates the use of a vector version of Krasnosel’skil’s fixed point theorem.
Such a version was introduced in [15] for single-valued operators. Another advantage of the vector
approach is that it allows different behaviors in each component of the system.
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2. Multivalued Vector Version of Krasnosel’skii’s Fixed Point Theorem

In the sequel, let (X, ||-||) be a Banach space, K;,K; C X two cones and K := Kj X K; the
corresponding cone of X2 = X x X. Forr,R € R%,r = (r,72), R = (Ry, Ry), we denote

(Ki)”irRi = {u c Kl' T < ||M|| < R,‘} (l = 1,2),
Kr,R = {M eK: r; < HMZH < Ri fori = 1,2}

The following fixed point theorem is an extension of the vector version of Krasnosel’skii’s
fixed point theorem given in [15,16] to the class of upper semicontinuous (usc, for short)
multivalued mappings.

Theorem 2. Let a;, B; > 0 with a; # B;, r; = min{a;, B;} and R; = max {a;, B;} for i = 1,2. Assume that
N : K, g — 2K, N = (N1, Ny), is an usc map with nonempty closed and convex values such that N(K, )
is compact, and there exist h; € K; \ {0}, i = 1,2, such that for each i € {1,2} the following conditions
are satisfied:

Au; & Nju  for any u € K, g with ||u;|| = a; and any A > 1; 1)
u; & Nju+ ph;  for any u € K, g with ||u;|| = B; and any p > 0. 2)

Then N has a fixed point u = (uy,up) in K, that is, u € Nu, with r; < ||u;|| < R; fori =1,2.

Proof. We shall consider the four possible combinations of compression-expansion conditions for Ny
and Ns.

1.  Assume first that §; < &; for both i = 1,2 (compression for Ny and Np). Then r; = B; and R; = «;
fori =1,2. Denote h = (hy, hy) and define the map N:K—=K given, for u € K, by

Nu—min{”uln, ||u2|,1}N<51(u1)”Zl|,52(u2) 1 >+ (1—min{””1”,””2”,1}) I,
1

n ' on w2 ]

where J;(1#;) = max{min{u;, R;},r;} fori =1,2.

The map N is usc (the composition of usc maps is usc, see [17], Theorem 17.23) and N(K) is
relatively compact since its values belong to the compact set €0 (N (K, z) U {h}). Then Kakutani’s
fixed point theorem implies that there exists u € K such that u € Nu.

It remains to prove that u € K, g. Itis clear that ||u;|| > 0 since h; # 0 fori =1,2. Assume 0 <

ug|| < 1 and 0 < |Juz|| < 72. Ifmin{”;‘%”,@} = 14l then

ue Hul”N( il Uy, 2 u2> =+ <1— ||u1||> h,
r [Jua || [z ] n

771 uleNl( n ui, 2 M2>+ n (1— ”ulH)hl,

[l [Jua || sz | [ g

what contradicts (2) for i = 1. Analogously, we can obtain contradictions for any other point
u ¢ K, r, as done in [15,16] for single-valued maps.

SO
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2. Assume that f; < a1 (compression for Nj) and B, > &y (expansion for Np). Let N/ : K, p — K;
(i =1,2) be given by

R, 2
Nfu =N <u,<+—1)uz>,
! AN T

R ! R
Nju = (2 b2 1) N, (ul, (2 b2 1) u2> : ®)
[zl [fuz]l [zl [l
Notice that the map N* = (Nj, Ny) is in case 1, and thus N* has a fixed point v € K, g. Further,
the point u defined as u; = v; and up = (ﬁ + H%H - 1) v, is a fixed point of the operator N.

3.  Thecase 1 > a; (expansion for Nj) and By < ay (compression for N») is similar to the previous
one by taking the map N* = (Nj, N;) defined as

R -1 R
N{‘u:(l+r1—1> Nl((1+r1—1>u1,u2>, )
[|u | [lu| [lu| [l

Rq 1
N*u:N2<( +—1>u,u2>.
2 ]l T !

4. The case B; > wj fori = 1,2 (expansion for N1 and N;) reduces to case 1, if we consider the map
N* = (Nf,N;) where Nf is defined by (4) and N3, by (3).

Therefore, the proof is over. [

Remark 1 (Multiplicity). Although we are interested in fixed points for the operator N satisfying that both
components are nonzero, if we replace conditions (1) and (2) in Theorem 2 by the following ones:

Auj & Nju - for ||u;|| = a;, ||uj|| < Rj (j # i) and A > 1;
ui & N+ phi - for |uil| = B, ||luj|| < R; (j # i) and p >0,

then we can achieve multiplicity results.

Indeed, if B; > a; fori = 1or i = 2, then the operator N has one additional fixed point v = (vy,vy) such
that ||v|| < rjand r; < ||vj|| < Rjwith j # i. Furthermore, if B; > a; for i = 1,2, then N has three nontrivial
fixed points. Such cases are considered in the paper [18] in connection with (p, q)-Laplacian systems.

Our purpose is to apply Theorem 2 to a multivalued regularization of a discontinuous system
of single-valued operators associated to a system of differential equations with discontinuous
nonlinearities. Our aim is to obtain new existence and localization results for such kind of problems.

In order to do that, we need the following definitions and results.

Let U be a relatively open subset of the cone K := K3 xKyand T : U — K, T = (T, T»), an
operator not necessarily continuous. We associate to the operator T the following multivalued map
T: U — 2K given by

T=(Ty,T2), Tu=()coT;(Be(u)nU) forevery ucl (i=1,2), ()
e>0

where Be(u) := {v € X2 : ||u; —v;| < efori=1,2}, U denotes the closure of the set U with the
relative topology of K and co means closed convex hull. The map T; is called the closed-convex
envelope of T; and it satisfies the following properties, see [2].

Proposition 1. Let T be the closed-convex envelope of an operator T : U — K. The following properties
are satisfied:

1. If T maps bounded sets into relatively compact sets, then T assumes compact values and it is usc;
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2. If TU is relatively compact, then T U is relatively compact too.

Remark 2. The following two statements are equivalent:

(a) yeTi(u)i=12);
(b)  for every e > 0 and every p > O there exist m € N and a finite family of vectors x; € Be(u) NU and
coefficients A; € [0,1] (j =1,2,...,m) such that YAj=1and

< p.

m
Hy =) A Tix
jzl

3. Positive Solutions of Discontinuous Systems

We study the existence and localization of positive solutions for the following second-order
coupled differential system

uy (t) + g1(6) fi(t, ua (t), ua(t)) = 0, ©)
uy (t) + 82(8) f2(t, ua (t), ua (t)) = 0,
fort € I = [0,1], with the following boundary conditions
aiui(O) — biM;(O) =0, ciui(l) + dl'll;(l) =0, (7)

fori = 1,2, where a;, b;,c;,d; € Ry = [0, OO) and pi == bic; + ajc; +a;d; > 0 fori = 1,2. Assume that,
fori=1,2,

(Hy) g €LY(I),gi(t) >0forae. te€land fla//f g(s)ds > 0;
(Hy)  fi:IxR% — R, satisfies that

(i) fi(-,u1(-), uz(-)) are measurable whenever (uy,uy) € C(I)%;
(i) foreach p > 0 there exists R;, > 0 such that

fi(t,ur,up) <R;, foruy,up €[0,p]and ae. t el

Notice that condition (Hy) (i) is satisfied if f;(-, 11, uy) is measurable for all constants u1, 115, and
if f;(t, -, ) is continuous for a.a. t, which is not necessarily the case in this paper.

Let X = C(I) be the space of continuous functions defined on I endowed with the usual norm
lo]l :== ||v]l = maxser|v(t)] and let P be the cone of all nonnegative functions of X. A positive
solution to (6)—(7) is a function u = (uq, up) with u; € PAW?1(I), u; # 0 (i = 1,2) such that u satisfies
(6) for a.a. t € I and the boundary conditions (7). The existence of positive solutions to problems
(6)—(7) is equivalent to the existence of fixed points of the integral operator T : P> — P2, T = (Ty, T»),
given by

(T)(6) = [ Gilts)gO) () m)ds, =12 ®)

where G;(t, s) are the corresponding Green'’s functions which are explicitly given by

(¢ _ -
Gl(/s) (bi+ait)(ci+di—cis), if0<t<s<l.

1 { (ci+d;—cit)(bj+a;s), f0<s<t<l,
Pi

Denote

M,':zmin{ ci+4d;  a; + 4b; }/

4(ci +d;)" 4(a; + b;)
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then it is possible to check the following inequalities:

Gi(t,s) < Gi(s,s) fort,sel,
M;G;(s,s) < Gi(t,s) forte[1/4,3/4],s€l

Consider in X the cones K; and K, defined as
Ki={veP:o(t) > M;|v| forallt € [1/4,3/4]},

and the corresponding cone K := Kj x Kj in X2. Then, T(K) C K. Indeed, foru € Kandi =1,2,

1
M; || Tiu|| = M; tgl[gf]/o Gi(t,5)gi(s)fi(s,u1(s), uz(s)) ds

1
<M, /0 Gils,S)gi(6)filssm(s) wa(s)) ds < | _min | Tiu(t)

Hence, Tju € K; foreveryu € Kandi =1, 2.

Therefore, it must be clear that we intend to apply Theorem 2 in a subset of K to the multivalued
operator T associated to the discontinuous operator T. Later, we shall provide conditions about the
functions f; (i = 1,2) which guarantee that Fix(T) C Fix(T), where Fix(S) stands for the set of fixed
points of the mapping S. As a consequence, we obtain some results concerning the existence of positive
solutions for system (6)—(7).

Let us introduce some notations. For «;, B; > 0 with a; # p; and € > 0, we let r; = min{w;, B;},
R; = max{a;, B;i} (i =1,2) and

fiB'E = inf{fl(t,ul,uz) 1 te [1/4,3/4], Ml(ﬁl *8) <wu < ﬁl +e Mpry, <up < Rz},
fzﬁ’£ =inf{fo(t, uy,up) : t € [1/4,3/4], Myr1 <uy <Ry, Ma(Bp —¢) < up < Bp +¢},

e

1= sup{fl(t,ul,uz) 1t e [0,1], 0<u; <a14+¢0<u, < Rz},
Y =sup{fo(t,ug,uz) : t€[0,1],0 <ug <Ry, 0 < up < ap+e}.

Also, denote

3/4 1

A= inf / Gi(t,s)gi(s)ds,  B;:= Gi(t,s)gi(s) d
i te[ll/ré}:,3/4] 1/4 z( S)gz(s) s i tzl[g)l] 0 z( S)gz(s) s

fori=1,2.
Lemma 1. Assume that there exist w;, B; > 0 with a; # B, i = 1,2, and € > 0 such that
Bif“ <a;, AifPF > fori=12. ©)
Then, for each i € {1,2}, the following conditions are satisfied:

Auj & Tiu  for any u € K, g with ||u;|| o = &; and any A > 1; (10)
u; & Tju+ ph;  for any u € K, g with ||u;||, = Biand any u >0, (11)

where hy and hy are constant functions equal to 1.
Moreover, the map T defined as in (5) has at least one fixed point in K, g.
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Proof. First, observe that if v € K, g, then

1
M;r; <wv;(f) <R; forallte |:4, z:| (i=1,2),

and if v € B¢(u) N K, g for some u € K, g, and ||u1|,, = a1, then v1(t) < a3 +eforallt € [0,1] and

My(ap —¢) <vy(t) <ag+e forallt e E,i] .

Now we prove (10) for i = 1. Assume that ||u1]|, = a1 and let us see that Au; ¢ Tqu for A > 1.
First, we shall show that given a family of vectors vy € Be(u) N K, g and numbers A € [0,1] such that
YA =1(k=1,...,m), then

m
Aup # Y A Thg,
k=1

what implies that Auy & co (T (Be(1) N K, g)). Indeed, if not, taking the supremum for ¢ € [0,1],

m 1
Aaqp < sup Z)‘k/ Gi1(t,5)g1(s) f1(s,0x1(5), vk 2(s)) ds
te0,1] k=1 0

1
<Y A sup | Gi(t,5)g1(s)fi(s, vk (s), vko(s)) ds
k=1 tef0,1]70
m
<Y Mf1Br = f17°Br < g,
k=1
a contradiction. Notice thatif Au; € 0 (Tq (Be(1) N Ky g)), then it is the limit of a sequence of functions
satisfying the previous inequality and thus, as a limit, it satisfies A #; < aq which is also a contradiction
since A > 1. Therefore, Au; & Tqu for A > 1.
In order to prove (11) for i = 1, assume that ||u1]|, = B1 and u; = YJ' ; Ay T1og + p for some

family of vectors vy € Be(u) N K, g and numbers Ay € [0,1] such that} Ay =1 (k =1,...,m) and some
# > 0. Then for t € [1/4,3/4], we have

Z/\k/ Gi(t,8)g1(8) f1(s,vk1(s), vk 2(s)) ds + p
> Dk S Grl0,9)51 613 (5,011 5) 12 (s)) s+

3/4
> Z)\kflﬁ'e/ Gi(t,s)g1(s)ds + u
= 1/4
> A+ > B+,
s0 B1 > P1 + i, a contradiction. Hence, 11 & co (Ty (Be(u) N Ky r)) + phi. Asbefore,
Uy ¢ co (T1 (Eg(u) N Kr,R)) + ]/lh1
because in that case we arrive to the inequality f1 > By + p for u > 0. Therefore, uy & T1(u) + ph;.
Similarly, it is possible to prove conditions (10) and (11) for i = 2.

To finish, the conclusion is obtained by applying Theorem 2 to the operator T. [

Remark 3 (Asymptotic conditions). The existence of a;, p; > 0 with a; # B;, i = 1,2, and e > 0 satisfying
(9) is guaranteed, in the autonomous case, by the following sufficient conditions:
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(a)  f1 has a superlinear behavior and f,, a sublinear one, that is,

- filxy) _ filx,y)
— = >0
;}g{}o : +o0 forally >0, ?lclir(l) . 0 forally > 0;
lim f(xy) =0 forallx >0, lim fH(xy) = 4o forall x > 0.
ymee Y y=0 Y

(b)  Both f1 and f, have a superlinear behavior, that is,

. fl(x/y) . fl(x/]/)
— —_ = > M
,}5130 » +0o0 forally >0, 91(13}) . 0 forally > 0;
lim f(xy) = +o0 forallx >0, lim Ax.y) =0 forall x > 0.
y—o Y y—0 y

(¢)  Both f1 and f, have a sublinear behavior, that is,

. flxy) . filxy)
= > = M
xlglgo . 0 forally >0, chlil’(l) . +o0 forally > 0;
lim Ax.y) =0 forallx >0, lim hxy) = +o0 forall x > 0.
yme Y y=0 Y

Remark 4. If fi and f, are monotone in both variables, it is possible to specify the numbers f;* and fiﬁ o
(i = 1,2), so in this case, conditions (9) only depend on the behavior of the functions at four points in RZ,
see [15,16].

Note that Lemma 1 gives us sufficient conditions for the existence of a fixed point in K, g of
the multivalued operator T. Hence, it remains to provide hypothesis on the functions f; (i = 1,2)
which imply Fix(T) C Fix(T) in order to obtain a solution for the system (6)—(7). Observe also that no
continuity hypotheses were required to the functions f; until now.

The following definition introduces some curves where we allow the functions f; to be
discontinuous in each variable. The idea of using such curves can be found in some recent papers
for second-order discontinuous scalar problems [1-3] and, in some sense, it recalls the notion of
time-depending discontinuity sets from [9].

Definition 1. We say that Ty : [ay,b1] C I = [0,1] — Ry, T1 € W21 (aq, by), is an inviable discontinuity
curve with respect to the first variable uy if there exist & > 0 and 1 € L (ay,by), ¥1(t) > 0forace. t € [ay,b]
such that either

TV () +¢1(t) < —g1(t) fi(t,y,z) forae. t € [ay,by], ally € [[1(t) — &, T1(t) +¢] andallz € Ry, (12)
or
TV (t) —1(t) > —g1 () f1(t,y,z) forae. t € [ay,by], ally € [[1(t) — ¢, T1(t) +¢] andallz € Ry, (13)

Similarly, we say that Ty : [ap, by] C I = [0,1] — R, Ty € W?(ay, by), is an inviable discontinuity
curve with respect to the second variable uy if there exist ¢ > 0 and o € L'(az,by), ¥o(t) > 0 for ae.
t € [ag, by] such that either

T (t) + Pa(t) < —ga(t) fa(t,y,z) forae. t € [az,ba], ally € Ry and all z € [T(t) — ¢, Ta(t) + ¢,
or

T (t) — o(t) > —go(t) fo(t,y,z) forae. t € [as, by, ally € Ry and all z € [Tr(t) — ¢, Ta(t) +¢].
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Now we state some technical results that we need in the proof of the condition Fix(T) C Fix(T).
Their proofs can be found in [3]. In the sequel, m denotes the Lebesgue measure in R.

Lemma 2 ([3], Lemma 4.1). Leta,b € R, a < b, and let g,h € Ll (a,b),g > 0ae.,and h > 0a.e. in (a,b).
For every measurable set ] C (a,b) with m(]) > O there is a measurable set Jy C ] with m(]J \ Jo) = 0 such
that for every Ty € Jo we have

Corollary 1 ([3], Corollary 4.2). Leta,b € R, a < b, and let h € Ll(a, b) be such that h > 0 a.e. in (a,b).
For every measurable set ] C (a,b) with m(]) > O there is a measurable set Jy C ] with m(]J \ Jo) = 0 such
that for all Ty € Jo we have

h(s)ds h(s) ds
lim —f[ro,:}ﬂ] ©) =1= lim —f[t/T%w ) .
o [y h(s)ds toty J, h(s)ds

We shall also need the following lemma, see [2], Lemma 3.11.

Lemma 3. If M € L1 (0,1), M > 0 almost everywhere, then the set
t
Q= {u e Mo, 1]): [u'(t) —u'(s)| < / M(r)dr whenever 0 <s <t < 1}
S

is closed in C([0,1]) endowed with the maximum norm topology.
Moreover, if u, € Q forall n € N and u, — u uniformly in [0, 1], then there exists a subsequence {u,, }
which tends to u in the C! norm.

Now we are ready to present the following existence and localization result for the differential
system (6)—(7).

Theorem 3. Suppose that the functions f; and g; (i = 1,2) satisfy conditions (Hy), (Hy) and

(H3)  There exist inviable discontinuity curves I'y,, : I 1= [a1,4,b1,,] C I — Ry with respect to the
first variable, n € N, and inviable discontinuity curves Ty, : Ip, = [agn,bay] C I — Ry with
respect to the second variable, n € N, such that for each i € {1,2} and for a.e. t € I the function
(u1,up) — fi(t, uy, up) is continuous on

Ri\ U AT} ><<R+\ U {Fz,n(f)}>-

(el } {niteh,)

Moreover, assume that there exist w;, B; > 0 with a; # B;, i = 1,2, and € > 0 such that
Bif“s <, AifPF>p fori=12.
Then system (6)—(7) has at least one solution in K, g.

Proof. The operator T : K,g — K, T = (T3, T»), given by (8) is well-defined and the hypotheses
(H1) and (Hp) imply that T(K,g) is relatively compact as an immediate consequence of the
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Ascoli-Arzeld theorem. Moreover, by (H;) and (H,), there exist functions #; € L'(I) (i = 1,2)
such that
gi(t)fi(t/ Lll,uz) < 1’],‘(1’) forae.t € Iandalluy € [0, Rl]/ Uy € [0, Rz]. (14)

Therefore, T(K, r) C Q1 X Qp, where
t
Q; = {u e Cl([0,1]) : [u'(t) — /' (s)| < / 7i(r)dr whenever0 <s <t < 1},
JS

for i = 1,2, which by virtue of Lemma 3 is a closed and convex subset of X = C(I). Then, by
‘convexification’, T(K; g) C Q1 X Qa, where T is the multivalued map associated to T defined as in (5).

By Lemma 1, the multivalued map T has a fixed point in K, . Hence, if we show that all the fixed
points of the operator T are fixed points of T, the conclusion is obtained. To do so, we fix an arbitrary
function u € K, g N (Q1 % Q2) and we consider three different cases.

Casel: m({t € I, : u1(t) =T ()} U{t € Ly, : ua(t) =T2,(t)}) = 0forall n € N. Let us
prove that T is continuous at #, which implies that Tu = {Tu}, and therefore the relation u € Tu gives
that u = Tu.

The assumption implies that for a.a. t € I the mappings fi(t,-) and f»(t,-) are continuous at
u(t) = (up(t), uz(t)). Hence if uy — u in K, g then

fi(t,ux(t)) — fi(t,u(t)) fora.a.te€ Iandfori=1,2,

which, along with (14), yield Tuy — Tu in C(I)?, so T is continuous at u.

Case 2: m({t € I, : uy(t) = T1,(t)}) > 0 for some n € N. In this case we can prove that
uy ¢ Tyu, and thus u ¢ Tu.

To this aim, first, we fix some notation. Let us assume that for some n € Nwe have m({t € I , :
uy(t) =T1,()}) > 0and there existe > 0and ¢ € L!(I;,), ¢(t) > 0 for a.a. t € I, such that (13)
holds with I'; replaced by I' ,,. (The proof is similar if we assume (12) instead of (13), so we omit it.)

We denote | = {t € I, : ui(t) = I'1,(t)}, and we deduce from Lemma 2 that there is a
measurable set Jy C J with m(Jp) = m(J) > 0 such that for all 1y € Jy we have

2 s)ds 2 s)ds
m M —0= lim f[t/TO]\{Fﬂl( ) ' (15)
t—1 (1/4) fTO P(s)ds tor, (1/4) J, O1p(s)ds
By Corollary 1 there exists J; C Jo with m(Jo \ J1) = 0 such that for all 7y € J; we have
im —f[To'tt]mo y(s)ds =1= lim —f“'TOT];]O v ds. (16)
1 fm P(s)ds tot Jy p(s)ds

Let us now fix a point 1y € J;. From (15) and (16) we deduce that there exist t— < f_ < 19
and t; > f; > 79, ts sufficiently close to Ty so that the following inequalities are satisfied for all

t e [E+, t+]:

" 1 t
2 s)ds < ~ s)ds, 17
[ s < [ pis) 17)

t

1
/[T ANT pls)ds =2 /[To,t]ﬁjo pls)ds > 2 Jq P(s)ds, (18)
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and forallt € [t_,F_]:

1 (%
2 ds < = ds, 19
J,op s < 3 [ pie)ds (19)
/ (s)ds > 1/TO (s)ds (20)
[t,Tg]ﬂ]#) 2 t lp .
Finally, we define a positive number

.. 1 r% 1 Ey

p= mm{4/Z P(s) dS’Z A I[J(S)ds}, (21)

and we are ready to prove that u; ¢ Tyu. It suffices to prove the following claim:

Claim: let ¢ > 0 be given by our assumptions over I'; , as Definition 1 shows, and let p =
g min {f_ —t_,t; — I}, where g is as in (21). For every finite family x; € B(1) N K, g and A; € [0,1]
(G=12,...,m),with} A; =1, we have [lu; — YA Tixi[lec > p.

Let x; and A; be as in the Claim and, for simplicity, denote y = }_A;Tix;. Foraa. t € | = {t e
Iy : ur(t) =Tq,(t)} wehave

m
y'(8) =Y Aj(Tix)"( 27‘]31 Vit xj1 (), xj2(t))- (22)
=1
On the other hand, for every j € {1,2,...,m} and every t € | we have
1%j1(t) = T1a(t)] = [xj1(8) —ur(t)] <e,

and then the assumptions on I'; ,, ensure that for a.a. t € | we have

ZA] g1 fi(txia (), xja(t)) < YA (U7, () — () = uf () — (1) (23)
j=1
Now for t € [t_,_] we compute
V) -y ()= [Ty eds= [ ydss [ g

< -/[t,ro]ﬂ] uy (s) ds — '/[trTO]m] P(s)ds
+/[t TO]\]U 1(5) (by (23), (22) and (14))

ds
s)ds + s)ds
/ lto)\J i ( /[t,To]ﬁ]¢() /[t,rol\f'“()
<uj(m) — +2 d
< i(w) —m(t / iy ¥ /[trro]\lm@) ’
1
4

/ ds  (by (19) and (20)),
> u

= u3 (T _”1

< uj (7o) — uj(

hence y/(t) — 1} (t) > p provided that y' (7)) 1 (7). Therefore, by integration we obtain

Vi)~ ) =y(t) — () + [0~ @) d = y) — () + G- 1),
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So, if y(t—) —ui(t—) < —p, then ||y — uq||, > p. Otherwise, if y(t_) —uy(t—) > —p, then we have
y(f-) —up(f-) > pand thus ||y — u1]|, > p, too.
Similar computations in the interval [, . ] instead of [t_,f_] show that if y'(1) < u}(1) then
we have u) (t) —y'(t) > pforall t € [f;,t,] and this also implies ||y — u1|| > p. The claim is proven.
Case3: m({t € I, : up(t) =Ty, (t)}) > 0 for some n € N. In this case it is possible to prove that

uy ¢ Thu. The details are similar to those in Case 2, with obvious changes, so we omit them. []

Remark 5. Observe that Definition 1 allows to study the discontinuities of the functions f; independently in
each variable uy and uy, as shown in condition (Hs).

In addition, a continuum set of discontinuity points is possible: for instance, the function f1 may be
discontinuous at the point u; = 1 for all uy € R provided that the constant function I'1 = 1 is an inviable
discontinuity curve with respect to the first variable. This fact improves the ideas given in [5] for first-order
autonomous systems where “only” a countable set of discontinuity points are allowed.

Remark 6. Notice that conditions (12) and (13) are not local in the last variable. Howeuver, the condition

inf t,x,y) >0
telx,yeRy fl( y)
implies that any constant function stands for an inviable discontinuity curve with respect to the first variable
(since condition (13) holds). Moreover, any function with strictly positive second derivative is always an inviable
discontinuity curve with respect to the variable uy without any additional condition on fi.

Now we illustrate our existence result by some examples.

Example 1. Consider the coupled system

(24)

—x"(t) = X2+ xzyzH(a —x)H(b—y),
V() = VE+ I+ Hix - Hly - d),

subject to the boundary conditions (7) (replacing uq and uy by x and y, respectively) where a,b,c,d > 0 and H
denotes the Heaviside function.

The existence of numbers a; and B; in the conditions of (9) is guaranteed by Remark 3 (a) since f1(x,y) =
x? 4+ x?y?H(a — x)H (b — y) is a superlinear function and f,(x,y) = \/x+ \/y+ H(x —c)H(y —d) isa
sublinear function.

On the other hand, the function (x,y) — f1(x,y) is continuous on (R4 \ {a}) x (R4 \ {b}) and the
constant function I'y = a stands for an inviable curve with respect to the first variable. Indeed,
a? 2 [a 3a

() + T =% <filyz) foraateomdforalye |2,

3 } and z € Ry,

hence (13) holds with 1 = a?/8.
Moreover, the constant function I'y = b is an inviable curve with respect to the second variable, according
to Remark 6 since

inf fp(x,y) > 0.

X,y€R+
Similarly, the function fo(x,y) = /x + \/y + H(x — c)H(y — d) satisfies the hypothesis (Hz) in

Theorem 3, so the system (7)—(24) has at least one positive solution.

Example 2. Consider the system

{ —2/(t) = X2+ x%PH(a + 2 — x)H(b + mt — y), (25)

—y'(t) =/x+ Y+ H(x—c)H(y—d),
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subject to the boundary conditions (7), where a,b,c,d > 0and m € R.
Now, for a.a. t € I, the function (x,y) — f1(t,x,y), where

filt,x,y) = x* + x2*H(a + t2 — x)H(b + mt — y),

is continuous on (Ry \ {a +#2}) x (Ry \ {b -+ mt}) and the curve T'1(t) = a + t? is inviable with respect to
the first variable. Indeed, (13) is satisfied with ¢ = 1, since

~T/(t) +1=-1< fi(t,y,z) foraa te[0,1]andforally,z € Ry.

On the other hand, the curve T'»(t) = b + mt is inviable with respect to the variable y, according to Remark
6, since Ty (t) = 0 and inf yer, f2(x,y) > 0.
Therefore, Theorem 3 ensures the existence of one positive solution for problem (7)—(25).

Nevertheless, the conditions of Definition 1 are too strong for functions f; which are discontinuous
at a single isolated point (x¢, 1) or, more generally, over a curve (71 (t), v2(t)) for t € I C I. This
is the motivation for another definition of the notion of discontinuity curves. This notion will be a
generalization of the admissible curves presented in [2] for one equation.

Definition 2. We say that v = (vy1,72) : [a,b] C I = [0,1] — Ri, vi € W¥Ya,b) (i = 1,2), is
an admissible discontinuity curve for the differential equation ui = —g1(t) f1(t, u1(t), ua(t)) if one of the
following conditions holds:

(@) () =—g1(t)fi(t,v1(t), 72(t)) fora.e. t € [a,b] (then we say <y is viable for the differential equation),
(b)  Thereexiste > 0and € L'(a,b), ¢(t) > 0 fora.e. t € [a,b] such that either

Y +t) < —g1(t)fi(t,y,z) forae t € lablally € [y1(t) —e 11(t) + ¢
and all z € [yo(t) — e, 72(t) + €],
or
Y () —9t) > —g1(t) filty,z) forae t€[ablally € [11(t) —&i(t) +¢
and all z € [y,(t) — ¢, 72(t) +¢] .
In this case we say that -y is inviable.

Similarly, we can define admissible discontinuity curves for uy = —go(t) f2(t, u1(t), uz(t)).

Theorem 4. Suppose that the functions f; and g; (i = 1,2) satisfy conditions (Hy), (Hy) and

(H})  There exist admissible discontinuity curves for the first differential equation vy : I := [ay, by] — RZ,
n € N, such that for a.e. t € I the function (uy,uz) — fi(t,u1,up) is continuous on R3 \

U{n:teln} {('Yn,l (t)/ ')’n,Z(t))}; _
(H;)  There exist admissible discontinuity curves for the second differential equation % : Iy := [y, by] —
R2, n € N, such that for a.e. t € I the function (u1,u2) — fa(t, u1,uz) is continuous on R% \

U{n:tef,,} {('?n,l (t)/ 7n,2(t))}‘

Moreover, assume that there exist a;, B; > 0 with a; # B;, i = 1,2, and € > 0 such that
Bifl-pc’8 < uj, Al‘fiﬁls > B; fOT’i =12

Then the differential system (6)—~(7) has at least one solution in K, r.
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Proof. Notice that in virtue of Lemma 1 it is sufficient to show that Fix(T) C Fix(T). Reasoning as
in the proof of Theorem 3, if we fix a function u € K,z N (Q1 x Q2), we have to consider three
different cases.

Case : m({t € I, : u(t) = y()}U{t € I, : u(t) = 4,(t)}) = 0foralln € N. Then T is
continuous at u.

Case2: m({t € I, : u(t) = vu(t)}) > 0orm({t € I, : u(t) = ,(t)}) > 0 for some 7, or
¥ inviable. Then u & Tu. The proof follows the ideas from Case 2 in Theorem 3.

Case3: m({t € I, : u(t) = yu(t)}) > 0orm({t € I, : u(t) = 9,(t)}) > 0 only for viable curves.
Then the relation u € Tu implies u = Tu. In this case the idea is to show that u is a solution of the
differential system. The proof is analogus to that of the equivalent case in [2], Theorem 3.12 or [3],
Theorem 4.4, so we omit it here. [

Remark 7. Notice that, in the case of a function (uq,uz) — f1(t, uy,up) which is discontinuous at a single
point (xo, o), Definition 2 requires that one of the following two conditions holds:

(i)  fi(t,x0,y0) = 0forae. t €[0,1];
(ii)  thereexiste > 0and ¢ € L1(0,1), ¢(t) > O fora.e. t € I such that

0<y(t) <g1(t)fi(t,x,y) forae t €1, all x € [xog—¢,x0+ €| andall y € [yo — € yo + €.

In particular, for (ii), it suffices that there exist €,6 > 0 such that
0<d< fi(t,x,y) forae t el allx € [xg—¢x0+¢ andally € [yo — ¢ yo + €.

To finish, we present two simple examples which fall outside of the applicability of Theorem 3,
but which can be studied by means of Theorem 4.

Example 3. Consider the problem

(1) = fiy) = ()" (2= cos (1/((x =12+ (= DD H (s =12+ =12),
(1) = fax,y) = (=),

subject to the boundary conditions (7).

It is clear that f1 and f, have a sublinear behavior, see Remark 3.

The function (x,y) — fi1(x,y) is continuous on R \ {(1,1)} and the constant function ~(t) =
(71(t), v2(t)) = (1,1) is an inviable admissible discontinuity curve for the differential equation —x"(t) =
fi(x,y) since 0 < 1/v/4 < fi(x,y) forall x € [1/2,3/2) and all y € [1/2,3/2]; and ~} (t) = 0.

Therefore, Theorem 4 gquarantees the existence of a positive solution for problem (7)—(26).

Example 4. Consider the following system

{ —x'(t) = filx,y) = (xy)'3,

() = flry) = (1+ ()'?) HG2 + ), 7

subject to the boundary conditions (7).

The nonlinearities of the system have again a sublinear behavior. Now, the function (x,y) — fo(x,y) is
continuous on R% \ {(0,0)} and the constant function y(t) = (v1(t),72(t)) = (0,0) is a viable admissible
discontinuity curve for the differential equation.

Hence, by application of Theorem 4, one obtains that the system (7)—(27) has at least one positive solution.
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Mathematics 2019, 7, 451 15 of 15

Funding: R. Lépez Pouso was partially supported by Ministerio de Economia y Competitividad, Spain,
and FEDER, Project MTM2016-75140-P, and Xunta de Galicia ED341D R2016/022 and GRC2015/004. Jorge
Rodriguez-Lépez was partially supported by Xunta de Galicia Scholarship ED481A-2017/178.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Figueroa, R.; Infante, G. A Schauder—type theorem for discontinuous operators with applications to
second-order BVPs. Fixed Point Theory Appl. 2016, 2016, 53. [CrossRef]

2. Figueroa, R.; Pouso, R.L.; Rodriguez-Lépez, ]. A version of Krasnosel'skii’s compression-expansion fixed
point theorem in cones for discontinuous operators with applications. Topol. Methods Nonlinear Anal. 2018,
51,493-510. [CrossRef]

3.  Loépez Pouso, R. Schauder’s fixed—point theorem: New applications and a new version for discontinuous
operators. Bound. Value Probl. 2012, 2012, 92. [CrossRef]

4.  Filippov, A.F. Differential Equations with Discontinuous Righthand Sides; Kluwer Academic: Dordrecht,
The Netherlands, 1988.

5. Hu, S. Differential equations with discontinuous right-hand sides. J. Math. Anal. Appl. 1991, 154, 377-390.
[CrossRef]

6.  Spraker, ].S,; Biles, D. A comparison of the Carathéodory and Filippov solution sets. |. Math. Anal. Appl.
1996, 198, 571-580. [CrossRef]

7.  Bereanu, C.; Jebelean, P.; Serban, C. The Dirichlet problem for discontinuous perturbations of the mean
curvature operator in Minkowski space. Electron. J. Qual. Theory Differ. Equ. 2015, 35, 1-7. [CrossRef]

8. Bonanno, G,; Jebelean, P; Serban, C. Three periodic solutions for discontinuous perturbations of the vector
p-Laplacian operator. Proc. R. Soc. Edinb. A 2017, 147, 673-681. [CrossRef]

9. (Cid, J.A,; Pouso, R.L. Ordinary differential equations and systems with time-dependent discontinuity sets.
Proc. R. Soc. Edinb. A 2004, 134, 617-637. [CrossRef]

10. Bonanno, G.; Bisci, G.M. Infinitely many solutions for a boundary value problem with discontinuous
nonlinearities. Bound. Value Probl. 2009, 2009, 670675. [CrossRef]

11.  Bonanno, G.; Buccellato, S.M. Two point boundary value problems for the Sturm-Liouville equation with
highly discontinuous nonlinearities. Taiwan J. Math. 2010, 14, 2059-2072. [CrossRef]

12. Bonanno, G.; Iannizzotto, A.; Marras, M. On ordinary differential inclusions with mixed boundary conditions.
Differ. Integral Equ. 2017, 30, 273-288.

13. Heikkils, S.; Lakshmikantham, V. Monotone Iterative Techniques for Discontinuous Nonlinear Differential
Equations; Marcel Dekker: New York, NY, USA, 1994.

14.  Fitzpatrick, PM.; Petryshyn, W.V. Fixed point theorems and the fixed point index for multivalued mappings
in cones. J. Lond. Math. Soc. 1975, 2, 75-85. [CrossRef]

15. Precup, R. A vector version of Krasnosel’skii’s fixed point theorem in cones and positive periodic solutions
of nonlinear systems. J. Fixed Point Theory Appl. 2007, 2, 141-151. [CrossRef]

16. Precup, R. Componentwise compression-expansion conditions for systems of nonlinear operator equations
and applications. In Mathematical Models in Engineering, Biology and Medicine; AIP Conference Proceedings;
American Institute of Physics: Melville, NY, USA, 2009; Volume 1124, pp. 284-293.

17.  Aliprantis, C.D.; Border, K.C. Infinite Dimensional Analysis. A Hitchhiker’s Guide, 3rd ed.; Springer: New York,
NY, USA, 2006.

18. Infante, G.; Maciejewski, M.; Precup, R. A topological approach to the existence and multiplicity of positive

solutions of (p, q)-Laplacian systems. Dyn. Partial Differ. Equ. 2015, 12, 193-215. [CrossRef]

® (© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1186/s13663-016-0547-y
http://dx.doi.org/10.12775/TMNA.2018.003
http://dx.doi.org/10.1186/1687-2770-2012-92
http://dx.doi.org/10.1016/0022-247X(91)90044-Z
http://dx.doi.org/10.1006/jmaa.1996.0099
http://dx.doi.org/10.14232/ejqtde.2015.1.35
http://dx.doi.org/10.1017/S0308210516000317
http://dx.doi.org/10.1017/S0308210500003383
http://dx.doi.org/10.1155/2009/670675
http://dx.doi.org/10.11650/twjm/1500406032
http://dx.doi.org/10.1112/jlms/s2-12.1.75
http://dx.doi.org/10.1007/s11784-007-0027-4
http://dx.doi.org/10.4310/DPDE.2015.v12.n3.a1
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Multivalued Vector Version of Krasnosel'skiĭ's Fixed Point Theorem
	Positive Solutions of Discontinuous Systems
	References

