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Abstract: In this manuscript, we propose a new class of Picard-Jungck operators for a pair of
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spaces are obtained. Some nontrivial examples are presented to show the usability of the results.
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1. Introduction

The study of the Picard operators is similar to the study of contractive-type mappings in the
context of metric spaces. Itis easy to see that almost all contractive-type mappings on a complete metric
space are Picard operators. In the present paper, we propose a new class of Picard-Jungck operators
for a pair of mappings on complete metric spaces by taking into account of the € -simulation function.
Also some new results for the existence of such operators for a pair of self mappings in the setting of
metric spaces are obtained. Some nontrivial examples are also given to show the usability of the results.
The result proved here are short and generalize many known results from the literature. For different
variants of simulation function we can obtain very interesting results.

To begin with, we have the following notations, definitions and results which will be used in
the sequel.

Definition 1. (See [1,2]) We define €-class function as a family of continuous mappings € : [0, +00)? — R
and satisfies the following conditions:

(1) & (u,v) <u;

(2) € (u,v) = u < eitheru =0o0rv =0, forall u,v € [0, +00).

Employing a family of €-class function, authors [1,2] generalized the class of simulation functions
introduced by Khojasteh et al. ([3]) as follows:

Definition 2. A mapping % : [0, +00)? — R has the property Gy, if there exists an Gz > 0 such that
(1) € (u,v) > Gy implies u > v;
(2) € (v,v) < Gy, forall v € [0,+).

For examples of €-class functions that have property €y see [1,2,4].
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Definition 3. (see [1]) We define Z as the family of all Ge-simulation functions { : [0, +00)? — R satisfying
the following:

(1) ¢ (v,u) < & (u,0) forall v,u > 0, where & : [0, +00)? — R is a G-class function;

(2) if {vn},{un} are sequences in (0,+o0) such that nlgrolo vy = nlgr.}o uy > 0, and v, < uy, then
limsup ¢ (v, uy) < Geg.

n—o0

Each simulation function as in article [3] is also a G¢-simulation function as defined in Definition 3,
but the converse of this is not true. For this see Example 3.3 of [5] using the €-class function & (u,v) =
u — v. For examples of simulation functions and €-simulation functions see [1-12].

Let f and g act naturally maps on a set 2. Review that if w = f = gw for some @ € X, at that
point @ is known as a coincidence point of f and g, and w is known as a point of coincidence of f
and g. The pair (f, g) is weakly compatible if f and ¢ commute at their coincidence points.

The following result will be needed in the sequel.

Lemma 1. (see [2,13]) Let {0, } be a sequence in a metric space (2, d) such that

,}er.}od (@n, @y41) = 0.
If {@y} is not a Cauchy in &, then there exist ¢ > 0 and two sequences {wm(k) } and {(Dn(k)} of positive
integers such that n (k) > m (k) > k and the following sequences tend to e* when k — +oo:

d (@m(k)/@n(k)) ,d (‘Dm(k)fwn(k)+1) ,d (wm(k)qr@n(k)) ,

@ (@91 @uty1) - 4 (@1, @iy 1)

2. Results

In this section, we institute some results on the existence of Picard-Jungck operator (PJO) for
a pair of mappings by using simulation functions in the structure of metric spaces. We begin with
the following:

A sequence {@, }, {0y €  is a Picard-Jungck sequence (PJS) of the pair (f,g) (based on wy) if
&n = f@, = f'@y = g, 41 = §" @y for all n € NU {0} (see also ([5] Definition 4.4)).

A pair (f,g) is said to be a weakly Picard-Jungck operator (WPJO) if it has a unique point of
coincidence pointz € & and z = nh_r}r(}o fru=g"luforallu € .

A pair (f,g) is said to be a Picard-Jungck operator (PJO) if it has a unique common fixed point
u€Zandu = lim f'u =g¢"uforallu € 2.

A self-mapping f is said to be a Picard operator (PO) if it has a unique fixed point z € 2 and
z:nlgof”uforallu ex.

Definition 4. Let (f,g) be a pair of self mappings on a metric space (X ,d). An operator f is called a
(Zg, g)-contraction if there exists { € Zg such that for all @, € X with g@ # g¢, we have

¢ (fo,f¢), L(@,8)) > &g, )

where
L(w,&) = max{d (g@,8¢) ,d (8@, f@),d (8¢, fE)}-

Now to state our first new result for the notion of (Zg,g)-contraction, we need the
following result.
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Lemma 2. Let (f,g) be a pair of self mappings on a metric space (,d) and f be a (Z¢,g)-contraction.
Suppose that there exists a PJS {Cu},enugoy of (f,8)- Then the sequence {d(Gn,$ny1)} is decreasing and
d(&n,Cny1) = 0asn — oo,

Proof. Suppose that there is a PJS {¢,, } such that §, = f@, = g@,11 where n € NU {0}. Suppose that
&n # Cpyq for all m € NU {0}. Substituting @ = @41, { = @,42 in (1) we obtain that

Gy < L (d(f@ni1, f@ni2), L (@pi1,@ni2)),

where

L(@p 41, @py2) = max{d (§@y11,8@n+12) ,d (8011, f@ni1) ,d (§@n12, f@ni2)}
= max{d (§n+1,Cn+2) ,d (CnsCnt1) }-

It max{d (Gu11,8n+2) ,d (Sn/Cni1)}t = d (Sny1, Gnt2) , we have

Gy < (A (font1, fOnt2), L(@ns1,@ni2)) = L(A(Cnv1,8Gnr2) ,d (Sut1,Cni2))
<G (d(Cny1,8nr2),d(Cnv1,Cnr2)),

which is a contradiction using (2) of Definition 2.
Therefore, max{d (&,+1,Cn+2),d (&n, Eni1)} = d (&n, Epi1). Hence we have

Gy < C(d(fonsr, fOont2), L(@pi1,@n42)) = 0 (d (Gnt1,Cny2) 4 (CnsCnv1))
<G (d(Cn/Cns1),d(Cnt1,Cnt2)) -

Using (1) of Definition 2, we have d (¢, §+1) > d (€y+1,Cnt2). Hence, foralln € NU {0} we get
thatd (€n+1/ Cn+2) <d (gn/ Cl’l“rl)'

Further we have to prove that §, # y,, for n # m. Indeed, suppose that {,, = y,, for some n > m.
So we choose @11 = @y, 11 (Which is obviously possible by the definition of PJS {¢, }) and hence also
Cn+1 = Cm+1. Then following the previous arguments, we have

d(Gn,Cnv1) <d(Gn-1,8n) <+ <dYm Cms1) =d (Sn Gnt1),

which is a contradiction.

Therefore there exists D > 0 such that lim, e d (4, &n+1) = D > 0. Suppose that D > 0.
Since d (¢y+1,Cnt2) < d(Cn,Cnt1) and both d (G411, Cn+2) and d (Eu, Epr1) tend to D, using (2) of
Definition 3, we get

Gy < limsup ¢ (d (§nr1,Cnv2),d (Sn, Cus1)) < Gy,

n—oo

which is a contradiction. Hence limy, 00 d (4, 1) = D =0. O

Lemma 3. Let (f,g) be a pair of self mappings on a metric space (X',d) and f be a (Z¢,g)-contraction.
Suppose that there exists a PJS {&n},enugoy of (f, &) Then the PJS {Gn} is a Cauchy sequence.

Proof. Suppose that there is a PJS {¢,,} such that ¢, = f@, = g@,4+1 where n € NU {0}.

If ¢y = 1 for some k € NU {0}, then g1 = ¢k = Cx11 = f@k+1 and f and g have a point
of coincidence. Therefore, suppose that ¢, # ,+1 for all n € NU {0}. Using Lemma 2, we have
d(Cn+1,Cnt2) < d(En Cnyr) forallnm € NU {0} and limy 0 d (En, Ct1) = 0.
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Now, we have to show that {,} is a Cauchy sequence. Suppose, to the contrary, that it is not.
Putting @ = @;(x)11, § = @y (k)41 in (1), we obtain
G < ¢ (d (fwm(k)+1lfwn(k)+1) L (wm(k)+1fwn(k)+1))
<G (L (@m(k)+1/wn(k)+1) A (Cm(k)ﬂrén(k)ﬂ)) , 2

where

L(®y(k) 1, @n(k)+1) = max{d (gwm(k)+1/g@n(k)+1> . (gwm(k)Jrlrfwm(k)Jrl) ,
d (gwn(k)+1ffwn(k)+l)}
= max{d (‘:m(k)r gn(k)) ,d (gm(k)/ é’m(k)Jrl) ,d (gn(k)/ én(k)+1) }

Now, since the sequence {(, } is not a Cauchy sequence, by Lemma 1, we have d (g’,‘m(k), ﬁn(k)) ,

d (Cm(k)+1r§n(k)+1>/ d (gm(k),gn(km) and d (gn(k),gm(km) tend to € > 0, as k — oo. Therefore, using
(2), we have

@y < limsup( (d (Cm(k)Jrlr‘:n(k)Jrl) L (wm(k)+1r@n(k)+1)> < @y,
n—oo
which is a contradiction. Therefore, the PJS {¢,, } is a Cauchy sequence. [

Now, we recall the following result of Abbas and Jungck [14] to be used in the sequel.

Proposition 1. Let f and g be weakly compatible self maps of a set &. If f and g have a unique point of
coincidence w = f = gw, then w is a unique common fixed point of f and g.

Theorem 1. Let (f,g) be a pair of self mappings on a metric space (2, d) and f be a (Z¢, g)-contraction.
Suppose that there exists a PJS {Cu},enuqoy of (f,8). Also assume that at least one of the following
conditions hold:

(i) (f(X),d)or (§(X),d) is complete;

(ii) (X, d) is complete, g is continuous and (') is closed subspace of L.

Then pair (f,g) is WPJO. Moreover, if f and g are weakly compatible, then pair (f, g) is PJO.

Proof. First of all we shall prove that the point of coincidence of f and g is unique (if it exists).
Suppose that z1 and z, are distinct points of coincidence of f and g. From this it follows that there exist
two points v1 and v, (v1 # v;) such that fv; = gvq = z1 and fvp = gvy = z5. Then (1) implies that

Gy < (d(fo1, fva),L(v1,02)),

where
L(v1,v2) = max {d (gvy,gv2),d (gv1, fv1),d (02, fv2)} = d(z1,22).

Therefore, we have

€y < {(d(fo1, fo2),L(v1,02)) = {(d(21,22),d (21,22)) < G (d (z1,22),d (21,22)) < B,

which is a contradiction.

In order to prove that a pair (f, g) is WPJO, suppose that there is a PJS {¢,, } such that{, = fw, =
g@p+1 where n € NU {0}.

If ¢y = 1 for some k € NU {0}, then g1 = ¢k = Cx+1 = f@k+1 and f and g have a point
of coincidence. Therefore, suppose that ¢, # ,+1 for all n € NU {0}. Using Lemma 2, we have
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d(Cn+1,Cnt2) < d(Cn,Cpy1) foralln € NU {0} and limy, o d (Cn, &ptr1) = 0. Now, using Lemma 3,
we obtain that PJS {¢, } is a Cauchy sequence.

Suppose that (i) holds, i.e., (¢ (Z'),d) is complete. Then there exists v € I such that ¢, 1 =
fw,_1 = gw, — gvasn — oo. We shall prove that fv = gv. Itis clear that we can suppose ¢, # fv, gv
for all n € NU {0}. Suppose that d(fv, gv) > 0 and using (1), we have

Gy < {(d(fon, fv),L(@n,0)) <G (L(@n0),d(f@n f0)),

where
L (@, v) = max {d (g, gv),d (g@n, f@on),d (v, fv)}.

Taking n — co, we have

Gy < {(d(gv, fo),d(gv, fv)) < G (d(gv, fv),d(gv, fv)).

Using (2) of Definition 2, we get

Gy < ¢ (d(gv, fv),d(gv, fv)) < G(d(gv fv),d(gv, fv)) < €,

which is a contradiction. Hence, fv = gv is a (unique) point of coincidence of f and g.

Similarly, we can prove that fv = gvis a (unique) point of coincidence of f and g, when (f (2'),d)
is complete.

Finally, suppose that (ii) holds. Since (2, d) is complete, then there exists v € X such that
¢n = f@, — v, when n — oo. As g is continuous, and g(') is a closed subspace of 2. Then, we
choose u € I such that §, = g(@,+1) — g(u) = v when n — co. Suppose that d(fu,v) > 0. Consider

Gy < {(d(f(@n), fu),L(@n,u)) <G (L(@n,u),d(f(@n), fu)),

where L (0, 1) = max {d (g(c),gu) ,d (g(@x), f(@n))  d (gu, fu)}.

Taking n — oo, we have €z < ((d (v, fu),L (@, u)) < G(L(@yu),d(f(@n),fu)) =
G(d (v, fu),d (v, fu)). Using (2) of Definition 2, we get €z < ((d(v, fu),d(v,fu)) <
G(d(v, fu),d (v, fu)) < g, which is a contradiction. Hence, fu = gu = v is a (unique) point
of coincidence of f and g. Hence, the result is proved in both cases.

Further, since the pair (f, g) is weakly compatible, then according to Proposition 1, they have a
unique common fixed point. [

Corollary 1. Let (f,g) be a pair of self mappings on a metric space (X, d) and f satisfies

fd(fo,f¢),d(g@,8%)) > Gz,

forall ®,§ € X with go # ¢ and { € Zyg. Suppose that there exists a PJS {u},enuqoy of (f,8)-
Also assume that at least one of the following conditions hold:

(1) (f(X),d)or (§(X),d) is complete;

(ii) (X, d) is complete, g is continuous and (') is closed subspace of 2.

Then pair (f,g) is WPJO. Moreover, if f and g are weakly compatible, then pair (f,g) is PJO.

Corollary 2. Let f be a self mapping on a complete metric space (,d) and f satisfies

¢d(fo, f8), d(@,f)) = Gy,

forall@,¢ € X with @ # ¢ and { € Z'y. Suppose that there exists a Picard sequence {u, } C X defined by
Up+1 = f"ug = fuy foralln € NU{0}. Then f is a PO.
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3. Discussion

Theorem 1 and Corollary 1 hold true if, in particular, (2, d) is complete, g is continuous and f
and g are commuting.

It is also worth noting that the two examples given in [5] are not suitable to support their
main result. Neither of these examples is a proper generalization of the corresponding result of
Jungck [15]. In other words, thereisa A € (0,1) such thatd (f@, f¢) < Ad (3w, g¢) forall @, € X =
[0, 4+00), fo =@+ 10, g0 = 19—0(0 + e? + sin 2(%7@) +1,d(@,8) = |@ — ¢], ([5] Example 5.11)), resp.
f@ = arctan (@ 4 2),g®@ = log (@ + 3) (([5] Example 5.12)). Also, ([4] Example 20), in the same metric
space, where f@ = @ + 2, g® = 4@ + €@ is such.

The following example guarantees the existence and uniqueness of a solution for a
nonlinear equation.

Example 1. Let = [0, +o0) be endowed with the usual metric d (@,&) = |@ — &| forall @,& € [0, +0),
and consider the mappings f,g : [0,+00) — [0, +00) given, for all @ € [0, +c0), by

fo=w0+2, go=4w+ >,
Assume that we have to solve the following nonlinear equation

@ +2 =40 + X,

Corollary 1 can be applied using the simulation function { (v, u) = 19—0 (u - (211720) foru,v € [0,+00)

and g = 0, F (u,0) = u — (214:;)”. Now, we have that

£ (0, ) (g,8)) = o (d (s,8) - EHALOTEN LY J) )

_ 1% (‘4(@—§)+ (ezw_ezg)‘ _ (2+lﬁ|£|z|§|7§|)

> 0.
Since f (L) = [2,+00),8 () = [1,+00), using Corollary 1(i) the result follows.

The following example shows that our Theorem 1 is a proper generalization of the corresponding
results of Jungck [15], L.-de-Hierro et al. [5] and of Olgun et al. [16].

Example 2. Let & = [0,1] and d : & x X — [0, +c0) be defined by d (@,&) = |@ — ¢|. Then (X,d) isa
complete metric space. Define f,g : & — I as f@ = 95, 8@ = 5. Then, f is not Jungck’s contraction
in the sense that there is A € (0,1) such that d (fw, f¢) < Ad (3w, g¢) for all @, € L. However, putting
C(vu) = 44 —0, % (u,0) = u—0v, € = 0, we have that f is a (£, g)-contraction with respect to .

Indeed, we obtain

{(d (fo, £8),d (30, 8)) > Gg = 0 ifand only if ‘”g‘”g@) —d(fa,fE) >0

1+4d(gw,g¢
1
jle=¢ | x g ’
1+1j@—¢ |x+2 Z+2
| — ¢ 2|@ —¢| >0,

24+ |@—¢ (@+2)(E+2)
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{@n}tienuqoy of (f,8)- As both (f (), d) or (§ (), d) are complete, this means that all the conditions of
Corollary 1 are satisfied, i.e., the mappings f and g have a coincidence point @ = 0. In other words, they have a

unique common fixed point, which is the only solution of equation 5% = §, @ € [0,1].

whenever ,§ € . Further, since f (X') = {0, %} - {0, %} = g (X) there exists a Picard-Jungck sequence
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Abbreviations

The following abbreviations are used in this manuscript:

PO Picard operator

PJO Picard-Jungck operator

PJS Picard-Jungck sequence

WPJO  Weakly Picard-Jungck operator
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