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Abstract: Some new inertial forward-backward projection iterative algorithms are designed in a real
Hilbert space. Under mild assumptions, some strong convergence theorems for common zero points
of the sum of two kinds of infinitely many accretive mappings are proved. New projection sets are
constructed which provide multiple choices of the iterative sequences. Some already existing iterative
algorithms are demonstrated to be special cases of ours. Some inequalities of metric projection and
real number sequences are widely used in the proof of the main results. The iterative algorithms have
also been modified and extended from pure discussion on the sum of accretive mappings or pure
study on variational inequalities to that for both, which complements the previous work. Moreover,
the applications of the abstract results on nonlinear capillarity systems are exemplified.
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1. Introduction and Preliminaries

Suppose H is a real Hilbert space with norm || - || and inner product (-, -). Let K be the non-empty
closed and convex subset of H. We use — and — to denote the strong and weak convergence in
H, respectively.

We know that Hilbert space H satisfies Opial’s condition in the sense that limin f, || xn — z|| <
limin fy—so0l|xn — y|| for {x,} C H with x, — z and y # z (see [1]).

The inclusion problem for finding # € H such that

0e€Su+Tu 1)

is studied intensively, where S : H — H is a mapping and T : H — 2! is a multi-valued mapping.
This is mainly because many problems appear in convex programming, variational inequalities, split
feasibility problems, minimization problem, inverse problem and image processing can be modeled
by (1).

A mapping T : D(T) C H — 2H is said to be an accretive mapping (see [2]) if for each x,y € D(T),
there exist u € Tx and v € Ty such that (x — y,u — v) > 0. An accretive mapping T : D(T) C H — 2H
is said to be m-accretive if R(I + kT) = H, for k > 0.
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A mapping S : D(S) C H — H is said to be p-inversely strongly accretive mapping (see [3]) if for
each x,y € D(S) and u > 0, (x —y, Sx — Sy) > u||Sx — Sy||*.

For a mapping W : D(W) C H — H, a point x € D(W) is called a zero point of W if Wx = 0.
The set of zero points of W is denoted by W~10. If x € D(W) C H satisfies that Wx = x, then x is
called a fixed point of W. The set of fixed points of W is denoted by Fix(W).

The study of the special case of inclusion problem (1), where T is accretive and S is p-inversely
strongly accretive, has been a hot topic during the past few years. In particular, the constructions of
the iterative algorithms for approximating the zero point of the sum of T and S are focused, see [3-12]
and the references therein. The inertial forward-backward splitting method is one of the important
iterative algorithms studied by some authors, see [7-9,13,14].

In 2015, Lorenz and Pock [9] proposed the following inertial forward-backward algorithm for
approximating zero points of T + S, where T : H — 2H is m-accretive and S : H — H is p-inversely
strongly accretive:

ug, U1 € H chosen arbitrarily,
Up = Uy + 0n<un - unfl)r (2)
Uye1 = (I+r,T) (v, —rySv,), neN.

In addition, the result that u, — p € (T + S)~10, as n — o0, is proved under some conditions.

To get strong convergence, Dong et al. proposed the following inertial forward-backward
projection algorithm in Hilbert spaces in [14]:

ug, u; € H chosen arbitrarily,
Un = Uy + an(Un — 1),
wy = (I+71,T) (v, — 1,S0,),
Co={p e H: |wy = plI* < [lun — plI* = 200 (tn — p, tty—1 — 1) 3)
+ a1 — unl?},
n=A{p€H: (uy—p,un—up) <0},
uni1 = Pc,ng, (o), n €N,

where T and § are the same as those in (2) and Pc, o, is the metric projection whose meaning can be
seen in Definition 1. The projection sets C;; and Q; play an important role in the iterative construction
to ensure the strong convergence. The result that u, — P(rg)-10(t0), as n — oo, is proved under
some conditions.

In 2018, Khan et al. proposed the following one in which the projection set Q,, is deleted (see [7]):

ug, u1 € H chosen arbitrarily,
On =ty + O (tn — Uy_1),
Wy = aytty + (1 —ay)(I+7,T) " (v, — 1,S0,),
C,:=H, 4)
Cu1={p € Cut [lwn — plI* < |lun — p|?
— 260, (1 — an) (un — p, ttp—1 — ) + 205 ||—1 — un|?},
uny1 = Pc,,, (uo), n €N,

where T and S are the same as those in (3). The strong convergence that u, — P g)-19(10), asn — oo,
is also obtained under some conditions.
On the other hand, the inclusion problem (1) is extended to the system of inclusion problems:

0 € Siu+ Tu, %)



Mathematics 2019, 7, 466 30f 19

where T; is m-accretive and S; is y;-inversely strongly accretive for i € {1,2,--- ,m} ori € N.
In addition, some iterative algorithms for approximating common zero points of T; + S; are constructed
in [3,15-17]. In particular, Wei et al. proposed the following implicit mid-point forward-backward
projection algorithm in [17]:

u1 € H chosen arbitrarily,

Wy = an?] f(ttn) + (I — anF)uy,

On = Brwn + 0n Loy i (T4 1 T;) T [225720 — 1,38 (2252 )] + Anen,
Ci1=H,

Co1 = {p € Gt low — pII? < L2522 fwn — p2 + 2 llen — I},
Uy = Pcn“(ul), neN,

(6)

where f : H — H is a contraction, F : H — H is strongly positive linear bounded mapping, ¢, is the
computational error, T; is m-accretive and S; is y;-inversely strongly accretive for i € N. The result that
Up — Pﬂ?il(TiJrSi)*lO(ul)' as n — 0, is proved under some conditions.

Recall that f : H — H is called a contraction (see [17]) if there exists a constant ! € (0,1) such that

1f ) = fFWI < Hjx =yl for x,y € H.
A mapping F : H — H is called strongly positive (see [17]) if there exists ¢ > 0 such that

(x, Fx) > &||x||? for x € H. In this case,
lal = bE|| = sup|x <1 [((al = bF)x, x)],

where [ is the identity mapping, a € [0,1] and b € [—1,1].

A mapping U : H — H is said to be non-expansive (see [17]) if for each x,y € H, ||[Ux — Uy| <
Jx—yll

In 2018, Wei et al. proposed some new hybrid iterative algorithms to approximate the common
element of the set of zero points of infinitely many m-accretive mappings T; : H — H and the set of
fixed points of infinitely many non-expansive mappings B; : H — H. A special case (see Corollary 3.6
in [18]) is presented as follows:

uy € H chosen arbitrarily,

Yn = anty + (1 — ) Y2 ci(T+ rn,iTi)_l (tn +en),

Zn = Bnttn + (1 — Bn) X521 biBiyn,

CGi=H=0Q,

Cor1=1{p € Cu: lyn — pPII* < anllun — plI*> + (1 — an) un + e — pl|%,
lzn = pII* < Bulln = pIIP + (1= Bu) lyn — pII?},

Qui1 = {p € Cu1 : 1 — plI* < llur = Pe, ., (un) [P+ A,

Upt1 € Quyr, n €N

@)

The result that uy — Pne_ ¢, (1) € (NiZ4 T.'0) N(N>4 Fix(B;)), as n — oo, is proved under
some conditions. We may notice that infinite choices of {u, } can be made, which is totally different
from traditional projection iterative algorithms, e.g., (3).
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In 2016, Wei et al. proposed an implicit forward-backward mid-point iterative algorithm for
approximating common zero points of T; 4 S;, where T; is m-accretive and S; is y;-inversely strongly
accretive, for i € N. A special case in [19] in the frame of Hilbert space is presented as follows:

u1 € K C H chosen arbitrarily,

Yn = Px[(1 — an)(un +e3,)],

Zn = O + B Li2q 0 (L4 1, T) T (P57 = 1,1 Si(57)] + e,
Up1 = Yl f (un) + (I = yuF)zn + ey, n€N,

®)

where f and F are the same as those in (6), {¢},}, {e);} and {e]/’} are the error sequences. Under some
conditions, {u,} is proved to be convergent strongly to uy € N, (T; + S;) ~'0, which also satisfies the
following variational inequality:

(Fug —nf(ug),up —z) <0, Vz € ﬁ (T; + S;) 0. 9)
i=1

We may notice that the connection between the common element of (T; + S;) 10 for i € N and
the solution of one kind variational inequality is set up in [19].

In this paper, our main purpose is formulated as follows: (1) obtain strong convergence theorems
instead of weak ones; (2) construct new projection sets, which ensure that infinitely many iterative
sequences can be generated compared to traditional projection iterative algorithms (3), (4) and (6); (3)
inject the idea of inertial forward-backward algorithm into the iterative construction, compared to
iterative algorithms (6)-(8); (4) set up the connection between the common zero point of the sum of two
kinds of infinitely many accretive mappings and the solution of one kind variational inequality, which
complements the corresponding work since rare studies of the projection iterative algorithms (e.g.,
(3)-(7)) have mentioned that; (5) provide the application of the abstract result to capillarity systems.

To begin our study, we need some preliminaries.

Definition 1. (see [2]) For the Hilbert space H and its non-empty closed and convex subset K, there exists a
unique point xo € K such that ||x — xo|| = inf{||[x —y| : y € K}, for each x € H. In this case, the metric
projection mapping Px : H — K is defined by Pxx = xo, for Vx € H.

Definition 2. (see [20]) Let {K, } be a sequence of non-empty closed and convex subsets of H. Then

(1) the strong lower limit of {K,}, s — liminfK,, is defined as the set of all x € H such that there exists
Xn € Ky, for almost all n and it tends to x as n — oo in the norm;

(2)  the weak upper limit of {K,}, w — limsupK,, is defined as the set of all x € H such that there exists
a subsequence {Ky,, } of {K,} and x,,, € Ky,, for every n,, and it tends to x as n, — oo in the weak
topology;

(3)  the limit of {Ky}, limKy, is the common value when s — limin fK,, = w — limsupK,.

Lemma 1. (see [20]) Let {K,} be a decreasing sequence of closed and convex subsets of H, i.e., K, C Ky, if
n > m. Then {K, } converges in H and limK,, = (;_1 Ky.

Lemma 2. (see [21]) Suppose H is a real Hilbert space. If limK, exists and is not empty, then Py, x — Pjipx, x
foreveryx € H,as n — oo.

Lemma 3. (see [2,19]) If B: H — H is accretive, then (I + rB)’l : H — H is non-expansive.
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Lemma 4. (see [22]) If H is a real Hilbert space with K its non-empty closed and convex subset, T; : K —
K is non-expansive for i € Nand Y., a; = 1 for {a;} C (0,1), then Yi°, a;T; is non-expansive with
Fix(}2 a;T;) = Nieq Fix(T;) under the assumption that (2, Fix(T;) # @.

Lemma 5. (see [19]) If H is a real Hilbert space with K its non-empty closed and convex subset, S : K — H is
a single-valued mapping and T : H — 2H is an m-accretive mapping, then

Fix((I+rT)"Y(I—7rS)) = (T+S)~10,
for ¥r > 0.

Lemma 6. (see [23]) Let H be a real Hilbert space and r € (0,+o00). Then there exists a continuous,
strictly increasing and convex function g : [0,2r] — [0, +00) with g(0) = 0 such that ||kx + (1 — k)y||* <
kllxl? + (1 = k) lyl* — k(1 = k)g(|lx = yll), for k € [0,1], x,y € Hwith ||x|| < rand |yl <.

Lemma 7. (see [24]) Let K be the non-empty closed and convex subset of Hilbert space H and Px : H — K be
the metric projection. Then

(1) forVx € Hand ¥y € K, ||Pxx — y|*> + || Pxx — x||2 < |ly — x||*.
(2) y = Pxx ifand only if there holds the following inequality (x —y,y —z) > 0, for Vz € K.

Lemma 8. (see [25]) If f : H — H is a contraction, then there is a unique element x € H such that f(x) = x.

2. Some Inertial Forward-Backward Algorithms
In this section, unless otherwise stated, we always assume that:

(1) H is areal Hilbert space;

(2) A;: H — H is p;-inversely strongly accretive and B; : H — H is m-accretive, for each i € N. In
addition, N4 (A; + B;) 710 # @;

(3) {en} C H is the computational error;

(4) {on}, {sni} and {p;} are three real number sequences in (0, +c0) fori,n € N;

(5) {an}, {Bn} and {7, } are three real number sequences in (0,1) with a, + B, +yn =1, forn € N;

(6) {wy;} is a real number sequence in (0,1) with }7°; wy,; = 1, forn € N;

(7) {kn} is a real number sequence in [0, k] for some k € [0,1).

2.1. New Inertial Forward-Backward Projection Algorithms

Theorem 1. Let {u,} be generated by the following iterative algorithm:

ug, Uy € H chosen arbitrarily, e; € H,

Uy = Uy + kn(un - unfl)/

Wy = dplly + ﬁn Zfi] wn,i(l + Sn,iBi)il(I - Sn,iAi)Un + Ynén,

CGi=H=0Q,

Cor1={p € Cu: llwn —pl* < (1= ya)llun = plI* + yullen — plI?
+ kg llun = un 1 l* = 2Bukn(un — p 1ty 1 — un)},

Qui1 = {p € Cug : [l — plI* < |IPc,,,, (1) —ur]* + 0y},

Up1 € Quyr, n €N

(10)

Under the assumptions that: (i) s,; < u; for i,n € N; (ii) 0, — 0,9, — 0, as n — oo; (iii)
0 < infupn <1; (iv) there exists M > 0 such that |le,|| < M, for n € N, we have: uy — Pn_ ¢, (1) =
P (arm)-10(u1) € MiZ1 (Ai + B;)~10,as n — co.

Proof. We split the proof into nine steps.
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Step 1. Y52y wi i (I +5,,;B;)"Y(I —s,;A;) : H— H is non-expansive, for n € N.

The proof of Step 1 is essentially from that of Step 1 in Theorem 2.1 of [17]. For the sake of
completeness, we present it as follows.

Since s, ; < 2y, then for each x,y € H,

(I = $3,iAi)x — (I =5, i ADYII? = [[(x —y) = spi(Aix — Aiy) |2
= [lx = ylI* = 255, (x — y, Aix — Agy) + 55 ;| Aix — Agyl|?
< lx = yl? + spi(sni — 2ui) || Aix — zy||2 < Jlx =yl

Thus, (I —s,;A;) : H— H is non-expansive, for i,n € N. It then follows from Lemmas 3 and 4
that Y% | wy, ;(I+5,,;B;) "1 (I —s,;A;) : H— H isnon-expansive, for n € N. Combining with Lemma 5,
N2y Fix((I45,,B;) (I —sn,iA;)) = N1 (A; + B;) 0.

Step 2. N, (A; + B;) 710 C Cy, forn € N.

If n = 1, it is obvious that N (A; + B;) !0 C C;.

Now, Vg € N2 (A; + B;) 10, suppose the result is true for n = m + 1, then if n = m + 2, it follows
from (10) that

[0mt1 — gl (11)
= |lmy1 — ‘1”2 + 2k 1 (U1 — G U1 — Um) + k%wﬂ””mﬂ - “m||2-

Using Step 1, we have:

”wm-‘rl —‘7||2 (12)
< a1 |ttmsr — 911 + Bms1lloms1 — ql1* + vmea llemta — ql1*-

Combining (11) and (12),

w1 = qll*> < (@ms1 + Busr) |tmi1 — gl
m+11[6m+1 — m+11¥m+1 = Ymil — “Am+1Pm+1\Vm+1 — 4, ¥m — Ym41/,
+ym1lle ql1> + K, llu n||* = ko1 B (1 G, Um — Um41)

which ensures that g € Cy,42. Then by induction, g € C;, forn € N.
Step 3. C;; is a closed and convex subset of H, for each n € N.
It is not difficult to see that

llwn = plI*> < (1= 7)[ltn = plI* + Yullen — plI?

+k%z‘|”n - ”n—1||2 — 2Bk (un — p,up—1 — tn)

— “wnHZ —-(1- 'Yn)H”nHz - ’Yn”@n“z - k%t””n - ”nlez + 2Bnkn (tn, thy—1 — n)
< 2(p,wn) —2(1 — yu){p, un) — 27u(p, en) + 2Bukn(p, ttn—1 — tn).

Then C,, is a closed and convex subset of H, for each n € N.

Step 4. Qy is non-empty for each n € N, which ensures that {u, } is well-defined.

From Step 3 and the definition of metric projection, for 0,1, there exists J,,11 € Cj,4+1 such that
lu — 61> < (infrec,., lur — z| )2+ 0y = IPc,,, (u1) — u]|? + 0y41. Thus, Q41 # @, forn € N.
And then {u,} is well-defined.

Step 5. Pc, ., (1) = P ¢, (u1),as n — oo.

The proof of Step 5 is similar to Step 2 of Theorem 3.1 in [18]. It follows from Lemma 1 that limC,
exists and limCy, = ;-1 Cy # ©. Then Lemma 2 implies that Pc, , (u11) = Pn=_ ¢, (u1), as n — oo.

Step 6. up — Pne_ ¢, (1), as n — oo.

Since ;11 € Quy1 C Cyy1 and Cy is a convex subset of H, then for Vt € (0,1), tPc, ., (u1) + (1 —
Huyt1 € Cyqq, which implies that

1P, (1) —u |l < [tPc, ., (x1) + (1 = Bupgg — wa]. (13)
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Using Lemma 6, we have

”tPC,H]( ) (1 — )yyq — u1||2 = Ht PCn+1( 1) —up) + (1 - t)(”n+1 - ”1)”2

< t][Bey, (1) — w1 |2+ (1= D)lunss — |2 — 11— Og([Pe, (1) — ). P

Then (13) and (14) ensure that tg([Pe, , (11) = 1) < 11 — 1] = | Pe, (1) — 12 <
Opny1- Letting t — 1 first and then n — co, we know that P, (u1) — 41 — 0 as n — co. From Step 5,
up = Ppeo_ (1), as n — oo,

Step 7. vy = P ¢, (u1) and wy — P ¢, (u1), as n — oo.

Since 11—ty — 0and w1 € Quy1 C Cyyy, then from (10), [ty 11 — vpy1ll = kg llttnr —
uy|| — 0,as n — oo. Thus, v, — P ¢, (u1),asn — oo. Since ;1 € Quq1 C Cy41, then

l|wn — “n+lH2 < (1= yn)llung1 — unHz + Ynllen — ”n+l||2
+k%|‘”n - urhl”z — 2Bk (U — Upq1, Up—1 — Un)
< (1= yn)lunsr = uall® +vallen — i > + ki llun — wn a1 1* + 20t g1 — wnlllltn—1 — unll =0,

as n — oo. Thus, wy, — Pn ¢, (1), as n — oo

Step 8. Py ¢, (1) € N2 (A; + B;) 0.

In fact, if, otherwise, Pne c, (u1)€NZ4(A; + B;)~'0. Then Pre ¢, (1) # L2 w,i(l+
5niBi) H(I = 5, Ai) Py, (1)

Since wy, = anty + Bn Looq Wni(I + 5,B;) NI — $,:A;))on + Ynen, then Bu[Y52; w,i(l +
sn/iBi)’l(I — 5,iAi)Vn — Wy) = an(wy — Uy) + yn(wn —ey) — 0,as 1 — 0.

Since inf, B, > 0, then there exists a subsequence of {n}, which is still denoted by {n} such that
Z;‘)il wn,l-(l + Sn,iBi)_l(I — Sn,iAi)Un —wy; — 0,asn — oo,

Thus, Y%y @y i(1+5,:B:) 11 — s, A;)on — P ¢, (uy),asn — oo.

Since H satisfies Opial’s condition, then

limin fy—co[On — 1c,,,(7«11)||
< liminfnﬁooan =Y wyi(I+s,;B;) "1 (I — suniAi)Pree_ ¢, (1) |
< liminfﬂ—WOHUn ):1 1 wnz(I +5,,;B ) 1(1 - Sn,iAi)UnH

—|—ll.ml‘71fn~)oo||vn Pﬂm:l Cm (ul)H
< liminfyeol[vn — Pa_ ¢, (u1) |,

which makes a contradiction! Thus, Pﬂ?ﬁ:l o (1) € N2y (A; + B;)~'0.

Step 9. Py ¢, (1) = P (4,48,)-10(11)-

From Step 8 HPﬂ (Ai+B)~ 10(u1) —uyl < [P, ¢, (1) — ua.

On the other hand since N°4(A; + B;)~'0 € N%_;Cu, then 1P e (1) — m]| <
1Prge. (ar5,)-10(t11) — 1] Thus,

1P (a8 -10(u1) — uall = [Pas_ ¢, (1) — .
Using Lemma 7, we have

IPre (a48)-10(11) = P, ¢, () > + |1 Py, (1) — ua |2
< 1P (a8 -10(11) = ual]? = [|Pae_ ¢, (u1) — mlf?,

Wthh 1mplles that Pﬂ?il(Ai+Bi)710(ul) = Pﬂ%:l Cm (1/[1). O

Remark 1. Compared to (3) and (4), infinitely many m-accretive mappings and infinitely many y;-inversely
strongly accretive mappings are considered in (10). Compared to (6), the idea of inertial forward-backward
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algorithm is embodied in (10). Compared to (3), (4) and (6), infinite choices of the iterative sequences {uy} are
defined.

Remark 2. The traditional idea for choosing the unique iterative element u,, 1 as the metric projection of the
initial element in iterative algorithms (3), (4) and (6) is contained in the ideas of (10) in our paper.

In fact, if take u, 11 = Pc,,, (41), we can easily see that
g1 — ur|* < ||Pc,,, (1) — wr||* + o1
Thus, u,1 = Pc, ., (u1) € Quy1, which means that this u,,, 1 is a kind of choice of (10).
Corollary 1. Ifk, = 0, then (10) in Theorem 1 becomes to the traditional forward-backward iterative algorithm:
ug, u1 € H chosen arbitrarily, e; € H,

Wy = ApUy + Pn Z?il wn,i(l + Sn,iBi)_l(I - Sn,iAi)un + Ynén,
Ci=H=0Qy,

Cor1 ={p € Cu: |lwn — pl* < (1= yu) lun — plI> + vullen — plI?},
Qui1 = {p € Cug1 : [l — plI*> < ||Pc,,., (1) — ur||* + 001},

Up1 € Quyr, neN

Corollary 2. Ifi =1, then (10) in Theorem 1 becomes to the following iterative algorithm:

ug, w1 € H chosen arbitrarily, e; € H,
Uy = Uy + kn(un - un—l)/
Wy = dptly + Bn (I + suB) (I — 5, A)vy + Ynen,
G =H=0Q,
Cor1=1{p € Cn: [Jwn — PHZ < (T =yn)lfun — P”2 + Tnllen — P”2
+ k%z””n - un—le — 2Bnkn <un —P,Up—1 — un>}/
Qui1 = {p € Cup1 : lmg — plI*> < ||Pc,., (1) — ur[|* + 001},
Upr1 € Quy1, neN

Remark 3. Let ey = 0,ay + Bn = 1, for n € N. After taking u,1 = Pc, ., (u1) in (15), we may see that
Qy+1 can be deleted which implies that (15) reduces to (4). However, the strong assumption that Y 5 1 ky ||ty —
Up—1|| < 400 in [7] is no longer needed in our paper.

2.2. New Mid-Point Inertial Forward-Backward Projection Algorithms

Theorem 2. Suppose f : H — H is a contraction with k € (0,1) and F : H — H is a strongly positive linear
bounded operator with coefficient § > 0. Let {u, } be generated by the following iterative algorithm:

ug, w1 € H chosen arbitrarily, e; € H,

Zp = Uo,

zn = OnAf(un) + (I — 6, F)uy,

Uy =z + kn(2zn — 241-1),

Wiy = 0n 0 + P Lo g Wi i (14 5,Bi) 7 (I — 5 A7) (2522) + Ynen,

C1=H=0Q, (16)
2n n n
Cui1 = {p € Cu: lwn — pl2 < Z2B0 |z, — p|I2 + 2L lew — p|2
Bz, — 2yl 26 B (o p 2~ ),

Qui1 = {p € Cusr : 1 — plI? < |IPc,.,, (1) = |]* + o1},
Uyt1 € Quy1, n €N
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Under the assumptions of (i) — (iv) in Theorem 1 and (v) A > 0 and (vi) 6, — 0, as n — oo, we have:
un = Pry_ ¢, (1) = P (a,18,)-10(1) € M1 (Ai + B;)~'0,as n — co.

Proof. We split the proof into ten steps.
Step 1. Y21 wy i (I +5,;B;)"1(I —s,;A;) : H— H is non-expansive, for n € N.
Copy Step 1 in Theorem 1.
Step 2. {wy, } is well-defined.
Define U : H — H by

Ux =ty +sT( )+ (1—t—s),

xX+y
2
where T : H — H is non-expansive and t,s € (0,1).
It is easy to check that U is a contraction since

IUx — Uzl < sl %52 = 5201 = 5llx — 2]l < llx —zll,

forVx,z € H.

In view of Lemma 8, there exists a unique element x € H such that x = Ux. Combining with the
result of Step 1, {w,, } is well-defined.

Step 3. N2, (A; + B;) 710 C Cy, forn € N.

If n = 1, it is obvious that N2, (A; + B,)~'0 c Cy.

Now, Vg € N2 (A; + B;)~10, suppose the result is true for n = m + 1, then if n = m + 2, in view
of Lemma 4, we have:

+
lwm1 = qll* < psallomsr — I + Bsa |57 — 12 + Vit lem1 — gl

which ensures that

2 m + m 2 m
wmsr — q|2 < 2getbust o, ) — q)2 + 2l e, g — g2 (17)
It follows from (16) that
- 2
||vm+1 QH (18)

= ||zms1 — ‘7”2 + 2k 1 (Zms1 — 4 Zmg1 — Zm) + kan Zmg1 — Zm||2-

Combining (17) and (18),

2 +
Jtomer — g1 < 2getBost o gl 4 2Ly, — g2
2 2
+70‘n1+1ﬁ;ﬁr¥+1 k2 m+1 ||Zm+1 Zm” - km+1 amilﬁ—:ﬁTJrl < Zm+1 — 4, Zm — Zm+1>'

Thus, g € Cp,42. Then by induction, g € Cy,, forn € N,
Step 4. C;; is a closed and convex subset of H, for each n € N. It is not difficult to see that

e — pl2 < 22 |20 — plI? + 2% llen — pl2

+%%f“wwwnm—an%¢&< — P21~ Zn)

= ol - BB za2 — 22 llenll? — K25 1z — 20|12 4+ 2k B (2, 21 — )
S%nww—Q%S%%n%>—f$An&O+2k%ﬂf%naq Zn).

Then C,, is a closed and convex subset of H, for each n € N.

Step 5. Q, is non-empty for each n € N, which ensures that {u,} is well-defined.
Copy Step 4 in Theorem 1.

Step 6. Pc, ., (u1) = Pne=_ ¢, (1), as n — co.

Copy Step 5 in Theorem 1.
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Step 7. un — Pr_ c,, (11),as 1 — co.

Copy Step 6 in Theorem 1.

Step 8. zn — Pn_ ¢, (u1), on — Py ¢, (1) and wy — Py ¢, (u1), a8 1 — 00,

Since z,, — uy = 8y (Af(uy) — Fu,) and 8, — 0, then it is easy to see that z, — Pmc;zl c, (u1), as
n — 0.

Since v, =z + ku(zn — 24_1), then v, — P ¢, (u1),asn — oo.

Since Uy — uy — 0and u,41 € Qi1 C Cpyaq, then

2,
o — 1 1 < 2550 |z — |2+ 2 len — w1 |2
2 2
+i2 bz, —zn_1|| 2 B (2 1,21 — )

< llzn = wnsr[I? + 2vnllen — zua [ + K3 llzw = zn-1 1 + 2l i1 — zullllzn—1 — zull = 0.

Thus, wy, — Prye_ ¢, (1), a8 1 — oo.

Step 9. Pﬂfrle Cm (Ml) S ﬂ?il(Ai + Bl-)*10.

In fact, if, otherwise, P~ ¢, (u1)€NZ1(A; + B;)~'0. Then Pre ¢, (m1) # LZqwni(l +
5niBi) TH(I — 5, Ai) Prye_ c, (1)

Since w, = v, + ﬁn 21011 wn,i(I + Sn,iBi)il(I - Sn,iAi)(wTwn) + Ynén, then .Bn[z‘;il wn,i(I +
S,iBi) NI — 5,1 A;) (2522 ) — wy] = an(wy — 0) + Yu(wy — en) — 0,a8 1 — 0.

Since inf, B, > 0, then there exists a subsequence of {n}, which is still denoted by {n} such that
Y21 W i(I+5,Bi) 11— 8,1 A;) (254) —w, — 0,258 1 — oo.

Thus, Zfil wn,i(l + Sn,iBi)_l(I - Sn,iAi)(v"—;w”) — Pﬂ;?:l Cm (1/[1), asn — oo.

Since H satisfies Opial’s condition, then

limin f—eo|| 22522 — Pree_ 1Cm(ul)H

< liminfy_seol| v"+w” =Y Wyl +8,,iB;)~ 1(1 - S”,iAi)Pﬂ;‘le Cm(ul)H
Slimz’nfn—wO”WTwn_ Yi- 1wn1(1+snl l) 1(1_5”/"Ai)vn+%|‘
Flimin oo || 25 — P, (u1) |

< limin fy 0| M P ¢, (u1)ll,

which makes a contradiction. Thus, P~ ¢, (u1) € N2 (A; + B;)~10.

Step 10. Pﬂoo (ul) = Pnoo (Ai+B;)~ 10(M1)

From Step &, B a1+ 10(1) a1 < s oy (1) — ]

On the other hand, since N24(A; + B;)"10 C N5_;Cum, then 1Pae_, ¢, (1) —ma <
Hpm;?;] (Ar+B)-10(81) — uz|. Thus,

[P (a4+8)-10(u1) = uall = [P ¢, (u1) — wa].

Using Lemma 7, we have

1P (a48)-10(11) — Pase_ ¢, (1) 12+ 1Paz_, ¢, (1) — 1 |12
<N Pree (aBy-10(1) — ] = P ¢, (1) — ua )%,

which implies that Pre (4 45,y-10(41) = Pn_ ¢, (u1). O

Remark 4. Similar to Remark 2, u, 1 = Pc, ,(u1) is also a possible choice of t, 1 € Qy1 in Theorem 2.



Mathematics 2019, 7, 466 11 of 19

Corollary 3. If 6, = 0, then (16) becomes to the following traditional mid-point inertial forward-backward
projection iterative algorithm:

ug, u1 € H chosen arbitrarily, ey € H,
Up = Uy + kn(”n - un—l)/
Wy = XUy + Pu Zfil wn,i(l + Sn,iBi)ilu - Sn,iAz)(vn+wn) + Ynén,
CG=H=0Q,
Cost = {p € Cu: l[wn — pI? < 5ty — pI? + 22l — p?
+ 2P |y — 1y |2 — 2 2P (1 — p iy — )},
Qui1 = {p € o1 : |l — pI? < ||Pc,,, (1) — || + 0y},
Uny1 € Quyr, neN.

If, moreover, k, = 0 in (19), then it becomes to the following traditional forward-backward mid-point
iterative algorithm:

ug, U1 € H chosen arbitrarily, e € H,

Wy = dply + ;Bn Efil wn,i(I + Sn,iBi)_l(I - Sn,iAi)(ume” ) + Ynén,
Ci=H=0Q,

Cor = {p €t wn = plI* < Z5Px | — p2 + 2% llew — P12,
Qui1 = {p € Cusr : |l — plP? < ||Pc,,, (1) — || + 0y},

Upt1 € Quyr, n €N

Corollary 4. Ifk, = 0in (15), then it becomes to the following one:

ug, u1 € H chosen arbitrarily, e; € H,

zy = A f(uy) + (I — 64 F)uty,

Wy = &nZp + ;371 Zfil c’Jn,i(I + Sn,iBi)_l(I Sn, 1A )(wn+zn ) + Ynén,

C1 =H= Ql/ (21)
Cotr = {p € Cu ¢ lwon — plI2 < 2t 2, — pI? + 22 lew — p2},

Qui1 = {p € Cus1 : ur — plI* < |IPc,., (1) —u|]* + 01},

upt1 € Qui1, nEN

If, moreover, take u, 1 = Pc 1) in (21), then it becomes to (6).

n+1 (

2.3. Relationship with Variational Inequalities

A lot work has been done on designing iterative algorithms to approximate solution of variational
inequalities due to their wide applications (e.g., [26,27]). A classical variational inequality is to find
u € K such that for Vv € K,

(v—u,Tu) >0, (22)

where T : K — H is a nonlinear mapping. The symbol VI(K, T) denotes the solution of the above
variational inequality.

2.3.1. The First Kind Iteration Theorems

Definition 3. Let H be a real Hilbert space with K being its non-empty closed and convex subset. T : K — H
is called a T-Lipschitz continuous mapping if | Tx — Ty|| < t||x —y||, for x,y € K.
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Theorem 3. Let H be a real Hilbert space with K being its non-empty closed and convex subset. Suppose A; :
K — H is pj-inversely strongly accretive and B; : K — H is m-accretive, for each i € N. Suppose T : K - H
is an accretive and T-Lipschitz continuous mapping. Let {u, } be generated by the following iterative algorithm:

uy € K, uy € K chosen arbitrarily, ey € H,

Yo = Px(uo — AgTug),

Yn = PK(un - /\nTun)/

Uy = Yn + kn(]/n - yn—l)/

Wy = 0nUn + B Lieq Wi (I + Sn,iBi)_l(I —5,iAi) P (Un — AnTyn) + ynen,

C1=K=0Qy,

Cor1=1{p € Cp: [Jwn — PH2 < anllyn — P”2 + Bullun — P”z + Tnllen — PH2
+k$1||yn —ynflllz —20nkn(Yn — P, Yn-1—Yn)},

Qui1 = {p € Cug1 : llur — plI* < |IPc,., (u1) — wall* + 0usn },

Up1 € Quy1, n €N

(23)

Under the assumptions of (i)—(iv) in Theorem 1 and the additional assumptions (v) A, — 0, (vi)

N2, (A; +B) IONVI(K T) # @, we have: u, — Pas ¢, (1) = Pae (a4 -r0nvik,r) (W1), as
n — oo.

Proof. We split the proof into nine steps.
Step 1. Y21 wy i (I +5,,;B;)"H(I — s,,A;) : K — K is non-expansive, for n € N.
Copy the proof of Step 1 in Theorem 1.
Step 2. N2, (A; + B;) 10N VI(K,T) C Cy, forn € N.
We first show that Vg € N>, (A; + B;) 10N VI(K, T),

[Pk (un — AnTyn) — ql| < |lun —ql|- (24)
In fact, in view of Lemma 7, we have:

|| P (n — AnTyn) — ‘7”2

< lun —q— /\nTyn||2 — |[un — Px(ttn — AnTyn) — /\nTynHz

= ||un — QHZ — lJun — Pxc(un — /\nTyn)”z

+2Au[(Tyn — T9,9 — yu) +(Tq,9 = yn) + (Tyn,yn — Px(ttn — AuTyn))]

< Jun = qlI* = [|tn — P (0 — AnTyn)||* + 220 ( Ty, yn — P (40 — AnTyn))

= Jlun = qlI* = (lun = yall* + lyn — Pr(un = AuTyn)1?) + 240 (Tt — Tyn, Px (160 — AuTyn) = Yu)
+2(upy — Yn — AnTun, Px(ttn — A Tyn) — Yn)

< =gl = (un =yl + lyn — Pr(un = AaTyn)|12) + 240t — yu | [lyn — Px (0 — AuTyn) |
<lun = ql1* + (AZ T2 = 1) lun — ynl*

< lun —4l1%,

which implies that (24) is true.
Next, we can easily check the following by noticing the result of Step 1 and (24):

lwn — qlI* < aullon — )2 + Bullun — gl + yullen — gl
< anllyn — ql1? + Bullun — qll* + vaullen — gl + Kallyn — yu—1ll* — 20ukn (Yn — 4, Yn—1 — Yu)-

Thus, by induction as that in Theorem 1, g € C;,, forn € N.
Step 3. C;; is a closed and convex subset of H, for each n € N.
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It is not difficult to see that

lwn — plI* < anllyn — plI* + Bulln — plI* + ullen — plI?

ki l[yn = Yn-1l1* = 20ukn (Y — P Yn—1 — Yn)

— ||wnH2 - ‘Xn”yn”z - ,BnH”nHz - ')’nHenHz - k%”]/n - ]/n—1||2 + 2aky <]/n/yn—l - ]/n>
< 2(p,wn) — 2an(p,Yn) — 2Bn(p, un) — 27u(p,en) + 200kn (P, Yn—1— Yn)-

Then C,, is a closed and convex subset of H, for each n € N.

Copy the results of Steps 4-6 in Theorem 1, we have:

Step 4. Q, is non-empty for each n € N, which ensures that {u, } is well-defined.

Step 5. Pc, ., (1) = Prye_ ¢, (u1), a8 n — 0.

Step 6. up — Pa_ ¢, (1), as n — 0.

Step 7. yn — Pﬂf::l C (1/[1), Uy — Pﬂf:zl C (ul) and w, — Pﬂf;zl Cm (1/[1), asn — oo.

It is easy to see that Q, is a closed subset of K. Then u, 11 € Q,+1 C Kand u, — Pﬂﬁﬂ ¢, (1)
imply that Py~ ¢, (11) € K. Therefore,

[yn = Prge_, ¢, ()l < llun = AnTun — P ¢, ()]
< lun = Pae_ ¢, () + Anl| Tun || = O,

as n — oo. Thus, yn — Ppe_ ¢, (1), as n — oo.

Since Y1 — yn — 0and vy = yn + kn(yn — yn—1), thenvy, — Pne_ ¢, (u1), as n — oo.

Since Uyl € Qn+1 C Cn+1, then from (23), Hwn — Mn+1||2 < “n”]/n — un+1||2 + ﬁn||un+1 —
un|> + vullen — uny1ll? + K2 lyn — yu_1l1? — 20k (Yn — thui1, Yn_1— yn) — 0,as n — oo. Thus, w, —
Pre ¢, (u1),asn — oo.

Step 8. Pne_ ,, (11) € N2 (A; + B) 'ONVI(K, T).

We shall first show that P ¢, (11) € VI(K,T).

For this , define

B — { Tv+ Nyv, if v €K,
@, if veK,

where Nxv = {w € H: (v—u,w) >0, Yu € K} is the normal cone to K at v € K. It is well-known
that B: H — H is m-accretive and 0 € Bvif and only if v € VI(K, T) [28].
Letz € Bv = Tv + Nkv, then z — Tv € Nigv. From the definition of the normal cone, we have

(v—yn,z—Tov) > 0. (25)
From Lemma 7, we have:
(uy — AnTuy — Px(tty — AnTuy), Px (g — ApTuy) —v) >0, Yo €K,
which implies that

PK(un - )\nTun) -
An

(0 — Pe(ttn — AnTity), " 4 Tu,) >0, Vo e K. (26)
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In view of (25) and (26), we know that

(v—yn,z) > (0= yn, Tv)
= (v — Px(un — AnTuy), To)
> (v — Px(up — AnTuy), To) — <U—PK(un—AnTun),%W+Tun)
= (v — Px(un — Ay Tuy), To — TP (uy — A Tuy))
+(v — Px(uy — AnTuy), TPk (uy — AnTuy) — Tuy)
<'U PK(un - )\ Tun) PK(uni/k’nTun)iun>
> (v — Px(un — AyTuy), TPx (tty — Ay Tuy) — Tuy)
— (0 — Py (tty — Ay Taty), D= Tin) —tin

n

= (0 — Y, Ty — Tit) — (0 — yn, 22,

Taking limit on both sides of the above inequality, we have: (v — Pn~ ¢, (u1),z) > 0, which
implies from the fact B is m-accretive that Py~ ¢, (u1) € B ~10, and then Pre_ ¢, (1) € VI(K, T).

Next, we shall show that Py~ ¢, (u1) € Ni21(A; + B;)~10.

In fact, if, otherwise, Pne  c, (u1)€NEq(A; + B;)~'0. Then Pre e, (u1) # L2qwni(I+
5niBi) "H(I = 8, Ai) Py, (1)

Since wy, = auvn + BuYooq wni(I + $,:Bi) NI — 5,;A) Px(un — AnTyn) + Ynen, then
Bul[X52q wn,i(L + ,iBi) (I — 8,iA;) Pic(ttn — AnTyn) — wn] = an(wn — 0n) + vu(wn —en) — 0, as
n — oo.

Since inf, B, > 0, then there exists a subsequence of {n}, which is still denoted by {n} such that
Y2y wi i (I+8,B;) "I — 8,,iA;) P (un — AnTyy) — wy — 0, a8 n — oo.

Thus, Y21 (14 5,,Bi) "I — 5, A;) Pk (un — AuTyn) — Pre_ ¢, (u1), as n — co. From Step
1 and u; —y, — 0, we can also know that Y2° w,, ;(I + s,,;B;) " (I — $,,;A;) Px(tn — AnTuty) —
Pre ¢, (u1),asn — oo.

Since H satisfies Opial’s condition, Ay — 0 and Pn~_ ¢, (u1) € K, then

limin fy—soo||tn — AnTuty — 1 Con (u1)]]
< limi”fn%oo““n *)\nTun 21 1wn1(l+snz i)~ 1(I*Sn,iAi)Pﬂf,‘l’lem(ul)H
< 1imin fy—soo||ttn — Ap Tty — Y52 @y i(1+8,,:B;i) "1 (I — 8, A;) P (ttn — An Tty ||

H1min fu—soo|| Y501 i (14 8,,Bi) "1 — 8,1, A;) Pic (1t — Ay Tityy)
— 52 Wni(T+5,,iBi) 7 (I = 50,1 A1) P, (1)
< limin fy—eo||ttn — AnTity — Pree 1C,,,(”1>Hr

which makes a contradiction! Thus, Pn~ ¢, (u1) € N2, (A; + By)~to.
Step 9. P ¢, (1) = P (a,48)-10nvi(k,r) (41)-

From Step 8, 1P (arrBy-tonvikr) (1) —ull < [1Phs_ ¢, (u1) —uall.
On the other hand since N1 (A; + B;) 1ONVI(K, T) C ﬂﬁzl Ci, then
[P, (u1) —wall < 1P (4 48)-10nviek,r) (1) — wall-
Thus
I1Pre a8y 1o vk, (1) — urll = [[Pae_ ¢, (u1) — |-
Using Lemma 7, we have

1P (a8 -10nvicer (1) = Prg_ e, (un) 12 + (| P 1cm(m) —u||?
< ||Pn (Ai+B)~ 1onv1(1<T)(”1) —u* = Hpmm 1cm(“1) — 1],

which implies that Pye (415100 vk 1) (11) = Pz, ¢, (11)-



Mathematics 2019, 7, 466 15 of 19

This completes the proof. [

2.3.2. The Second Kind Iteration Theorems

The following result is a special result of Lemma 10 in [19]:
Theorem 4. Let H be a real Hilbert space and K be a non-empty closed and convex subset of H. Suppose f :
H — H is a contraction with k € (0,1), F : H — H is a strongly positive linear bounded operator with
coefficient ¢ and U : H — H is non-expansive mapping. If 0 < A < %, then there exists x; which satisfies

xp = tAf(x¢) + (I — tF)Ux, for 0 < t < ||F||~1. Moreover, x; — pg as t — 0, and pg satisfies the following
variational inequality: for Vz € Fix(U),

((F=Af)po,po —2) < 0. (27)
In Lemma 10 of [19], we can also know that the solution of the variational inequality (27) is unique.

Theorem 5. Under the assumptions of Theorem 2, {u,} generated by (16) converges strongly to
Pree (ai48)-10(11) Set X = P (4, 4p)-10(11)- I X = Py (4, 13,)-10[Af(X) — F(X) + X], then X satisfies
the following variational inequality: ¥z € 21 (A; + B;) 10,

(F—Af)%,%—z) <O0. (28)

Proof. It follows from Lemma 7 that {(F — Af)%, X — z) < 0,Vz € N, (A; + B;)~10. Since Theorem 4
tells us that (28) has a unique solution, then we know that {u,} generated by (16) converges strongly
to the unique solution of variational inequality (28). O

Remark 5. The assumption that X = Pne (4,4 p)-10[Af (X) — F(X) + X] is reasonable. For example, we may
take f(x) = % and F(x) = &, for x € H.

Remark 6. For projection iterative algorithms such as (16), rare work can be found to show that the limit of the
iterative sequences is also the solution of a kind of variational inequalities.

3. Applications

3.1. Preparation for Discussion of Capillarity Systems

To present some examples in this section, we need some basic definitions in Banach spaces.
Let E be a real Banach space with E* being its dual space and let (-, -) denote the generalized
duality pairing between E and E*.

Definition 4. (see [29]) Recall that ] : E — 2F is called the normalized duality mapping if Vx € E,

Jx={f € E": (x.f) = |xII> = |IfI?}.

Definition 5. (see [29]) Recall that A : E — E* is said to be a monotone mapping if Vx; € D(A),i = 1,2,
one has
<x1 — xp, Ax1 — .AX2> > 0.

A monotone mapping A : E — E* is said to be maximal monotone if R(] +rA) = E*, Vr > 0.

Definition 6. (see [29]) Recall that a mapping B : E — E* is said to be coercive if {x,} C D(B) with

(x,Bxyn)
To = T

limy—e0 || X5 || = +00, then limy, o
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Definition 7. (see [29]) Recall that a mapping B : D(B) = E — E* is said to be a hemi-continuous mapping
if B(x +ty) = Bx,ast — 0, for Vx,y € E.

Definition 8. (see [29]) i : E — (—o0, 4-00] is said to be a proper convex functional if there exists uy € E
such that P(ug) < 400 and Pp((1 — A)u + Av) < (1 —A)¢p(u) + Ap(v), for Yu,v € Eand A € [0,1]. ¢ :

E — (—o00, +00] is said to be lower-semi-continuous: liminfy ,x ¢(y) > ¢(x), for Vx € E. The subdifferential
of ¢, oY : E — E*, is defined by:

oPp(u) ={we E* : p(u) —y(v) < (u—v,w), Yo€ E}, VYue€E.

3.2. Applications to Capillarity Elliptic Systems

Example 1. Suppose Q) is bounded conical domain in R" (n € N) with T € C', ¢ is the exterior normal
derivative of T, ¢; is a non-negative constant, A; is a positive number, f;(x) € LPi(Q) is a given function, for
i=12---,M. In addition, By : R — R is the subdifferential of ¢, where ¢ = ¢(x,-) : R — R, for each
x el Suppose <pl<+ooz—12 <, M. Ifp; > nthenl < q;,r; < +ooand if p; < n then
1<g;,r <5 , M.

The following capillarity system is studied in [30]:

i VOl 1,0 1p27 O] 4 A (@ 5250 4 0 =24, )
diol(1+ A [V P2 9u] 24012l 4 D)2l
+€igi(x/ Vu(l)/u(l)) = fi(x>/ x e (29)

— <91+ \/%)\w@wﬂw@ >e Be(u(x)), x€T, i=12-,M,

where | - | and < -, - > denote the norm and inner product in R", respectively.
The study on (29) in [30] is based on the following assumptions.

(1) Vx €T, ¢x = ¢(x,-) : R — R is a proper convex and lower-semi-continuous mapping with
¢x(0) = 0.

(2) 0€Bx(0),Vt € R, x €T — (I+ ABx)~1(t) € R is measurable for A > 0.

(3) Foreachie {1,2,---,M}, gi: Q) x R" x R — R satisfies Caratheodory’s conditions and satisfies
that

|gi(x/ r1,12,° /rn—&-l) - gi(erLSZ/ et /Sn+1)| S bi|r1’l+1 - Sn+l|/
for V(r, 72, ,Tns1), (51,82, -+ ,Spy1) € RMHL

By using splitting method, the sufficient condition that (29) has non-trivial solution is obtained:

Theorem 6. (see [30]) If ul)) € LPi(Q) satisfies that
| Tsie, 7u, u®) — g2 > o,

fori=1,2,---, M, thenu = (u,u®,... uM)is the non-trivial solution of capillarity system (29).
Based on Example 1, we present the following example:

Example 2. Suppose Q), I and & are the same as those in Example 1. Suppose )\ > 0, -2 n+1 < pi < +oo.
If pi > n, then suppose 1 < q;,1; < +o0 and if p; < n, then suppose 1 < q;,1; <
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Now, we will discuss the following capillarity systems.

. @)pi N1, — i

A5 12u0) 4 O 2u0) £ (x) = fix), x €0 (30)

(@) |pi ; ; .
— <01+ \/%nwmww@ >=0, xeT, ieN,

Please note that (30) is the extension from the finite case of (29) to that for infinite case. However,
both the capillarity equations and the boundary conditions are the special case of (29) in the sense that
¢i =1and gi(x,Vu(i),u(i)) =) fori € Nand Bx=0,forx €T.

Lemma 9. (see [30]) The mapping U; : WYPi(Q)) — (WPi(Q))* defined by

|Vu|pi

V14 | Vul?i

Vo > dx+)\i/0|u(x)\‘7f—2u(x)v(x)dx+)ki/0|u(x)\rf—2u(x)v(x)dx,

(w, Ugtt) = /Q <1+ )|Vl 2V,

for Yu,w € WYPi(Q), is everywhere defined, hemi-continuous, monotone and coercive, for each i € N.
Lemma 10. (see [30]) Define B; : L?(Q) — L?(Q) by
D(B;) = {u € L>(Q)| 3 f € L*(Q) such that f € U;u}.

Foru € D(B;), Bju = {f € L*(Q) | f € Uju}. Then B; : L>(Q) — L?(Q) is m-accretive, for each
ieN.

Lemma 11. (see [30]) The mapping A; : D(A;) C L*(Q) — L?(Q) defined by
(Aju) (x) = u(x) = fi(x), Vu(x) € D(A),
is p;-inversely strongly accretive, for y; € (0,1], fori € N.

Theorem 7. If fi(x) = A;(|k|%~1 + |k|"i~V)sgnk + k, then {u') =k : i € N} is the solution of capillarity
system (30). Moreover, {k} = N2 (A; + B;)~10.

Proof. It is easy to see that {u{)) = k : i € N} is the solution of capillarity system (30) and {k} C
N3, (A; + B;)~'0. Now, we shall show that {k} D N2, (A; + B;) 0.
In fact, if A;u + Bju = 0 and A;v + B;v = 0, then u + B;u = v + B;v, which implies that

0<(u—vBju—Bjv)=(u—v,0v—u)<O0.

Thus, u = v and then N{°;(A; + B;) !0 is a singleton. Since k € N, (A; + B;) 10, then the
result follows. [

Theorem 8. Let f;(x) = A;(|k|7~1 + |k|"i~1)sgnk + k, for i € N. Suppose A; and B; are the same as those
in Lemmas 10 and 11, respectively. Let F : L?>(Q) — L?(Q) be any strongly positive linear bounded operator
with coefficient ¢ > 0and f : L>(Q)) — L*(Q) be a contraction with coefficient k € (0,1). Constructing the
following iterative algorithm:
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ug, uy € L2(Q) chosen arbitrarily, e; € L*(Q),
zp = Uo,
Zn = OpAf(un) + (I — 64 F)uy,
On = zn +kn(zn — 2n-1),
Wy = &nOn + B Lioq Wi i(1+ Sn,iBi)fl (I- Sn,iAz)(U"ern ) + Ynen,
C1 =L40) = Q,
Cup1={p € Cu: [wn = pl2 < B 120 — pI2 + 24 llew — p12
+ 20(,14‘[;,314 k2 ||Zn - Zn—l” kn%@in - przn—l - Zn>}/
Qui1 = {p € Cug : [l — plI* < |IPc,,,, (1) — ur||* + 001},
Upt1 € Qui1, n €N

Under the assumptions of Theorem 2, using the result of Theorem 5, one has uy, (x) — P (Ai+Bi)—10(M1>,
which is the unique solution of capillarity system (30) and satisfies the following variational inequality: For
Vz(x) € N2y (Ai +Bi) !

(F=Af)Pre (a4+8)-10(1), P (a,48,)-10(1) —2)) < 0.

Remark 7. From Theorem 8 we can easily see the relationship among the solution of capillarity system, the
solution of variational inequality and the zero of sum of infinitely many m-accretive mappings and infinitely
many y;-inversely strongly accretive mappings.
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