. mathematics ﬁw\o\w

Article
J-Almost Periodic Functions and Applications to
Dynamic Equations

Chao Wang 12*(), Ravi P. Agarwal 23 and Donal O’Regan *

1 Department of Mathematics, Yunnan University, Kunming 650091, Yunnan, China

2 Department of Mathematics, Texas A&M University-Kingsville, Kingsville, TX 78363-8202, USA;
Ravi.Agarwal@tamuk.edu

3 Distinguished University Professor of Mathematics, Florida Institute of Technology, Melbourne, FL 32901, USA

School of Mathematics, Statistics and Applied Mathematics, National University of Ireland, Galway, Ireland;

donal.oregan@nuigalway.ie

*  Correspondence: chaowang@ynu.edu.cn

check for
Received: 7 May 2019; Accepted: 31 May 2019; Published: 9 June 2019 updates

Abstract: In this paper, by employing matched spaces for time scales, we introduce a J-almost periodic
function and obtain some related properties. Also the hull equation for homogeneous dynamic equation is
introduced and results of the existence are presented. In the sense of admitting exponential dichotomy for
the homogeneous equation, the expression of a d-almost periodic solution for a type of nonhomogeneous
dynamic equation is obtained and the existence of J-almost periodic solutions for new delay dynamic
equations is considered. The results in this paper are valid for delay g-difference equations and delay
dynamic equations whose delays may be completely separated from the time scale T.
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1. Introduction

Almost periodic phenomena are common in real world phenomena and the concept of almost periodic
functions was first introduced by H. Bohr and later studied by H. Weyl and V. Stepanov, etc. (see [1-4]).
Time scale calculus was first presented by S. Hilger [5] and there were many results concerning almost
periodic dynamic equations on time scales (see [6-19]). However, in these papers, the results are only
limited to periodic time scales with translation invariance. In fact, qfZ == {q": g > 1, n € Z} is not periodic
under translations. This time scale leads to g-difference dynamic equations and plays an important role in
different fields of engineering and biological science (see [20,21]). However, it was difficult to combine
almost periodic problems of g-difference dynamic equations on time scales in the past because 4% has no
translation invariance since the graininess function y is unbounded and there was no concept of relatively
dense set defined on it. To consider more general time scales without translation periodicity, the authors
in [22,23] studied a type of dynamic equation under a new concept of periodic time scale whose period set
is contained in T. However, the period set of a periodic time scale is not always contained in this time
scale, and for this reason, in Sections 3 and 4 of the paper cited in Ref. [24], C. Wang and R.P. Agarwal for
the first time proposed a type of delay dynamic equation whose delay function range is from the period set
of the time scale and completely separated from the time scale T. They assumed 7(t) is a delay function,
the set Iy := {7(¢), t € T} and IT; N T may be an empty set, and considered whether ¢ + 7(t) belongs to
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T. Let T be a time scale with translation invariance and Iy := {t e R: t+ 7 € T,Vt € T} ¢ {{0},@},
then t + 7(t) € Tif Iy C I1y. Note T NIIy) may be an empty set (see Example 1.2 from [15]). We observe
that the period set of time scales are not only closely related to introducing special functions but also
closely related to delays in delay dynamic equations.

Motivated by the above, under the algebraic structure of matched spaces of time scales, the closedness
of non-translational shifts of time scales can be guaranteed. Therefore, by adopting the Definition of
matched spaces, the time scale :TZ will possess a perfect shift invariance. Moreover, the period set of
a time scale under matched spaces may be completely separated from itself. We organize our paper in
five sections. In Section 2, we introduce some preliminaries of matched spaces for time scales and the
non-translational shift closedness of time scales is investigated. Section 3 is mainly devoted to introducing
d-almost periodic functions and establishing some related properties. In Section 4, under matched spaces,
through the basic properties of J-almost periodic functions, some fundamental results of homogeneous
and nonhomogeneous dynamic equations are established in which a sufficient existence condition of
solutions for a new delay dynamic equation is derived. Finally, we present a conclusion to end the paper.

2. Matched Spaces for Time Scales

In this section, we introduce some preliminaries of matched spaces for time scales.

Definition 1 ([25]). Assume f : T — R is a function and let t € T*. Then we define f*(t) to be the number
(provided it exists) with the property that given any € > 0, there exists a neighborhood U of t (i.e., U = (t — 5, +
0) N'T for some & > 0) such that

f(e(8)) = f(s) = fADIo(t) = ]| < elo(t) —s]
forall s € U, and we call f2(t) the delta (or Hilger) derivative of f at t.

For more details of dynamic equations on time scales, one may consult [25,26].
Let IT* be a subset of R together with a binary operation § and a pair (IT*,5) be an Abelian group
and & be increasing with respect to its second argument, i.e., IT* and § satisfy the following conditions:

IT* is closed with respect to an operation 5, i.e., for any 11, T € I1*, we have 5 (11, ) € IT*.

For any T € IT*, there exists an identity element ey« € IT* such that d(ery+, T) = 7.

Forallty, o, 13 € I1%, (1, 6(12, 3)) = 6(6(1, 2), 13) and 6(71, 1) = 6(2, T0)-

For each T € IT*, there exists an element T~ € IT* such that 5(1’, T’l) = 5(1”1, T) = erp+, where eqy»
is the identity element in IT*.

(5) If 4 > 1, then 5(-,’[’1) >5(-,T2).

— — — —

1
2
3
4

A~ NN

Definition 2 ([27]). A subset S of R is called relatively dense with respect to the pair (IT*, ) if there exists a number
L € I1* and L > ey such that [a,6(a, L)1+ NS # @ for all a € I1*. The number L is called the inclusion length
with respect to the group (IT*,5).

To illustrate the Definition of matched spaces for time scales, a notion of an adjoint mapping between
T and ITis needed.
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Definition 3 ([27]). Let T and 11 be time scales, where T = Uj;cy, A;, 11 = Ujey, Bi- If I1" is the largest subset of
the time scale 1, i.e., TI* = T1, where A denote the closure of the set A, and (IT*, 5) is an Abelian group, Iy, I, are
countable index sets, then we say 11 is an adjoint set of T if there exists a bijective map:

F: T — IT
Ae{A,ieli} —»Be{Bjieh},

ie.,, F(A) = B. Now F is called the adjoint mapping between T and I1.

Definition 4 ([27]). Let the pair (I1*,5) be an Abelian group and IT*, T* be the largest subsets of the time scales
IT and T, respectively. Furthermore, let 11 be a adjoint set of T and F the adjoint mapping between T and I1.
The operator 6 : IT* x T* — T* satisfies the following properties:

(P1) (Monotonicity) The function ¢ is strictly increasing with respect to its second arqument, i.e., if
(To,t), (To,u) € Dy := {(s,t) € IT* x T*: §(s,t) € T*},

then t < u implies 5(Tp,t) < 6(Tp, u).

(P,) (Existence of inverse elements) The operator § has the inverse operator =1 : TT* x T* — T* and 5~ (7,t) =
S(t~1,t), where T—1 € TT* is the inverse element of T.

(Ps) (Existence of identity element) ey« € IT* and 8(ery+, t) = t for any t € T*, where ery+ is the identity element
in IT*.

(Py) (Bridge condition) For any 11,7, € I1* and t € T*, 6(5(11, 12), t) = 6(11, (12, t)) = 6(12, 6(1, 1)).

Then the operator & associated with ey~ € T* is said to be shift operator on the set T*. The variable s € 11" in
0 is called the shift size. The value 6(s, t) in T* indicates s units shift of the term t € T*. The sets Dy is the domain
of the shift operator 6.

Next we present the concept of matched spaces for time scales.

Definition 5 ([27]). Let the pair (I1*,5) be an Abelian group and T1*, T* be the largest subsets of the time scales
IT and T, respectively. Furthermore, let 11 be a adjoint set of T and F the adjoint mapping between T and 11. If there
exists the shift operator ¢ satisfying Definition 4, then the group (T,I1, F, ) is said to be a matched space for T.

Remark 1. Definition 5 demonstrates that a matched space of a time scale is the group (T,IL, F,6).
Definition 6 ([27]). If T = I, then we say the group (T,I1, F, ) is a standard matched space.

Remark 2. Please note that the adjoint mapping F is a unit operator I for a standard matched space, denote it by
(T,IL F,0) := (T,0). It is worth noticing that one can use the algebraic structure of a standard matched space
(T, 5) to obtain all the results from the literature [22].

Example 1. Let T = J,cz[22", 220 and 11 = {7 : T = 22", n € Z}. §(7,t) = tt, T = 22", Vny € Z. Thus,
V1, € IT* =T1\{0}, §(11, 2) = 71 - T». Obwiously, 6(1y, 72) € I1*. There exists a bijective map

F: T — IT
A€ Upeg[22n,2201] — Be{t:1=2"necl}
A —  the left point of the interval A

A=0 — B=0,
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ie., F(A) = B. Therefore, (T,11, F,5) is a matched space for T.

Example 2. Let T = g% and I1 = ¢Z. §(t,t) = tt, T = ¢, ¥ng € Z. Thus, Y1, 7» € I1I* = I1\{0},
5(t1, ) = 11 - 1. Obviously, 6(1y, 1) € I1*. There exists a bijective map

F: T — II
Ae{q,nel} -Be{q", nel}
A — A=RB,

ie.,, F(A) = A. Therefore, (T,11, F,8) is a matched space for T.

Remark 3. For a time scale T with translations invariance, we can easily observe that the translation number set
MM={teR:t+1eTVteT} ¢ {D{0}} isamatched space for T.

Using the algebraic structure of matched spaces, the following new concept of time scales with shift
closedness can be introduced.

Definition 7 ([27]). A time scale T is called a periodic time scale under a matched space (T,I1,F,¢) if
1= {rell*: (t5,t) € Dy, Vt € T*} & {{en}, D}. 1)

Remark 4. From Definition 7, one should note that 1 C IT* C T and for every T € I1, there exists T-1 € T1,
i.e., there exists an inverse element for every element in T1.

Remark 5. Forany t € T, if (1o,t) € Ds, (11,t) € D, then by Definition 4, there exists a function § : IT* x
IT* — I1* such that (7, ) € I1*. Obviously, if T is a periodic time scale under Definition 1.1 from [28],
ie, [I=1I"=Il={teR:t+te DVt €T} ¢ {{0},@}, we have 1y, T € T1, then d(t,m) =1+ Il

Remark 6. From (1), we can observe (t*1,t) € Dy implies that 5(t~1,t) = §~1(x, t) exists.

Example 3. Under matched spaces for time scales, the following time scales are periodic:

(1) T=g%6(t,t) =1t T=q*"".
(2) T = Upeg[221,22011], §(1,t) = tt, T = 4T

(3) d(t,t)=t+71, T==x(a+Db).

For any 7 € I1*, we define a function A : IT* — IT¥,

A() S(terr), T> e,
T) =< .
5(1’71,61}*), T < ery*.

Under the matched space (T, F,I1,6), for convenience, the sub-timescale that the variable ¢ belongs
to is denoted by A;,. Let I; be an index set satisfying T = U;cj, A;, obviously, iy € I;. If Jﬁ(t) exists and is
bounded, then its upper bound is denoted by 55.

Definition 8 ([27]). Suppose the adjoint mapping F : T — 11 is continuous and satisfies:

(1) foranyt e IT*, ) € T, F(JT(A%)) = 5(T,F(A,’t0)) holds;
(2) ifty, € Tandty < tp, then F(A;, ) < F(A;,).

ty Ity
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We say (T, F,11,6) a reqular matched space for the time scale T.

3. 6-Almost Periodic Functions under Matched Spaces

In this section, we will study J-almost periodic functions under the matched space (T, I, F, ).
For convenience, E" denotes R" or C", an open set in [ is denoted by D or D = [E”, and an arbitrary
compact subset of D is denoted by S.

Definition 9 ([12]). Let T be a periodic time scale under the matched space (T,I1,F,¢). A function f € C(T x
D, X) is called uniformly 6-almost periodic function with shift operators if the e-shift set of f

E{e,f, S} ={t eIl ||f(6pa(t),x) — f(t,x)|| <& forallt € T* and x € S}

is a relatively dense set with respect to the pair (I1%,5) for all ¢ > 0 and for each compact subset S of D; that is,
for any given € > 0 and each compact subset S of D, there exists a constant 1(e, S) > 0 such that each interval of
length 1(e, S) contains a (e, S) € E{¢, f,S} such that

£ (6c(t),x) — f(t,x)|| <& forallt € T* and x € S.
Now T is called the e-shift number of f and (e, S) is called the inclusion length of E{e, f,S}.

Definition 10 ([12]). Let T be a periodic time scale under the matched space (T,11, F,5) and ng € N, the shift
5:(t) is A-differentiable with rd-continuous bounded derivatives 62(t) := 6%(t,t) forall t € T*. A function
f € C(T x D,X) is called an ng-order A-almost periodic function ( Aﬁo—almost periodic function) with shift
operators in t € T uniformly for x € D if the e-shift set of f

E{e, f,S} = {Tr € T1: || f(6:(t),x) (62(t))™ — f(t,x)|| <&, forallt € T* and x € S}

is a relatively dense set with respect to the pair (I1*,5) for all ¢ > 0 and for each compact subset S of D; that is,
for any given € > 0 and each compact subset S of D, there exists a constant (g, S) > 0 such that each interval of
length 1(g, S) contains a t(e, S) € E{¢, f,S} such that

£ (6=(t), x) (62(£))™ — f(t,x)|| <&, forallt e T*andx € S. 2)
Now T is called the e-shift number of f and 1(e, S) is called the inclusion length of E{e, f,S}.
An example of an Af-almost periodic function is provided below.

Example 4. Let a € R\{0}, f1(t) = a/tand T = (\/5)2 = {(V/5)", n € Z}, then fi(t) is AJ-periodic under
the matched space (T, T1, F, ) and the period T = /5. In fact,

Fi(Bms1 ()8 ()= ¢ ﬁ“)ﬂtWﬂ = 2= A,
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Now, let fo(t) = ———————. Similarly, take T = (\/5)2, we can obtain
( 1)10g\[t y
— 5i¢
£(6,522 (D) (8522 () = ! (VB2 !
20(vB) (v5)*2 (,1)108\/5(\/5)1” - (VB)£2t (—1)i2+1°g¢5t -t
b
= — . = L(b)

(_1)10g\/§tt

Hence, we can obtain F(t) = fi(t) + f2(t) which is an AS-almost periodic function under the matched space
(T,I1,F,0). Please note that the periods of f1 and f, are completely different.

In what follows, we introduce some notations. The set of all §-almost periodic functions in shifts on T
is denoted by AP’(T). Leta = {a,,} C TTand B = {B,} C ITbe two sequences. Then 8 C a means that
is a subsequence of a; 8(x, B) = {8(an, Bn) ;a1 = {a; 1}, where 8(a,a™ ) = erpe; & C &' and B C B are

!

common subsequences, implies that there is a function n(k) such that a, = oc;(k) and Bn, = B, )
When the following limit exists, we introduce the moving-operator T°, T f(t,x) = g(t,x) by

g(t,x) = lim f(dq,(t), x).

n——+0oo

The convergent modes such as pointwise, uniform, etc., will be stressed at each use of this symbol.
Next, some fundamental properties of /-almost periodic functions will be demonstrated.

Theorem 1. Assume that f € C(T x D,E") is uniformly 6-almost periodic under the matched space (T, F,11,6),
and 6+ (t) is continuous in t. Then it is uniformly continuous and bounded on T* x S.

Proof. For a given ¢ < 1 and some compact set S C D, there exists an inclusion length I(g, S), for any
interval with length [, there exists T € E{g, f, S} such that

|f(6c(t),x) — f(t,x)] <e<1, forall(t,x)eT"xS.

Since f € C(T x D,E"), for any (t,x) € ([to,6(l,to)]y) % S, to € T*, there exists an M > 0 such
that |f(t,x)| < M. For any given t € T*, take T E E(s,f, ) [ ( ir),0(LF(A;,))]p then 6:(t) €
[6(F(A;),1),8(8(1, F(Ay)), )]T’ ie., 0:(t) € [6(F(A;),t),6(1,6(F )]T' Hence, for x € S, we have

|f(6<(t),x)| <M and |f(6c(F),x) — f(t,x)] <1.

Thus for all (¢t,x) € T* x S, we have |f(t,x)| < M+ 1.

Moreover, forany ¢ > 0, letl; = 1 (;, S) be an inclusion length of E (;, f, S> . There is a proper
point ty € T* such that f(t,x) is uniformly continuous on ([to,d(I1,to)]) x S. Hence, there exists
3/

a positive constant §* = §* (S S), forany ty,ty € [to,é(l, to)] and [t — ta| < &%,

forall x € S.

QI m

|f(t,x) = f(t2,x)| <
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Next, one can select an arbitrary v, t € T* with |t — v| < §*, and we choose
€ <
T€E <3,f,5) N [F(Ait)lé(ll/F(Ait))]ﬁr

then 6 (t), 6-(v) € [6(F(A;,t),6(l, 6(F(A;),t))] 1~ Since 6 (t) is continuous in ¢, then there exists 5** > 0
such that |t — v| < §** implies
162(£) — 02 (v)| < &%,

Now, we take d.x = min {(5*,(5** }, and then |t — v| < 4. implies

forallx € S.

£ (8e(8),x) = f (e (v), x)| <

Q| m

Therefore, for (t,x) € T* x S, we have

f(tx) = flo.x)| < [f(tx) = f(6(8), x) | + [ £ (8c(t), x) — (6 (v), x) [ +|f (b (v), x) — f(v,x)| <.

The proof is complete. [

The following theorem is about shift-convergence of §-almost periodic functions.

Theorem 2. Assume that f € C(T x D,E") is uniformly 5-almost periodic under the matched space (T, F,11, 7).
Then for an arbitrary sequence & C T, there is a subsequence B C « and g € C(T x D,E") such that
Tg f(t,x) = g(t,x) holds uniformly on T* x S. Furthermore, g(t,x) is uniformly é-almost periodic under
the matched space (T, F,11, 7).

Proof. For any given ¢ > 0and S C D, there exists a positive constant / = / (Z, S ) as an inclusion length

of E{ 2, f,S } Since there exists T, € E{ fI, f, S} in any interval with length of I, then for any subsequence
« = {a,} C IT, one can select a suitable interval with length of I such that er- < §(a;,, (7,)~') <!and
Yy = S(oc/n, (T,;)*l) € IT. Hence, there exists T, € E{Z,f,s} and v, € Mwither <9, <lLn=1,2,...

such that &, = §(1,, 7,,). Moreover, because {+,} is bounded, there exists a subsequence ¢ = {v,} C
9" = {v,} such that,, — sasn — coand e+ <s < L.

According to Theorem 1, one has f(t,x) is uniformly continuous on T* x S. Hence, there exists
0*(¢,S) > 0, and when |t; — tp| < 6* we obtain

|f(6:(t1), %) = f(6(t2),x)| < %, Vx € 8.

Since 7 is convergent, there exists N = N(J), when p,m > N one has |’yp — Ym| < 8*. Now, we can
choose x C &', T C T = {1} such that a, T common with 1, then for any integers p,m > N, we can obtain

L s, 1) () %) = F(E2)] < |f(8r, 1) (8), ) = f (8, (1), %) | + [ £ (35, (£), x) — £(t, )]
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For §(a,,, (7,) ") = T, we obtain

~ _ ~_ _ ~ o~ _ . _ ~ _ €
8 By, 57 ') = 88005, 87 ")) = 8 € E{ S, 1.5
Hence, we get

’f(‘stxp(t)rx) *f(‘sucm(t)/x” < sup ‘f(@xp(t):x) *f(5am(t)rx)|

(tx)eT*xS

< sup |f(50yan (0%) — £(1)]
(t,x)eT*xS

: (t,x)sg%)*xs ‘f<55(“V’“’;1)(t)'x) _f((sf?(wlml)(t)'x)’

€ e
+ Sup f 5~ -1 (t)/x _f(t, x) < = + h—
(t’x)ET*XS| ( (5('Ypr'Ym ) ) ’ > 5

Therefore, one can select sequences alk) = {tx,(lk)}, k=1,2,...,and a**D) c ak) c & such that

(60 (6),%) = F (0,0 (1), 3)| < 1 k=1,2,...

ap Xy

for any integers m, p, and all (t, x) € T* x S. Moreover, for each sequence zx(k), k=1,2,..., we can choose
a sequence B = {Bu}, Bu = «!", and then for any integers p,m with p < m, one has {f(dg,(t),x)} C

{f (6a,(t),x) } and )
|f(0p,(£),x) = £(0p,, (), x)| < P V(t,x) € T* x S.

Therefore, the sequence { f (5,571 (t),x)} is convergent uniformly on T* x S, i.e., Tg f(t,x) = g(t, x)
holds uniformly on T* x S, where g = {B,} C «a.

In the following, we will show that g(#, x) is continuous on T* x D. Assume it is not true, so there will
be (ty, x0) € T* x D such that g(t, x) is discontinuous at (9, xo). Then there exist ¢y > 0 and sequences
{65}, {tm}, {xm}, where 6, > 0,6;;, — 0as m — +oo, [ty — ty| + [x0 — xm| < 65, and

|8 (to, x0) — &(tm, Xm)| > €o. 3)

Let X = {x, } U{x0}. It is easy to observe that X is a compact subset of D. Hence, for all m € Z*, there is
a positive integer N = N(go, X), and when n > N we have

’f(‘sﬁn(tM)/xm) —g(tm,xm)‘ < %0 4)

and .
|£ (3. (t0), x0) = g (to, 20)| < 3. )

Furthermore, from the uniform continuity of f(t,x) on T* x D, there exists a sufficiently large m

such that .

£ (8, (t0), X0) = £ (8, (tm),xm) | < 5 ©

It follows from (4)—(6) that
8(to, x0) — g(tm, xm)| < €0,
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which contradicts (3). Therefore, ¢(t, x) is continuous on T* x D.
Now, we will show E{e, g, S} is relatively dense. In fact, for any compact set S C D and given e > 0,
one can select T € E{¢, f, S} such that

|f (8p, (62(£)), x) — f(8p,(t),x)| <& V(tx) €T xS.
Letting n — +00, we can obtain
|g(6c(t),x) —g(t,x)| < V(t,x) € T* xS,

which indicates that E{¢, g, S} is relatively dense. Therefore, g(t, x) is uniformly J-almost periodic under
the matched space (T, F,I1, ¢). This completes the proof. [

A sequentially compact criterion of 6-almost periodic functions is given below.

Theorem 3. Assume f € C(T x D,E") and for arbitrary sequence « C TI, there is « C « such that
TS f(t, x) exists uniformly on T* x S. Then f(t, x) is an uniformly 5-almost periodic function under the matched
space (T, F,11,9).

Proof. We will give the proof by contradiction. Assume it is not true. Then there exist g > 0and S C D
such that for any sufficiently large [ > 0, there is an interval with the length of / in which there is no g-shift
numbers of f(t, x), that is, there is no intersection between the whole interval and E{¢, f,S}.

First, we select a number 0/1 € ITand an interval (ay, by ) with by —a; > 2|”‘l1| and ay,b; € I so that
there is no gp-shift numbers of f(t, x) in this interval. Then, choosing oclz €6 (tx’l, a),6 (all, b)), itis easy
to observe that & (ay, (a}) ™) € (a1, b;), and we obtain 8 (ay, (#;) ") & E{eo, f, S} Next, we can choose an
interval (ap, by) with b, — ap > 2(|rx/1| + |0c/2 |) and ay, by € T1 such that there is no eg-shift numbers of f(t, x)
in this interval. Then, selecting a3 € (8(a,a2),8(as,b2)) N (8(a},a2),5(a}, b2)), we can easily observe that
5(0(/3, (uc;)_l), 5(04/3, (a,l)_l) ¢ E{eo, f,S}. Now, we can repeat this process to select oc;, oc,5, ..., such that
5(0(2, (zx;)’l) ¢ E{eo, f,S}, i > j. Hence, for any i # j, i,j = 1,2,..., without loss of generality, letting
i > j, for x € S we can obtain

sup [F(6,(0,x) = F(0u(0,x)] = sup [F(E50 ) o) (%) — F(1,3)] > e
(t,x)eT*xS ! ] (t,x)eT*xS A

Hence, there does not exist a subsequence with uniform convergence in { f ((50‘:1 (t),x)} for (t,x) €

T* x S, which is a contradiction. Therefore, f(t, x) is uniformly é-almost periodic under the matched space
(T, F,11,0). This completes the proof. [J

From Theorems 2 and 3, the following equivalent concept of uniformly J-almost periodic functions
is immediate.

Definition 11. Assume f € C(T x D,E") and for arbitrary sequence & C I1, there is a subsequence & C a such
that TS f(t, x) exists uniformly on T* x S. Then f(t,x) is said to be an uniformly 5-almost periodic function under
the matched space (T, F,11,5).

Theorem 4. Assume that f € C(T x D,E") is an uniformly é-almost periodic function and ¢ : T — S is 5-almost
periodic. Then f (-, ¢(-)) : T — E" is a 5-almost periodic function.
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Proof. For any given sequence a C I, there exists & C «, 1(t), g(t,x) such that Tog(t) = p(t) exists
uniformly on T* and T2 f(t, x) = g(t, x) exists uniformly on T* x S, where ((t) is 6-almost periodic and
g(t, x) is uniformly J-almost periodic. Therefore, ¢(t, x) is uniformly continuous on T* x S, so for any

given e > 0, there exists 6* (;) > 0 such that for any x1, x, € Sand all t € T*, when |x; — x| < 6* (;),

we have 8
8(t,x1) — gt x2)| < 3

For a sufficiently large Ny(e) > 0 so that n > Ny(e) we have

|f(5tx,l(t>/x) —g(t,x)| <=, VY(tx)eT"xS,

N[ ™

oo () ~pi] <o (5), e,
where {@(8,,(t)) : t € T*} C S, {(t) : t € T*} C S. Therefore, when n > Ny(¢), we have

ITSF (8 9(1) — (L w(D))| = |F(8ay (1), 9 (00, (1)) — g(EW(D))| < |f (B (£), (8, () — (8, 9 (64, (1)) |
+g(t @(8n, (1)) —g(tw(D)| <e.

Please note that
lim £ (8, (£), ¢ (80, (1)) = T2 (f (£, 9(1)),

n—00

thus, TOf(t, ¢(t)) = g(t, ¢ (t)) exists uniformly on T* x S. Thus, f(t, ¢(t)) is J-almost periodic under the
matched space (T, F, 11, ). The proof is complete. [

Definition 12. Let f € C(T x D,E"). Then Hs(f) = {g(t,x) : T — E"| there is & € ITsuch that Tf(t,x) =
g(t, x) exists uniformly on T* x S } is said to be the §-hull of f(t, x) under the matched space (T, F,I1,0).

Theorem 5. Hy(f) is a compact set iff f(t, x) is an uniformly 6-almost periodic function.

Proof. If Hs(f) is compact, for any given &’ = {a;,} C IT, there must exist subsequence { f (G, (1), %) } ey
of the sequence {f (6 / (t),x) } , _ such that

f (O, (1), %) — g(t,x) (k = 00),¥(t,x) € T* x S.

Noting that « = {ay, }, obviously, & C o, 50 TS f(t, x) exists uniformly on T* x S.
Conversely, if f(t, x) is uniformly d-almost periodic and {g,(t,x)} C Hs(f), then we can choose
o« = {a,,} such that

Hf(&a;(t),x) —gn(tx)|| < %, V(t,x) € T* x S.

One can choose « C & so that TS f(t,x) exists uniformly. Let B C v = {n} such that § and « are
common subsequences, then

f(Ouy (1), ) — gp, (£, x) = 0 (n—00), V(tx)€T* xS,
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so that .
lim gﬁn(t,x) = Tf(t,x) € Hs(f),V(t,x) € T* x S,

n—o0

and thus, H(f) is compact. The proof is complete. [

Theorem 6. Assume f(t,x) is uniformly 5-almost periodic under the matched space (T, F,11,5). Then for any
§ € H;(f) we have Hs(f) = Hs(g).

Proof. For any h(t,x) € Hs(g) there exists &' C IT such that Tf,g(t,x) = h(t,x). Since f(t, x) is uniformly

d-almost periodic, from the sequence {a,,} C IT one can extract a sequence {a,} such that TS f(t,x) =
lim f (6, (1), x) exists uniformly on T* x S.

For g € Hy(f), there is a(!) C TT such that

lim f(8 o)(t),x) =g(t,x), V(t,x)eT" xS,

n——+o0 0y
so we have
lim f(é., q) . )(t),x) = g(ba,(t),x), V(tx)eT" xS,

n——+o00 o(ay

and then we can take g = {B,} = {5(04;(11),0411)} such that

£ (65, (1), %) — g (6, (1), )| < =, V(t,x) € T" xS.

S| =

It follows that Tgf(t, x) = Tog(t,x) = Tj,g(t,x) = h(t,x). Hence h € Hs(f). Thus, Hs(g) C Hs(f).
On the other hand, for any ¢ € Hj(f), there exists a such that TS f(t, x) = g(t, x), then

|f (6a, (t),x) — g(t,x)] =0, n— o0, V(t,x) € T" xS,
so making the change of variable J,, (t) = s, one has
|f(s,x) —g(&agl(s),x)‘ —0, V(s,x)€T*xS,

that is Tg,lg(t,x) = f(t,x). Thus, f(t,x) € Hs(g) and so by what was shown above, Hs(f) C Hs(g).
According to the above, we have Hs(f) = Hs(g). The proof is complete. [

From Definition 12 and Theorem 6, the result below is obvious.

Theorem 7. Assume f(t,x) is an uniformly 6-almost periodic function. Then for any ¢ € Hy(f), g(t, x) is
an uniformly 6-almost periodic function under the matched space (T, F,11,9).

Theorem 8. Assume that f(t,x) is uniformly é-almost periodic under the matched space (T, F,I1,5). Then for
all e > 0, there exist constants 7 > 0 and « € Y1 such that [, 5(a, 17)]r1+ C [a,6(a, L)]r= and [a,5(a, 7))+ C
E(e, f,S), where L(e,S) > 0and a € T1.

Proof. From the uniform continuity of f(t x) on T* x S, we have that for any given ¢ > 0, there exists
0*(e1,8) > 0,s0 when |t — tp| < 6*(e1,S) we obtain

|f(t1,x) — f(t2,x)| <&1, VxeS§,
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€
where g1 = 5

Now, let I(e1,S) be the inclusion length of E(¢q, f,S). We choose 1 = 6* (;,S) = 6*(e1,S) and

L =6(I(e1,S),n). For an arbitrary a € I1, considering an interval [a,5(a, L)] - and selecting

T € E(f,e1,5) N [8(a,7.),8(n: ", 8(a,1(1,5))) ] 1.0

where 17, > e+ satisfying 6(77«,77+) < % (in fact, we have 7, — 751 < 1. < 5(14,14) < %), so we obtain

[5(7,17;1),5(7,77*)]11* C [a,6(a,L)] .

Thus, for any ¢ € [5(7,7,1),8(T,1+)] 1., we can obtain

1§ =7l <16(r, ) = (T, )| < 28(n.,m4) < 1.

Hence, for all (t,x) € T* x S,

£ (0z(8),x) = f(t, )| < [£(0(),x) = F(8c(t), %) [ + [ £ (8c(t), x) — f(t, )| <e.

Now, by taking « = §(7,77;1), we have [a, 5(a, 77)] - € E(e, f,S). This completes the proof. [J

In the following theorem, for 17 € I1*, we will use the notation &5, = 5(1,er+) = 17, by = 6(11,8y),
(53,] = 5(7], 52,7), ... /51117] = (5(11, 5(11171)17) for Simplicity.

Theorem 9. Assume that f,g are uniformly 5-almost periodic functions under the matched space (T, F,11,5).
Then E(f,¢,S) NE(g,¢€,S) is relatively dense in I1* and nonempty for any € > 0.

Proof. Because f, g are uniformly J-almost periodic under the matched space (T, F,11,9), it follows
from Theorem 1 that f, g are uniformly continuous on T* x S. For any given ¢ > 0, we choose

of = & <§,S> (i = 1,2); and select I; = 14 (;,5), ILh = b (;,S) as the inclusion lengths of
E(f, %’ S),E(g, %, S), respectively.

From Theorem 5, one can choose
7 =1(e,S) =min(d},83) € T1, L; = 5(I;,57) (i = 1,2), L = max(Ly, Ly).

Hence, one can select %—shift numbers of f(t,x) and g(t,x): Ty = Sy and T, = &y, respectively,

and T, € [a,S(a,L)] m,n € Z. It follows from ’L'Z_l € [5(a‘1,L_1),a‘1]H* that

H*I
5(6(at,L7Y),0) <é(m,é(a L) <d(n, ") <d(m,at) <d(at,6(a, L)),

so we obtain A(5 (1, T, 1)) < L. Let m —n = s, then s can only be chosen from a finite number set
. 3 .
{s1,82,..., sp}. Without loss of generality, we assume m —n = Sj, ] = 1,2,...,p,and the E—shlft numbers

of f(t) and g(t) are denoted by T{, Té, respectively. It is obvious that 5(1’{, (Tj)_l) = 551.,7, i=12,...,p,

and one can select T = max{A(T{), A(Té)}
]
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e . .
For any a € II*, one can choose E-shlft numbers 7,2 of f and g from the interval

[6(a, T),6(5(a, T),L)], and then there is some integer sj such that

Let

then (¢, S) € [a,S(a, (L, 5(T, T)))] ;.- Hence, for any (t,x) € T* x S, we obtain

I+
‘f(é’f(t)/x) 7f(t’x)‘ < ’f( 5, (T j )(t) x) 7f(5(~[{)—1 (t)/x)’
+‘f((5 o) (1),x) = ftx)| <e

and

[$(6r(t)x) =] < 18055, )1 (1)) =80y ()]
+|g(5(1—£)71(t)/x) —g(t,x)| < &

Hence, there is at least a T = 7(¢,S) on any interval [a,6(a,6(L,6(T, T)))] . with the length
5(L,6(T, T)) such that T € E(f,¢,S) NE(g,¢,S). The proof is complete. [

By Definition 9, the following theorem is immediate.

Theorem 10. Assume that f(t,x) is uniformly d-almost periodic under the matched space (T, F,I1,6). Then for
arbitrary & € R, b € 11, the functions af (t, x), f (6,(t), x) are uniformly 6-almost periodic under the matched space
(T,F, 1L ).

Theorem 11. Assume that f, g are uniformly é-almost periodic functions under the matched space (T, F,11, 7).
Then fg is uniformly é-almost periodic.

Proof. According to Theorem 9, for any given e > 0, E( f ,S)NE(g, f, ) is nonempty relatively dense.

2’

Let sup |f(t,x)]=M;, sup |g(t x)] = M;and choose T € E(f
(tx)€T*xS (t,x)eT* xS 2
(t,x) € T* x S we can obtain

S)ﬂE(g,f, ). Then for all

|f(62(t),x)g(dc(t), x) — f(t,x)g(t,x)| < |g(62(t),x)||f (6c(t),x) — f(t,x)| + [f (£, x)[|g(0c(t), x) — g(t, x)|
< (My + Mp)e = ey

Therefore, E(fg,€1,S) is a relatively dense set and T € E(fg,¢1,S), i.e., fg is uniformly J-almost
periodic. This completes the proof. [

Theorem 12. Assume that f, g are uniformly 6-almost periodic under the matched space (T, F,I1,6). Then f + g
£t
8(t x)

is uniformly S-almost periodic. If g, f are uniformly 6-almost periodic and inficr |g(t, x)| > 0. Then

uniformly d-almost periodic.
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Proof. According to Theorem 9, for any e > 0, E(f, ,S) N E(g, g, S) is a nonempty relatively dense set.

£
IEI

Clearly, if T € E(f, =,S) NE(g, %,S), thent € E(f +g,¢ S). Hence

&
/E/
(E(f,5,)NE(R 5,5)) CE(f+8¢5).

Thus, E(f + g, ¢, S) is a relatively dense set, i.e., f + ¢ is uniformly é-almost periodic.
Now, let ( )in]f s |g(t,x)| = N and select T € E(g,¢,S), then for all (t,x) € T* x S we can obtain
t,x)eT* x

1 1

8(0(t),x)  g(tx)

€,

- sl st e
360, ¥)3(Ex) |~ N2

1 1
ie, TE E(g, €2,5). Hence, § is uniformly é-almost periodic. Meanwhile, it follows from Theorem 11 that
£ is uniformly J-almost periodic. The proof is complete. [

In the following, a convergence theorem of é-almost periodic function sequences is established.

Theorem 13. If f, € C(T x D,E"),n = 1,2,... are uniformly 5-almost periodic and the sequence f,(t,x) —
f(t,x) uniformly on T* x S as n — co. Then f(t, x) is uniformly 6-almost periodic.

Proof. For any given e > 0, there is a sufficiently large iy such that
(%) = fa(t,3)] < 5, V(Ex) € T* X S.
Selecting T € E{ f,, g, S}, then we have

[F(@e(8), ) = f(t )] < |F(0e(8), %) = fag (e (8), ) | + | fag (0 (£), %) = firo (£,)]
+\fa, (£, x) — f(t,x)| <¢ V(t,x) € T" xS,

so T € E(f,¢,S). Therefore, E(f,¢,S) is relatively dense, i.e., f(t x) is uniformly J-almost periodic.
This completes the proof. [

Theorem 14. Assume that f(t,x) is uniformly AS-almost periodic under the matched space (T, F,T1,8), and denote
t
F(t,x)= | f(s,x)As, tp € T".
to

Then F(t, x) is uniformly 6-almost periodic under the matched space (T, F,11,0) iff F (t,x) is a bounded function
on T* x S.

Proof. Note if we assume that F(f, x) is uniformly J-almost periodic, one can easily observe that F (¢, x)
is a bounded function on T* x S.
Without loss of generality, if F (¢, x) is bounded, let F (¢, x) be a real-valued function and

G:= sup F(tx)>g:= inf F(tx).
(t,x)e%‘)* xS ( 8 (t,x)€T* xS
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For any given € > 0, there are ¢; and t; such that

F(t,x) < §+ Fltyx) > G — g Vx € 8.

N ™

Set | = I(g1,S) an inclusion length of E(f,e1,S), and & = % = |t — tp|. For any a € IT*,

),
we can choose T € E(f,¢1,5) such that §(t,t1) € [5(a,to),6(5(w,1),t0)] . We introduce the notations
si=06(1,t),(i=1,2),L =6(I,d), where d € TT* and d > d, then sq,s, € [5(0(, to),6(8(x, L), to)] ;- Hence,
for all x € S, we obtain

F(s2,x) — F(s1,x) = F(ty,x) — F(t,x) / ftxAH—/ f(t,x)A
(t1)

= Fltyx) — Flt,x) + / [£(8c(8),x)02(t) = f(t,2)] At

>G-g-;-ad=G-3-,

which yields
(F(s1,%) —§) + (G — F(s2,x)) <

Because for any interval with length L, we have

N[ ™

F(s1,x)—8 >0, G — F(sp,x) >0,
so there exist s1, s> such that
Flox)<g+5,  Floax)>G-1.

Next, note that L # ey, and we have inf |6, (t) — t| > g > 0 for all t € T*, where g is some positive
constant. Let ¢ = % We claim that if T € E(f,€2,S), then T € E(F,¢,S). In fact, for all (t,x) € T* x S,

we can choose s1, 5 € [t,01 ()] such that
., € €
.7-"(51,x)<g+§, ]:(sz,x)>gf§.
Thus, for T € E(f,€2,5), we can get

»F((Sr(t)/x) _]:(t/x) = .7:(5-[(51),36) _]:(Slrx)
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since |t —s1| = [6(T,t1) — t| < [6L(f) — t], and

52 (52)
F(6(t),x) — F(t,x) = F(c(s2),x) — F(s2,x) —l—/t f(t,x)At — /5 f(t,x)At

de(t)

<g—<g—;)+€2q=£.

Therefore, for T € E(f,€p,S), we can obtain T € E(F,¢,S), i.e., F(t,x) is uniformly J-almost periodic.
The proof is complete. [

Theorem 15. Assume that f(t,x) is uniformly é-almost periodic, F (-) is uniformly continuous on the range of
f(t,x). Then F o f is uniformly 6-almost periodic under the matched space (T, F,11,9).

Proof. Please note that F is uniformly continuous on the range of f(t, x), because f(t, x) is uniformly
5-almost periodic, then there is a sequence a = {a,} C IT such that

L(Fof) = T(F(f(tx)) = lim F(f(b,(t)x)) = F( lm_ f(o,(t)x)) = F(Tef)

n—+co n—+o0o
holds uniformly on T* x S. Therefore, F o f is an uniformly J-almost periodic function. [

In the following, a sufficient and necessary criterion for J-almost periodic functions is obtained.

Theorem 16. A function f(t, x) is uniformly é-almost periodic under the matched space (T, F,11,0) iff there are
common subsequences «, 3 of uc/, ,B’ C 1], respectively, such that

Tg(w)f(t, x) = Tszgf(t, x). )

Proof. If f(t,x) is uniformly é—almost periodic, for any two sequences «, ,B/ C T, there exists subsequence
B" C B such that

To f(t,2) = g(t,x)

holds uniformly on T* x S and g(¢, x) is uniformly J-almost periodic.
Takea” C &’ and a”, ,B// are the common subsequences of o, ﬁ/, respectively, then there exists o
such that
Tu‘f,,,g(t,x) =h(t, x)

holds uniformly on T* x S.
Similarly, take ,BW C ,8”, and ,BW, «"" are the common subsequences of ﬁ”, w’, respectively, then there
exist common subsequence & C «",B c B" such that

Tg(a,ﬁ)f(t, x) = k(t,x)

holds uniformly on T* x S. According to the above, it is easy to observe that

Tof(t,x) = g(t,x),  Tog(t,x) = h(t,x)

hold uniformly on T* x S. Thus, for all ¢ > 0, if n is sufficiently large, then for any (¢, x) € T* x S, we have

&
|f(55(“mﬁn)(t)’x) _k(t’x)| < 3’
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Therefore

() = k(t,2)] < JI(t, %) = (00, (8), %) | + |8 (S, (£), %) = £ (S50, 5 (), %) |
+1f (O5(an ) (1) ¥) = K(E,2)| <€

holds for all (t,x) € T* x S. Since ¢ > 0 is arbitrary, we have h(t,x) = k(t,x), that is, Tg(a ﬁ)f(t, x) =

T‘STES (t, x) holds uniformly on T* x S.

On the other hand, assume (7) holds, then for any sequence v CTI, there is a subsequence y C 5
such that Tﬁf f(t,x) exists uniformly on T* x S.

Next, we will prove that f (¢, x) is uniformly J-almost periodic.

Assume this is not true, i.e., Tf;- f(t,x) is not convergent uniformly on T* x S. Then there exist ¢y > 0

and ty € T, subsequences &' C 7,8 C 7,5 CTlanda = {a,},f = {B,},s = {s,} such that

(Bt 1) (00),X) = F (8515 1 (t0),%)] > €0 > 0. ®

According to (7), there exist common subsequences ' C «',s' C s such that for all (t,x) € T* x S,
we have

Tg(s//,aﬂ)f(t' x) = Ts&// T:j//f(t, x). (9)

Taking B" c B and B’,a",s" are common subsequences of B, «’,s , respectively, such that for all
(t,x) € T* x S, we have
Tg(s’ﬁ) ftx) = T{TRf (1, x). (10)

Similarly, taking a C o satisfying «,8,s are common subsequences of oc”,ﬁ”,s”, respectively,
according to (9), for all (t,x) € T* x S, we have

Tjioof (1) = T f (1, x). a1

Since T f(t,x) = Tgf(t, x) = Tgf(t,x), from (10) and (11), for all (¢, x) € T* x S, we have

Tg(srﬁ)f(t'x) = Tg(sr,x)f(t/ x),

that s, for all (t,x) € T* x S, we have

lim f( sn/S,,)( ) X) = lim f( O(Sn,0n) (t)/x)‘

n—-+o0 n——+o00

Taking t = t, this contradicts (8). Therefore, f(f, x) is uniformly J-almost periodic under the matched
space (T, F,11, ). The proof is complete. [

Definition 13. Assume each element of matrix-valued function # (t,x) = (k;j(t,x))nxm, where k;j(t,x) €
C(TxE,E)(1,2,...,n;j = 1,2,...,m) is uniformly 5-almost periodic under the matched space (T, F,11,46),
then .# (t, x) is said to be uniformly 6-almost periodic.
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Now, we adopt the matrix norm |.Z (t,x)| = [¥ klzj (t,x), and then the Definition turns into:
ij

Definition 14. A matrix function M(t, x) is uniformly §-almost periodic iff for any € > 0, the shift set
E(A,e,S)={tell: | (6:(t),x)— M (t,x)| <eV(tx)e T xS}

is relatively dense in 11.

Theorem 17. Definitions 13 and 14 are equivalent.

Proof. First, assume that .Z (t, x) is uniformly d-almost periodic. It follows from Definition 13 that each
element k;;(t, x) is uniformly é-almost periodic. Hence, for any given e > 0, there is a nonempty relatively

€
d t A=NE(kij(t x), —,S h that T € A impli
ense se p] (ij(t, x) T ) such that implies

1/2
[ (6c(8), %) = (t,3)] = | L [k (60 (), ) (b, 0) P <
i,j

Conversely, assume that for any given ¢ > 0, E(.#,¢,S) is relatively dense. Then for any i =
1,2,...,m;j=1,2,...,mand T € E(.#,¢,S), one can obtain

|kij (5 (), x) — kij(t,x)| < |4 (6:(t),x) — A (t,x)| <& V(tx) € T* xS,

so each element kij(t,x) is uniformly J-almost periodic, i.e., .#(t,x) is uniformly J-almost periodic.
The proof is complete. [

Definition 15. Let .# (t, x) be a continuous matrix function. .# is said to be 6-normal if for any sequence o CII,
there is a subsequence & C & such that TS/ (t, x) exists uniformly on T* x S.

Theorem 18. Let .# (t, x) be a continuous matrix function. .4 is §-normal iff 4 (t,x) is uniformly 5-almost
periodic under the matched space (T, F,11, ).

Proof. First, it is easy to observe that if .#(t x) is é-normal, then each element k;;(t,x) satisfies
Definition 11, which implies that . (¢, x) is uniformly J-almost periodic.

Conversely, assume that . (t, x) is uniformly J-almost periodic. According to Definition 13, for any
sequence &' CT1, there is subsequence ] C ' such that Tl,‘f K (t, x) exists uniformly on T* x S. Hence,
there exists ay C ayq, such that ng k12(t, x) exists uniformly on T* x S; by repeating this process mn times,
then one can obtain a series of subsequences fulfilling:

o= {ar} = tmn C 1 C...Cop Cty C &

so that
Tokij(t,x), i=1,2,...,n, j=12,...,m

exist uniformly on T* x S. Hence, there is subsequence & C o such that T?.Z (t, x) exists uniformly on
T* x S, i.e., . (t, x)is d-normal. The proof is complete. []
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4. Almost Periodic Dynamic Equations under Matched Spaces

In this section, under matched spaces, we introduce some new concepts related to dynamic equations
and establish some basic results of almost periodic dynamic equations with shift operators.
Consider the nonlinear dynamic system as follows:

xB = f(t,x), (12)
where f € C(T x E",E"), and let Q) = {x(¢) : x(t) is a bounded solution to (12)}.

Definition 16. Assume that Q) # @ and A = in(f) ||x|| exists. Then A is said to be the least-value of solutions for
xe

(12). Suppose there exists @(t) € Q) such that ||¢|| = A, and then we say ¢(t) is a minimum norm solution for
(12), where || - || = sup,ep | - |-

Similar to the proof of Theorem 5.1 in [29], the following lemma is immediate.

Lemma 1. Assume that 0 € Sand f € C(T x S,E") is bounded on T* x S. If a bounded function ¢ : T — S'is
a solution of (12), then there is a minimum norm solution for (12).

Lemma 2. Assume that f(t,x) is uniformly 6-almost periodic under the matched space (T,F,11,6), S
{@(t) : t > to} and (12) has a bounded solution ¢(t) on [ty, co)r. Then (12) has an §-almost periodic solution ()

fulfilling {y(t),t € T} C S.

Proof. First, we choose &' = {a;{} C IT such that klim a;c = 400 and
—+00

Ti/f(t,x) = lim f(&ai(t),x) = f(t,x)

k—o0

holds uniformly on T* x S. Let ¢y (t) = q)(&a;(t)).

Next, for Va € T*, we will prove that for sufficiently large k, {¢;} is defined on (a,00)r and is
a solution to x® = f(t,x). Because ¢(t) is a solution to (12), then we have T (¢2(t)) = TS (f(t,x)), i.e.,

tim (98, (£)* = (Jim (p(5, ()))* = im (£(6,:(1,x) = £(t, ).

k—o0 k—o0 k—o0
Obviously, { ¢x(t)} is uniformly bounded and equicontinuous on (a, ). Let « be a sequence which
goes to 400, by Corollary 3.4 from [30], there exist & = {uc;c } C & such that Tog(t) = lign P, (1) =
n n—o0 kn

(t) holds uniformly on T*. Therefore, we get ¢(t) € S, Vt € T*. Moreover, it follows from TS f(t, x) =
lim f (50(;(” (t),x) = f(t x) that ¢(t) is an 6-almost periodic solution for (12). This completes the proof. [

n—oo

Lemma 3. Assume that f € C(T x E",E") is uniformly 6-almost periodic under the matched space (T, F,I1,6).
Assume (12) has a minimum norm solution. Then for any g € Hy(f), the equation

XA = g(t, x) (13)

has the same least-value of solutions with (12).

Proof. First, let ¢() be the minimum norm solution for (12) and A be the least-value. Because ¢ € Hy(f),
there is a sequence a € ITsuch that Tf’ f(t,x) = g(t, x) holds uniformly on T* x S. According to Corollary
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3.4 from [30], there exists « C a such that T?¢(t) = ¢(t) holds uniformly on T*. Therfore, (t) is
a solution to (13). Moreover, it follows from |¢(t)| < A that |p(t)| < A. Hence, A = ||| < A. In view
of p(t) = Tlf_ll/)(f) and |p(t)] < A’, one can obtain |¢(t)] < A'. Therefore, A = |¢|| < A, ie, A = A",
The proof is complete. [

According to the proof of Lemma 3, the following lemma is immedjiate.

Lemma 4. Assume that ¢(t) is a minimum norm solution for (12) and there is a sequence «' C I such that
th, f(t,x) = g(t,x) exists uniformly on T* x S. Furthermore, if there is a subsequence & C o' such that

TS @(t) = ¢(t) holds uniformly on T*, then y(t) is a minimum norm solution for (13).

Lemma 5. Assume that f € C(T x E",E") is uniformly é-almost periodic and for each ¢ € Hs(f), (13) has
a unigue minimum norm solution. Then these minimum norm solutions are 5-almost periodic.

Proof. For any given ¢ € Hy(f), there is a unique minimum norm solution ¢ (t) for (13). Because g(t, x) is
uniformly d-almost periodic, for any sequences ', B CT1, there are common subsequences & C «,pCp
such that

Tg(“/ﬂ)g(t, x) = T,ngg(t, x)

holds uniformly on T* x S and T? Tglp(t), Tg(a 5) P (t) exist uniformly on T*. According to Lemmas 3 and 4,

one can obtain T9 Tgl[J(t) and Tg(lx ﬁ)l[J(t) are minimum norm solutions for the following equation:

AN _ o
x® = Tg(lx,ﬂ)g(t,x).

Thus, one has T? Tglp(t) = Tg(a ﬁ)lp(t) because of the uniqueness of the minimum norm solution.

Therefore, ¢ (t) is a d-almost periodic solution. The proof is complete. []

Consider the linear é-almost periodic dynamic equation
A= At)x+ f(t) (14)
and its associated homogeneous equation
XA = A(t)x, (15)
where A: T — E"*"and f : T — E" are J-almost periodic.
Definition 17. If B € Hs(A), the dynamic equation
y* = B(t)y (16)
is said to be a homogeneous hull equation of (14).
Definition 18. If B € Hs(A) and g € Hs(f), the dynamic equation
y* =Bty +3(t) (17)

is said to be a hull equation of (14).
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Next, we define an exponential dichotomy on time scales.
Definition 19. The linear system
xA(t) = A(B)x(1) (s)

is called admitting an exponential dichotomy on T if there are positive constants K > 1, «, projection P and the
fundamental solution matrix X (t) of (18), fulfilling

{|X(t)PX1(s)| < Keea(tp(s)),s,t €T, t > s, 19)

|X(t)(I—P)X~1(s)| < Keca(s, p(t)),s,t € T, t <s.

Based on Definition 19, a Favard’s theorem for homogeneous linear dynamic equation can be
established as follows.

Lemma 6. Assume that A : T — R"™" is §-almost periodic and x(t) is a 6-almost periodic solution of the
homogeneous linear dynamic equation

Then infyep [x(t)| > 0or x(t) = 0.

Proof. If mf |x(t)| = 0, there exists {t,} C T such that |x(t,)| — 0 as n — oo, and from x € Hg(x),

then there ex1sts «' C T such that LIIE x(6s(t)) = x(t) for all t € T*, and this implies that for any
n (&) n

e > 0, there exists N > 0 so that n > N implies |x(J s (tn)) — x(ts)| < % Furthermore, since x(t)

is -almost periodic on T, it is uniformly continuous on T, we can take ty € T with |tg — t,]| < J*
implies |x(5“;(t0)) —x(0 (tn))| < % Therefore, for sufficiently large n € N, we have ’x(éa;(to)) -
x(ta)| < [x(8, (t0)) — ((5 (tn))| + [x(0, tn)) —x(ty)] < % —1—2 < & Hence, we can easily see that
|x(6 s (t0))| = Oasn — +oo. Since A(t) is 5 almost periodic on T, there exists sequence & C &’ such that

TA() =B(t),  Tax(t) = y(b),

TLB() = A(t),  Te.y(t) = x(1)

A = A(t)x(t) is equivalent to

hold uniformly on T*, since x

so we have
A0 = (Tex(0)® = (lim x(6, (1)) = lim (x(3,(1)))°
= lim A(50, () x(30, (1)) = lim A6, (1) - lim (3, (1)),

that is, y(t) is a solution to the following equation:
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satisfying the initial condition:

y(to) = Tox(tg) = lim x(dy,(tg)) = 0.

n—-+o0

Hence, according to Theorem 2.77 from [25], y(t) = y(to)ep(t, tp) = 0, therefore, x(t) = Tlf,ly(t) =0.
The proof is complete. [

Lemma 7. Assume that (15) has an é-almost periodic solution x(t) and inf;c |x(t)| > 0. If a solution of (14) on
[to, 00) is bounded, then (14) has a solution that is 6-almost periodic.

Proof. According to Lemmas 1 and 2, there is a minimum norm solution for (14) on T* and for each pair
of T2 A(t) = B(t) and Tf(t) = g(t), (17) has a minimum norm solution.

Now, we claim that the minimum norm solution for (17) is unique.

In fact, for a fixed pair of B(t) and g(t), we consider (17). Let (17) have two different minimum norm

1
solutions x1 (t) and x;(t), and their least-values are equivalent to A. Since 5 [x1(t) — x2(t)] is a bounded
non-trivial solution for (16), by Lemma 7, there is a real number p > 0 such that

1
o1 B < '
}2§2|x1(t) )] >p>0

Now by the parallelogram law, we have

500+ 020) P+ 5 () — 2(0) [ = 5 (IO + lh)?) <22

and noting that

(x1(8) + x2(8))* = Sxf + Sxb

NI~

(

so 3 (x1(t) + x2(t)) is a solution to (17), and thus

%(xl(t) —i—xz(t))’ <3\ /AZ—p2 <A

This is a contradiction. The proof is complete. [

Lemma 8. Assume that each bounded solution of a homogeneous hull equation of (14) is 5-almost periodic. Then all
bounded solutions of (14) are 6-almost periodic.

Proof. It follows from Lemma 6 that each non-trivial bounded solution for the hull equations of (14)
fulfills tin% |x(t)| > 0. According to Lemma 7, we have that if (14) has bounded solutions on T, then (14)
€

has a é-almost periodic solution 1 (t). Assume ¢(t) is an arbitrary bounded solution of (14). Then 5(t) =
P(t) — @(t) is a 6-almost periodic solution of its associated homogeneous Equation (15). Therefore, ¢(t) is
a d-almost periodic solution. This completes the proof. [
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Lemma 9. Assume that a homogeneous hull equation of (14) has the unique bounded solution x(t) = 0. Then (14)
has an unique 6-almost periodic solution.

Proof. If (1), ¢(t) are two bounded solutions to (14), then x(t) = ¢(t) — ¢(t) is a solution of
a homogeneous hull equation of (14). It follows from x(t) = 0 that ¢(t) = ¢(t). According to Lemma 8,
(14) has an unique J-almost periodic solution. This completes the proof. [

Using a proof similar to that in Lemmas 7.4-7.5 in [31], one can easily prove Lemmas 10 and 11
(we omit their proof).

Lemma 10. Assume that X is a A-differentiable invertible matrix and P is a projection such that XPX ' is bounded
on T. Then there is a differentiable matrix S such that XPX~! = SPS~! forall t € T and S, S~" are bounded on
T. Moreover, there exists an S of the form S = XQ ™' and Q, P are commutable.

Lemma 11. Assume that (15) admits an exponential dichotomy and C non-singular. Then X (t)C admits an exponential
dichotomy with the same projection P iff CP = PC, where X (t) is a fundamental solution matrix for (15).

Lemma 12. Assume that A : T — R"*" is §-almost periodic under the matched spaces (T, F,11,6) and (15)
admits an exponential dichotomy. Then for each B € Hs(A), there exist the same projection P and constants K, «
such that (16) admits an exponential dichotomy.

Proof. By Lemma 10, let X be a fundamental solution matrix satisfying (19). Set Q and S the matrices given
by Lemma 10. Let T]A = B uniformly on T*. For any given ty € T*, let X, (t) = X (0, (t)) Q1 (dw, (to0)),
and from (15), we obtain

(X(0)" = AWX(), (20)

and replacing t with &, (t) in (20), we can obtain

(X (80, (1)) = A (0, (1)) X (8, (1)),

ie., X5 (t) = A(b,(t))Xnu(t), so X, (t) is a fundamental solution matrix to x* = A(dy, (t))x, by Lemma
11, there exist the same projection P and the same constants such that it has an exponential dichotomy and
Q~!, P are commutable. Moreover, one can choose subsequences such that X, (tp) and X, !(ty) convergent
because they are S (4, (t9)) and S~ (04, (f0)), respectively, and bounded. Keeping the same symbols let
X (to) — Yo, and then X, !(ty) — Zo where Zy = Yy 1. Now for a suitable subsequence X, (t) — Y as
n — oo, where Y denotes a solution of y* = By uniformly on T, one has Y (ty) = Y is non-singular. Finally,
since X, satifies (19) for all n, then Y also satisfies (19). The proof is complete. [

Lemma 13. Assume that (15) admits an exponential dichotomy. Then (15) has an unique bounded solution
x(t) =0.

Proof. Assume X(t) is the fundamental solution matrix for (15). For any sequence a C I1, we use the
notations A, = A(0, (1)), Xu(t) = X(a,(t)). For the homogeneous equation (15) has an exponential
dichotomy, and then it follows that there is a constant M such that ||X,(t)|| < M and ||X5(t)|| =
| An(t)Xu(t)|| < AM, where A = sup,q || A(t)]|. Therefore, according to Corollary 3.4 from [30], there is
{an } = «' C a such that {Xy, } converges uniformly on T* and nlirfw X (4, (t)) exists uniformly on T*.

Hence, one can get that X(t) is J-almost periodic. Moreover, because the homogeneous equation (15)
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has an exponential dichotomy, then it follows that inf;c7 x(#) = 0. From Lemma 6, we have x(t) = 0.
This completes the proof. O

Lemma 14. Assume that (15) admits an exponential dichotomy. Then all hull equations of (15) have an unique
bounded solution x(t) = 0.

Proof. According to Lemma 12, all hull equations of (15) have an exponential dichotomy, and it follows
from Lemma 13 that all hull equations (15) have an unique bounded solution x(t) = 0. This completes
the proof. O

Theorem 19. Let A : T — E""and f : T — E" be §-almost periodic. Moreover, assume (15) admits
an exponential dichotomy, then (14) has an unique 5-almost periodic solution

“+o00

x(t)= [ X(OPX o) f(s)as— [ X1~ PX (e (s))fs)as, e

t

where X(t) is a fundamental solution matrix for (15).

Proof. Now, we show that x(t) is a bounded solution of (14). In fact,

() - Al1)x(1)
= X80 [ PXTN (@) f(5)8s + X(o())PX () (1)

A tee -1 _ -1
X (f)/t (I=P)X"(o(s))f(s)As + X(o(t))(I — P)X™ (o (t)) f ()
+o0

—A(t)X(t) /j PX_l(a(s))f(s)As + A(t)X(t)/t (I-— P)X‘l(a(s))f(s)As
= X(a(t))(P+1—P)X H(o(t))f(t) = f(t)

and
Il = sup| [ X(OPX (o5 fs)as — [ X1 PYXH(@(s))f(5)As
teT | /= t
< sup (| [ _ecattas| +| [ ecutoto)nas| Jis < 5011
where | - || = supycp | - |

Next, we will show that x(t) is d-almost periodic. By Lemma 14, all hull equations of (15) have
an unique bounded solution %(t) = 0. Therefore, for given «, ,B,, there exist common subsequences
! ! 0 — o706 ] — ToTo . ) — ToT6 : :
« Ca,B CpB sothat TS(a,ﬁ)A =T7 TﬁA, TS(uc,ﬁ)f = Tthﬁf, y= TS(a,ﬁ)x’ and z =T} Tﬁx exists uniformly
on T*. However, y —z = Tg( x—T¢ Tg x = 0 since y — z is the bounded solution to all hull equations of

ap)
(15). Hence, Tg(lx ¥ = TT)x, from Theorem 16, x € AP°(T). This completes the proof. [

p

Now, we will provide an application to demonstrate our obtained results. In the sense of matched
spaces, consider the following é-almost periodic dynamic equation with variable delays:

n

XAty = A)x(t) + Y f(Ex(5(i(t), 1)), (22)

i=1
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where A : T — R"*" is é-almost periodic, 7; : T* — I1* is é-almost periodic for every i = 1,2,...,n,
f € C(T x R",R") is uniformly é-almost periodic.

Theorem 20. We give the following assumptions:
(Hy) There exist positive constants K and a such that x®(t) = A(t)x(t) admits an exponential dichotomy.

(Hp) There exists M < ﬁ such that forall t € T and x,y € R",

f(tx) = f(Ly)] < Mlx —yl.

Then there is an unique d-almost periodic solution for (22).

Proof. For any ¢ € AP°(T), consider the following equation

n

x2(t) = A()x(H) + ) f (£ @(0(xi(), 1)) (23)

i=1

It follows from Theorem 19 that (23) has a unique solution T¢ € AP’(T) as follows:

n

To(t) = [ X(OPX(e(5)) 1 £ o, p(5(xi(5),5))) s

i=1

=[x 1- PXT @) L F s 9(6(3(6),5))) s

n
=1

Consider a mapping T : AP°(T) — AP°(T) given by (T¢)(t) = x,(t), V x € AP’(T). From (H;),
we can obtain
|X(H)PX~1(s)| < Keca(t,p(s)),5,t € T, t >,

IX(£)(I — P)X(s)| < Keea(s, p(t)),s,t € T, t <s.
For any ¢, 4 € AP’(T), one can obtain

ITo=Toll < | [ XOPX ) L 175, 0(6(5(5),9) ~ £ 5,9 0(5(5),9) |

i=1

- T X PX ) L (o (009, 50)) ~ £ s p(Etr(s), ) |as

—+o00
+ ’ Kecy(o(s),t)As
t

IN

t
H / Kes(t,8)As

} Mg — o
i=1

IN

2
ZKnMllg -y,

and from (H;), T is a contractive mapping. Therefore, we obtain the desired results. [

5. Conclusions

In this paper, by employing the algebraic structure of matched spaces for time scales, some basic
results of the shift closedness including non-translational shift closedness of time scales are established.
This progress combines a larger scope of time scales without translation invariance. Based on matched



Mathematics 2019, 7, 525 26 of 27

spaces of time scales, we studied d-almost periodic functions and some fundamental theorems are
established which can be used to study J-almost periodic dynamic equations. Moreover, some sufficient
conditions to guarantee the existence of J-almost periodic solutions are established for a new type of delay
dynamic equation whose delay function range is from a period set of the time scale and may be separated
from the time scale T. The results in this paper develop a new theory of almost periodic dynamic equations
which include almost periodic g-difference equations and other almost periodic dynamic equations on
irregular hybrid domains.
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