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Abstract: Based on the very recent work by Shehu and Agbebaku in Comput. Appl. Math. 2017,
we introduce an extension of their iterative algorithm by combining it with inertial extrapolation
for solving split inclusion problems and fixed point problems. Under suitable conditions, we prove
that the proposed algorithm converges strongly to common elements of the solution set of the split
inclusion problems and fixed point problems.
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1. Introduction

The split monotone variational inclusion problem (SMVIP) was introduced by Moudafi [1].
This problem is as follows:

Find a point x* € H; such that 0 € f(x*) + By (x*) 1)

and such that
y* = Ax* € Hy solves 0 € ¢(y*) + B2(y"), )

where 0 is the zero vector, H; and Hj are real Hilbert spaces, f and § are given single-valued operators
defined on H; and Hj, respectively, B and B, are multi-valued maximal monotone mappings defined
on Hj and Hj, respectively, and A is a bounded linear operator defined on H; to Hp.
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It is well known (see [1]) that
0€ f(x*) +By(x*) <= x* = (x* — Af(xY)),

and that

0€8W) +Ba(y") <= ¥ =Py =My, " =AY,
where ])1\31 = (I+ABy)"!and ]EZ := (I + ABy)~! are the resolvent operators of By and By, respectively,
with A > 0. Note that ]fl and ]fz are nonexpansive and firmly nonexpansive.

Recently, Shehu and Agbebaku [2] proposed an algorithm involving a step-size selected
and proved strong convergence theorem for split inclusion problem and fixed point problem
for multi-valued quasi-nonexpansive mappings. In [1], Moudafi pointed out that the problem
(SMVIP) [3-5] includes, as special cases, the split variational inequality problem [6], the split zero
problem, the split common fixed point problem [7-9] and the split feasibility problem [10,11], which
have already been studied and used in image processing and recovery [12], sensor networks in
computerized tomography and data compression for models of inverse problems [13].

If f = 0and ¢ = 0 in the problem (SMVIP), then the problem reduces to the split variational
inclusion problem (SVIP) as follows:
Find a point x* € H; such that 0 € By(x™) (3)
and such that
y* = Ax* € Hy solves 0 € By(y"). 4)

Note that the problem (SVIP) is equivalent to the following problem:
Find a point x* € H; such that x* = ]fl(x*) and y* = ])1\32 (v*), y* = Ax*

for some A > 0.

We denote the solution set of the problem (SVIP) by (), i.e.,
Q={x"€H:0€B(x")and 0 € By(y*), y* = Ax"}.

Many works have been developed to solve the split variational inclusion problem (SVIP). In 2002,
Byrne et al. [7] introduced the iterative method {x, } as follows: For any xo € Hj,

Xpg1 = oM (xn + Y A*(J2 — 1) Axy) (5)

for each n > 0, where A* is the adjoint of the bounded linear operator A, v € (0,2/L), L = ||A*A||
and A > 0. They have shown the weak and strong convergence of the above iterative method for
solving the problem (SVIP).

Later, inspired by the above iterative algorithm, many authors have extended the algorithm {x, }
generated by (5). In particular, Kazmi and Rizvi [4] proposed an algorithm {x, } for approximating a
solution of the problem (SVIP) as follows:

_ 1B x(1B2
{”n =]y (xn + 1nA (])\ —1)Axy), ©)
Xnt1 = &nfu(%Xn) + (1 — an)Sun

for each n > 0, where {a, } is a sequence in (0,1), A > 0,y € (0,1/L), L is the spectral radius of the
operator A*A, f : Hy — Hj is a contraction and S : H; — Hj is a nonexpansive mapping. In 2015,
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Sitthithakerngkiet et al. [5] proposed an algorithm {x, } for solving the problem (SVIP) and the fixed
point problem (FPP) of a countable family of nonexpansive mappings as follows:

{yn = 1B AT (P — D Axy), .

Xn+1 = “nf(xﬂ) + (1 - “nD)Snyn

for each n > 0, where {a, } is a sequence in (0,1), A > 0,y € (0,1/L), L is the spectral radius of the
operator A*A, f : Hi — Hj is a contraction, D : H] — H, is strongly positive bounded linear operator
and, foreachn > 1, S, : H; — Hj is a nonexpansive mapping.

In both their works, they obtained some strong convergence results by using their proposed
iterative methods (for some more results on algorithms, see [14,15]).

Recall that a point x* € Hj is called a fixed point of a given multi-valued mapping S : H; — 2
if
x* € Sx* (8)

and the fixed point problem (FPP) for a multi-valued mapping S : H; — 2! is as follows:

Find a point x* € H; such that x* € Sx™.

The set of fixed points of the multi-valued mapping S is denoted by F(S).

As applications, the fixed point theory for multi-valued mappings was applied to various fields,
especially mathematical economics and game theory (see [16-18]).

Recently, motivated by the results of Byrne et al. [7], Kazmi and Rizvi [4] and Sitthithakerngkiet [5],
Shehu and Agbebaku [2] introduced the split fixed point inclusion problem (SFPIP) from the problems
(SVIP) and (FPP) for a multi-valued quasi-nonexpansive mapping S : H; — 2" as follows:

Find a point x* € H; such that 0 € By(x*), x* € Sx* )
and such that
y* = Ax™ € H, solves 0 € By(y"), (10)

where H; and H; are real Hilbert spaces, B and B, are multi-valued maximal monotone mappings
defined on Hj and Hj, respectively, and A is a bounded linear operator defined on H; to H,.

Note that the problem (SFPIP) is equivalent to the following problem: for some A > 0,

Find a point x* € H; such that x* = ]fl(x*), x* € Sx* and Ax* = ]fz(Ax*).

The solution set of the problem (SFPIP) is denoted by F(S) N (), i.e.,

F(S)(1Q={x* € Hy : 0 € By(x*), x* € Sx* and 0 € By(Ax*)}.

Notice that, if S is the identity operator, then the problem (SFPIP) reduces to the problem (SVIP).
Moreover, if ])]f] = ]fz = A = I, then the problem (SFPIP) reduces to the problem (FPP) for a
multi-valued quasi-nonexpansive mapping.

Furthermore, Shehu and Agbebaku [2] introduced an algorithm {x,} for solving the problem
(SFPIP) for a multi-valued quai-nonexpasive mapping S as follows: For any x; € Hj,

{”n = ])Efl (20 + ’YnA*(])lfz —1)Axy), (1)

Xpi1 = Qnfu(Xn) + Bnxn + On(cwy + (1 — 0)uy), wn € Sxy,
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for each n > 1, where {a,}, {Bn} and {9, } are the real sequences in (0, 1) such that

152 = 1) Ax, |12
|A*(J32 = I)]|2

0‘71+.Bn+5n:1, 06(0,1), ’YH =Ty

where 0 < a < 1, <b < 1,and {f,(x)} is the uniform convergence sequence for any x in a bounded
subset D of Hj, and proved that the sequences {u, } and {x, } generated by (11) both converge strongly
top € F(S) N Q, where p = Pr(s)naf(p)-

In optimization theory, the second-order dynamical system, which is called the heavy ball method,
is used to accelerate the convergence rate of algorithms. This method is a two-step iterative method
for minimizing a smooth convex function which was firstly introduced by Polyak [19].

The following is a modified heavy ball method for the improvement of the convergence rate,
which was introduced by Nesterov [20]:

{yn =Xy + Gn(xn - xnfl)/
Xu1 = Yn — AnVf(yn)

for each n > 1, where A, > 0, 6, € [0,1) is an extrapolation factor. Here, the term 6,,(x, — x,,_1) is the
inertia (for more recent results on the inertial algorithms, see [21,22]).

The following method is called the inertial proximal point algorithm, which was introduced by
Alvarez and Attouch [23]. This method combined the proximal point algorithm [24] with the inertial
extrapolation [25,26]:

" (12
Xpp1 = (I+AuT) " Hya) :

{yn =Xy + Gn(xn - xn—l)r
for each n > 1, where [ is identity operator and T is a maximal monotone operator. It was proven that,
if a positive sequence A, is non-decreasing, 6, € [0,1) and the following summability condition holds:

Z O | xn — xn—1H2 < oo, (13)

n=1
then {x, } generated by (12) converges to a zero point of T.

In fact, recently, some authors have pointed out some problems in this summability condition
(13) given in [27], that is, to satisfy this summability condition (13) of the sequence {x, }, one needs to
calculate {6, } at each step. Recently, Bot et al. [28] improved this condition, that is, they got rid of the
summability condition (13) and replaced the other conditions.

In this paper, inspired by the results of Shehu and Agbebaku [2], Nesterov [20] and Alvarez
and Attouch [23], we proposed a new algorithm by combining the iterative algorithm (11) with the
inertial extrapolation for solving the problem (SFPIP) and prove some strong convergence theorems
of the proposed algorithm to show the existence of a solution of the problem (SFPIP). Furthermore, as
applications, we consider our proposed algorithm for solving the variational inequality problem and
give some applications in game theory.

2. Preliminaries

In this section, we recall some definitions and results which will be used in the proof of the
main results.
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Let Hy and H, be two real Hilbert spaces with the inner product (-, -) and the norm || - ||. Let
C be a nonempty closed and convex subset of H; and D be a nonempty bounded subset of H;. Let
A : Hy — Hj be abounded linear operator and A* : Hy — Hj be the adjoint of A.

Let {x,} be a sequence in H, we denote the strong and weak convergence of a sequence {x, } by
x; — x and x, — x, respectively.

Recall that a mapping T : C — C is said to be:

(1)  Lipschitz if there exists a positive constant « such that, for all x,y € C,

ITx = Ty|| < aflx =yl

If « € (0,1) and & = 1, then the mapping T is contractive and nonexpansive, respectively.
(2)  firmly nonexpansive if
|ITx = Tyl < (Tx — Ty, x —y)

forall x,y € C.

A mapping P is said to be the metric projection of Hy onto C if, for all point x € Hj, there exists a
unique nearest point in C, denoted by Pcx, such that

[l — Pex|| < [lx -yl

forally € C.
It is well known that P¢ is nonexpansive mapping and satisfies

(x —y,Pcx — Pcy) < ||Pcx — Pey|®
for all x,y € Hy. Moreover, Pcx is characterized by the fact Pcx € C and
(x — Pcx,y — Pcx) <0

forally € C and x € Hj (see [6,22]).

A multi-valued mapping By : H; — 2! is said to be monotone if, for all x,y € Hy, u € By(x) and
v € Bi(y),
(x—y,u—v) >0

A monotone mapping By : H; — 2H1 is said to be maximal if the graph G(By) of By is not properly
contained in the graph of any other monotone mapping. It is known that a monotone mapping By is
maximal if and only if, for all (x,u) € Hy x Hy,

(x —y,u—0v) >0

for all (y,v) € G(By) implies that u € By(x).

Let By : H; — 2™ be a multi-valued maximal monotone mapping. Then the resolvent mapping
]/1\31 : H] — Hj associated with B is defined by

P (x) = (I+ABy) Y (x)

for all x € Hy and for some A > 0, where I is the identity operator on Hj. It is well known that, for any
A > 0, the resolvent operator ]fl is single-valued firmly nonexpansive (see [2,5,6,14]).
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Definition 1. Suppose that {f,(x)} is a sequence of functions defined on a bounded set D. Then f,(x)
converges uniformly to the function f(x) on D if, forall x € D,

fu(x) = f(x) as n — oo.

Let f, : D — Hj be a uniformly convergent sequence of contraction mappings on D, i.e., there
exists p, € (0,1) such that

fu(x) = fa@)| < pnllx =yl
forallx,y € D.

Let CB(H;) denote the family of nonempty closed and bounded subsets of Hy. The Hausdorff
metric on CB(H) is defined by

PAIx, = max < sup inf ||x — y||, sup inf [|x —
(x,y) {eryGB” yli yeExeA” yII}

forall A, B € CB(Hy) (see [18]).

Definition 2. [2] Let S : Hy — CB(Hj) be a multi-valued mapping. Assume that p € Hy is a fixed point of
S, that is, p € Sp. The mapping S is said to be:

(1)  nomexpansive if, for all x,y € Hj,
H(Sx,5y) < [lx —yl.

(2)  quasi-nonexpansive if F(S) # @ and, for all x € Hy and p € F(S),

H(Sx,Sp) < |x —p||

Definition 3. [2] A single-valued mapping S : H — H is said to be demiclosed at the origin if, for any
sequence {x,} C H with x, — x and Sx, — 0, we have Sx = 0.

Definition 4. [2] A multi-valued mapping S : H; — CB(Hj) is said to be demiclosed at the origin if, for
any sequence {x,} C H with x, — x and d(x,,, Sx,,) — 0, we have x € Sx.

Lemma 1. [29,30] Let H be a Hilbert space. Then, for any x,y,z € X and o, B,y € [0, 1] witha +p+ v =1,
we have

lacx + By + vz = allx [ + BllylI® + vlzl? — apllx — yl* — ayllx —z[|* = ylly — z*
Lemma 2. [2,31] Let H be a real Hilbert space. Then the following results hold:

Q) e —yl> = [|xlI* = 2(x, y) + [ly|I*.
@ x4yl = llxl?+ 20 y) + Iyl
B)  x+yl? < x> +2(y,x +y) forall x,y € H.

Lemma 3. [2,32,33] Let {an}, {cn} C Ry, {on} C (0,1) and {b,} C R be sequences such that
apr1 < (1 —oy)ay +by+cy forall n>0.

Assume Y 5> |cn| < co. Then the following results hold:

(1) Ifb, < Boy for some B > 0, then {a, } is a bounded sequence.
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(2)  If we have

Y oy =o0 and limsupb—n <0,

n=0 n—eo On
then limy, 00 4, = 0.
Lemma 4. [32,33] Let {s, } be a sequence of non-negative real numbers such that
Spa1 < (1= Ap)sy + Anty + 11

for each n > 1, where

(@ {Au}C[0,1]and Yy ;>4 Ay = oo;
(b) limsupt, <0;
() r>0andy ;> 1y < oo

Then s, — 0asn — oo.

3. The Main Results

In this section, we prove some strong convergence theorems of the proposed algorithm for solving
the problem (SFPIP).

Theorem 1. Let Hy, Hy be two real Hilbert spaces, A : Hy — Hp be bounded operator with adjoint operator A*
and By : Hy — 2™, By : Hy — 282 be maximal monotone mappings. Let S : H; — CB(Hy ) be a multi-valued
quasi-nonexpansive mapping and S be demiclosed at the origin. Let {f,} be a sequence of p,-contractions
fn:Hy — Hwith0 < pe < py < p* < 1and {f,(x)} be uniformly convergent for any x in a bounded
subset D of Hy. Suppose that F(S) N Q) # @. For any xo,x1 € Hy, let the sequences {y, }, {un}, {zn} and
{xn} be generated by

Yn = Xn + 0n(xn — x4-1),

n = 3 (Yn + 1A (J32 — 1) Ayn),
zy = Cop + (1 = &)uy, vy € Sxy,
Xpt1 = W fu(Xn) 4+ BuXn + Onzn

(14)

102 =D Ayl? _
m with0 < 7, <1, < 1" <1, {6,} C[0,w) for

foreachn > 1, where & € (0,1), vy 1= Ty
some @ > 0and {ay},{Bn}, {6n} € (0,1) with ay, + Bn + 8, = 1 satisfying the following conditions:

(C1) limp—oewr, =0;

(C2) Yo an =00

(C3) 0<e; <Bpand0 < ey <oy,
(C4)  limy e 21, — x,41]| = 0.

Then {x, } generated by (14) converges strongly to p € F(S) N Q, where p = Pr(g)naf(p)-

Proof. First, we show that {x, } is bounded. Let p = Pr(g)naf(p)- Then p € F(S) N Q) and so ]flp =p
and ]szp = Ap. By the triangle inequality, we get

[y =PIl = [12n + 6 (xn — xp1) = pll
< [lxn = pll + Ol — 201 |- (15)
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By the Cauchy-Schwarz inequality and Lemma 2 (1) and (2), we get

yn = pII> = llxn + 00 (xn — x0—1) — pII?
= |lxn — PHZ + 0220w — xp—1[|* + 26, (xn — PrXn — Xp—1)
<l = plI* + 07 l1xn — xp—1l1* + 200 [0 — X1 || |1xn — pII-

By using (15) and the fact that S is quasi-nonexpansive S, we get

llzn = pll = 1800 + (1 = un — pl|
=g(en =p)+ (A =&)(un —p)|
< Ellon —pll+ A = O)Jun — pl
< &d(vn, Sp) + (1= &) llyn — pll
< EH(Sxu, Sp) + (1 = &) [l — pll + Bullxw — 101 ]
< &llxn = pll + @ =) llxn — pll + (1 = 8)6nllxn — xp—1]]
< lxn = pll + Onllxn — xp—1ll,

which implies that

zn = plI* < (lxn = pll + Onllotn = 20-1]])?
= llxn = pI* + 2601w — -1 lllxn — pIl + 6310 — 2011

Since ])lfl is nonexpansive, by Lemma 2 (2), we get

1w — pl2 = 12 (yn + 1 A" (22 — 1) Ayw) — p|?
= I3 (Y + 1A (T2 = 1) Ay) — T3P
< lyn + 1 A*(J32 — 1) Ay — p|?

= llyn — plI* + V2NA (52 = 1) Aya|® + 290 yn — p, A*(J32 — 1) Ay).

Again, by Lemma 2 (2), we get
(yn —p, A*(J3* = 1) Ayn)
(Yn — ) (IB2 — I)Ayn)
I32 Ayn — Ap = (J32 = 1) Ay, (]3> — T) Ayn)
I Ayn — Ap, (% = D Aya) = (52 = 1) Ay, (J32 = 1) Aya)
I3 Ayn — Ap, (32 = D Aya) — [(J}2 = 1) Ayal|?
= E(HIszyn — Ap|* + U5 = 1) Ay
— 1132 Ay — Ap — (32 = DAyall?) = (] = D) Aya|®
= %(\Ilszyn — Ap|P+ 152 = DAyall> = |13 Ayn — Ap = I3 Ay + Ayl )
—[|(J3> = 1) Ayn 2

1
5 (22 Ayn = Ap|2 + 1032 = DAyall® — | Ayn — Ap|I?) = 1U* = D Ayal®

=(A
={
={
=

1

= §(HJ§2Ayn = Apl* = | Ayn — Apl? = |32 = 1) Ay )
1

< 5 (14yn — Ap|* — [|Ayn — Ap|* - 1 = 1) Ayal?)

1
= 2102~ D) Ay .

8 of 22

(16)

(17)

(18)

(19)

(20)
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Using (20) into (19), we get

1w — plI? < llyn — pI? +2NA*UR2 = DAyl — vall (J32 — 1) Ay |?
= |lyn — PHZ - ')’n(H(]/lxgz - I)Ayn”z — Tl A (IEZ - I)A]/nHZ)' (21)

By the definition of 7, (21) can then be written as follows:

lin =PI < Hlym =PI = 12 (1 = ) | (T3 = D Aya* < llyn — pII-
Thus we have
ln = pll < llyn —pll. (22)
Using the condition (C3) and (17), we get

[Xn+1 — pll = llanfu(xn) + Brxn + Onzn — pl|
= llan(fu(xn) = fu(p)) + an(fa(p) = p) + Bn(xn — p) + 6n(zn — p)|l
< anl| fu(xn) = fu(P)| + anll fu(p) — pll + Bullxn — pll + dnllzn — Pl
< anpinllxn = pll + aull fu(p) = pll + Bullxn — pll + n(l[xn — p|
+ (1 =¢)6nllxn — xu-1l])
< (anp™ + (Bn +6n)llxn — pll + (1 = §)dnbn|[xn — xp—1 | + anll fu(p) — pll

0
= (U= an( = p")[lxn = pll + (1 = §)5nanillxn = X1 ||+l fu(p) = pl-
Since { f,,} is the uniform convergence on D, there exists a constant M > 0 such that

I fu(p) —pll <M

for each n > 1. So we can choose f := and set

M
1—p*
an = |lxn —pll, bn:=aullfulp) —pl,

0
cni=(1- (j)énana—"ﬂxn —Xp1ll, oni=an(1—u").
n

By Lemma 3 (1) and our assumptions, it follows that {x, } is bounded. Moreover, {u, } and {y, } are
also bounded.
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Now, by Lemma 2, we get

[t —PHZ
= llan(fu(xn) = fu(p)) + an(fu(p) — p) + Bn(xn — p) + 6n(zn — P)HZ
< Nan(fu(xn) = fa(p)) + Bu(xn — p) + 8n(zn — P) 1> + 22 (fu(p) — P, Xn41 — P)
= (1B (xn = p) + 8u(zn — P)I* + a1 fu (x0) — fu(p)II?
+ 20 (fu(xn) = fu(p), Bn(xn — p) + 0n(zn — p)) + 200 (fu(p) — P, X1 — P)
< Ballxn — plI* + 63 llzn — pII* + 2Bnbu(xn — p, 20 — p) + adpl|xn — plI?
+ 20, (fu(p) — P Xns1 — p) + 20| fu(xn) — fu(P)IIBn(xn — p) + 6n(zn — p) ||
< 80— pI+ 6z — pI -+ B (50— pI+ 2 = pI? 0 — 20
+ "‘%z.”*znxn - sz + 2anpin || X0 — Pl (Ballxn — pll + 0ullzn — pll)
+ 200 (fu(P) = P, Xns1 = P)
< BB+ 6n)|xn = P> + 6B+ 6n) 20 — pII> = Budnllxn — znl|* + a1 | xn — plI?
+ 20 a0 (B + 6n) |10 — PIIP + 20 0 (1 = §) 8460 |Xn — X1l |0 — pl|
+ 200 (fn(P) = P, Xns1 = P)
< BB+ 8n)1xn — P> + 8u (B + 8n) (Il — pII* + 6710 — x|
+ 20| 20 — Xy 1|10 — plI) = Bubullxn — zu|l* + agp™? |20 — pl?
+ 20 a0 (B + 0n) |10 — PIIP + 20 0 (1 = §) 8460 |0 — X1 || |0 — pl|
+ 200 (fu(P) = P, Xns1 = P)
= ((1—an)® + aqu™® + 2" an (1 — &) ) X0 = pII* = Budullxn — za >
+2(1 = an (1= (1= 8))) 0Bl xn — xualll|xn = Pl + (1 = @) 603 |10 — x5 1|17
+ 20 (fu(p) = P Xnt1 = P)- (23)

Now, we consider two steps for the proof as follows:

Case 1. Suppose that there exists ny € N such that {[|x, — p|}3Z,, is non-increasing and then
{||xn — p||} converges. By Lemma 1, we get

%01 = plI> = llwnfu(xn) + Buxn + 6nzn — pl?
= | fu(xn) = pII* + Bullxn — pII* + 6ullzn — pII* — wnBull fu (xn) — xall?
— &nYnll fu(xn) — Zn”z = Buynllxn — Zn”2
< an| ful(xn) — PHZ + Bullxn — P||2 + Onllzn — PHZ
<l fa(xn) = plI® + Bullxn = pI* + 6 (Ellxn = pI* + (1= O)llun — pl1?)
< an| fu(2xn) — p”z + (Bn + &0n)||lxn — P”Z + (1= &)dnllun — sz,

which implies that

ey~ pl < 5 (anll fuCn) = plI + (Bu+ Gou)lxn = pI? = lour = pI?). 29

(1=28)én
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Applying (16) and (24) to (21), we get

([ (J22 = 1) Ay = 1u | A* (22 — T) Aya?)
< lyn — plI? = llun — pl?
< lxw — I + 2801 %01 — pllllxn — pll + 622 — x|
1
A= ays llfuea) =PI+ (B + 80l — pI? = llvas1 = pIP)

&n

_ Fnt¥n _ 2, “n _ 2 1 . 2
- (1_5)5}1 Hx" PH + (1_§)5n||fn(xn) PH (1_€)§n ||xn+1 PH
+ Onllxn — xp—1l 2llxn — pll + Onllxn — xn-1l])

1 a
< =y U = PIP = s = pIP) + 2 (U Con) = I = o = p?

0 0
+ 2 xn = ol (2050 = Pl + = 50 = ).
Ay &n

Since {||x, — p||} is convergent, we have ||x, — p|| — ||xy+1 — pll = 0 as n — oco. By the conditions
(C2) and (C4), we get

B %/ 1B
(T3 = D AYal> = yull A*(J32 = ) Ayu||*) = 0 as n — co.
From the definition of y,, we get

(1= )| (3% = D Ayal*

5, ) —0 as n— o
HA*(])\ _I)AynH

or 5
107,> — 1) Ayal|?

| A% (]2 — 1) Aya||

— 0 as n — oo.
Since

1A* (32 = DAyall < AU = 1) Ayall = AN 32 = D Ayal,
it is easy to see that

1(J32 = 1) Aya )2 '
| A% (]2 — 1) Aya||

132 = DAyl < | A

Consequently, we get
1(J32 = D) Ayu| — 0 as n — oo (25)

and also
|A*(J32 = 1) Ayu — 0 as n — co. (26)
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Similarly, from (23) and our assumptions, we get

| xn _Zn||2

1
= m{llxn = pI? = lonsr = pIIP + (1= an)0u07 [0 — 201 |?

+2(1 —an(1—p*(1- 5)))5n9n||xn = xu-1|lllxn — pll
+ e [(an (14 1*%) = 2(1 = ¥ (1 = wn))) 120 — pII> +2(fu(p) = P, Xns1 — )] }

1 0 0
< qu{||x” = plI? = llxnea = pl? + éllxn = Xp-1]|[6n(1 - an)w%illxn — Xn1]|

+ 200 (1= (1= " (1= 8))) Onllxn — pll] +an[2(fu(p) — P, xns1 — p)
+ (an(14+p*2) —2(1 = p* (1 — ) [|xn — p|I*]} = 0 as n — 0.

Therefore, we have
|xn —zn|] = 0 as n — oo.
By the condition (C2) and (27), we get

1011 — xnll = llanfu(xn) + BuXn + 0nzn — Xu|

< apl| fu(xn) — xn|| + 0ul|xn — zu|| = 0 as n — oo.
Thus we have
1601 = znll < llxng1 = xnll + [xn — znll = 0 as n — co.
Since ]fl is firmly nonexpansive, we have

l[un — p?
= | (yn + 1A (T2 = 1) Ayn) — I3 P2
< (un — p,Yn +'YnA*(]/I\32 —I)Ay, —p)

1 * *
= 5 (ltn =PI+ llyn + 1A = D Ay = pl* = llttn = yn = 10 A" (> = D Ay )

= 2 (e — Pl g =PI+ 2RI — 1) Ayl + 2y — p,ad” (22 — 1) Ay
~ llttn =yl = VRNA U3 = D AYal® + 21t = yu, 1aA* (J* — 1) Ay))

< 2 (lyn =PI+ g = I = Lt =l + 20— pyn A (22 ~ 1) Ayi)

< %(ZIIyn = pl7 = Nt = yal® + 29l = pIIIA™ (T3 = D) Ayall)

< llyn = pI12 = 3 lew — ylP + vallen — pA* (22 — 1) Aga

or
1w =y > < 2(11yn = PIP = [l = pI* + Yullttn = PUIAT (3 = 1) Aya]))-

12 of 22

(27)

(28)
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From (28), (16), (24) and (26) and our assumptions, it follows that
[t = yull® < 2[||xn = pII* + 26|30 — xu1 |30 = pll + 63|30 — x|
+ g (o) = pIP + (B €02 = pI = s = 1)
+ Yallun = plI AT} = 1) Ayall]

1 *
m(ﬂxn = pIP = xs1 = pIP) + vallies = pUIIA* (3 = 1) Ayl

&n

_ & 2 e 2
+ (1_€)€2(||fn(xn) pll 0 — pll
4 0
+ l”xi’l - x?’l*l” (2Hxn - p” + aanxn — xn,1‘|))] —0 as n — 00,
Ay &y
that is, we have

lttn — yull = 0 as n — oo. (29)

From y,, := x, + 0, (x4 — x,,—1), we get

lyn = xnll = |lxn + 0n(xn — x4-1) — x| = “n%||xn —xp-1ll,
which, with the condition (C4), implies that
lyn — xn|| — 0 as n — oo. (30)
In addition, using (27), (29) and (30), we obtain

lzn — unll < [lttn = yull + lyn — zall
< lun = yull + lyn = xull + llxn — znl| = 0 as n — oo.

From z,, := ¢v, + (1 — §)u,, we get

1
¢

|on — unl| = < ||zn — un|| = 0 as n — ooc. (31)

Thus, by (29)—(31), we also get

120 = vnll < |lxn — wn || + [Jun — 0|

< lxn = yull + llyn — tnll + |un —onl| = 0 as n — oco.

Therefore, we have

Since {x,} is bounded, there exists a subsequence {x,, } of {x,} such that x,, — x* € Hj and,
consequently, {uy, } and {y,, } converge weakly to the point x*.
From (32), Lemma 4 and the demiclosedness principle for a multi-valued mapping S at the origin,
we get x* € Sx*, which implies that
x* € F(S).

Next, we show that x* € . Let (v,z) € G(By), thatis, z € By(v). On the other hand,
Up, = /E\;l (Yn, + 'ynkA*(]i32 — I)Ayy, ) can be written as

yi’lk + 'YnkA* (])?1 - I)Aynk S unk + /\Bl(unk)/
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or, equivalently,

(y”k B ””K) + ’VnkA* (])Efl - I)Aynk
A

Since B; is maximal monotone, we get

(ynk B u”k) + 'YnkA*(]/l\?Z - I)Aynk> > 0.

<U—unk,z— 1

Therefore, we have

(Y — thny) + Y A*(J52 = 1) Ay, >
A

(ot P (g, DA = DAy

(v — Uy, z) > <v — Uy,

(33)

Since u,, — x*, we have

lim (v — up,,z) = (v —x7,z).
k—o0

By (26) and (29), it follows that (33) becomes (v — x*,z) > 0, which implies that
0€ B (X*)

Moreover, from (29), we know that { Ayy, } converges weakly to Ax* and, by (25), the fact that ]/1\32
is nonexpansive and the demiclosedness principle for a multi-valued mapping, we have

0 € By(Ax*),

which implies that x* € Q). Thus x* € F(S) N Q. Since { f,(x)} is uniformly convergent on D, we get

limsup(fu(p) = p, Xn1 — p) = limsup(fu;(p) — p, Xn;41 — p)

n—o00 j—roo
=(f(p) —p,x" —p) <0.

From (23), we get

s =PI < (1= 20 (1 = (1= ) + 31+ 672)) 1 — I = Bl — 22
+2(1— (1 (1= ))) 808050 — 0150 — pl
+ (1= an) 3565 | xn — X 1|? + 200 (fu(p) = P, Xu11 — p)
* * n —pX _
< (1= 20001 = )t = pIP + 20y (1 — ) LA T P21 2 1)
O *
+ucn[5n@||xn—xn,1|\(2(1—an(l—y (1=2))llxn = pll

0 *
+((1 *“n)“n“l|‘xn —Xp_1ll) +an(14p 2)[|acn — PHZ]-

By Lemma 4, we obtain

fim 0 =
Case 2. Suppose that {[|x, — pl|};,, is not a monotonically decreasing sequence for some n, large
enough. Set T, = ||x, — p||?> and let T : B — N be a mapping defined by

T(n) :=max{k e N: k <n, T} <Ty.1}
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for all n > ny. Obviously, T is a non-decreasing sequence. Thus we have
0< FT(H) < rT(Vl)-i—l

forall n > ng. That s, [|x;(,) — pll < [[x¢(u)+1 — pll for all n > ng. Thus limye [|x7(,) — pl| exists.
As in Case 1, we can show that

Tim [|(3% = DAy | =0, lim [|A*(3% = DAy | =0, (34)
A e +1 = Xell = 0 e ey = X[l =0, (35)
nh_{rolo ”vr(n) — Ur(n) =0, r}l_{lgo ”xr(n) — Uz(n) | =0. (36)
Therefore, we have
d(xT(n),SxT(n)) < Hx’r(n) — UT(H)H — 0 as n — co. (37)

Since {x.(,)} is bounded, there exists a subsequence {u(,)} of {x;(,)} that converges weakly to a
point x* € Hy. From [[u(,) — X¢()|| — O, it follows that u(,,) — x* € Hj.

Moreover, as in Case 1, we show that x* € F(S) N Q. Furthermore, since {f,(x)} is uniformly
convergent on D C Hj, we obtain that

lim sup(fe(,)(p) = P Xe(ny41 — p) < 0.
n—oo
From (23), we get

xe(ny1 = PP < (1= 20000y (1= 1" (1=t ))) + 3 ) (14 172)) |32y — PP
= Be(n)0r(m) | X2 (n) = Ze(n) I + 202 () Fe(n) (P) = Pr Xe(my+1 — P)
+2(1 =ty (1= (1= €))) O () O ) 1X () — X () —1 | X2 () — Pl
+ (1= ()02 (m) 05 ) | X (n) = Xe(ny1
< (1= 20y (1= ) 2y = PP+ 02 () (14 1) |22y — P
+ 0 ()0 | X () — X (n)=1 11 (2(1 = @y (1= ) [ %2y — Pl
+ (1= e ()0 () 1 X2y = Xy —1ll) + 2800y Frn) (P) = P2 Xe(ny+1 — ),

which implies that

20y (1= ) % my = PI? < ey = PIP = %euyn = PIP 40 () (U4 172 2y =PI
+ 0 (n) Ol %e(ny = Xe(ny—1 (21 = &y (1= 1)) 1%y — Pl
+ (1= e () O () X2 (m) — X (my—1l)
+ 200y (fr(n) (P) = P Xz (n)+1 — P)

or
2(1 = ) ey = PI? < ey (U + 1) ey =PI+ 2{Feoy (P) = P Xy 11 — )

O (n)
14

+ 51’(?1) ”xr(n) — Xr(n)-1 H (2(1 - “T(n)(l - .u*)) HxT(n) - P”

()
O (n)
14

+ (1 - “T(n))“r(n) ||xT(7’l) - xT(n)71H>'

T(n)
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Thus we have

limsup ”xr(n) - P” <0
n—co

and so
nlglgo HxT(n) - PH =0. (38)

By (35) and (38), we get
X2y 41 = Pl < Mxzmy+1 = Xe@ll + [Xcny — pIl = 0, n — o0,
Furthermore, for all n > ny, it is easy to see that I';(,,) < T'y(,)41 if n # T(n) (thatis, T(n) < n)
because of [>T for T(n) +1 < j < n. Consequently, it follows that, for all n > n,,
0 < Ty <max{Tr(), Teny1} = Tyt

Therefore, im ', = 0, that is, {x, } converges strongly to the point x*. This completes the proof. [J

Remark 1. [22] The condition (C4) is easily implemented in numerical results because the value of ||x, — x,_1]|
is known before choosing 8,,. Indeed, we can choose the parameter 0, such as

0, =
@, otherwise,

{min{w,m}, if |xn —x,—1]| #0,

where {w,} is a positive sequence such that w, = o(ay). Moreover, in the condition (C4), we can take

a1 @ =5

Ky =

w, otherwise,

2 .
9 . {mm{d),m}, lf Hx” —xn—1|| #O/
=
or

%, otherwise.

. 4 1 .
0, = {mm{&wwm}, if lln = 2na | 70,

If the multi-valued quasi-nonexpansive mapping S in Theorem 1 is a single-valued
quasi-nonexpansive mapping, then we obtain the following:

Corollary 1. Let Hy and Hy be two real Hilbert spaces. Suppose that A : Hy — Hp is a bounded linear operator
with adjoint operator A*. Let { f, } be a sequence of p,-contractions f, : Hy — Hy with 0 < py < pp, < p* <
1 and { fu(x)} be uniformly convergent for any x in a bounded subset D of Hy. Suppose that S : H; — Hj is
a single-valued quasi-nonexpansive mapping, I — S is demiclosed at the origin and F(S) N Q) # @. For any
X0, X1 € Hy, let the sequences {y, }, {un}, {zn} and {x, } be generated by

Yn = Xn + 60 (X0 — x4-1),

tty = Iy (yn + 1A (132 = 1) Ayn),
Zy = &Sxy + (1 — O)uy,

Xp+1 = "‘nfn(xn) + ,ann + 0nzy

(39)
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12— 1) Aya?
or each n > 1, where ¢ € (0,1), = Tyt
f - g ( ) lyi’l n HA*(]foI)AynHQ

some @ > 0and {ay},{Bn}, {6n} € (0,1) with ay, + Bn + 6, = 1 satisfying the following conditions:

with0 < 7. < 1 < 7 < 1,{6,} C [0,@) for

(C1) limyeoay =0;

(C2) Y2 ay = oo

(C3) 0<e <Ppand0 < ey <6y
(C4)  limyeo %Hxn —x,1]| =0.

Then the sequence {x, } generated by (39) converges strongly to a point p € F(S) NQ, where p = Pp(g)naf (p)-

Remark 2. If 8, = 0, then the iterative scheme (14) in Theorem 1 reduces to the iterative (11).

4. Applications

In this section, we give some applications of the problem (SFPIP) in the variational inequality
problem and game theory. First, we introduce variational inequality problem in [34] and game theory
(see [35]).

4.1. The Variational Inequality Problem

Let C be a nonempty closed and convex subset of a real Hilbert space Hj. Suppose that an operator
F : Hiy — H; is monotone.

Now, we consider the following variational inequality problem (VIP):
Find a point x* € C such that (Fx*,y —x*) >0 forall y € C. (40)

The solution set of the problem (VIP) is denoted by I'.
Moreover, it is well-known that x* is a solution of the problem (VIP) if and only if x* is a solution
of the problem (FPP) [34], that is, for any v > 0,

x* = Po(x* — yFx*).

The following lemma is extracted from [2,36]. This lemma is used for finding a solution of the
split inclusion problem and the variational inequality problem:

Lemma 5. Let Hy be a real Hilbert space, F : Hy — H;j be a monotone and L-Lipschitz operator on a nonempty
closed and convex subset C of Hy. For any v > 0, let T = Pc(I — yF(Pc(I — «yF))). Then, for any y € T and
Ly < 1, we have

ITx = Ty[| < llx =yl

I — T is demiclosed at the origin and F(T) =T.

Now, we apply our Theorem 1, by combining with Lemma 5, to find a solution of the problem
(VIP), that is, a point in the set I'.

let B; : H; — 2 and B, : Hy — 2H2 be maximal monotone mappings defined on Hy and H,
respectively, and A : H; — Hj be a bounded linear operator with its adjoint A*.
Now, we consider the split fixed point variational inclusion problem (SFPVIP) as follows:

Find a point x* € H; such that 0 € By(x*), x* €T (41)

and
y* = Ax* € Hy suchthat 0 € By(y"). (42)
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Theorem 2. Let Hy and H, be two real Hilbert spaces, A : Hy — Hp be a bounded linear operator with
its adjoint A*. Let {f,} be a sequence of uy-contractions f, : H — Hy with 0 < p. < py < p* < 1
and { fu(x)} be uniformly convergent for any x in a bounded subset D of Hy. For any A > 0, let T =
Pc(I — yF(Pc(I — «yF))) with Ly < 1, where F : Hy — Hj is a L-Lipschitz and monotone operator on
C C Hyand F(T)NQ # @. For any xo,x1 € Hy, let the sequences {yn}, {un}, {zn} and {x,} be
generated by

Yn = Xn + 0n(xn — X5-1),

ty = I3 (Yn + 1nA* (132 — 1) Aya),
zy = CTxy + (1 — &)uy,

Xp+1 = “nfn(xn) + ,ann + 0nzy

(43)

B
Jx2—1)Ayu|?

some @ > 0and {ay},{Bn}, {6n} € (0,1) with ay, + Bn + 6, = 1 satisfying the following conditions:

with0 < 7, < 1, < 7 < 1,{6,} C [0, @) for

(C1) lim,oea, =0;

(C2) Yo ap =0

(C3) 0<e1 <PBu,0< ey <oy,
(C4)  limy o0 2||x0 — x1]| = 0.

Then the sequence {x,} generated by (43) converges strongly to a point p € F(T) N Q) = I' N Q), where
p = Proaf(p)-

Proof. Since I — T is demiclosed at the origin and F(T) = T, by using Lemma (5) and Corollary (1),
the sequence {x, } converges strongly to a point p € F(T) N (), that is, the sequence {x,} converges
strongly toapointp € I. O

4.2. Game Theory

Now, we consider a game of N players in strategic form

G = (pi,Si),

wherei=1,---,N, p; : S = 51 X 53 x --- x Sy — R is the pay-off function (continuous) of the ith
player and S; € RM:i is the set of strategy of the ith player such that M; = |S;].

Let S; be nonempty compact and convex set, s; € S; be the strategy of the ith player and
s = (s1,52,- - - ,SN) be the collective strategy of all players. For any s € S and z; € S; of the ith player
for each i, the symbols S_;, s_; and (z;,s_;) are defined by

o S ;j:=(5 x---xS§j_1x85j41 X---x Sy) is the set of strategies of the remaining players when
s; was chosen by ith player,

e s ;:=(sy,-+,Si1,5141, " ,SN) is the strategies of the remaining players when ith player has s;
and

o (zi,5_i):=(s1,-",Si-1,2i,Si+1,- - - ,SN) is the strategies of the situation that z; was chosen by ith
player when the rest of the remaining players have chosen s_;.

Moreover, s; is a special strategy of the ith player, supporting the player to maximize his pay-off,
which equivalent to the following:

pi(si,s—i) = maxp;(zi,s_;).
Z;E€S;



Mathematics 2019, 7, 560 19 of 22

Definition 5. [37,38] Given a game of N players in strategic form, the collective strategies s* € S is said to be
a Nash equilibrium point if

i(s*) = max p;(z;, s}
pl( ) Z,‘GS,’pl( 17 Z)

foralli=1,--- ,Nands; € S_,.

If no player can change his strategy to bring advantages, then the collective strategies s* = (s¥,s* ;)
is a Nash equilibrium point. Furthermore, a Nash equilibrium point is the collective strategies of all
players, i.e., s} (for each i > 1) is the best response of ith player. There is a multi-valued mapping
T; : S_; — 2% such that

Ti(s_;) = argmax pi(zi,s_)

{si €Si:pi(siys_i) = max pi(zi,s_i)}

lel

foralls_; € S_;. Therefore, we can define the mapping T : S — 2° by
T2:T1XT2X---XTN

such that the Nash equilibrium point is the collective strategies s*, where s* € F(T). Note that
s* € F(T) is equivalent to s7 € T(s*;).

Let H1 and H; be two real Hilbert spaces, By : H; — 21 and B, : Hy — 2H2 be multi-valued
mappings. Suppose S is nonempty compact and convex subset of H; = RM~, H, = R and the rest of
the players have made their best responses s* ;. For each s € S, define a mapping A : S — H; by

As = pi(s) — pi(zi,s*;),
where p; is linear, bounded and convex. Indeed, A is also linear, bounded and convex.

The Nash equilibrium problem (NEP) is the following:
Find a point s* € S such that As* >0, 0 € H,. (44)

However, the solution to the problem (NEP) may not be single-valued. Then the problem (NEP)
reduces to finding the fixed point problem (FPP) of a multi-valued mapping, i.e.,

Find a point s* € S such that s* € Ts", (45)
where T is multi-valued pay-off function.

Now, we apply our Theorem 1 to find a solution to the problem (FPP).

Let B; : Hy — 21 and B, : H, — 22 be maximal monotone mappings defined on Hj and Hp,
respectively, and A : H; — Hj be a bounded linear operator with its adjoint A*.

Now, we consider the following problem:
Find a point s* € H; such that 0 € By(s*), s* € Ts* (46)

and
y* = As* € Hp suchthat 0 € By(y"). (47)

Theorem 3. Assume that By and By are maximal monotone mappings defined on Hilbert spaces Hy and Hp,
respectively. Let T : S — CB(S) be a multi-valued quasi-nonexpansive mapping such that T is demiclosed
at the origin. Let {fu} be a sequence of u,-contractions f, : H — Hy with 0 < pyx < pp, < p* < land
{fu(x)} be uniformly convergent for any x in a bounded subset D of Hy. Suppose that the problem (NEP) has
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a nonempty solution and F(T) N Q) # @. For arbitrarily chosen xo, x1 € Hy, let the sequences {y,}, {un},
{zn} and {x, } be generated by

Yn = Xn + 60 (X0 — x4-1),

Uy = ]/L\h (yn + 'YnA*(]fz — 1) Ayn),
zy = Cvy + (1= 8)uy, vy € Txy,
Xp+1 = "‘nfn(xn) + ,ann + 0nzy

(48)

(32 1) Aya 2
oreachn > 1, where ¢ € (0,1), =T —A
f E€ O = T B Al

some @ > 0and {an}, {Bn}, {0n} € (0,1) with ay, + By + 6 = 1 satisfying the following conditions:

with0 < 7, <1, < 7 < 1,{6,} C [0, @) for

(C1) limy ety =0;

(C2) Yo qap =0

(C3) 0<e <Ppand0 < ey <oy
(C4) limye z—:’zﬂxn —xy—1]| =0.

Then the sequence {x, } generated by Equation (48) converges strongly to Nash equilibrium point.

Proof. By Theorem 1, the sequence {x, } converges strongly to a point p € F(T) N (), then the sequence
{xn} converges strongly to a Nash equilibrium point. [
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