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Abstract: The aim of this work is to extend the Mizoguchi-Takahashi fixed point result motivated by
the approach of Wardowski (2012) and provide some related fixed point results in (ordered) metric
spaces. An example is given to support the main results. Moreover, we provide an application on
nonlinear differential equations.
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1. Introduction

Ran and Reurings [1] investigated fixed point results on partially ordered sets. This approach has
been recently considered by many authors, see [2-13]. Zaslavski [14] proved two fixed point results
for a class of contraction type mappings on a closed subset of a complete metric space. Given a metric
space (X,d). Following [15], denote by CB(X) (respectively, K(X)) the class of non-empty closed
bounded (respectively, non-empty compact) subsets of X. Let H be the Hausdorff-Pompeiu metric on
CB(X) induced by the metric d. It is given as

H(Y1/Y2) = max{ sup d(g1,Y2), sup d(g2/ Yl)} ’ (1)
G1€Y, 62€Y>

forall Y1, Y, € CB(X).
An element 6 € X is said to be a fixed point of a multi-valued mapping T if 6 € T. For fixed

point results dealing with the multi-valued case, see [16-19].
Let (X, d) be a complete metric space and T : X — K(X) be a multi-valued mapping such that

H(Tw, TQ) < a(d(w,Q))d(w,Q)), ()

for all w # Q € X, where a : (0,00) — [0,1) is a mapping such that for each t € [0,0),
limsup, ., a(r) < 1, then T has a fixed point, see [20].

Reich [20] stated a question of whether K(X) can be replaced by CB(X) in the above result.
Mizoguchi and Takahashi [21] gave a positive answer to the conjecture of Reich.

Theorem 1. Let (X, d) be a complete metric space and let T : X — CB(X) be a multi-valued mapping such
that
H(Tw, TQ) < a(d(w, Q))d(w, ),
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forall w, Q) € X, where a : (0,00) — [0,1) verifies limsup a(t) < 1, for each r > 0. Then T has a fixed point
t—rt
([21]).

Denote by ¥ the family of functions ¢ : [0,00) — [0, 00) so that

1. 9(s) =0 < s=0;
2. ¢ is nondecreasing and lower semi-continuous;
3. limsup LI

x—s0t (K)

Consider, (H): for any increasing sequence {¢, } in X with ¢, — x as n — oo, we have ¢, < x for
each n > 0. Gordji and Ramezani [22] considered a variant of Theorem 1 for single-valued mappings.
Given a partial order < on a non-empty set X, we say that w and () in X are comparable if w < Q) or
Q=< w.

Theorem 2. Let (X,d, =) be a complete partially ordered metric space. Let f : X — X be an increasing
mapping so that there is gy € X with go =< f(go) ([22]). Suppose there is € ¥ so that

p(d(fw, fQ)) < a(yp(d(w,Q)))P(d(w, Q) ®)

for all comparable w, Q) € X, where a : [0,00) — (0,1) verifies limsup, . a(s) < 1, forany t > 0. If
either f is continuous, or (H) holds, then there is a fixed point of f.

Definition 1 ([23]). Given a self-mapping f on X and & : X?> — [0, 00). Such f is triangular a-admissible if
(T a(w,Q) >1 implies a(fw,fQ)>1, w,QeX,

(T2) { “(w,¢) ]i implies a(w,Q) >1, w,Q,f€X.

AVARAY]

(2, Q)

Example 1 ([23]). Let X = R. Take fQ = ¥/Q and a(w, Q) = e“~. Here, f is a triangular a-admissible
mapping.

Lemma 1 ([23]). Let f be a triangular a-admissible self-mapping on a non-empty set X. Assume that there is
Go € X so that a(go, fgo) > 1. Take {¢n} as ¢n = f"Go, then

"‘(Gp/Gq) >1 forall p,g e N with p <gq.

In this paper, we obtain some fixed point theorems for triangular a-admissible
Mizoguchi-Takahashi type contractions. We also derive variant related theorems for nondecreasing
mappings in ordered metric spaces. Moreover, we provide an application for nonlinear differential
equations. These results generalize several comparable ones in the literature.

2. Main Results

Denote by @ the set of the functions B : (0,00) — [0,1) such that limsup,,_ ., B(w) < 1, for
any t > 0.

Denote by F the set of all functions F : (0,00) — R so that:
(F1) F is strictly increasing and continuous;
(R)F(t)=0 < t=1.

The functions In(t) and — % + 1 are elements of F.
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Denote by A the family of functions ¢ : [0,00) — [0, 00) so that

1. 9(s) =0 < s=0;
2. ¢ is nondecreasing and continuous.

For w, Q) € X, consider
M(w,Q)) = max{d(w,Q)),d(w, fw),d(Q), fw)},

where d is a metric on X.

Take: (K): Whenever {g, } is each sequence in X so that a(gu,,+1) > 1 for each integer n > 0
and ¢, — xasn — +oo, we have a(gy, x) > 1 for each n > 0.

Now, we give the main result of this study.

Theorem 3. Let f be a self-mapping on a complete metric space (X,d). Suppose that there is a function
a: X% — [0, 00) satisfying

Fa(w, Q)y(d(fw, fQ))) < F(B(p(d(w,)))) + F(p(M(w, O))) 4

forall w,Q) € X with fw # fQ, where F € F, B € ®and p € A. Assume that f is triangular a-admissible
and there is ¢o € X so that a(go, fGo) > 1. Then f has a fixed point if,

(a) either f is continuous, or;
(b) (K) holds.

Moreover, if for any two fixed points w, Q of f, we have a(w, QY) > 1, then such a fixed point is unique.

Proof. Let gp € X be such that a(go, fgo) > 1. Define {¢,} as ,+1 = fgn for each n > 0.

As a(go,61) = a(6o, fgo) > 1, then using the a-admissibility, one writes a(¢1,¢2) = a(f¢o, fg1) > 1.
Continuing in same direction, we have a(Gy,G,41) > 1 forany n > 0.

If ¢ = Gp41 for some n > 0, then the proof is done. Now, assume that ¢, # ¢,,41 for each n > 0, that
is,

d(Gn,Gnr1) >0, 5)

for each n > 0. Define 6, := d(gn, Gn11)- In view of (4), we obtain that

F((d(gnt1,6n+2))) < Falgn, 6n+1)9(d(Gnt1,6n+2)))
= F(a(n, 6n+1)P(d(fon, foni1)))
< F(B(¥(d(gn,cn+1)))) + F((M(gn, 6n+1))),
where
M(gn/ Qn-i—l) = max{d(gnr Qn+1)/d(gn/fGn)/d(§n+1/f€n)} = d(gnr gn+1)'
Therefore,

F(p(d(gn+1,6n+2))) < F(B((d(6n,6n+1)))) + F(¢(d(Gn Gnt1))) (6)
for each n > 0. Put t, := (d(gn, Gn41))- Using (6), we have

F(ty41) < F(B(tn)) + F(tn), foreach n > 0. 7)
Since B(t,) < 1 and F is strictly increasing, we get F(B(t,)) < F(1) = 0. Therefore, from (7), we have

F(ty41) < F(B(tn)) + F(tn) < F(tn), foreach n > 0. 8)
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Since F is strictly increasing, we get t,;7 < t, and so there is r > 0 such that, t, — rT.
Now, we show that r = 0. Suppose to the contrary r > 0. Passing to the limit throw (8),
F(r) < F(limsup,_,(B(tx))) + F(r) < F(r), which is a contradiction. Hence lim; ;e t, = r = 0.
Since {$(d(¢n, Gns1))} is decreasing and  is increasing, so {d(Gn, n+1))} is decreasing. Then there is
u > 0so that {d(cn, ¢u4+1)} converges to u. Since ¥ is continuous, one writes

p(u) = lim $(d(cn, Gnr1)) =7 =0. ©

Therefore, u = 0. We claim that {¢, } is a Cauchy sequence. If {¢, } is not Cauchy, then there are ¢ > 0
and subsequences {¢u;, } and {¢,, } of {,} so that

ng >m; > 1, d(Gmy, Gn;) > € (10)
and
A(Gmys Gni—1) < €. (11)
Using (10), we get
€ S d(gm,’/ gi’l,') S d(gm,'r gn,-fl) + d(gn,-fl/ Qni) <e + d(gn,-flr gni)- (12)
Asi — oo, we find
lim d(gm,;, Gn;) = & (13)
1— 00

Also, we have

(gmi+1/ gni+1)
(Qm,-/ gm,'-‘rl) + d(gmi/ gﬂj) + d(gﬂ,'/ gn,'-i-l)'

d(gml-/ in) - d(gm,‘/ gm,'Jrl) - d(gnif gﬂﬁLl) <d
<d

Asi — 0o, we find

lm d(gi’l’liJrll gnﬂrl) =¢& (14)
1—00

The triangular a-admissibility yields that a(gm,;, ;) > 1. By (4), we find

F(lp(d(ngIrH/ g?’li+1))) S F(a(gmi, g”i)lp(d(gmi+l/ Qni+1))) (15)
< F(B(9(d(Gm; 6n;))) + F(@(M(Gmys Gn;))-

On the other hand,

d(Gm,-r Qn,-) S M(Qmi/ Qni)
= max{d(gmi, gﬂi)rd(gm,'/ gm,-Jrl)'d(ngil GmiJrl)}
S max{d(gmi/ g”i)/d(gmi/ gm,--i—l)/d(gmi/ Qni) + d(gm,’/ Qm,--i—l)}*

Asi — oo, we find
lim M(Gm,, Gn;) = €.
1— 00
Taking the limit on both sides of (15), we have
F(y(¢)) < F(limsup, o, B($(d(Gm;, 6n;))) + F((e)). (16)

Since d(gm;, Gn;) — €' and ¢ is increasing, thus ¢(d(¢m,cn)) —  P(e)T. So
limsup;_, ., B(¥(d(Gm;, Gn;)) < 1. Therefore, F(limsup,_, B(¥(d(¢m; Gn;))) < 0. Thus (16) leads
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to F(y(e)) < F(y(e)), a contradiction.
Thus, {¢,} is a Cauchy sequence in the complete metric space (X, d), hence there is x € X so that

lim ¢, = x. (17)

n—-oo

Finally, we claim that fx = x.

If f is a continuous function, then obviously, fx = x.

Let condition (b) hold. To show that fx = x, we have two cases:

Case 1: Thereis N € N so that fg,, # fx for eachn > N.

Case 2: There is a subsequence {¢, } of {,} so that f¢,, = fx foreachi > 0.
In Case 1, if d(x, fx) # 0, we have

F(p(d(gni1, fx))) = F(p(d(fon fx)))
< F(B(y(d(gn, x))) + F(p(M(gn, x))) (18)
< F($(M(gn, x)))-

This gives us
P(d(gni1, fx)) < $(Mlgn,x)) for each n > N. (19)
Also

im M(gn,x) = lim max{d(cn, x),d(Gn, Gnt1),d(Gnt1, %)}
=0.

Passing to the limit using (19), we obtain ¢(d(x, fx)) < 0. Hence, d(x, fx) = 0.
In Case 2,

d(x, fx) = lim d(Gy 1, f¥) = lim d(fc, fx) = 0.

We deduce that fx = x. To show the uniqueness of the fixed point, suppose that w, (2 are two distinct
fixed points of f. By assumption, we have a(w, }) > 1. Using (4), we have

F(p(d(w,Q))) = F(p(d(fw, fQ))) < Fla(w, Q)P(d(fw, fQ)))
F(p(y(d(w,Q)))) + F(p(M(w, D))
F ¥

(B(p(d(w, )))) + F(y(d(w, Q))).

From the above inequality, we get F(B(¢(d(w,Q)))) > 0, which implies that f(i(d(w,Q2))) > 1. Itis
a contradiction. Thus, w = Q. O

IA

Let (X, <) be an ordered space. A subset W of X is called well ordered, whenever any two
elements w,(} € X are comparable, that is, v < Q or 3 < w. The following Theorem is a
straightforward result of Theorem 3 in ordered metric spaces.

Theorem 4. Let (X,d, <) be an ordered complete metric space. Let f : X — X be such that

F(y(d(fw, fQ))) < F(B(p(d(w,Q)))) + F(p(M(w, Q))) (20)
forallw, Q) € Xwithw < Qand fw # fQ, where F € F, B € ®and ¢ € A. Then f has a fixed point if

(i) f is nondecreasing with respect to =<;
(ii) thereis gy € X so that g9 =< f¢o,
(iii) either f is continuous, or

(iii)) (H) holds.
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Moreover, if Fix(f) (the set of fixed points of f) is well ordered, then such a fixed point is unique.
Taking F(t) = In(t) in Theorem 3, we have

Corollary 1. Let f be a self-mapping on a complete metric space (X,d). Given a : X*> — [0, 00), let

(i) f is triangular a-admissible;
(ii) forall w, Q) € X such that d(fw, fQ) > 0, we have

a(w, Q)y(d(fw, fQ)) < p(P(d(w, Q)))p(M(w, Q) (1)
where B : [0,00) — [0,1) is the Mizogochi—Takahashi function and ¢ € A;
(iii) thereis go € X so that a(go, fco) > 1;

(iv) either f is continuous, or (K) holds.

Then f has a fixed point. Moreover, such a fixed point is unique provided that a(w,Q)) > 1 forall w, Q) €
Fix(f).

Proof. Taking In in both sides of (21), we obtain
In(a(w, Ny (d(fw, fQ))) < In(B(p(d(w, 2)))) + In(p(M(w, Q))). (22)
Putting F(t) = In(t) in above inequality, we have (4). Thus, the result is followed from Theorem 3. [

Corollary 2. Let (X, =) be a partially ordered set and suppose that there exists a metric d on X such that (X, d)
is complete. Let f : X — X be an increasing mapping such that there is go € X with gg = fgo. Suppose that
there are p € Y and B € ® such that

p(d(fw, fQ)) < B(p(d(w, Q) p(M(w, Q) (23)

for all comparable w, Q) € X, where B : [0,00) — [0,1) is such that limsup,_ ., B(s) <1, for each t > 0.
Assume that either f is continuous, or (H) holds. Then f has a fixed point. Moreover, if Fix(f) is well ordered,
then such a fixed point is unique.

Proof. Taking In in both sides of (23), we obtain

In(yp(d(fw, fQ))) < In(p(Y(d(w,Q)))) + In(p(M(w, D)) (24)

for all comparable w, Q) € X. Putting F(t) = In(t) in above inequality, we have (20). Thus the result is
followed from Theorem 4. [

Remark 1. Theorems 3 and 4 are generalizations of the main result in [22] and the Mizogochi—Takahashi result
for self-mappings. In the following example, we show that these generalizations are real.

Example 2. Let X = {1,2,3}. Weendow X with the metric d defined by d(1,2) = %,d(2,3) = 1,d(1,3) = 2.
Consider

(w0, Q) = {1, if (@,0) € {(1L1),(2.2),(3,3),(1,3), (3,2), (1,2)},

0, otherwise.

12 3
f_<322>'

Also, take f : X — X as
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Here, f is triangular a-admissible. For ¢y = 1, we have fgo = 3 and w(go, fgo) = «(1,3) = 1. Choose
F(t) = —% +1,B(t) = e tand p(t) = t. Let w, Q) € X such that a(w, Q) > 1and d(fw, fQ) > 0. Here,
(w, Q) € {(1,2),(1,3)}.

If (w, Q) = (1,2), then d(f1, f2) = d(3,2) = 1. Now,

F(d(f1,f2)) = =:+1=-0732< —0.698 = —0.284 — 0.414

If (w, Q) = (1,3), then d(f1, f2) = d(3,2) = 1. Here,

F(y(d(f1,£2))) =% +1=-0732< 0673 = —0.578 — 0.0954

Therefore, (4) holds for all w, Q) with a(w,QY) > 1 and d(fw, fQ)) > 0. We see that all of the conditions of
Theorem 3 are satisfied, so f has a unique fixed point, which is, r = 2. Note that

1 1., 1
p(d(f1,f2)) =d(3,2) = 3 > 0303 = (5)(e72) = p(p(d(1,2)))$(d(1,2)).
Therefore, we can not apply the Mizogochi-Takahashi type contraction [22].

Corollary 3. Let f be self-mapping on a complete metric space (X,d). Given a : X> — [0,00), Let

(i) f is triangular a-admissible;
(ii) forall w,Q) € Xwith1 < a(w, Q) and d(fw, fQ) >0

pld(w,0))d(w,Q) :
(VB (w, Q) + Vd(w, Q) = /d(w, Q)pd(w, 0)))*

(iii) thereis go € X so that a(go, fco) > 1;
(iv) either f is continuous, or (K) holds.

(25)

d(fw, fQ) <

Then f has a fixed point. Moreover, such a fixed point is unique, provided that «(r,s) > 1 for all r,s € Fix(f).

Proof. It suffices to take F(t) = \/ +1and (t) = t in Theorem 3 and to use the fact d(w, Q) <
M(w,Q). O
Corollary 4. Let f be self-mapping on a complete ordered metric space (X, d, =). Assume that

(i) forall w, Q) € X withw < Qand d(fw, fQ) >0

pld(w,0))d(w, Q)
(VB(d(w, Q) + Vd(w,0) — V/d(w, Q) p(d(w, 1))

d(fw, fQ) < (26)

where B € ®;
(ii) thereis o € X such that gy = fco;
(iii) either f is continuous, or (H) holds.

Then f has a fixed point. Moreover, if any two fixed points of f are comparable, then such a fixed point is unique.
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Proof. It follows by taking F(t) = —\% + 1 and ¢(t) = t in Theorem 4 and using the inequality
dw,Q) < M(w,Q). O

3. Application

Take I = [0, T] (T > 0). Let X = C(I,R) be the set of valued continuous functions defined on I.
Consider

d(w, Q) = SuI;(lw(q) —Q(q)]) = [lw = Qffe,
q€

which is a metric on X. We endow on X the partial order
r=<s <= r(q) <s(q), forany g € L
We will resolve the following boundary value problem
Y(@) = Far@), g€ 0,T), 10)=r(T), 7
where f : [ x R = Ris continuous.

Theorem 5. Assume that there is y > 0 such that for all r,s € X = C(I,R) with r <'s, we have

;4|r(p) —S(p)| . (28)

If(p,r(p)) +ur(p) — f(p,s(p)) — us(p))| < ;

[Ir=slloo

1
[+ llr=sll&(e 2 =1)J?
foreach p € [0, T|. Then (27) has a solution in C(I,R).

Proof. First, Equation (27) is equivalent to the linear first-order equation

'(q) +pr(q) = F(q,7(q)), q€[0,T], r(0)=r(T), (29)

where F(q,7(q)) = f(q,7(q)) + ur(q). Also, the function g — F(g,7(g)) is continuous. From (29), we
have

T
r(q) = r(0)e” " +/0 eP=IF(p,r(p))dp, q€[0,T]. (30)
Choose g = T to have

r(T) = r(0)e T + /OT ey(pr)F(p,r(p))dp.

Since r(0) = r(T), we get

10) = o [ @ EG ).

Substituting in (30), we obtain

T
r(q)=/0 G(q,p)F(p,r(p))dp, q€[0,T], (31)

where

u(p—q)
Gt 0<5g<p<T.

et (T+p—q)
L, 0<p<g<T
G(q,p) = { g S=P=0=
Take f : C(I,R) — C(I,R) as

T
fria) = [ Ga.pF(pr(p)dp, q€0.T)
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Now we show that fo (g, p)dp = % To see this, we have

T q et(T+p—q) T ott(p—19)
/0 G(q,p)dp = /O T 1 4P +/q ST 1%
B M (T+p—1) g et (P=a))
IGETL
et (T) _ou(T—q)  ou(T—q) _1 1
TR @) w
From [24], f is nondecreasing and there is o € X so that g9 < f¢o. Letting r,s € X (with r < s) and
using (28), we have for every g € [0, T],

|fr(q) — fs(g)| = |/TG(¢LP)(F(PIV(P)) — F(p,s(p))dp|
< [ Gl )G r(p) - Fip,s(p)ldp
plf(p.r(p)) +ur(p) — f(p,s(p)) — us(p)ldp

- o
/ |(;) s(p)|

=] ap
1+||f— 1% (e -]
r— 5|0 T
”'lﬁw ([ Gla.p)ip)
[ sl (e -2
IIV—SHoo
sl
[+ lir—slidte -
_ |7 = 51leo
1 r—s||eo :
L+ [lr=slld(e == 1P
Taking the supremum to find that
d(fr, fs) = |Ifr — fslle
= ”r_s‘n‘oon
[1+[lr —sll&(e s
_ e Irslle 7 — 5o
e 4 = slla — [l - sllde T2

_ pld(r,s))d(r,s)
(VB(d(r,5)) + V/d(r,s) — \/d(r,5)p(d(r,5)))?

where B(t) = e~". Therefore, by Corollary 4, f has a fixed point. Hence, there is a solution for (31) (and
so for (27)). O
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