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Abstract: The purpose of this paper is to consider various results in the context of G;-metric spaces
that have been recently published after the paper (Aghajani, A.; Abbas, M.; Roshan, J].R. Common
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1. Introduction and Preliminaries

In the last few decades, fixed point theory has been one of the most significant research fields
in nonlinear functional analysis. It has wide applications in many disciplines such as studying the
existence of solutions for nonlinear equations (algebraic, differential and integral), a system of linear
(nonlinear) equations and convergence of many computational methods, in economics, sports, medical
sciences, etc. In 1922, Banach [1] proved that each contraction map in a complete metric space has a
unique fixed point. It is worth mentioninng that this Banach contraction principle has been generalized
in two directions, by acting on the contraction (expansive) condition, or changing the topology of
the space. Among these generalizations are partial metric spaces [2], b-metric spaces [3,4], partial
b-metric spaces [5], G-metric spaces [6], G,-metric spaces [7] and G,-metric spaces [8]. The topological
concepts of these spaces are different, thus the approach of existence of fixed points is different. Many
researchers tried to generalize new contractive mappings to demonstrate the existence of fixed point
results (for examples, see [9-19]).

Partial metric spaces were introduced by Matthews [2] in 1986 as follows:
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Definition 1. Let X be a nonempty set. A partial metric (or a p-metric) is a function p : X x X —
[0, +00) satisfying

(p1) x = yifand only if p (x,x) = p (x,y) = p (v, y);

(p2) p (x,x) < p(x,y),forallx,y € X;

p3)p(x,y) =p(y,x),forall x,y € X; and

Pdp(x,z) <pxy)+pW.2) —py) foralxyzeX.

The pair (X, p) is called a partial metric space.

It is clear that each metric space is a partial metric space. However, the converse is not true, in
general. For example, if X = [0,00) and p (x,y) = max {x,y} . In this case, p is a p—metric, but it is not
a metric on X. Many authors obtained variant fixed point results in partial metric spaces for different
contractive conditions (see [20-23]).

In 1989, Bakhtin [3] and, in 1993, Czerwik [4] introduced a new distance on a non-empty set,
which is called a b-metric. A b-metric space is an attempt to generalize the metric space.

Definition 2. Let X be a non-empty set and s > 1 a given real number. A function d : X> — [0, 00) is called a
b-metric on X if, for all x,y,z € X, the following conditions hold:

(b1)d (x,y) =0ifand only if x = y;
(b2)d(x,y) =d(y,x);and
(b3)d (x,z) <s(d(x,y)+d(y,z)).

The pair (X, d) is called a b-metric space. The real number s > 1 is called the coefficient of (X,d).
We stress that any metric space is a b-metric space with coefficient s = 1. Generally, a b-metric space is
not a metric space. Let X = R be the set of real numbers, then the mapping d : X x X — [0, c0) defined
by d(x,y) = (x — y)2 is a b-metric, but (X, d) is not a metric space. For some fixed point results on
b-metric spaces, see [10,24,25].

In 2014, Shukla [5] introduced the notion of a partial b-metric space.

Definition 3. Let X be a nonempty set and s > 1 be a given real number. A function py, : X x X — [0, 00) is
called a partial b-metric if for all x,y,z € X, the following conditions are satisfied:

(pb1) x =y ifand only if py, (x,x) = py (x,y) = p (V)
(pb2) py (x,x) < pp (¥, )

(pb3) py (x,y) = pp (y, x) ; and

(pbd) py (x,y) <slpy (x,2) +po (z,y)] — Py (2,2).

The pair (X, p) is called a partial b-metric space. The number s > 1 is called the coefficient
of (X , Pb) .

The following example shows that a partial b-metric on X does not need to be a partial metric or a
b-metric on X (see also [5]).

Example 1. Let X = [0,00). Define the function p, : X x X — [0,00) by py, (x,y) = [max (x,y)]* +
|x — y|2 forall x,y € X. Then, (X, py) is a partial b-metric space on X with the coefficient s = 2 > 1. However,
pyp is neither a b-metric nor a partial metric on X.

Mustafa and Sims [6] generalized the concept of metric spaces by introducing new class of spaces,
so-called G-metric spaces. Based on this new concept, Mustafa et al. [26] obtained some fixed point
results for mappings satisfying different contractive conditions. Abbas and Rhoades [27] initiated the
study of common fixed point theorems in G—metric spaces. Since then, many authors obtained fixed
and common fixed point results in the setup of G-metric spaces (e.g., see [19,28-55]) .
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Definition 4 ([6]). Let X be a nonempty set. A generalized metric or a G-metric is a function G : X3 — [0, 00)
satisfying the following properties:

(G1)forall x,y,z € X,x =y =zifand only if G (x,y,z) = 0;

(G2)0 < G(x,x,y), forall x,y € X with x # y;

(G3) G (x,x,y) < G(x,y,2),forall x,y,z € X withz # y;

(G4) G(x,y,z) = G(x,z,y) = G(y,z,x) = ..., (symmetry in all three variables); and
(G5) G (x,y,z) < G(x,a,a)+G(ay,z),forall x,y,z,a € X (rectangle inequality).

The pair (X, G) is called a G-metric space.

Example 2 ([6]). Let X = R. Then, G-metric G be defined by G(x,y,z) = %(|x —yl+ly—z|+|x—z]),
forall x,y,z € R.

Definition 5. A G-metric G is said to be symmetric if G(x,x,y) = G(x,y,y) forall x,y € X.

In 2011, Ahmadi et al. [7] attempted to introduce a new generalization of both partial metric
spaces and G-metric spaces, by defining the notion of G,-metric spaces in the following manner.

Definition 6. Let X be a nonempty set. A mapping G, : X> — [0, 400) is called a G,-metric if the following
conditions are satisfied:

(Gpl) for x,y,z € X, if Gy (x,Y,2) = Gp (2,2,2) = Gp (V,y,¥) = Gp (x,x,x) then x =y = z;

(Gp2) Gp (x,x,x) < Gp (x,x,¥) < Gy (x,y,2), forall x,y,z € X;

(Gp3) Gp(x,y,2) = Gp(x,2,y) = Gp(y,2,%) = ..., (symmetry in all three variables); and

(Gp4) Gp (x,y,2) < Gp (x,a,a) + Gp (a,y,z) — Gp (a,a,a), forall x,y,z,a € X (rectangle inequality).

The pair (X, Gp) is called a G,-metric space.

For more other details with some improvements, see [37].

On the other hand, combining the concepts of G-metrics and b-metrics, Aghajani et al. [8] initiated
the concept of G,-metrics.

Definition 7 ([8]). Let X be a nonempty set and s > 1 be a given real number. Suppose that Gy, : X3 —
[0, +o0) satisfies

(Gy1) Gyp(x,y,2) =0ifx =y =z

(Gp2) 0 < Gy(x,x,y) forall x,y € X with x # y;

(Gp3) Gy(x,x,y) < Gy(x,y,2) forall x,y,z € X withy # z;

(Gyd) Gy(x,y,2z) = Gy(x,z,¥) = Gp(y,2,x) = ..., (symmetry in all three variables); and
(Gp5) Gy(x,y,z) < s(Gy(x,a,a) + Gy(a,y,z)) forall x,y,z,a € X (triangle inequality).

Then, Gy, is called a generalized b-metric and the pair (X, Gy) is called a generalized b-metric space or
Gy-metric space.

Example 3 ([8]). Let (X, G) be a G-metric space. Consider Gy(x,y,z) = (G(x,y,2))", where p > 1 is a real
number. Then, Gy, is a G-metric with s = 2P~1,

Each G-metric space is a Gp-metric space with s = 1. The following example shows that a
Gp-metric on X does not need to be a G-metric on X.

Example 4. The function defined by G (x,y,z) = $(|x —y| + |y — z| + |x — z|)% is a Gy-metricon X = R
with s = 2, but it is not a G-metric on R. Indeed, by taking x = 3,y =5,z = 7and a = %, we have
Gy(3,57) = &, G, (3,5,%) = 1. While, G, (3,5,7) = £,50G,(3,57) = & > 2 =G, (3,4,%) +
Gy (5.5,7).
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The following properties are consequences of Definition 7.

Proposition 1 ([8]). Let (X, Gy) be a Gy-metric space, then for each x,y,z,a € X, we have:

(1) if Gy(x,y,z) =0, thenx =y = z;

(2) Gy(x,y,2) < s(Gp(x,x,y) + Gp(x, x,2);
(3) Gy(x,y,y) < 25Gy(y, x,x); and

(4) Gy(x,y,2) < s(Gy(x,a,z) + Gy(a,y,z)).

Proof.
(1) By (Gp3) and (G;2), we get a contradiction. Indeed,

0= Gp(x,y,2) > Gy(x,x,y) >0,
when x # y and y # z. In addition,
0=Gy(xy,2) = Gy, y,2) >0,

when x =yandy # z.
(2) Properties (Gy4) and (Gp5) imply

Go(%,1,2) = Gy(y,%,2) < 8(Goly, %) + Gy, %,2)) = 5(Gy (2, %,) + Gy (%,%,2)).
(3) By (Gp4) and (G5), it follows that
Go(x,1,y) = Gy(y, x,y) < s(Gp(y, x,x) + Gy(x,x,y)) = 25Gy(y, x, x).
(4) By (Gp4), (G5) and (G3), we get that
Gu(x,9,2) < 5(Gy(x,0,8) + Go(a,3,2)) < 5(Gp(a,%,2) + Gy(a,1,2)),
when x #z. O
Definition 8 ([8]). A Gy-metric Gy, is said to be symmetric if Gy(x,x,y) = Gyp(x,y,y) forall x,y € X.
Remark 1. From Example 3, it follows that G, = (G (x,y,2))" , p > 1is symmetricif G (x,vy, z) is symmetric.

Definition 9 ([8]). Let (X, G,) be a Gy-metric space, then for xg € X, r > 0, the Gy-ball with center xo and
radius r is

BGb(xo,r) ={y € X:Gy(xo,y,y) <r}.

Aghajani et al. [8] proved that every G,-metric space is topologically equivalent to a b-metric
space. This allows us to readily transport many concepts and results from b-metric spaces into
Gp-metric spaces.

Definition 10 ([8]). Let X be a G,-metric space. A sequence {x, } in X is said to be

(1)  Gp-Cauchy sequence if, for each € > 0, there exists a positive integer ngy such that, for all m,n,1 > ny,
Gp(xn, Xm, x;) < & and

(2)  Gy-convergent to a point x € X if, for each ¢ > 0, there exists a positive integer ng such that, for all
m,n > ngy, Gy(xy, X, x) < €.

Using above definitions, we prove the following two significant propositions.
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Proposition 2. Let (X, Gy) be a Gy-metric space. Then, the following are equivalent:

(1)  the sequence {xy} is Gp-Cauchy; and
(2)  forany e > 0, there exists ng € N such that Gy (X, Xm, Xm) < €, for all m,n > ny.

Proof. (1) = (2). In (1) of Definition 10, we take [ = m.
(2) = (1). Lete > 0 and &1 = 5. By (2), there exists ng € N such that G, (xu, X, X)) < €1, for all
m,n > ng. By (Gp5),

Gb(xnr X, xl) < S(Gb (xn/ Xim, xm) + Gb(xm/ Xm, xl)) < 2sg1 <S¢,
forall m,n,l > ng. O

Proposition 3. Let (X, Gy) be a Gy-metric space. Then, the following are equivalent:

(i) {xn} is Gy-convergent to x;
(ii) Gy (X, Xp, x) — 0as n — +o0; and
(iii) Gy (x,x,x) — 0as n — +oo.

Proof. (i) = (ii). In (ii) of Definition 10, we take m = n.
(ii) = (iii). Let e > 0 and &1 = 5. By (ii), there exists 1y € N such that Gj,(x,,, x, x) < €1, for all
n > nyp. Then, by (3) of Proposition 1, we have

Gp(xn, x,x) < 25Gp(x, x4, xy) < 2561 < ¢,

for all m,n > ny.
(iii) = (i). Lete > 0 and &; = ;. By (iii), there exists ny € N such that G, (x4, x,x) < €, for all
n > ng. By (Gp5), we get

Gy (xn, Xm, x) < s(Gp(xn, %, %) + Gp(x, X, %)) < 281 < ¢,
forallm,n > ng. O

Definition 11 ([8]). A Gy-metric space X is called Gy-complete if every G,-Cauchy sequence is Gy-convergent
in X.

Proposition 4 ([8]). Let (X, Gy) be a Gy-metric space. Then, the function given as dg, (x,y) = Gp(x,y,y) +
Gy(x,x,y), defines a b—metric on X. We call it a b-metric induced by the Gy-metric Gy.

Proof. Let us prove that conditions of Definition 2 are fulfilled for dg, (x,y).
(b1) If dg, (x,y) = 0 then Gy(x, x,y) = 0 and by (1) of Proposition 1, it follows that x = y.
If x = y, then (by (G,1)) Gy(x,x,y) = Gp(x,y,y) = 0and dg, (x,y) = 0.
(b2) Property (G,4) implies that

dg,(x,y) = Gp(x,y,y) + Gp(x,x,y) = Gyp(y, x,x) + Gy (y,y, x) = dg, (y, x).
(b3) By (Gp5), it follows that
dg,(x,2z) = Gp(x,2,2) + Gy(x, x,2) <s(Gy(x,y,y) + Gp(y,2,2)) +5(Gp(z,y,y)+

Gp(y,x,x))
s(Go(x, 1, y) + Gu(x,x,y)) +5(Gp(y, 2,2) + G (y,y,2)) = s(dg, (x,y) +dg, (v, 2))-
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Theorem 1 ([8], Theorem 2.1). Let (X, <) be a partially ordered set. Suppose that there exists a symmetric
Gy-metric on X such that (X, G) is a complete Gy-metric space. In addition, let f,g,h,S,T,R : X — X satisfy
the following

Y(25*G(fx, gy, hz)) < p(Ms(x,y,2)) — ¢(Ms(x,y,2)) 1)

for all comparable elements x,y,z € X, where ¢,¢ : [0,00) — [0,00) are such that ¢ is continuous,
nondecreasing and ¢ is lower semi-continuous with ¢ (t) = ¢(t) = 0 ifand only if t = 0, and

M;(x,y,z) = max{G(Rx, Ty, Sz), G(Rx, Ty, gy), G(Ty, Sz, hz), G(Sz, Rx, fx),

G(fx,Rx,gy) + G(fx, Sz, hz) + G(gy, Ty, hz) }
3s ’
If f, g and h are dominated, then S, T and R are also dominating with fX C TX,gX C SXand hX C RX,
and for a nonincreasing sequence {xy } such that y, =< x, for each n and y,, — u, then u < x,, and

(a) oneof fX,gX or hX is a closed subset of X; and

(b)  the pairs (f,R), (g, T) and (h,S) are weakly compatible. Then, f,g,h,S, T and R have a common fixed
point in X. Moreover, the set of common fixed points of f,g,h,S, T and R is well ordered if and only if
f,8,h,S, T and R have one and only one common fixed point.

Theorem 2 ([42]). Let (X, G) be a complete symmetric Gy-metric space with parameter s > 1 and let the
mappings S, T, R : X*> — X satisfy

G(S(x, ), T(u,0), R(a, b)) < ay 14 : G(y,v,b) "

G(S(x,y),T(u,v),R(a,b))G(x,u,a) o G(S(x,y),T(u,v),R(a,b))G(y,v,b)
1+ G(x,u,a) +G(y,v,b) > 1+ G(x,u,a) +G(y,v,b)
. G(x,x,S(x,y))G(x,u,a) . G(x,x,S(x,y))G(y,0v,b)
T+ Gxua)+G(y,0b)  "1+G(x,ua)+ G(y,0,b)
G(u,u, T(u,v))G(x,u,a) . G(u,u,T(u,v))G(y,v,b)
61+G(x,u,a)+G(y,v,b) 71+G(x,u,a)+G(y,v,b)
G(a,a,R(a,b))G(x,u,a) . G(a,a,R(a,b))G(y,v,b)
81—|—G(x,u,a)—|—G(y,v,b) 91—|—G(x,u,a)—|—G(y,v,b)'

forall x,y,u,v,a,b € Xand ay,...,a9 > 0such that a1 + ay + a3 +2(ag + a5) + ag + ay + ag + a9 < 1.
Then, S, T and R have a unique common coupled fixed point in X.

+as

+a

+a

Lemma 1 ([56]). Every sequence {x,},en of elements in a b-metric space (X,d) with a real coefficient
s > 1, satisfying

d(anrlr xﬂ) < 'Yd(xﬂ/ xnfl)l

for every n € N, where y € [0,1), is Cauchy.

2. Main Results

Using Lemma 1, we have the following result.
Lemma 2. Let (X, Gy) be a Gy-metric space (with a coefficient s > 1) and {x, } be a sequence such that
Gb(xn/ xn+1/ xn+1) + Gb(xi’l/ xn/ xn+1) S /\(Gb (xn—lz xn/ x}’l) J’_ Gb(xl’l—ll x}’l—ll xn))/ (3)

foralln € N, where A € [0,1) is a Lipschitz type constant. Then, {x,} is G,-Cauchy.
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Proof. The condition in Equation (3), together with Proposition 4, implies that

G, (Xn+1,Xn) < Mg, (Xn, Xn-1), 4)

for every n € N. By Lemma 1, it follows that {x, },cn is a Cauchy sequence in the b-metric space
(X,dg,). Since (X, dg,) and (X, G;,) are topologically equivalent, we have that {x;, },cn is also Cauchy
in (X,Gy). O

In the sequel, we improve and generalize some already announced results (see ([57], Lemma 3.1.
and Theorem 3.21.)). Namely, we have the following result.

Lemma 3. Let {x,} be a sequence in a G,-metric space (X, Gy, s > 1) such that
Gb (x'rl+l/ Xn+2, xn+2) S AGb (xi’l/ Xn+1s xn+1) ’ (5)
where A € [0,1) and n = 1,2,.... Then, {xy,} is a Gy-Cauchy sequence.

Proof. The case that s = 1 is standard. Otherwise, takes > 1. If A € [0, %), the proof is the same as
in [57] (pp. 663, 664). Therefore, let A € [%, 1). Firstly, define the self mapping T on X as Tx;, = x,,41 for
n=12...and Tx =zifx ¢ {xn};ﬁi where z € X is an arbitrary point. Now, Equation (5) becomes

Gy (Txn, Txpi1, Txpi1) < AGy (Xn, Xp41, Xny1), 1 =1,2,.... (6)
Further, we have that A" — 0 as n — oo. Then, there is 1y € N such that A"0 < %, that is,
Gy (T"xn, T xp 41, T xp11) < AGy (Xn, Xpg1, Xng1) - 7)

Thus, in the case A € [0, %), Equation (7) shows that

{Tn0+nx1}:z = {xn0+1/ xn0+21 s Xngtng .- }

is a Gy-Cauchy sequence.
Since

{xn}:zi = {xll X2, . /xno} U {xn0+1/ Xng+2s -+ s Xng+ns- -+ } ’

we get that the sequence {x,} is G,-Cauchy. O

Remark 2. The previous lemma generalizes ([57], Lemma 3.1.) and it can be compared with ([56], Lemma 2.2.).
In addition, it is true if we replace Equation (5) by

Gb (xn+lrxn+1r xn+2) < /\Gb (xn/ Xn, x?H»l) , ne Nr A€ [011) (8)

In ([58], Theorem 3.3.) and ([23], Theorem 12.2.), the analog of Banach contraction principle, which
is,
1
d(fx, fy) < Ad(x,y), x,y € X,0< A < >
is used to prove the following fixed point theorems in G,-metric spaces.
In the following result, we extend ([58], Theorem 3.3.) and ([23], Theorem 12.2.) by considering
A €0,1)instead of A € [0, 1).

Theorem 3. Let (X, Gy, s > 1) be a Gy-complete G,-metric space. Suppose the mapping T : X — X satisfies

Gy (Tx, Ty, Tz) < AGy (x,y,2), )
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forall x,y,z € X, where A € [0,1) is a given constant. Then, T has a unique fixed point (say u) in X and, for
x € X, the Picard sequence {T"x} % converges to u.
Proof. The condition in Equation (9) immediately implies

Gy (Tx, Tx, Tz) < AGy (%, x,2)

and
Gy (Tx,Tz,Tz) < AGy (x,2,2) .

A summation of the two last inequalities yields that
dg, (Tx, Tz) < Adg, (x,z),

forall x,z € X.
The result further follows according to ([23], Theorem 12.2.). [

Remark 3. The relation in Equation (9) is in fact the Banach contraction principle in the context of G,-metric
spaces.

(Ref. [11], Corollary 2.8.) treated a Boyd-Wong type result in complete b—rectangular metric
spaces with coefficient s > 1. The following condition was used:

sd(fx, fy) < ¢(d(x,y)), x,y € X,

where ¢ : [0,00) — [0, 00) is upper semi-continuous from the right, ¢(0) = 0 and ¢(t) < t for each
t > 0. The related result in G,-metric spaces is

Theorem 4. Let (X, Gy) be a Gy-complete Gy-metric space with coefficient s > 1and f : X — X. If
sGy(fx, fy, f2) < ¢(Gp(x,,2)) (10)
for every x,y,z € X, where ¢ is described above, then there exists a unique fixed point of f.

Proof. Since ¢(t) < t and s > 1, the condition in Equation (9) directly follows from Equation (10). O

The Meir-Keeler type theorem in complete b—rectangular metric spaces with coefficient s > 1is
studied in ([59], Theorem 2.1.). It is assumed that, for each ¢ > 0, there exists § > 0 such that

e <d(x,y) < e+ implies sd(fx, fy) < e.
The related Meir-Keeler result in G;-metric spaces is
Theorem 5. Let (X, Gy) be a Gy-complete Gy-metric space and f : X — X. If
e < Gy(x,y,z) <e+6 implies sGy(fx, fy, fz) <e, (11)
forall x,y € Xand s > 1, then there exists a unique fixed point of f.
Proof. By Equation (11), we have
sGp(fx, fy, fz) <e < Gy(x,y,2), x,y,z € X,

and the condition in Equation (9) is fulfilled. O
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(Ref. [11], Corollary 2.2.) was a Geraghty type result in complete b-metric spaces with coefficient
s > 1. It was supposed that the function f : X — X satisfies the following condition:

d(fx, fy) < Bld(x,y))d(x,y),
for all x,y € X, where 8 : [0,00) — [0, %) is such that
li t _ 1 li lim t, =0 12
ngroloﬁ(n)fg implies  lim ¢, = 0. (12)

The related Geraghty type result in G,-metric spaces is

Theorem 6. Let (X, Gy) be a Gy-complete Gy-metric space with coefficient s > 1and f : X — X. Given
B :[0,00) — [0, 1) satisfying Equation (12). If

Gy (fx, fy, fz) < B(Gy(x,,2))Go(x, Y, 2), (13)
forall x,y,z € X, then there exists a unique fixed point of f.

Proof. Using B(t) < % and Equation (13), we get the condition in Equation (9), that is,

1
Gp(fx, fy, fz) < ng(x,y,Z), x,y,z € X.
0

The following theorem is a Hardy—Rogers type result in the context of G,-metric spaces. In a
b-metric space, this type of contraction is studied in ([19], Theorem 2.7) as follows:

1
d(fx,gy) < 5 (ad(Sx, Ty) + axd(fx, Ty) + asd(Sx, gy) + asd(fx, 5x) + asd(gy, Ty)),

where a; +aay + fazs+as+as5 <landa 4+ =2.
The related Hardy—Rogers type fixed point result in G,-metric spaces is

Theorem 7. Let (X, Gy) be a Gy-complete Gy-metric space with coefficient s > 1 and f : X — X. Let
x,Y,z € X be such that

Gy(fx, fy, fz) < mGy(x,y,2) + a2Gy(x, fx, fx) + a3Gp(y, fy, fy) + asGy(z, fz, fz) (14)
+asGy (%, fy, fy) + acGy(y, f2, f2) + a7Gy (2, fx, fx),

where ay + ap + a3 + ag + 2sas + ag +ay < 1, s(az + as + as + ag) < 1. Then, there exists a unique fixed
point of f.

Proof. For an arbitrary xy € X, define a sequence {x, } in X by x, = fx,_1 = f"xp foralln > 1. Let
x = x,_1 and y = z = x,,. By Equation (14), forn € N,

Gp(xn, Xp+1, Xp41) < a1Gy(Xp—1, Xn, Xn) + a2Gp (X1, Xn, Xn) + a3Gp (X, X1, Xyt1)

+a3Gp(Xn, Xp1, Xpt1) + 05Gp (Xn—1, Xp1, Xng1) + 846Gy (Xn, Xp1, Xn1) + a7Gp (X, Xn, Xn)
< (a1 +a2)Gy(xp—1, Xn, Xn) + (a3 + ag + a6) Gy (Xn, Xn 41, Xn11)

+Sa5(Gb(xn71/ Xn, xt’l) + Gb(xn/ Xn+1s xn+l))-
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Now, we have

ay + ap + sas
Gy (%n, Xnt1, Xp11) <

G — 17 7 7 N' 15
e G X ), m € (15)

The condition in Equation (5) is satisfied if a; + a + a3 + a4 + 2sa5 + ag < 1.
Thus, {x,} is Gy-convergent to some x € X. Note that

Gp(x, fx, fx) < s(Gp(x,xn,xn) + Gp(xn, fx, fx)),n € N.
By Equation (14), forn € N,
Gp(xn, fx, fx) < a1Gy(x—1,%,%) + a2Gp(Xp—1, Xn, Xn) + a3Gy(x, fx, fx) + asGy(x, fx, fx)

+5a5(Gp(Xn—1, Xn, Xn) + Gp(xXn, fx, fx)) + a6Gp(x, fx, fx) + a7Gp(x, X5, X1).
Taking n — oo in the last relations, we get

as + ay + ag

<
Golivn, £, f) < B

Gy (x, fx, fx)

and
as + ayg + ag

1—
( ° 1 — sas

)Gy (x, fx, fx) <O0.

By condition s(a3 + ag + a5 + a¢) < 1, it follows that fx = x.
Let z € X such that fz = z. By Equation (14),

Gp(fx, fz, fx) < a1Gy(x,z,x) +a2Gy(x, fx, fx) +a3Gy(z, fz, fz) + asGy(x, fx, fx) + a5Gy(x, fz, fz)

+sas(Gy(z, x,x) + Gp(x,x,2)) +a6Gy (2, fx, fx) + a7Gp(x, fx, fx).
Now,
(1 —a1 —2sa5 — a6)Gp(x, x,2) < 0

and by assumption of theorem, it follows that G, (x, x,z) =0,ie,x =z. O

In ([60], Theorem 2.4), a Kannan type contraction in rectangular b-metric space with s > 1, is
studied. Here,

d(fx, fy) < a(d(x, fx) +d(y, fy)),
1

forallx,y € Xand a € [0, m] The same condition as a € [0, %) is used in ([61], Theorem 2), where a
fixed point result in complete b-metric spaces is presented.
The Chatterjea type contraction defined as

d(Tx, Ty) < A(d(x,Ty) +d(y, Tx)), x,y € X, sA € [0, %],

is treated in ([61], Theorem 3) and a fixed point result in complete b-metric spaces is presented.
A fixed point theorem of Reich type contraction:

d(fx, fy) <ad(x, fx) +bd(y,dy) +cd(x,y), x,y € X, a+s(b+c) <1,

in complete b-metric spaces (with s > 1) was studied in ([62], Theorem 3.2).
The related Kannnan, Chatterjea and Reich type fixed point result in G,-metric spaces are just
corollaries of Theorem 7.
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Corollary 1. Let (X, Gy, s > 1) be a Gy-complete Gy-metric space and f : X — X. Suppose there exists

1
0 S A< m such that

Gy (fx, fy, f2) < MGo(x, fx, fx) + Gy (y, fy, fy) + Go(2, f2, f2)), (16)

forall x,y,z € X. Then, there exists a unique fixed point of f.
Proof. The assertion follows if we take a1 = a5 = ag = ay = 0 and ap = a3 = a4 = Ain Theorem 7. [

Corollary 2. Let (X, Gy, s > 1) be a Gy-complete Gy-metric space and f : X — X. Suppose there exists
0 <A < g5k such that

Gy (fx, fy, f2) < MGo(x, fy, fy) + Guy, f2, f2) + Gy (2, fx, fx)), (17)

forall x,y,z € X. Then, there exists a unique fixed point of f.

Proof. If we take a5 = ag¢ = a; = A and a1 = ap = a3 = a4, = 0 in Theorem 7, we obtain the condition
in Equation (17) for 0 < A < %Jrz Moreover, the estimate in Equation (15) holds if 0 < A < ﬁ O

Corollary 3. Let (X, Gy) be a Gy-complete Gy-metric space with coefficient s > 1 and f : X — X. Let
x,Y,z € X be such that

Gy (fx, fy, f2) < mGp(x,y,2) + @Gy (x, fx, fx) + a3Gu(y, fy, fy) + asGo (2, f2, f2),  (18)
where a1 + ay + a3 + ag < 1 and s(ay + az) < 1. Then, there exists a unique fixed point of f.
Proof. Takeay = a, = a3 =a4 = Aand a5 = a4 = ay = 0in Theorem 7. O

The Ciri¢ type contraction (quasi-contraction) in b-metric spaces given as
d(Tx,Ty) < gmax{d(x,y),d(x,Tx),d(y, Ty),d(x, Ty),d(y, Tx)}, x,y € X,

where g < Szlﬁ, was treated in ([10], Corollary 2.4). The related Ciri¢ type fixed point result in

Gp-metric spaces is

Theorem 8. Let (X, Gy) be a Gy-complete Gy,-metric space with coefficient s > 1 and f : X — X. If there
exists 0 < A < % such that

Gp(fx, fy, fz) < Amax{Gy(x,y,2), Gy(x, fx, fx), Gp(y, fy, fy),

Gu(2 f2,f2), Go(x, fy, fy), Go (Y, f2, f2), G (2, fx, fx)}, (19)
forall x,y,z € X. Then, there exists a unique fixed point of f.

Proof. For xy € X, take x, = fx,_1 = f"xp. Putting x = x,,_1 and y = z = x; in Equation (19), we
have
Gb(xnr Xn41s anrl) < )Lmax{Gh(xn,l, Xn, xﬂ)/ Gb (xnfll Xn, xn)/ Gb(xn/ Xn41s xn+1)/

Gy (xXn, Xn41, Xn11), Go(Xn—1, Xn 1, Xn11), Go (X, X, Xn) }
S A maX{Gb(xn—l/ Xn, xn)/ Gb(xl’l/ Xn+1s xn+1)/ S(Gh<xn—1/ Xn, xn) + Gb(xl’l/ Xn+1s xn+1))}

= S(Gb(xnfl/ Xn, le) + Gb (x?’l/ Xn+1s xn+l))/
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that is,
As

mGh(xn_l,xn,xn), n € N.

Gp (X, Xpg1, Xng1) <

Thus, the condition in Equation (5) holds if 0 < A < 2% and {x,} is G;-Cauchy sequence (in the
Gy-complete Gy-metric space (X, Gp)).
Let x € X be such that {x, } is G,-convergent to x. By Equation (19), it follows that

Gy (xn, fx, fx) < Amax{Gy(x,_1,%,x), Gp(x_1, Xn, xn), Gp(x, fx, fx), Gp(x, fx, fx),

s(Gp(xn—1,%n, %) + Gp(xn, X, f)), Gy (x, fx, fx), Gy (%, Xu, xn) }
= Amax{Gy(x, fx, fx),sGy(xn, fx, fx)}.

Letting n — oo implies that Gy (x, fx, fx) < AsGy(x, fx, fx). Since sA < 1, the above inequality
holds unless Gy (x, fx, fx) = 0,s0 x = fx.

For the uniqueness of the fixed point of f, let z € X be such that fz = z. Using Equation (19), we
have

Gp(fx, fx, fz) < Amax{Gy(x,x,2), Gy(x, fx, fx), Gp(x, fx, fx), Gy (2, fz, f2),
Gp(x, fx, fx),25Gy(x,x,2),Gp(z, fx, fx)}.

Then,
(1 —2As)Gy(x,x,2) <0.

Since A < %, again the above holds unless G (x, x,z) = 0, thus we have that x = z. [

In addition, we observe a Bianchini [63] type contraction:

d(fx, fy) < Amax{d(x, fx),d(y, fy)}, 0< A < 1.

The related Bianchini type fixed point result in G,-metric spaces is a consequence of Theorem 8.

Corollary 4. Let (X, Gy) be a Gy-complete Gy-metric space with coefficient s > 1, f : X — X. If there exists
0<AK %such that

Gp(fx, fy, f2) < Amax{Gy(x, fx, fx), Gy (y, fy, fy), Gy (2, f2, f2)}, (20)

forall x,y,z € X. Then, there exists a unique fixed point of f.

Proof. For xg € X, take x, = fx,_1 = f"x9. Note that the condition in Equation (20) implies the

condition in Equation (19). By Theorem 8, there is a unique fixed point of f in the case that 0 < A < 21—5

In the sequel, we will show that this last interval for A could be expanded to [0, %)
Let x = x,_1 and y = z = x,,. By Equation (20), we have

Gy (X, Xpg1, Xng1) < Amax{Gp(xn—1, Xn, Xn), Gp (X, Xus1, Xu11), Gp(Xn, Xng1, Xn41)}, (21)
forall n € N.If for some 1, Gy(x,,—1, Xn, Xn) < Gp(Xn, X+1, Xy+1), then by Equation (21), it follows that
(1= A)Gp(xn, Xps1, Xp41) <0,

ie., Gy(xn, xp11,%p01) = 0. Thus, Gy(xy_1,xn,%4) > Gp(Xn, Xy41,Xn41), 1 € N. The relation in
Equation (21) corresponds to the condition (5).

Therefore, {x,} is G,-convergent to some x € X. By the condition in Equation (20), for n € N, it
follows that

Gy (x, fx, fx) < s(Gp(x, xn, Xu) + Gp(xn, fX, fx))
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< sGy(x, X, X)) + sAmax{Gy(x,,_1, Xn, Xn), Gp(x, fx, fx), Gp(x, fx, fx)}.

Since Gy (x, Xy, x) — 0and Gy(x,_1, Xy, x4) — 0 as n — oo, we obtain that
(1 —5A)Gy(x, fx, fx) <0.

This holds unless Gy (x, fx, fx) = 0, thus fx = x.
Let z € X be another fixed point of f. Using Equation (20), we get

Gy(fx, fx, fz) < Amax{Gy(x, fx, fx), Gy(x, fx, fx), Gy(2, fz, fz)} =0
and thusx =z. O

Further, some improvements of Theorem 1 are given, where instead of the condition in
Equation (1), it is supposed that

252+

25"Gy (fx, 8y, hz) < Ms (x,y,2z), s > 1, a > log, —5 (22)

for all x,y,z € X. Moreover, the assumption that G is a symmetric G,-metric is omitted.
Many parts of the proof of Theorem 1 are the same as in [8], thus only its modification is presented.
In the first part of the proof, it is supposed that Gz, < G3,,41. By Equation (22), we have that

a J—
25"Gaps1 = 25°G(Y3nt1, Y3n+2, Y3n+3) < Ms(X3443, X3n+1, ¥3n42) = Gany1

and so Gz, 41 = 0, because of 4,5 > 1. Using the same arguments, we get that G, =0,n € N or {G,, }
is decreasing. Hence, lgn G, =0.
n—,oo

Now, we present a new proof that {y, } is a G,-Cauchy sequence. Since

25"G(Y3n+1, Yan+1, Yant2) < 25°G(Y3n+1, Y3n+2, Y3n+3)

= 25"Gany1 < Gan = G(Y3n, Y3u+1,Yan+2)
< s(G(sn Yan+1,Yan+1) + G(Yan+1, Yan+1,Yan+2))
< 5(25G(Y3n, Yan, Yan+1) + G(Y3n+1,Yan+1,Y3n+2)), n € N,
we get

252
C(Yan+1,Yans1, Yan+2) < 55— G(Yan Yan Yan+1), n € N. (23)

If we take a > log, 2522+s, the condition in Equation (8) is fulfilled and by Lemma 3, and it follows

that {y, } is a G,—Cauchy sequence.
By the arguments presented in modified proof of Theorem 1, we can improve Condition (2.1)
in ([52], Theorem 2.1) as follows.

Theorem 9. Let (X, G) be a complete Gy-metric space and let A, B, C : X — X satisfy the following condition:
s"G(Ax,By,Cz) < M(x,y,z), xy,z€ X,
wheres > 1, a > logs(2s* + s) and

M(x,y,z) = max{G(x,y,z),G(x, Ax, By), G(y, By,Cz), G(z,Cz, Ax) }.
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3. Coupled and Tripled Coincidence Point Results

Definition 12 ([64]). Let X be a non-empty set, F : X> — X and ¢ : X — X. An element (x,y) € X% is
called a coupled coincidence point of F and g if

F(x,y)=gx and F(y,x) =gy,

while (gx,gy) € X? is called a coupled point of coincidence of mappings F and g. Moreover, (x,y) is called a
coupled common fixed point of F and g if

F(x,y) =gx=x and F(y,x)=gy=y.

Remark 4. Otherwise, (x,y) is a coupled coincidence point of F and g if and only if (x,y) is a coincidence
point of the mappings Tr : X*> — X and Tq : X*> — X2, which are defined by

Te (x,y) = (F(x,y), F (v, %)), T (x,y) = (gx,8Y) -

The following new result is useful in the context of G,-metric spaces and its proof is immediate.

Lemma 4. Let (X, Gy) be a symmetric Gy-metric space. Define Gy, : (Xz)3 — [0, 400) and Gpmax :
(x2) = [0, +00) by
Gp+ ((x,y), (u,v),(a,b)) = Gp (x,u,a) + Gy (y,0,b)

and
Gpmax ((x,¥), (1,0),(a,b)) = max{Gy (x,u,a), Gy (y,0,b)} .

Then, (X2, Gpy.) and (X2, Gymax) are symmetric Gy-metric spaces.

The following example shows that the previous lemma is not true if (X, G;) is not a symmetric
Gp-metric space.

Example 5. Let X = {a,b} with a # b. Define

G (a,a,a) G(b,b,b) =0
G(a,a,b) = 1,G(abb) =2,

and extend G to X3 by using the symmetry in the variables. (X, G) is an asymmetric G-metric space (indeed,
G(a,a,b) # G(a,b,D)).

Now, using ([8], Example 1.2) with p =3 and s =231 =4, G, : X3 — [0, ) is given as

Gy(a,a,a) = Gg(b,b,b)=0

Gy(a,a,b) = 1°=1,G4(a,bb)=2°=8.
Hence, (X, G4) is a G4-metric space (it is asymmetric).
It is easy to see that (X2, Gy ), i.e., (X2, Gamax) is not a G,-metric space.

Now, we are ready to state and prove our first result.

Theorem 10. Let (X, Gy) be a complete Gy,-metric space, F : X?> — X and g : X — X. Assume that there
exists k € (0,1) such that for all x,y,u,v,a,b € X,

Gy (T (x,y), T (u,0),T(ab)) <

N =

(Gp (gx,gu, 8a) + Gy, (gy,8v,8b)) - (24)
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Then, F and g have a unique coupled coincidence point.

Proof. Putting u = a and v = b into Equation (24), we have
k
G (T(x,y), T(a,b),T(ab)) <5 (GCp(gx 8a,8a) + G (gy,8b,8b) ) (25)
Putting again u = x and v = y into Equation (24), we have

Gy (T(x,y),T(x,y),T(ab)) < (Gp(gx,8x,8a) + Gy (8y,8Y,8Y)) - (26)

N =

Adding Equation (25) to Equation (26) and using Definition 1.17, we get

dg, (T (x,y),T (a,b)) < 5 (dg, (g%, 8a) +dg, (v, 8b)) - (27)

N =

Clearly, Equation (27) implies that

dg, (T (x,y), T (a,b)) +dg, (T (y,x), T (b,a)) <k (dg, (gx,g4) + dg, (8y,8D)) ,

or equivalently
de,+ (Te (U), Tr (A)) < kdg,+ (T (U), Tg (A)) (28)
forallU = (x,y) and A = (a,b).

Since Equation (28) corresponds to the Banach contraction condition in the context of b-metric
spaces (see, for example, [23]), we obtain that the mappings Tr and T; have a unique point
of coincidence (t,w) € X, thatis, Tr (t,w) = T, (t, w). We deduce that (F(t,w),F (w,t)) =
(¢(t),g(w)),ie,F(t,w)=g(t)and F (w,t) = g (w).

At the end, we give a remark related to Theorem 2.

It is easy to see that contractive condition in Equation (2) can be relaxed, and Theorem 2 should
be generalized as follows:

Theorem 11. Let (X, G,) be a complete Gy,-metric space with parameter s > landlet S, T,R : X> — X satisfy

G(S(x,y), T(1,0),R(a,b)) < by S er CWob) |1 G(x,x,5(x,y))

+ b3G(u,u, T(u,v)) + bsG(a,a,R(a,b)),

forall x,y,u,v,a,b € Xand by + by + b3 + by < ﬁ. Then, S, T and R have a unique common coupled fixed
point in X2.

By the usual method, for n € N, we get

Gyt ((ng1, Ynv1), (Xnv2,Ynr2), (Xn13,Yns3)) < hGpy ((Xn,Yn), (Xns1,Ynr1), (Xut2,Ynt2)),

where h = by + by + b3 + by < ﬁ. The next step is to show that {x, } ,cn is a Cauchy sequence. Thus,

Go ((Xn41, Ynt1)s (K42, Yns2), (Xnt2, Yng2) < WGH ((xn,Yn)s (X1, Yni)s (Xnt1, Yng))-
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Since h < 4. -, it follows that 13’;’252 < 1 and using Lemma 3, we have that {x,} is a Cauchy
sequence. Now, we show that (x,y) = (S(x,y), S(y, x)). Suppose the contrary. For n € N, we have

Gyt ((x, ), (S(x,y), S(y, %)), (S(x,¥),5(y, x)))

%), (Y41, Y1), (Xnt1, Yna1)) + Gor (X1, Yar1), (S(x,y), S(y, X)), (S(x,y), S(y,x))))
,Y), (Xn,Yn), (Xn, yn)) + 01Gp1 ((xn, yn), (x,y), (x, )

Xn,Yn), (Xn,Yn), (Xus1,Yns1)) + 03Gpi ((x,y), (x,y), (S(x,¥),S(y, x)))

xy), (x,y),(S(x,y),5(y, x))).

Letting n — co, we have

+ + IANIA
= v »
N
Q
=
+/\/-\

0 < Gor (2, y), (S(x,¥), 5(y, %)), (S(x,¥), 5(y, x))) < (b3 + ba) Gy ((x, ), (x,9), (S(x,y), S(y, x)))
< 25(b3 + ba) Gy (%), (S(x,y), S(y, x)), (S(x,y),S(y, x)))
< G ((xy), (S(x,y), S(y, %)), (S(x,y), S(y, x)))-

Since b3 + by < %, we get a contradiction.

Definition 13 ([65,66]). Let X be a non-empty set, F : X3 — X and g : X — X be two mappings. An element
(x,y,2) € X3 is called a tripled coincidence point of F and g if

F(x,y,z)=gx, F(yx,y)=gy and F(zyx) =gz

while (gx, gy, gy) € X2 is called a tripled point of coincidence of mappings F and g. Moreover, (x,y,z) is called
a tripled fixed point of F and g if

F(xy,z)=gx=x, F(yx,y)=gy=y and F(z,y,x)=gz=z.

Remark 5. It is clear that (x,y, z) is a tripled coincidence point of F and g if and only if (x,y, z) is a coincidence
point for the mappings Tr : X3 — X3 and Ty : X3 — X3, which are defined by

Tr (x,y,z) = (F(x,¥,2),F(y,x,y), F (z,y,x)) and Tg (x,y,2) = (gx,8Y,82) -

Similar to Theorem 10, we state the following triple fixed point theorem relating to the Banach
contraction mapping theorem in G,-metric spaces. We omit its proof.

Theorem 12. Let (X, Gy) be a complete Gy-metric space, T : X> — X and ¢ : X — X. Assume that there
exists k € (0,1) such that for all x,y,z,u,v,w,a,b,c € X, we have

Gy(T(x,y,2), T(u,0,w), T(a,b,¢)) < 3(Gp(8x, 8y, 82) + Gu(gu, gv, gw) + Gu (g4, 8b, g¢)),

UJ\N‘

Then, T and g have a unique tripled coincidence point.

4. Conclusions and Perspectives

We considered various fixed point results in the context of G, —metric spaces. Taking inspiration
from [67,68], it would be interesting to investigate convex contraction mapping theorems in the class
of G, —metric spaces.
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