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Abstract: The article is devoted to infinitesimal transformations. We have obtained that LCK-manifolds
do not admit nontrivial infinitesimal projective transformations. Then we study infinitesimal
conformal transformations of LCK-manifolds. We have found the expression for the Lie derivative of
a Lee form. We have also obtained the system of partial differential equations for the transformations,
and explored its integrability conditions. Hence we have got the necessary and sufficient conditions
in order that the an LCK-manifold admits a group of conformal motions. We have also calculated
the number of parameters which the group depends on. We have proved that a group of
conformal motions admitted by an LCK-manifold is isomorphic to a homothetic group admitted by
corresponding Kéahlerian metric. We also established that an isometric group of an LCK-manifold is
isomorphic to some subgroup of the homothetic group of the coresponding local Kédhlerian metric.
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1. Introduction

Kéhlerian manifolds, because of their properties, have been used for modeling of physical
processes for a long time, for instance in supersymmetric theories [1], in string theories (e.g., [2], p. 411).
A manifold is called locally conformal Kahler manifold (for brevity, LCK-manifolds) if its metric
is conformal to some local Kahlerian metric in the neighborhood of each point of the manifold.
On the other hand, one knows that conformal mappings preserve the Petrov type of a manifold [3].
The LCK-manifolds are also used for physical modeling. For instance, in [4] authors offered
a’Kaluza-Klein model with spontaneous compactification, using a generalized Hopf manifold.
Also, researchers use locally conformally Calabi-Yau manifolds to build M-theory models.
According to [5] a locally conformally Calabi-Yau manifold is an LCK-manifold with a Ricci-flat
metric. For example an eight-dimensional Hopf manifold admits a Ricci-flat metric, hence it may
be used in a model of eleven-dimensional Supergravity.

The objects under consideration in the article are the LCK-manifolds for which
dim(M) = n = 2m > 2. LCK-manifolds were explored by [6-8]. The book [9] is also worth noting
as one of the most distinguished in this area. Infinitesimal conformal transformations were
explored in [10,11]. Infinitesimal conformal transformations of complex manifolds were studied
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by Yano [12]. Transformations of LCK-manifolds were explored in [13]. The main goal of the article
is also to explore transformations of LCK-manifolds.

2. Locally Conformal Kidhler Manifolds

A Hermitian manifold (M?™", ], ¢) is called a locally conformal Kihler manifold (LCK-manifold) if there
is an open cover U = { Ua} of M?" and a family {0y }pca of C® functions o, : Uy — R so that
each local metric

aEA

— 6720”‘

glx g|u:x

is Kdhlerian. An LCK-manifold is endowed with some form w, called the Lee form, which can
be calculated as [14]

1 2 B
w = m&QO] or (,Ul = —mlg,a]l ’ (1)

The form should be closed:
dw = 0.

One can compute covariant derivative of an almost complex structure with respect
to the Levi-Civita connection of (M?™, ], ¢) using the formula

1
]llf] = 5(5;(];‘%("]1’4 - kIl] ]sz + ]txw gz]) 2)

Here and below, we denote by comma covariant differentiation with respect to the Levi-Civita
connection of (M", ], Q).

3. Infinitesimal Transformations of Manifolds

Definition 1. Transformation of a manifold M"
="+ e@h(xl,xz, s X, (3)

is called infinitesimal transformation of a manifold M". Vector C(xl,xz,...,x”) is often referred
to as a generator of transformation. An arbitrary small parameter € is independent on x'.

iy

The Lie derivative of a tensor of type (p,q) T, " with respect to a vector field { may be calculated

J1ejq
by using the formula ([15], p. 196):
f1-ip 11 ip s i1.ip k i1..1p 2k 112 ip iy it ip
'C@'Th g ]1]5§+T]2 ]qg t- +T Clq ]1 JqC . ]1 qu @)
In particular, for a metric tensor g;; we get
Legii = Cij +Gj,i ®)

If a manifold M" is transformed then indices of the metric tensor g of the transformed M is
?i]- = gij + hz‘jez (6)

where hjj = Lzgi; = ¢ij + §ji, and € is the arbitrary small parameter mentioned in the Definition 1 ([10],
p- 275). For the Christoffel symbols we have also ([16], p. 8) :

LTl = ViVig" + ¢"RY @)
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Contracting (7) with g;,; we get:
Gijk = CaRG + 8hiﬁgr?k 8)

The item ghiﬁgl"?k depends on transformation type. We are interested primarily in the case when

2

a vector field ¢(x!,x2,...,x") generates a transformation preserving the complex structure [12]:

Lelt = T8t = J8E o + T8 = 0. ©)

The field is called a contravariant analytic vector field, and the infinitesimal transformation
is referred to as a holomorphic one. It is worth noting that since exterior differentiation and the
Lie derivation with respect to ¢ are commutative

dﬁgw = Egdw (10)
hence any infinitesimal transformation preserves the closeness property of a Lee form.

3.1. Projective Transformations and LCK-Manifolds

If a transformation (3) does not change geodesics of a manifold, it is called a projective
transformation. Mike$ and Radulovich in [7] proved that LCK-manifolds (# > 2) do not admit nontrivial
finite geodesic mappings onto Hermitian manifolds if a preserving complex structure is required.
We have to explore whether nontrivial projective transformations preserving a complex structure are
admitted on LCK-manifolds. Hence let us suppose that such transformation is admitted. Then

LeTl = 9i6) + w67,

where ¢ is a scalar whose gradient ¢; = 9;4 and a vector ¢ generates the transformation.
Then combining (8) and its conditions of integrability, we obtain:

Gij = Gijs

Vi= i

Gijk = CaRi + Vi + ¥;8ik

_ 1 B
lpij — -1 C“Rtxi,j + Ca,iRaj + ga,]'szi + C“Rij,x,,g)
Also the equation
hijk = 2¢xgij + Yigjk + ¥iSi (11)
is satisfied ([10], p. 275). Since the metric g;; is Hermitian, we get:

Jigtj + Jigu = 0. (12)

Also, since deformed metric 8ij is Hermitian and the complex structure is preserved, hence on the
deformed manifold M", the identity
JiZ+ {1 = 0. 13)

is satisfied. Taking into account (6) and (12), from (13) we obtain:
Jih + ];hti =0. (14)

Differentiating covariantly (14) with respect to the Levi-Civita connection which is compatible
with a metric g;;, we get:
Jixhsj + Jihijpe + T s + T = 0.
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Then we use (2) and (11):

1
5 () wa — @' i — Jfw; + Jow" gic) hj + Tf (29k&1; + Yi&jk + $i&e)
1
+ 5 (0w — W' Tk = iwj + Jow* i) bei + T (248t + P18i + ¥igu) = O
2 ] j
Then, let us regroup the items:
(¥ — FW hj) Jik + (i — FW hei) Jik
1 1 1
—5hsjfkwi = Shsifpw; + (Jir + Ehtjféws)gik (15)
1 1 1
+(Jipe + Ehtz’]stws)gjk + Ehkj]isws + Ehki];ws =0.

Using symmetrization of (15), and taking into account that according to (12) and (14), the sum
of the first four items in left hand side of (15) is equal to zero, we get

1 1
(Jige + Ehtj]stws)gik + (Jipe + Ehti]stws)gjk
1 1 1 1
+(]}€1/)t + Ehtklgws)gij + Efz'swshkj + E]fwshki + Elliwshi]' =0,

or, for brevity
XjSik + Xi&jk + Xx&ij + Ojhki + Oihj + Okhij = O, (16)

where x; = (Jigr + %hti]stws), 6; = %]isws. If dim(M") > 2 then it is possible to choose a vector %'
that 7'x; = 17'6; = 0. Contracting (16) with 7/, we get:

Xitlk + Xt + Ojhiin’ + Ochijn’ = 0. (17)
Contracting (17) with 5/ produces:
Xkl 12 + Ol = 0. (18)
It follows from (18) that x; = a6;. Hence,
0;(agix + hix) + Ok (agij + hij) + 0;(agjx + hj) = 0. (19)

It follows from (19) that one of the equations holds, namely 6; = 0, or agjx + hjx = 0, where a
2 .., x". In the former case we have that the manifold M"
is Kédhlerian since w; = 0 and the transformation is trivial because @; = 0. In the latter case the equation
hj = —agjr means that the transformation is a conformal one. But one knows that if a transformation
is simultaneously conformal and projective then it is a trivial one. Hence we obtain the theorem.

is a certain function of the variables x!, x

Theorem 1. An LCK-manifold M", dim(M") > 2 does not admit nontrivial projective transformations
with respect to the Levi-Civita connection preserving its complex structure.

Note that the technique we use proving the theorem is very similar to the one offered in [7].

3.2. Conformal Infinitesimal Transformations of Locally Conformal Kihler Manifolds

Infinitesimal transformations are called conformal if the equations hold ([12], p. 275):

Legii = Cii +Cii = 98ijs (20)
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where ¢ is some function of the variables Xl a2, xm

It is well known that, if a vector field { generates conformal infinitesimal transformations,
then the field and the invariant ¢ satisfy the system [3,11]:

(a) &ij=Ci

(b) 9=z

() Gij+&ji= 987 (21)
(d)  Cijk = CaRE; + 5 (x8ij + 9jSik — Pigjx);

(€) ¢ij =4 (@“Rij,,x + G iRY + EajRY — sy (8“Ra + ch)) :

3.3. Nijenhuis Tensor and Lee form under Conformal Infinitesimal Transformations
A necessary and sufficient condition for an almost Hermitian manifold to be Hermitian is
N =0,
where
NE = Je (k=18 = 08 (6= 1)
is the Nijenhuis tensor ([12], p. 121).

The Lie derivative of the Nijenhuis tensor is

LN = I8 (Lelly — £elt) — 18 (Lelti - £elt) (22)

because of (9).
The following identity holds ([12], p. 159):

Lelij = (ﬁéfzk ),]. = JP LTl — JRLeTT (23)

Because of (9), from (23) we get
Left; = 1P LeTty — JELeT. (24)

Let us calculate the Lie derivative of a Nijenhuis tensor with respect to the vector field ¢,
taking into account (24)

LeNG = I8 (Lalky = Lok ) = 18 (Lalky = £t =
= JH (LT — JELeTh, — JPLerhy + JLeTh ) (25)
~J} URLeTly = J5LeTly = JF £eli + JpLeT ).
Removing the parentheses and collecting similar terms in (25) we obtain that the Lie derivative

of a Nijenhuis tensor is equal to zero

Taking into account that any infinitesimal transformation preserves the closeness property
of its Lee form we obtain the theorem.

Theorem 2. Any infinitesimal transformation of an LCK-manifold preserving its complex structure,
transforms it into a locally conformal Kihlerian one.
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Proof. Let us calculate a Lie derivative of a Lee form. Because of (9), from (1) we have

2 (44 2 o
Lowi =~ Le(Ifadf) = =5 LeUpa)IF- (26)

On the other hand, Lie derivation and contraction are commutative. Hence, contracting for k
and j (24), we obtain

1
Lelin=5 (nff Pp— 9" Jia = Ju i + I,‘é‘fpﬁgia) =
1
=5 (W op— 0" T+ Jpio) = @7)
1 n—2
=5 (1195 — 9" T~ Jig9*) = "1 g
Substituting (27) into (26) we find that

2 n—2
Lowi = ——5 =" Thgyl] = oi (28)

O

Theorem 3. If a vector field ¢ generates a conformal infinitesimal transformation of an LCK-manifold,
then components of Lie derivatives of the Lee form are equal to the partial derivatives of the invariant ¢
defined by the system (21)

Liw; = ¢;.

Proof. Itis worth noting that according to (4)
Lew; = wijnl" + wal” ;.
On the other hand,

0
FY (waélx) = wa,iga + waga,i-

Since the Lee form is closed then w; ; = w; ;, and hence from (4) it follows that
o (@) = (@), = @)
oy (@Wal) = (@alh) ;= @i

Hence the scalar ¢ mentioned in (45) may be expressed by the equation

(P = wﬂéé“ +Cr

where C is an arbitrary constant. Hence taking into account the conditions (9) the PDE system (21) becomes

(a) &ij=¢ijs

(b) Cij+8&ji = (wal" +C)gijs 20
(€)  Giji = CaRj + %((was’”‘),,{gij + (waé‘“),jgik — (waG®) 8jk); (30)
(d) T =T + gt =0.

Let us find the conditions of integrability of (30). According to ([16], p. 17) for the Levi-Civita
connection the conditions are
LeRYy = VLeTh — ViLeTh. (31)

For the present case we have

LeTh = 5 ((fwad®) ; + 07 (wn®) gik — 8™ (wal") ,837)- (32)

NI~
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Since for the conformal transformations the equations

wilegik = W (Legja)Siks

are satisfied hence (32) can be presented in the form

ng EérBl], (33)
where .
BZ = 5 (5111(4)] + (5]}"wl~ — (Uhgi]') .
Also there is identity ([16], p. 16) that for the present case becomes
LeViBl — VLBl = LT Bl — LTy B — LT Bl (34)
Taking account of (32), (33), from (31) we obtain
h h h h h
LeRiy = LV By — LeViBi + L (ByBl) — Le(BfBiy)-
Finally we have
1 1 1 1
LeRly = 55(551?%'1 - *V‘whgik - *5;‘wi,k + Evkwhgij
1
T3 ‘5sz 5hwwk +llwl %07 g
5 1 1
_*HWH 5kgl]+ ~wh Wi8ij — w w]gzk)
or
LeQfy =0, (35)
where QZ’k is defined as
h n 1 1
Q,‘jk z]k +5 ( Wi k + 4wzwk - *||w|| gzk) 5k( Wi, j + 4(4)1 ||w|| gz]) (36)
1 1 1 1
+5wh+4dw AMWWMBW—ka+Zw%%—§wW@m¢

Differentiating several times (35) we get a system of differential prolongations. For convenience
we use the identity for Lie derivative of tensor covariant derivative ([16], p.16) and we obtain first
differential prolongation for (35)

n n
LeViQly = LeThQly — LeThQly — LeThQly — LT Qly, (37)

where Egl’ ik and Ql ik are defined by (32) and (36) respectively. We can continue the process until
it turns out that the new equations are satisfied identically or the system has become inconsistent.
The Equation (30a) is solvable for n = 2m unknown functions, and the Equation (30c) is solvable
for n> = 4m? unknown functions. The Equation (30b) includes ”(n; N _ 2m(2§1 +1 restrictions. It is
easy to see that (30d) determines 2m? independent restrictions. Since an LCK-manifold is a Hermitian
one, then it follows from integrability of its almost complex structure that there exists a system of
complex coordinate neighbourhoods. In the complex coordinate system (z%,z%) the condition (30d) is

presented in the form

,\’X—
9¢" =0
et =0
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Hence we have

_ s _ V=1l o i _ i< V—la g
Vﬁgu = 1—‘%56 = T]g,(gg and Vﬁga = rggg = ng,gif .

Lowering the indices we obtain

—1 1 R
Vgéazgf,g&,,gﬁ‘s and Vﬁﬁazgfﬁa,ggé-

Hence we find that the Equation (30b) includes m(m + 1) restrictions which involve (30d).
It follows that solution of the system (30) involves not more then

2m(2m + 1)

Am? + 2m —
m+m 2

+mm4+1) —2m*+1= (m+1)>
constants. [J

Theorem 4. In order for an LCK-manifold (M",],g) to admit a group of conformal transformations,
it is necessary and sufficient that the equations

Gij+6ji = (wal™ +C)gijs
TSt = T3E o+ It =0,

the conditions of integrability (35), their differential prolongations (37), ... etc, be algebraically consistent
with respect to & and 6; If there are, among the Equations (35) and (37), ..., exactly k equations which are
linearly independent among themselves and of

8ij + i = (wal® +C)gij;
T = T8+ g =0,

then the LCK-manifold admits a r = (m + 1) — k parameter group of conformal transformations.

Considering the system (30) we can find that if w,{* = 0, then the system may also be written
in the form

(a) &ij=Cii

(b) &ij+¢ii = Cgij

(C) gi,jk = CaRlo(C]‘i;

(d) T =g + " =0

Thus we have the following theorem.

Theorem 5. If on an LCK-manifold (M",],g) the Lie algebra of conformal vector fields includes
such subalgebra that everywhere on (M",],g) waC* = 0 holds, then the subalgebra generates a group
of homothetic transformations.

Proof. The Theorem follows immediately from the Frobenius Theorem ([15], p. 201). O

3.4. Local Isomorphism between Conformal Group of an LCK-Manifold and Homothetic Group
of the Corresponding Kihlerian Metric

Let the Kéhlerian metric ¢;; be locally conformal to the metric of an LCK-manifold (M", ], g).
According to the definition §;; = gl-je_z", w; = 20 ;. Then

. 1 1 1
Tk — 1k k k k
ij = i §5i wj — 55]' w; + 5 W 8ijs (38)
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is the Levi-Civita connection which is compatible with the metric §. Let us define a contravariant
vector field & on (M", ], ). Let us denote

& =C"uis G =08 = Cie ™.

Then we differentiate covariantly & with respect to the Levi-Civita connection which is compatible
with the metric §. Covariant derivative with respect to the connection fi‘] is denoted as

Covariant derivative with respect to the connection Ffj is denoted as usual by comma. We get .
diy = &+ (00 + 501 — 5 s =
= (Gie™) ; + %&'wj + %(fjwi - %waétxgij =
= §ije 2 = Gie M wj+ %éiwj + %‘fjwi - %w“@gi]’ = (39)
= (Gij - %giwj + %Cjwi - %W“Cagij)e_z‘f =
= (Gij — %éiwj + %ﬁjwi)fzg - %waﬁaﬁﬁ
Suppose that a field & generates a homothetic group of the metric §. Then it must satisfy equations
&ij+ & = Cgij (40)
Substituting (39) into (40) we obtain
e (i + &) — W Cudij = C&ij

e (& +&ji) = C8ij + wCai;
€27 (&ij +Gji) = €27 (W Gagij + Cgyj);

Since e 27 # 0 holds, (30b) are necessarily satisfied
Gij+ 8 = (wal" + C)gij.

Let us differentiate covariantly §i| j with respect to the connection f@ Since (38) holds, we obtain

§i|jk = e_ZU(Ci,jk + %(‘:i,j +&ji)wi — %w“ (Cwjik + Giagik)
+iwk(§jwi - Gjwj) — %C”‘wa (wigik — wjgix)
+% (Gjwik — Ciwjk) + i||w| 2 (&igik — Cigik) — %(waé‘“),kgij;
On the other hand

1 1
3 (8ij+&ji)wi — Ew“ (Cwjik + Giagik)

1
=5 (wilegjk — Vi(wal®)gix + & wa ik — w* (LGia — Cui))

1
=3 (wilegix — w*(Legin)8jk — Vi(wal™)Qik

+¢ W jgik + Vi(wal® )ik — ¢ wa,igjk)
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hence
i =€ 2 (&ij+ %wk (jwi — Giw;) — %C”‘wa( wigik — W;gik)
‘% (Guc" ik — Caw® ;gjk) + %(gjwi,k —giwjx) an)
+i||w\ 2 (&igik — €jgik) + %(‘Uz‘cé‘gjk — w*(Legin)8jk)
2 (@) i+ (nd) i — (@ed®) 83))

Since according to (21b) in the case of conformal transformations we have L:gix = ¢gj,
hence w;Lzgjx — w*(Legin)gjk = 0, and (41) can be written as
5 1 1.,
Gijk =€~ (Cz]k+ 4wk(¢§ - Gjwj) — 15 wa (Wigik — wjgik)
1
+§ (Gac® jgik — Catw® ;gjk) + 5 (Gjwix — Ciwjk)
1 1
+;L||w||2(Ci8jk Zigik) — ((waé ) x8ij + (@al") ik — (wal™) 8jk))
or . .
i =€ 2 (Eiji + glx(iwk (0fw; — 67 wj) — 7@ (wigix — w;gik)
1 1 1
+5 (@ 8k — " i8jk) + 5 (6 wix — 6 ewix) + el (6% 8k — 5% i) (42)
1
=5 ((@0al") (i + (w0al®) 8ik = (wal®) &),
where ||w||* = wijw;jg". On the other hand, it follows from (38) that the curvature tensor R of a Kahler

metric § and the curvature tensor R of an LCK-metric are related by the following expression

Al n
Riy = 1]k+5 ( wzk+4wwk**||w|| 2gik) —

1
@(am+4ww wa&) (43)

1 1 1 1
+(2wh +4whw])glk (Zw ,k+1whwk)gij,

It is known that if a field ¢ generates homothetic transformation of metric ¢ then the field satisfies
also the equation [10]

Gilji = éaRzﬁ- (44)
Substituting (42) and (43) into (44), taking into account that fi = e 2, we get
_ _ 1
e G = e (uRfy + 5((ww§a),kgi]‘ + (wag") j8ik = (wal") 8k))-
Again, it follows from e =27 # 0 that (30c) is satisfied
1
Giji = GaRiji+ 5 ((wal®) 1 8ij + (wal") jgik — (wal®) 8jk)-
The condition that for the Kahler metric ¢ a vector field & satisfies

Lelj = Iy" = 72+ 1ag%; =0,
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if and only if the similar conditions (9) is satisfied. Hence if a vector field & satisfies the system (30),
then it satisfies the system

(a) éi,j = ?ijr'

(b)  Gij+&ji = Cluj;

() Gijk = CaRg

(d) ]]%‘kgk_];cgz‘a_._]&ga'j =0.

We obtain the theorem.

Theorem 6. If an LCK-manifold (M",],g), n = 2m admits a group G, of infinitesimal conformal
transformations preserving the complex structure, then the group Gy is isomorphic to the group of homothetic
transformations of the Kihler metric § conformally corresponding to the LCK-metric.

It is worth noting that the obtained theorem is very similar to the results obtained by
R. F. Bilyalov ([3], p- 274) for real Lorenzian manifolds. Namely, let G, be a group of conformal
transformations of a Lorenzian manifold (M", g) which is not conformally flat. Then we can find a
manifold (M", §), conformally corresponding to (M", g) whose homothetic group is isomorphic to the
group of conformal transformations of the (M", ). But our result does not require that the manifold
needs not to be conformally flat.

Applying the Theorems 6 and 4 to conformally flat manifolds, in particularly to a Hopf manifold,
equipped by the Boothby metric, we obtain that conformal groups of the manifolds depend on (11 + 1)?
parameters, where m = dim¢ (M").

3.5. Conformal Infinitesimal Transformations on Compact LCK-Manifolds

Let (M", ], g) be a compact LCK-manifold, vector field  generates conformal transformations (30b).
Contracting (30c) with ¢/* we have

2
VIViE — B RY = T”vi(wag“). (45)
Then we raise the index i in (45)
. . 2_n it
VIV — @R = %Vt(wag”‘). (46)

On the other hand, it is known [17], that a necessary and sufficient condition for a vector field ¢
in a compact almost Hermitian space to be contravariant almost analytic is

‘ 1 ‘ ‘
VIViE = GaRE = ~Tu(LeVpIhg™) + 5 (Vilk + Vi) JaLeg™ (47)
For LCK-manifolds, taking account of (2) and (1), we have

, 1 . ,
—];(L(;V/;],’?g”) + E (Vj]]i‘ + vk]]l‘x)];cﬁt}g]k

- € _zn)git Vi(wag®)-

(48)

Comparing (46) and (47), taking account of (48) we obtain the theorem.

Theorem 7. In a compact LCK-manifold (M", ], g) any vector field & which generates nontrivial conformal
transformations is contravariant almost analytic.
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3.6. Isometries of LCK-Manifolds

Let a vector field ¢ generates one-parameter continuous group of isometries of an LCK-manifold.
Then the vector field ¢ satisfies the Killing equations.

Gij+¢i;j=0. (49)

Taking account of (39), expressing (49) with respect to the Levi-Civita connection which
is compatible with the Kéhlerian metric ¢, we obtain

Gijj + i = — " wagij- (50)

But it follows from the Theorem 3 that Kihlerian metric does not admit nontrivial conformal
transformations. Hence {*w, = const, and we obtain the theorem.

Theorem 8. Isometric Group of an LCK-manifold (M", ], g) is isomorphic to some subgroup of homothetic
group of the corresponding local Kiihlerian metric. In particular, if a vector field orthogonal to the Lee vector field
is Killing with respect to the LCK-metric g then the field is also Killing with respect to the local Kihlerian metric .

3.7. Transformations Generated by the Lee Fields and Anti-Lee Vector Fields on Pseudo-Vaisman Manifolds

Let us consider a pseudo-Vaisman manifold [18], i.e., the LCK-manifold whose Lee form satisfies
the equation

_ llwlP?
(Ve (X,Y)) = F5Eg(X,Y), 61

where @4 is the fourth Obata projector. It follows from (51) that, Lie derivative with respect to the vector
field B = w* satisfies the equations

Logij+ I (Logst) ]} = 2[|w|[*gij-

Let us find a Lie derivative of a fundamental form Q);; = i gsj- According to ([9], p. 4) on an
LCK-manifold, covariant derivatives of the complex structure in the directions of B or A are equal
to zero:

V] =V4] =0. (52)

Here A = —]JB is so called the anti-Lee vector field, the symbol Vp denotes the covariant
derivative of the Riemannian connection defined by the LCK-metric g with respect to B, etc. Hence

EBQij = Qtjviwt + Qitvj'wt = —];wt,i + ];(Ut,j' (53)

Since (51) is equivalent to
wt,j]it - wt,i]; - ||wH2]ij =0,
it follows from (53) that
L0 = ||w| Q. (54)

Let us find a Lie derivative of the fundamental form with respect to the anti-Lee vector field
A = —]JB = 6", Since (52) holds, we have

LAQij = QthiGt + QithOt = ]59,5/]' — ];et,i

= JiVj(Jiws) = JiVi(JFws) = Jiws];; — JiwsTi; + T fiws — Jj Jiws,
1 (55)

= —w;j—wj;+ Eﬁws (0 JFwu — ' Ty — [t + Jaw"g4))
1

_EI;WS ((Sf]tuwu - Ws]ti - Iiswt + ]Zwugti)~



Mathematics 2019, 7, 658 13 of 16

Removing the parentheses in (55), and taking into account that Lee form is closed, we have
L AQi]' =0.
We obtain the theorem.

Theorem 9. On a pseudo-Vaisman manifold, i.e., on an LCK-manifold whose Lee form satisfies the condition

[lw]

2

Py (Vw(X,Y)) = 8(X,Y),

Lie derivatives of the fundamental form with respect to the Lee vector field B = w* and to the vector anti-Lee
vector field A = —]B = 6% satisfy the equations

1)Ly = [|w| PO
Z)EAQI']‘ =0.

ijs

Let us find a Lie derivative of the complex structure with respect to the Lee vector field B and the
anti-Lee vector field A taking account of (52).

Lp]k = J'Vw® — IV k. (56)

Lol = JIV#' = Vi = = JIVi(Jiw') + [ Vi(Jiw’)
= SV’ + TV = [’ L+ T’ I
1 57
= Viek 4 AV — o Jh (8w — i = JHeos + Jhw'gs) 7
1
+§]itws (‘%];lwu - wk]st - ]fws + ]ﬁwugst)~
Removing the parentheses in (57) and collecting similar terms, we obtain that
LaJf = Vi + JHEV ', (58)
Let us find a Lie derivative of the LCK-metric with respect to the anti-Lee vector field A
Lagii=0;j+ 0 = Vi(Jiwr) + vi(];wt)
= ]it,]'wt + ]fwt,j + ]]t,iwt + ];(Ut,i
1
= Swi (0w — @' Tij — Jiw; + Jiw"gis) + i,

1 .
+awt ((Sfjj”wu —w']ji — Jjwji + Jhw"gji) + ];wt,i

Finally, we get
£Agij = ]fV]wt + ];Viwt. (59)

Now let us consider the case when the Lee form satisfies the strong pseudo-Vaisman condition

2
Vw(X,Y) = @g(}(, Y)

Hence the Lee vector field satisfies the equations

wij+wj; = ||l |28i]’
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Comparing the equations with (30b)
Gij+¢ji = (Wl +C)gij,

we obtain, that the Lee vector field w* generates on the LCK-manifold one-parameter conformal group
for which in (30b) the condition C = 0 holds. We get

wj j + wji = (w,xw"‘)g,«j.

Taking account of (39) we obtain that for the connection which is compatible with the Kéhlerian
metric §;; = e_ZUg,-j the equations

are satisfied. Here we note &; = w:g*$; = e 2%w;. Tt follows from (60) that the vector field
w* generates one-parameter isometry group of the Kéhlerian metric 8ij- Also it follows from (56)
that if the Lee form satisfies the strong pseudo-Vaisman condition, then we have

LpJk=o0.

Hence the Lee vector field is contravariant analytic, i.e., a transformation generated by the field
preserves the complex structure. Also, substituting the strong pseudo-Vaisman condition into (57),
we obtain

Lalf=0,

It means that the anti-Lee field is also contravariant analytic. Hence we write (59) in the form
L A gz] =0. ,

That means also that the anti-Lee vector field 6* is a Killing vector field. Taking into account
Theorem 8 we make the following deductions.

Theorem 10. Let (M",],g) be an LCK-manifold, n = 2m and its Lee form satisfies the strong

pseudo-Vaisman condition

2
voxy) = 8 (x v),

Then:

1. The Lee and anti-Lee vector fields (respectively w* and 6* ) are contravariant analytic.
On the manifold (M", ], g) the Lie field * generates one-parameter conformal group, and anti-Lee field 6*
generates one-parameter group of isometry.

3. The Lee and anti-Lee vector fields generate one-parameter isometric groups of the Kihlerian metric $;j.
The Kihlerian metric §;; is conformally corresponding to the LCK-metric g.

4. Conclusions

The manifolds under consideration are LCK-manifolds. The investigations use local coordinates.
We assume that all functions under consideration are sufficiently differentiable, and use tensor
methods (c.f. [19]).

Complex geometry deals primarily with Kédhlerian manifolds, i.e., manifolds carrying some
Kéahlerian metric. Although, some complex manifolds, such as complex Hopf manifolds, admit no
global Kahlerian metrics at all. However, we can often find for every map of atlas a multiplyer
which transforms a metric into a Kidhlerian one. One can say that a metric g is a locally conformal
Kéhler (LCK) metric if g is conformal to some local Kédhlerian metric in the neighborhood of each
point of a manifold. In fact, the locally conformal Kidhler manifolds were introduced by W. Westlake
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in 1954, some publications were soon made by P. Libermann, but mainly through the works of Vaisman
since the 1970s has the geometry of LCK-manifolds been developed. Mappings and transformations
of LCK-manifolds were explored by V. F. Kirichenko, K. Matsumoto, J. Mikes, A. Moroianu, L. Ornea.
The presented paper is devoted to infinitesimal transformations. We have obtained that LCK-manifolds
does not admit nontrivial infinitesimal projective transformations. Then we study infinitesimal
conformal transformations of LCK-manifolds. We have found the expression for the Lie derivative
of a Lee form. We have also obtained the system of partial differential equations for the transformations,
and explored its integrability conditions. Finally, we have got the necessary and sufficient conditions
in order that the an LCK-manifold admit a group of conformal motions. In addition, we have
calculated the number of parameters which the group depends on. We have proved that the group
of conformal motions admitted by an LCK-manifold is isomorphic to the homothetic group admitted
by the corresponding Kéhlerian metric.
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