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Abstract: The aim of this paper is to establish some refined versions of majorization inequality
involving twice differentiable convex functions by using Taylor theorem with mean-value form of
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Keywords: majorization inequality; twice differentiable convex functions; refined inequality;
Taylor theorem

MSC: 26A51; 26D15; 26D20

1. Introduction

The notion of majorization was introduced in the celebrated monograph [1] by Hardy, Littlewood
and Pélya, which was used as a measure of the diversity of the components of an n-dimensional vector.

Letv = (11,v,...,vp) and & = (&, Oy, ..., 0,) be two n-tuples. The n-tuple v is said to be
majorized by ¢ (in symbols v < ) if Zle v < Z;‘:l Oy fork=1,2,...,n—land I v; = 111 0,
where vy > vy > -+ > v and Oy > G > -+ > O}, are rearrangements of v and ¢ in a
descending order.

The majorization has been found many applications in different fields of mathematics. A survey
of the applications of majorization and relevant results can be found in the monograph of Marshall
and Olkin [2]. Recently, the authors have given considerable attention to the generalizations and
applications of the majorization and related inequalities, for details, we refer the reader to our
papers [3-13].

In this paper we focus on a type of majorization inequality involving convex functions, which
reveals the correlations among majorization, convex functions and inequalities. Now, let us recall
briefly this type of majorization inequality.

The following classical majorization inequality can be found in the monographs of Marshall and
Olkin [2] and Pecari¢ et al. [14].

Theorem 1. Let v = (vq,V,..., V), & = (1, O, ..., 0,) be two n-tuples, v;,0; € I (i =1,2,...,n), Lis

an interval. Then .

2 Ywi) <

i=1 i

(%) )

I

holds for every continuous convex function ¥ : I — R if and only if v < & holds.

Fuchs [15] gave a weighted generalization of the majorization theorem, as follows:
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Theorem 2. Let v = (vq,V2,...,vn), & = (O, 02,...,0,) be two decreasing n-tuples, v;,0; € I (i =
1,2,...,n), I is an interval. Suppose {1,¢5, ..., L, are real numbers such that Z?:l liv; < Zé‘:l ¢;9; for
k=1,2,...,n—=1land ! | iv; =Y} 1 £;0;. Then

YL () < Y () @)
i=1 i=1

=

holds for any continuous convex function ¥ : I — R.

Bullen, Vasi¢, and Stankovi¢ [16] presented a result similar to the above result, in which the
condition of the tuples v, # is relaxed and the condition of the function ¥ is intensified.

Theorem 3. Let v = (vq,v2,...,vn), & = (01, 02,...,0,) be two decreasing n-tuples, v;,0; € I (i =
1,2,...,n), I is an interval. Suppose {1,¢5, ..., L, are real numbers such that Z?:l Liv; < Zif:l 40 for
k=1,2,...,n. IfY : I — Ris a continuous increasing convex function, then

n

Y0¥ (r) < Y6 (8,). )

i=1 i=1
The aim of this paper is to establish the refinements of majorization inequalities of Theorems 1-3.
To achieve this, we will first establish an equality by using Taylor theorem with mean-value form

of the remainder, which enables us to deduce the refined versions of majorization inequalities
mentioned above.

2. Lemma

Lemma 1. Let v = (v1,va,...,Vn), & = (%4, O2,...,0) be two n-tuples, v;,¥; € (a,b) (i =1,2,...,n),
and let 1,0, . .., Ly be real numbers. If ¥ : [a,b] — R is a function such that Y e Cla, b] and v exists on
(a,b), then there exists T; between v; and O; satisfying

D G¥(8) Y L¥ () = ¥ ()0~ ) + 3 A (6, — )2 @
i=1 i 1 i

Proof. Using the Taylor’s formula with the Lagrange remainder (mean-value form of the
remainder) gives

!

() = () + D (8- + T

(%) (0 — )%, 5)

where v;, 9; € (a,b), T; is a real number between v; and 9; (i = 1,2,...,n).
Multiplying both sides of (5) by ¢; and taking summation overi (i =1,2,...,n), we get

iﬁﬂ’(ﬂi) = ifz“f’(l/i) + i‘fﬂ (vi)li(0; — v;) + i‘, 1IIHZ(TZ‘)&(&‘ —v)?,

= i=1 i=1

which is the desired equality (4). The proof of Lemma 1 is complete. [J

3. Main Results

In this section, we establish some refinements of the majorization inequality.
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Theorem 4. Let v = (vq,Vy,...,vn), & = (81, B2, ..., 04) be two n-tuples, v;, 9; € (a,b) (i =1,2,...,n).
Ifv < ®and ¥ : [a,b] — R is a twice differentiable convex function, then there exists a real number T; between
Vi and 19[,»] (i=1,2,...,n)such that

"

n n n 11! Tl
Z"F(l%) — Z"P(l/l) Z Z ( ) (19[1] — 1/[1-])2. (6)
i=1 i=1 i=1
where viy) > v = -0 = vy and By = O = -+ = Oy, are rearrangements of v and ¥ in a
descending order.
Proof. Using Lemma 1 with {; =1,v; = Vi, Y9 = 19 i (i=1,2,...,n), one has
n n n n 11;“ )
Y ¥ () — ) ¥lvy) = Z‘I’ (v (9 )+) —v)%,
i=1 i=1 i=1 i=1
that is
n n n n \P“ Tz) )
D W) = ¥ () = LW () (8 —vin) + o —5 (¥ — v, @)
i=1 i=1 i=1 i=1

where v;, 9; € (a,b), T; is a real number between Vi and 19[1-] i=1,2,...,n).
Let

k k
Ak:Zﬂ[i], Bk:ZVm (k:1,2,...,1’1), A():BO:O.
i=1 i=1

Considering the first term in the right hand side of (7), we have

¥ (v) (A — A1 — Bi + Bi_q)

M-

ﬁT/ (Vi) (83 —v) =

= ZT/ (V[i])(Ai — Bi) — ‘Zn:T,(V[i})(Aifl - Bi*l)

=Y () (An — Bn) + ), (¥ (vyy) — ¥ (vjir1)) (Ai — By).
i=1
It follows from v < ¢ that A, — B, =0and A; — B; > 0fori=1,2,...,n— 1.
Additionally, since ¥ is a continuous convex function on [a,b], we deduce from vj; > v}y
i=1,2,...,n—1)that

¥ (v) — ¥ (vgq) 20 for i=1,2,...,n1.

Hence

!

¥ (vi) (83 —viy) =0,

M-

i=1

which, along with the equality (7), leads to the required inequality (6). This completes the proof of
Theorem 4. O

Remark 1. The inequality of Theorem 4 is a refinement of the inequality of Theorem 1, since the term

" k4 Z(Ti) (B — 1/[1-])2 in inequality (6) is nonnegative.

In the following, we provide two refinements of majorization inequality by keeping one of the
tuples decreasing (increasing).
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Theorem 5. Let v = (vq,Vy,...,vn), & = (81, B2, ..., 04) be two n-tuples, v;,9; € (a,b) (i =1,2,...,n),
let ¥ : [a,b] — R be a twice differentiable convex function, and let {1, {5, ..., L, be real numbers such that
Zi‘(:l 51‘1/1‘ < 25'(:1 61191‘ fOT k= 1,2,...,.n—1 and Z?:l Eiui = Z?:l 51191'.

(i) If v is a decreasing n-tuple, then there exists a real number T; between vi; and 9 (i = 1,2,...,n)
such that

"

i&"f(l%) - ifz“f’(vz’) > i ¥ (@)
i=1 i=1

i=1

L (191' —1/1')2. (8)

(ii) If 8 is a increasing n-tuple, then there exists another real number o; between vi; and 9} (i =1,2,...,n)
such that

& " Y (o
RS Ze (o) >y T e w2 )
i=1 = i=1
Proof. (i) It follows from Lemma 1 that
n n n n ” )
Y LY () - Y ¥ (v) = Y ¥ () 6i(8 — vy) (0 =), (10)
i=1 i=1 i=1 i=1
where v;,9; € (a,b), T; is a real number between v; and 9; (i = 1,2,...,n). Let
k k
AkZZ&'ﬁi, BkZZKil/i (k:1,2,...,71), A():B():O.
i=1 i=1

Then, we have A; > B; (i=1,2,...,n—1), A, = By, and

n

2‘Yl (vi)li(8; —v;) = i ¥ (v;)(A; — Ai_1 — B; + B;_1)

=Y (vn)(An — Bn) + Z(T (vi) =¥ (vi11)) (A — By).

=) (Y (v) =¥ (vis1))(Ai — By).
i=1
Noting that ¥ is a continuous convex function on [a, ], and v is a decreasing n-tuple, we obtain
Y (1) — ¥ (vjyg) > 0fori=1,2,...,n—1.

Hence
n

Y ¥ (v)li(8 —v) >0,
i=1

which, together with inequality (10), leads to the required inequality (8).
(ii) Similarly, we can prove the inequality (9) under the condition that # is an increasing n-tuple.
The proof of Theorem 5 is complete. O

Remark 2. The inequality (8) of Theorem 5 is a refinement of the inequality (2) of Theorem 2 in the case when
01,85, ..., 4y, are positive numbers.

Theorem 6. Let v = (vq,V,...,V), O = (01, O, ..., 0,) be two n-tuples, v;, ¥; € (a,b) (i=1,2,...,n),
let ¥ : [a,b] — R be a twice differentiable and increasing convex function, and let {1, 0, . . ., £y be real numbers
such that Zi-‘zl Liv; < Zi-‘zl 0O for k=1,2,...,n. Ifvisadecreasing n-tuple, then there exists a real number
T; between Vi) and 19[1-] (i=1,2,...,n)such that

Y O(8) - Y () = ) o b8 = i), (11)
i=1

i=1 i=1
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Proof. Let

k k
Akzzgiﬁi/ Bkzz&l/i (k=1,2,...,7’l), AO:B():O.
i=1 i=1
By Lemma 1, for any v;, 9; € (a,b) (i = 1,2,...,n), there exists a real number between v; and 9;
such that

L 0¥(8) - 1900 = ¥ 00600 —w) + 1 5700w
S ) (A A — BBy + 3 W -
i=1 i=1

n—1 ;
=¥ () (A = B) £ L (F () =¥ () (4 = B) + 1 =58 = w0

Since ¥ is a continuous convex function on [4,b], and v is a decreasing n-tuple, we obtain
¥ (v;) — T’(Vi+1) > 0fori=1,2,...,n—1. In addition, since ¥ is an increasing function on [a, b],
we get v (vn) > 0. Now, by using the assumption conditions A; > B; (k = 1,2,...,n), we conclude that
! n_l ! !
Y (vn)(An = By) + ) (¥ (vi) =¥ (vit1))(A; — B;) > 0.
i=1

Therefore, we have

The Theorem 6 is proved. [

Remark 3. The inequality (11) of Theorem 6 is a refinement of the inequality (3) of Theorem 3 in the case when
01,8, ..., 4y are positive numbers.

Theorem 7. Let v = (vq,Vvy,...,vn), & = (81, B2, ..., 04) be two n-tuples, v;,9; € (a,b) (i =1,2,...,n),
let ¥ : [a,b] — R be a twice differentiable convex function, and let {4, >, . .., £y be positive numbers. If v and
¥ — v are monotonic in the same sense, then there exists a real number T; between V(i) and 19[1'] (i=1,2,...,n)
such that

n n 1

n
. . — . . / —
Z&‘F(ﬁl) Z&‘I’(Vz) > htbt 10, ZET v;) ;161 (0 —vi)

1

% — ;). (12)

Proof. Since Y is convex function, and tuple v and tuple ¢ — v are monotonic in the same sense, we
conclude that ¥/(v) and ¢ — v are monotonic in the same sense.
Using the Chebyshev’s inequality for weights ¢4, {5, ..., ¢, we obtain

(i 61) iéiqﬂ(vi)(ﬂi - 1/Z ZE‘F/ 141 ; 19 - 1/1)

i=1
On the other hand, by Lemma 1, for any v;, 9; € (a,b) (i = 1,2,...,n), there exists a real number
T; between v; and 9; such that

L 0¥(0) ~ L0 (5) = ¥ (400 —w) + L 00— v

i=1 i=1 i=1
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Hence, we get

n n 1 n
LY (9;) — Y f‘Y’ 0;(8; —
; i ( z) 1221 i (Vz) St bt 1l ,Z Vz 1221 i Vz)

"

L2y (191‘ — UZ‘)Z.

n
+2
i=1
This proves the required inequality (12) in Theorem 7. [J

Applying an additional condition } ', ¢;v; < Y, {¢;¥; to inequality (12), we obtain the
following result.

Corollary 1. Let v = (v1,V2,...,vn), & = (04, 02,...,0y) be two n-tuples, v;,¥; € (a,b) (i=1,2,...,n),
let ¥ : [a,b] — R be a twice differentiable and increasing convex function, and let {1,0y, ..., ¢, be positive
numbers. If v and ¢ — v are monotonic in the same sense, and }_; ; {iv; < Y. 1 £;0;, then there exists a real
number T; between V(i) and 19[1-] (i=1,2,...,n)such that

"

T

n

i&- ZET 1/1 Zi
i=1

i=1 i=1

- (13)

4. An Application

In this section we establish a new fractional inequality to illustrate the application of our results.

Theorem 8. Let §1, Go, C3 be positive numbers and ¢1 > ¢ > G3. Then we have the inequality

1 1 1 1 1 1

% T2 2% Gt Gt bt

(E1—82)* | (26—81— &) | (82—E3)?
B R TN A A a9

Proof. From the given condition ¢; > ¢, > 3, it is easy to check that

G1+82>C81+83>082+83, 281 > 28 > 233

and
(61 + 82,61+ 83,82+ G3) < (261,282,2¢3).
Using Theorem 4 and taking v = (1 + 82,1 + 83,62 + 83), 8 = (261,282,283), ¥(x) = 1, x €
(0, 4+00) in (6), we obtain that there exists a real number T; between v and 19m (i =1,2,3) such that
12 .t 1 1 __1
201 20y 203 C1+& G1+G¢3 G2+ 83
1 1 1
> (81 -8+ 5 (20— 61— G)* + (62— &) (15)
T 0 G

Further, by (5) we find that 11, T, 73 satisfy

1 1 &i=& 1 a0
RS AL + 3 (61— 2¢2)%,
1 I 25 —-G0- 53

5a = PR
TR SR L L
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I T - bk SN PSR
AR AR

From the above equations, we have

T =28 +8&)E B =200 +8) T =285(E+6H)% (16)

Combining (15) and (16) leads to the desired inequality (14). The proof of Theorem 8 is complete. [J
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