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Abstract: In this article, we first provide a survey of the exponential option pricing models
and show that in the framework of the risk-neutral approach, they are governed by the
space-fractional diffusion equation. Then, we introduce a more general class of models based
on the space-time-fractional diffusion equation and recall some recent results in this field concerning
the European option pricing and the risk-neutral parameter. We proceed with an extension of
these results to the class of exotic options. In particular, we show that the call and put prices can
be expressed in the form of simple power series in terms of the log-forward moneyness and the
risk-neutral parameter. Finally, we provide the closed-form formulas for the first and second order
risk sensitivities and study the dependencies of the portfolio hedging and profit-and-loss calculations
upon the model parameters.

Keywords: fractional diffusion equation; fundamental solution; option pricing; risk sensitivities;
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1. Introduction

Fractional Calculus (FC) is nearly as old as conventional calculus. Many prominent
mathematicians including Leibniz, Fourier, Laplace, Liouville, Riemann, Weyl, and Riesz suggested
their own definitions of the fractional integrals and derivatives and studied their properties.
Whereas the mathematical theory of FC was nearly completed a long time ago (see, e.g., [1] or the recent
reference books [2,3]), only a few applications of FC outside mathematics were known until recently.
During the last three decades, the situation changed completely, and currently, the majority of FC
publications is devoted to modeling of a broad class of systems and processes using either the FC
operators or the so-called fractional ordinary or partial differential equations. In particular, the FC
models were successfully employed in physics [4,5], control theory [6], as well as in engineering, life,
and social sciences [7,8], to mention only a few of the many application areas.

The two probably most prominent and broadly-recognized FC applications are in linear
viscoelasticity [9] and for describing anomalous transport processes [10]. In both cases, the FC models
in the form of the fractional ODEs (linear viscoelasticity) and the fractional PDEs (anomalous transport
processes), respectively, cannot be derived from “first principles”. Instead, they are introduced as
interpolations between several models formulated in terms of the ODEs or PDEs, respectively. In the
case of linear viscoelasticity, the basic FC model interpolates between the Hooke model (elasticity, ODE
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of the zero order) and the Newton model (viscosity, ODE of the first order). The FC model for the slow
anomalous diffusion interpolates between a stationary state (time-independent Poisson equation) and
the diffusion equation (first order equation with respect to time), whereas the fast diffusion is modeled
by the fractional diffusion-wave PDE that interpolates between the diffusion equation (first order
equation with respect to time) and the wave equation (second order equation with respect to time).

Of course, this kind of model needs an additional justification, say, in the form of a better fitting of
certain datasets or better predictions compared to ones delivered by the conventional models. One of
the advantages of the FC models is that they have some additional parameters (orders of the fractional
derivatives) that can be suitably chosen for a set of data at hand. To do this, an inverse problem for the
determination of the optimal parameters from the data has to be solved (see, e.g., [11] for an excellent
survey of the basic inverse problems for the fractional differential equations).

It is worth mentioning that the anomalous diffusion models have a clear stochastic interpretation
and can be formulated in terms of the continuous time random walk processes. The models in
the form of the time- and/or space-fractional differential equations follow from these stochastic
models for a special choice of the jump probability density functions with infinite first or/and second
moments [10,12,13]. In [14], the fundamental solution for a time-fractional diffusion equation with the
Caputo fractional derivative of order « € (0,1) and the spatial Laplace operator was shown to be a
probability density function evolving in time. In [15], a space-time fractional diffusion equation with
the spatial Riesz—Feller derivative of order « € (0,2] and skewness 6 (|6| < min {«,2 — a}) and the
time-fractional Caputo derivative of order € (0,2] was investigated in detail. In particular, several
subordination formulas for the fundamental solutions of this equation with different values of & and j
and an extension of their probabilistic interpretation to the ranges {0 <« <2} N {0 < p <1} and
{1 < B <& <2} were derived in [15].

A close connection of the fractional diffusion equations with the stochastic processes (fractional
Brownian motion, Lévy flights, etc.) made them very promising models for different financial
applications. In particular, they were already employed in the hot problems of finance (for recent
reviews, see, e.g., [16,17]), particularly in financial markets [18-21], macroeconomics [22], mathematical
economics [23], and for describing the concept of memory in economics [24] or economic growth
[25]. One of the first applications of FC in finance was through the fractional Brownian motion,
which enables incorporating long-range auto-correlations, typically observed in finance [26,27],
volatility modeling [28], and option pricing [29]. FC has been specifically used in many option pricing
models [30-33], also in connection with the jump processes [34] or in pricing of more complicated
types of options, as American options [31], double barrier options [35], or currency options [36].
These models have been also investigated by numerical methods [37,38], and some applications to
implied volatility have been also discussed [39].

In this paper, we focus on FC applications to option pricing, which is one of the most important
tasks of financial mathematics. It is an important tool for market participants who want to hedge
their positions and to estimate the value and risks or their portfolios. The first option pricing
model was introduced by Black and Scholes [40] in 1973 based on the Gaussian assumptions for
the variation of the stock prices’ returns. After that, many generalizations and adaptations of
this model were derived in order to capture the behavior of financial markets more realistically
(let us mention, among others, models based on stochastic volatility [41], regime switching [42],
or jumps [43]). Particularly interesting are the approaches based on replacement of the underlying
stochastic process by the fractional Brownian motion or Lévy flights that leads to models driven by
the fractional diffusion equations. One of the first models of this kind explicitly designed for the
purpose of option pricing was introduced by Carr and Wu [44] by replacing the conventional Gaussian
noise by a maximally-skewed Lévy-stable process (in other words, by replacing the underlying
diffusion equation by a space-fractional diffusion equation). This model is far more realistic than the
Black-Scholes model because it incorporates the heavy-tailed distributions and thus allows reproducing
complex, but observable behavior in the distribution of prices (such as large drops) and in long-term



Mathematics 2019, 7, 796 3 0of 23

volatility patterns. In this paper, we focus on a generalization of this model based on the space-time
fractional diffusion equation [15] originally introduced in [45] and further investigated in [46—49]. The
main advantage of this model is its interpretation: the model parameters play the role of the volatility
(general risk level) and the spatial and temporal risk redistributions, and therefore, this model captures
the complex market behaviors more accurately compared to the conventional models. In the first part
of this paper, we recall the main features and particular cases of the fractional diffusion model, as well
as some recent results on European option pricing. Then, we apply this mathematical framework to
more exotic types of options, i.e., binary options. The second part of the paper is devoted to the risk
sensitives and Profits and Losses (P&L) calculations, which are very important for market practitioners.

The paper is organized as follows. In Section 2, we provide an overview of some recent results on
fractional diffusion models and discuss their applications to financial modeling. Section 3 is devoted to
the pricing formulas for the European and binary options driven by the space-time fractional diffusion
equation. In Section 4, we apply our results to the risk sensitivities and portfolio management. The last
section is dedicated to the conclusions.

2. The Fractional Diffusion Model and Option Pricing

We start with some standard financial definitions. A call (resp. put) option with a strike K > 0 and
a maturity T > 0 is a financial instrument that gives the holder the right to buy (resp. to sell) a given
quantity S (an asset, an index, etc.) at an agreed price P at time ¢t = T. We will denote the option payoff
by P(S(T), K).
In the case:
P(S,K) = max{S —K,0} := [S—K]" 1)

one speaks of an European call option. If the option has the payoff (1), but can be exercised at any time
t € [0, T], one speaks of an American call option. European and American options are often referred
to as the vanilla options, while the payoff of the so-called exotic options is determined by some more
sophisticated algorithms. Say, the payoff of the binary or the digital call options is given by the formula:

{P(S, K) = H(S—-K) (cash or nothing), )

P(S,K) = Sx H(S—K) (asset or nothing),

where H denotes the Heaviside step function. Let us also mention that there are even more complicated
options such as Asian or barrier options, which are path-dependent instruments. This means that the
payoff P(5(T), K) of these options depends on all values of the asset price S(t), t < T, and not just
on S(T). In this paper, the focus is mainly on the European and binary options.

Evidently, in order to calculate the options’ prices, the dynamics of the underlying asset
has to be described and modeled. A common way to do this is interpretation of S(t) as a
stochastic process, so that the payoff function P(S(T), K) becomes a random variable with a certain
probability distribution. In the next subsection, we discuss a particular class of stochastic models
for S(t), which are very popular among the market practitioners.

2.1. Exponential Market Models

In a wide class of option pricing models, it is assumed that the underlying asset price is
described by a stochastic process {S(t) }+>¢ on a filtered probability space (Q, F, { F: }+>0,P), whose
instantaneous variations can be written in local form as follows:

ds(t)

S - rS(t)dt + odX(t), te0,T], ®)

where r denotes the continuous risk-free interest rate and o stands for the market volatility. For financial
application, the common choices for X(t) are:
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e  Gaussian process: X(t) = W(t) (standard Brownian motion). In this case, the stock price S(t)
is said to follow a geometric Brownian motion. This is the basic hypothesis for the Black-Scholes
model [40].

e Lévy process: X(t) = L,p(t) (standardized Lévy-stable process with stability « € [0,2] and
skewness or asymmetry B € [—1,1]). In this case, one says that S(t) follows an exponential
Lévy-stable process (see the details in [43]). Exponential Lévy models generalize the Gaussian
framework (because Ly4(t) = W(t) for any B € [~1,1]), while allowing additional realistic
features such as the presence of price jumps with non-zero probability. Their relevance in financial
modeling has been known since the works of Mandelbrot and Fama [50,51]. For most financial
applications, only the so-called Lévy-Pareto distributions, i.e., the values a € (1,2], are relevant
(historically, Mandelbrot calibrated « = 1.7 for the cotton market).

It is important to note that the stochastic differential Equation (3) is specified under the risk-neutral
measure Q (also known as the martingale measure), that is the measure under which the discounted
market price is a martingale (for more information regarding the risk-neutral option pricing, see [52]
or any monograph on financial mathematics):

S(t) = e "TEV[Sr|F], )
where T := T —t. The martingale measure is given by the Esscher transform [53] of the physical
measure P

dQlz, _ e 5)

dP|]:t o EIP’[eX(t)] o
where the parameter y is defined as the value of the negative cumulant-generating function evaluated

at the point 1:
u = —log EP [eX(l)}. (6)

In particular, if the process X (t) admits a probability distribution (or density) g(x, t), then y reads:

—+o00
u = —log /exg(x,l)dx (7)

and therefore, the existence of a risk-neutral measure is linked to the existence of the two-sided Laplace
transform of the density. As we will see later, for exponential Lévy models, the two-sided Laplace
transform diverges with the only exception in the case when the asymmetry parameter is maximal,
that is when the probability distribution has exponential decay on the positive real semi-axis and
polynomial decay (heavy tail) on the negative real semi-axis.

With the above notations, the solution to (3) is the exponential process:

S(t) _ S(O)e(r+y)t+aX(t) 8)

and the price of an option with strike K, maturity T, and payoff P is equal to the present value of its
expected payoff:
C(S,K,r,u,T) = e "EL [P(S(T),K)]. ©)

The expectation (9) can be computed by integrating all possible realizations of the terminal payoff
over the martingale measure: if X(t) admits a density g(x, t), then (9) reads:

“+o00
C(S,K,r,u,t) =e'" /P(Se(””)”x,K)g(x,T) dx. (10)
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2.2. Generalizing Exponential Market Models: The Fractional Diffusion Model

2.2.1. Setup of the Model

By the space-time fractional diffusion model, we mean the following Cauchy problem:

(3D + paos"D5) g(x1) =0, XxER, >0,
§(£oo,t) =0,
8(x,0) = fo(x),
9 _
%2 (5,0 = fi(x),

(11)

where the parameters « and 1 are restricted as follows: « € (0,2], v € (0, a]. The asymmetry parameter
0 belongs to the so-called Feller-Takayasu diamond |6| < min {a,2 — a}. § D/ denotes the Caputo fractional
derivative, which is defined as:

N t M)
WDif(t) = I([v] —v) /t (f— 7)v+1-[v] dz, (12)

and ?D¥ denotes the Riesz—Feller fractional derivative, which is usually defined via its Fourier image:

FUDLF(x)](k) = = 9" (K)FLF ()} (k) = —plk|"eSBWT2F[£(x)] (k). (13)

By definition, both fractional derivatives become ordinary derivative operators if the orders of
the derivatives are natural numbers. The fundamental solution or the Green function of (11), that is the
solution corresponding to the initial values fy(x) = é(x) and f;(x) = 0, was derived in [15] in form of
a Mellin-Barnes integral (for x > 0):

11T r()r(-gra-n ( x )tl dh.  (14)
_— 1-
giex J o T(1—2t)T (2—9 ) r (1 - ‘)tl) (~Huoyt)®

The Green function (14) can be extended to the negative values of the argument x due to the
symmetry relation:

ga,@,’y(xr t) =

gtx,G,y(_x/t) = gzx,fe,'y(x/t)- (15)

As an extension of the pricing formula for the exponential models (10), we now define the price
of an option driven by the fractional diffusion model as follows:

+
CD&,Q,’Y(S/ K,r, ,utx,G,yr = / Se (r+Ha,9) T+x )gtx,e,'y(x/ T) dx. (16)

Similarly to Equation (7), the risk-neutral parameter now reads:

Haoy = —log /exgvz,f),'y(xrl) dx. (17)

It follows from (17) that the Green function has to admit an exponential decay on the positive
semi-axis to ensure the existence of the risk-neutral parameter. This is the case as soon as the maximal
negative asymmetry (or skewness) holds (see the next section for calculations of y, , ¢ in the space- and
time-fractional cases):

0 =a—-2, o> 1. (18)
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In what follows, we will denote the corresponding Green functions, the risk neutral parameters,
and the call option prices as follows:

Sy = San—2,yr MHay ‘= Han—2,y s sz,’y = Ca,zxfz,'y- (19)

2.2.2. Financial Interpretation of the Parameters

The fractional diffusion models incorporate two new degrees of freedom (the order of the spatial
derivative « and the order of the time derivative ) that act as the risk redistribution parameters.
More precisely, while the parameter ¢ in the model (3) represents the volatility of the returns of
the underlying asset and, as such, has an equal impact on all kinds of options (an increase of ¢ leads to
an increase of the price of both call and put options), any changes of the parameters « and 7y do not
affect all options in the same direction.

For instance, as observed in [45], if v < 1, then the short-term options become more expensive
and the long-term ones less expensive compared to the non-fractional case y = 1. This situation is
observable when the market conditions are far from equilibrium (dramatic price jumps, exceptional
events impacting the markets, etc.) and can be interpreted as a manifestation of memory [24]. The
parameter -y plays therefore the role of a temporal redistribution. In this paper, we will show how it
affects the profit and loss of a portfolio.

The parameter a represents a spatial redistribution because it controls the heavy-tails of the
probability distributions (see the discussion thereafter). Its impact has been extensively discussed
in [44], where it was shown to be an excellent candidate for the long-term volatility modeling. Indeed,
when the maturity increases, it is known that the volatility smirk does not flatten out as expected if the
Gaussian hypothesis would be true. By letting a vary between one and two, the negative slope of the
smirk can be controlled. It is flat when & = 2 (Gaussian case) and becomes steeper when « decreases,
thus generating any observable slope in equity index options markets (the impact of 7y on the volatility
structure for at-the-money option was discussed in [47]). In this paper, we will also prove that the
parameter « governs the delta-hedging policy of the portfolios, that is the way of constructing portfolios
whose values are independent of the fluctuations in the stock price S;.

Finally, let us mention that a calibration of the model parameters from the traded options for
a one-month trading period was suggested in [45] for the European calls and puts (together and
separately). The results of calibration showed that « fluctuated around 1.5 and 1.6 (therefore, rather
far from the Gaussian hypothesis, but close to the Mandelbrot estimates) and that -, although close
to one, varied simultaneously with and in the same direction as «. This leads to a relative stability for
the diffusion scaling exponent (¥ := 1.

2.3. Particular Cases

In this subsection, we discuss some well-known exponential models (3) that are particular cases
of the fractional diffusion model (16).

2.3.1. Finite Moment Log Stable model

In the framework of the Finite Moment Log Stable (FMLS) model [44], the stochastic process X(t)
driving the stock price dynamic (3) is given by:

X(t) = Lo,(t), (20)

where L, g is a standardized Lévy-stable process (see [43]) with stability « and asymmetry (or skewness)
B, whose probability distribution is the so-called stable distribution g, g [54]. As already mentioned, this
model was introduced by Carr and Wu in order to capture the behavior of the volatility smirk (the
phenomenon that, for a given maturity, implied volatility is higher for out-of-the-money puts than
for out-of-the-money calls): as a function of moneyness, it is widely observed that the smirk does not
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flatten out for longer observable horizons (i.e., T greater than two years), and this can only be achieved
if one violates the Gaussian hypothesis. The maximal negative hypothesis p = —1 ensures the existence
of a risk-neutral parameter: indeed, the two-sided Laplace transform of the stable distribution exists
only if B = +1, with the result [55]:

EP [e7P¥] = e7PisecT, (21)

Therefore, from a symmetry argument, the risk-neutral parameter exists and is finite only if
B = —1. It follows from (21) that its value is given by the formula:

()
L o 2
Ha ‘= HPa1 = COS% ’ (22)

where v/2 was introduced as a normalization constant to recover the Black-Scholes factor for a = 2:

2
o
Moreover, under the condition f = —1, the probability distribution g, _ := g has a fat tail on

the negative real axis as soon as 1 < a < 2 (that is, it decays as |x|~*) and decays exponentially on
the positive real axis. This highly-skewed behavior could not be captured by a traditional Brownian
motion and by any symmetric distribution. However, it is a very plausible assumption as large drops
are far more commonly observed in financial markets than large rises.

The FMLS model is actually a particular case of the fractional diffusion model: indeed, the choice
B = —1is the probabilistic equivalent of the choice § = a — 2 (18), and the probability distribution g,
is the Green function associated with the space-fractional diffusion equation (y = 1):

09u
aT

(x,T) + ‘ua”‘*zD;‘ 2u(x,7) = 0. (24)

From the pricing Formula (16), the option price in the framework of the FMLS model reads:
—+o00
Caa1(S, K 1 pe,7) = €7 / P(Selr )T K g (x, T) du, (25)

where the Green function is given by the formula:

c1+ioo
_ 11 F1—-t) 4 -4
g,x(x,T) — E& / 1_'(17_%)3( ( ‘u,XT) dtl (26)
c1—ioco

Recently, an analytic option pricing formula for the FMLS model in the case of European options
was derived in [48] in the form of a fast convergent double series. In the present paper, we extend
this formula to the case of a time-fractional derivatives in (24), that is for v # 1, and to other types
of options.

2.3.2. Black-Scholes Model

The celebrated Black-Scholes model [40] assumes that the stochastic process driving the
exponential model (3) is a standard Brownian motion, i.e., X(t) = W(t). This model turns out
to be a particular case of the FMLS model (and therefore, of the fractional diffusion model) because for
a = 2, the Lévy-stable process L, g degenerates into W(t) for any g € [~1,1]. It is well known that
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the probability distribution of the Wiener process is the Green function associated with the diffusion
equation:

og 0" I°g _
aiT(x,T) — EQ(X’T) = 0, (27)
which is known to be the Gaussian kernel:
1 _ 2

gx, 1) = e 27t (28)

oV2nT

As expected, the diffusion Equation (27) is a particular case of the space-fractional diffusion
Equation (24) for « = 2 and with the Gaussian risk-neutral parameter (23). Using the pricing
Formula (16), the price of the option in the Black-Scholes model reads:

+
1 2
Coi(S,K,1,0,7) = / GITH K)o w7 d, 29
21( J )U T (29)

For P(S,K) = [S — K|, some elementary manipulations on the integral (29) lead to the Black-Scholes
formula for the European options, which, in our system of notations, reads as follows:

log & los S
CéEl)(S,K,r,o’,T) — SN ogg +1T " o\T _Ke "N ogg +71T B o\/T
’ o\/T 2 T 5

en(e3)~E-3))

where N(.) is the standard normal cumulative distribution function, and the forward strike price F and
the log-forward moneyness k are defined by the expressions:

(30)

F := Ke™ 7, k= logé = log% +rT. (31)

3. Pricing Formulas

3.1. Risk-Neutral Parameter

In general, the risk-neutral parameter y, , is not known in the analytic form as soon as y < 1.
However, it has been shown in [46] that 1, , can be expressed in terms of a Mellin-Barnes integral
involving the FMLS risk-neutral parameter y, (which is known in explicit form):

Proposition 1. Let 1 < « <2and 0 < v < . Then, for any c € (0,1), the formula:

c+ico 1
_ e 2
Hasy 27Tzzx / F’ys+1— )‘u”‘ ds 32)

c—ioo

holds true.
For the proof, see [46] or [47].

Under some conditions on &« and +, the right-hand side of the integral representation (32) can be
expressed as a series:

Theorem 1. Let1 < a <2.If1— % < v < a, then the series representation:

I'(1+an)
Moy = —log Z n! T3 yan) 4 (33)
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is valid.

Proof. The Stirling asymptotic formula for the Gamma function (see [56]) leads to the following
statement (ay, by, Cjs d]- € R):

Il (a5 + D) | 22 ) ohen args e (-22)- (34)

H]'F(st + d])

Zak—ZCj<0:>
k j

Applying it to the integrand in the integral representation (32) under the condition 1 — 1 — 4 <0,
we can evaluate the integral along the vertical line by closing the contour in the right-half plane
because it will not contribute when [s| — oco. In this region, the function I'( 1“;5) is singular every time
its argument equals a negative integer —#, that is when s = 1 4 an, n € N, with residue “(;7,1)" (see
the details in [56] or [57]). Therefore, we get the formula:

1 I =] (=1 T(1+an)
me“ o onl 1"(1+1x'yn)y"" (35)

T€Ss=1+an

Summing all residues and applying the residue theorem complete the proof. [

An important approximation to the risk-neutral series (33) is easily obtained via the Taylor series
for log(1 +u) :

I'(1
HPaqy = m#w + O(pd). (36)

Now, it follows from the reflection formula for the Gamma function that one can re-write the
FMLS risk-neutral parameter (22) as follows:

=) () (5

Plugging the last formula into Formula (36), we have the following result:

Corollary 1. Let1 < a < 2and1— 1 < 4 < a. Then, the formula:

o

Ia) (1t «
o 71fr(1+a)1"1;1(+272c)r< 5) 55) +o(e) a5

holds true.

In particular, in the case of the fractional Black-Scholes model (¢ = 2), we get the expression:

2

Moy = —m + O(UA)/ (39)

. . 2
which resumes to the well-known Gaussian parameter —%- when ¢ = 1.

3.2. European Options

Let us denote by C&EW) (S,K, 1, ta,y, T) the price of the European call option in the fractional

diffusion model with the payoff P()(S,K) = [S — K]*.
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Proposition 2. Let P be the polyhedron P := {(t1,t2) € C?, Re(to —t;) > 1,0 < Re(ty) < 1}. Then,
for any vector ¢ = (c1,¢2) € P,

CISC,’)? (S/K/r/ ,uzx,'y/ T) -
Ke™'? _ F(tz)l"(l — tz)r(—l — 1+ fz) 1t — _t dyy  db
—1) t —k— th—ta_ TV~ % e
a / =y ri-3n) N TR T
c+iR

(40)

Proof. First, we mention that under the maximal negative asymmetry hypothesis and on the positive
real axis, the Green function (14) has the form:

1 rties r(1-—+r) h dt
— 1 X 1
) = — —, 0 1. 41
a1 ax / r(1-3h) ((_Vtx'rt)i> 2m s @

C1 —ioo

On the other hand, using the notations (31), we can rewrite the payoff function in the form:

P(E)(Se(r+ya,7)r+xl K) - K |:ek+,”a,'y'f+x . 1}+ (42)
then integrate by parts over the variable x, and get the expression:
c1+ico +o00
(E) _ ke / / (kptayT4+3) ot gy _LL=0) gy dh
Cay (S, K1 pa, T) = . e 7T x] dx AT (1= 21) (—HaqyT") T (43)

The Mellin-Barnes representation for the exponential term (see [58] or any other monograph on
integral transforms) reads:

cp+ico
T / (—1) 72T (tp) (k + prayy T+ x) "

Cz—ioo

dip

— 0. 44
e c > (44)

Inserting Formulas (41) and (44) into Formula (43) for the call price leads to the Beta integral:

—+o00

| kgt i = = t2)§<(_t1 2 R R
—(ktpay ) '
The relation t1T'(—t;) = —I'(1 — t;) along with some elementary simplifications yields the integral

representation (40). O

Let us now represent the Mellin-Barnes double integral (40) in terms of a double series by means
of residue summation.

Theorem 2 (Pricing formula: European call). Let1 <a <2and1 — % < v < a. Then, under the maximal
negative asymmetry hypothesis (8 = a — 2), the price of the European call driven by the space-time fractional
diffusion equation is as follows:

(E) B KefrT s 1
Ca,’y(S/K/rrV“W'T) - x Z n!r(l_._r)/u

o

m—n
14

(46)

) (k + HanT)" (—HasyT)
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Proof. Let w denote the differential form in the integral at the right-hand side of (40). If we perform
the change of the variables:

up = —1—1t1 + 1y,
{ 1 1 2 (47)
Uy =ty
then w reads:
- —1—uq+u
w = (_1)*”2 r(ul)r(”Z)r(l uz) _ aﬁ 2 % @ (48)

—k — o T) T (=g TT) . — .
[(1—y——112) 2it 2in
In the region {Re(u1) < 0, Re(u) < 0}, w has a simple pole at every point (uy, up) = (—n, —m),
n,m € N with the residue:

1 1+m—n

k+ ) =y TV) " w . 49
n!l"(1+'yl+ff_”)( HanT)" (—HanyT") (49)

Res(y = nuy=—myw =

Performing the change of indexation m — m + 1 and summing all residues yields the double
sum (46). The fact that one can close a contour in this region of C? is a consequence of a two-dimensional
generalization of the Stirling Formula (34) (see [46,47] for technical details). [J

The pricing Formula (46) is a simple and efficient way for the calculation of the pricing of the
European call options. The convergence of the partial sums in the double series (46) is very fast,
and therefore, only a few terms are needed to obtain an excellent level of precision (see numerical
applications and convergence tests in [46,47]). As a particular case of the pricing Formula (46) with
v = 1, we recover the pricing formula for the FMLS model that was established in [48]:

Ke™ 17 ad 1 m—n

2 Z‘E) n!F(1+mT*”) (k + Vﬂ)n(—ﬂﬂ) « (50)

n
m=1

Cii) (S/ K/ 7’, l’llX/ T) =

If we set « = 2 in the last formula, then we obtain the series expansion for the Black-Scholes
European call:

Ke '™ & 1 n
C(E)(S, K,r,0,T) = — k — z?) zmn, (51)
2,1 o 1;% n!r(l + %) ( )
e

where Z := ‘7—‘/2% In [59], using the change of variables j = m + n and the properties of the Gamma
function, it was proven that (51) can be ordered in odd powers of Z:

1 _ Ke™'™ : (=1)" k\"
clb) S,K,r,0,7) = =(S—Ke™ ™) + —— A I e (1 _ ) . 52
21 (S, K 1r,0,7) ( e™'T) 5 /;;) PR 72 (52)
ngzj

NI

A particularly interesting situation occurs when the asset is At-The-Money (ATM) forward, that
is when S = Ke™"" or equivalently with our notations k = 0 in Equation (46). In this case, we get the
following result:
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Corollary 2 (At-the-money price: European call). For S = Ke™'7, the price of the European call option
driven by the space-time fractional diffusion equation is given by the formula:

S & (=1)" Han g
C(EATM) Sty T) = 2 ¥ (1=7)n 53
oy ( .uﬂé/’Y T) o = n|r(1+,ym n)( :u“’}’T ) T ( )
m=1
1 7 2 2y
S [ (—Hay)eTe (—pay)aTe 1+1 147
TalTarn T ey O (ChariE)).

As a particular case of (53), the ATM price in the FMLS model reads:

(_1)71 m+(a—1)n

(E,ATM) o B d
¢ Zq w14 ) )

a1 (S pa, T) = (54)

as was already established in [48]. When a = 2, we get:

CEATM (s 5y = 5| L VT o(oyap)| = —sovT+0((ova).  (59)

2 |td) 5) V2 V27
As —— ~ 0.4, we have thus recovered the well-known Brenner-Subrahmanyam approximation

for the European Black-Scholes call (which was first introduced in [60]):
ciA™M(s,0,1) ~ 0450V (56)
3.3. Binary (or Digital) Options

3.3.1. Cash-or-Nothing

Let us denote by C, <C/ N) (S,K, 7, sy, T) the price of the binary cash-or-nothing option in the
fractional diffusion model w1th the payoff P(¢/N)(S,K) = H(S — K).

Proposition 3. For any c; > 0, the formula:
¢1+ioco
e T o F(—tl)
a ) T(A-3h)

C1—100

t
CN (S, K, 7, oy, T) = (—k = Hary O (—pan D) " 52 (57)

holds true.

Proof. Inserting the terminal payoff P(C/N)(Se(r+#e1)T+x K) into the call price (16) yields:

c1+ico

r(1—t dt
C(C/N)(S Kor payy, T) = / / X' 1d 71))( HanTT) " : 211- (58)

c1—i00 —(k+paqT)

Performing the integration with respect to the x-variable and using the relation —#T'(1 —#;) =
I'(—t1) yield the representation (57). [
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Theorem 3 (Pricing formula: cash or nothing call). Let 1 < a < 2and 1 — % < v < a. Then, under
the maximal negative asymmetry hypothesis (8 = a — 2), the price of the cash-or-nothing call option driven by
the space-time fractional diffusion equation is given by the formula:

et & 1

® ,g) nl(1—1In

C(C/N)(S K1 oy, T) = ) (k + payT)" (_Hzx,vTY)fg' (59)

Proof. As —1 + g < 0, it follows from Formula (34) that the line integral in (57) can be expressed as a
sum of the residues induced by the poles of the I'(—#;) function. These poles are located at the points
t = 4+n, and the associated residues are as follows:

(_1)71 (—k

AT Ty (K M)’ (—panT") " ©0)
’ o

Summing up all residues completes the proof. [J

In the particular case of the Black-Scholes model (¢ = 2,7 = 1), the series (59) has only the odd
terms n = 2p + 1 because of the divergence of the denominator at negative integers. Using the known
values of the Gamma function at the half-integers, we then obtain the formula

—rT 2 +oo (_1)p k 1 2p+1
21 (S KroT) = 2 1+ npgzpp!(z;ﬁtl) A
k

o 1
e "N (aﬁ - 20ﬁ> . (61)

Let us now consider the cash-or-nothing put option P,,E/%/ N) (S, K, 7, tayy, T).

Proposition 4. For any c; € (—a,0), the integral representation:

PN (S Ko b T) =

holds true.

Proof. The proof is similar to the one given for the proposition 3. The only difference is that one has to
replace the payoff by P(¢/N)(S,K) = H(K — S) and to consider the Green function on the negative
real axis. Using the symmetry property (15), it reads as follows:

17T rra - hra - n) x "
_1 i Sl Wk Sl =
o) = | it () @

O

The integral for the put price (62) needs more efforts than the integral for the call price (57).
Indeed, it possesses two distinct series of poles in the positive half-plane:

e  Thepolesof I[(1— %) atthe points t; = a(1 +n),n € N, whose residues are given by the formula:

(=D"T(—a(1+n))
nT(1—y(14+n)I((a —1)(1+n)T(1—(x«—1)(1+n))

(ko O ) (g 7). (64)
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e  The poles of I'(—t7) at the points t; = n,n € N, whose residues are given by the formula:

(D" (Er—3)

o

nT(1— 2T (*2n)T(1—

) (k+ pray )" (—pray ™) e (65)
14

However, in the non-time-fractional case, it is possible to derive a simple representation for the
put price.

Theorem 4 (Pricing formula: space fractional cash or nothing put). Let 1 < a < 2. Then, under the
maximal negative asymmetry hypothesis (0 = « — 2), the price of the cash-or-nothing call option driven by the
space fractional diffusion equation is as follows:

e*TT (e
iE/N)(SKr]J“, T) = . (x—1) Z

)k+ua><yur%. (66)

o
Proof. In the space-fractional case, the parameter <y is equal to one. Then, we have the following
simplifications:

e In the denominator of (64), T'(1 — ¢(1 4 n)) reduces to I'(—n), which is infinite for any n € N.
Therefore, (64) is equal to null for any n € N.
o  (65) simplifies to the form:

(-D"T(F) " _n
nll"(;l nm)I(1— ﬂn)(k+V“T) (=a) (67)

4

Both the numerator and the denominator of (67) are singular for n = 0, but their quotient is not
singular:

~

- =a—1. (68)
F(Ln) n=0 (a—1)n

R =

e  Finally, using the functional relation I'(1 — n + %) = (—1)"~1 e r,,<)n ) imTom), We can simplify

Expression (67):
(D'T() - ! -
k+ pat) (—pat) ¢ = ————c (k + paT)" (—pat) "% (69
n'F(;l )F(l——n)( Ha ) ( Ha ) n!l‘(l—g)< Ha ) ( Ha ) ( )
and the proof is complete. [
Note that in the space fractional case, the call Formula (59) can be written in the form:
NS Kt = S Y e (b ) () 70)
= nlT(1-1In)
and therefore, the sum of the space fractional call and put options is given by the formula:
e—T’T B
NS, K e, T) + PSN(S, K1, i, T) = 1+ (a—1)] =e . (71)
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The relation (71) is an example of a call-put parity relation. The fact, that it is independent of «
is not a surprise since, as already mentioned in the previous section, the space fractional model is
equivalent to the FLMS model for which the option prices admit a risk-neutral representation:

C(C/N)(S K7, e, 7) + (C/N)(S K7 11a,T) = e "TEQ[H(S — K) + H(K — S)] (72)
T EQ [1] (73)
_ (74)

Of course, it does not hold true for 7 # 1 because no probabilistic interpretation exists in this case.
Finally, we note that it follows from the Formulas (71) and (61) that in the Black-Scholes case (¢ = 2,
v = 1), we have the relation:

Z(E/N)(S K,r,o,t) =" [

k 1
=¢™N ( + U\f ) (76)
oVT
as predicted by the conventional Black-Scholes theory.

3.3.2. Asset-or-Nothing

Let us denote by C, (A/ N) (S,K, 7, 4a,y, T) the price of the binary cash-or-nothing option in the
fractional diffusion model w1th the payoff P(4/N)(S,K) = § x H(S — K).

Proposition 5. Let P be the polyhedron P := {(t;,t) € C?, Re(tp —t;) > 1, 0 < Re(tp) < 1}. Then, for
any vector ¢ = (c1,¢p) € P, the integral representation:

CAMN(S, K, 1, Ha, T) =

KeD:rT / (_1)—1‘2 F(tz)r(;g ’E);;—)tl +t2)

dt;  dip
— (77
2im 4 2i7T @7)

bt PN,
(—k = payT) 2 (—payT?) " "

c+iR2
holds true.
Proof. To prove the formula, we replace the payoff function in the option price Formula (16) by:
PUN) (So(r1aa) T+, K) = §glr T (gl Hoa T+ K 78)
= K Mr™ s o) (79)
and then proceed exactly as in the proof of Proposition 2. [

Theorem 5 (Pricing formula: asset or nothing call). Let1 < a <2and1— % < v < w. Then, under the
maximal negative asymmetry hypothesis (6 = a — 2), the price of the asset-or-nothing call option driven by the
space-time fractional diffusion equation is given by the formula:

(A/N) - Ke 7T &2 n m—n

Cs S, K, = k — ) "= 80

(8, K, fay T) X HZ% AT (1 +’Ym ) (k + payT)" (—HasyT") (80)
m=

Proof. The series (80) is obtained by summing the residues associated with the poles of the functions
I'(t) and T'(—#; + t2) exactly in the same manner as in the proof of Theorem 2. [J
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As a consequence of Theorems 2, 3 and 5, the European call can be represented as a difference
between an asset-or-nothing call and a cash-or-nothing call:

ClS(F’Q (S/K/r/l’lﬂl,’)/lT) = Clgéj?y/N) (S,K,r,]/la,ry,'f) - KC[S(,C’)//N)(S/K/T’/#&,’)//T)- (81)

4. Risk Sensitivities and Portfolio Hedging

In quantitative finance, the risk sensitivities are also known as the “Greeks”. They quantify
the dependence of an option on the market parameters such as the asset (spot) price or volatility
and are essential tools for portfolio management. In this section, we derive for them some efficient
representations and study how the orders of the time- and space-fractional derivatives impact the
hedging policies.

4.1. First Order Sensitivity (Delta)

4.1.1. European Call

From the definition of k, we have the relation % = % Thus, by differentiation of (46) with respect
to S and re-arranging the terms, we obtain the formula:

actt)
AC[(KE,Y)(S/K,;’,V“W,T) - aS’ (S/K/r/l’llx’)’/T)
—k
=Y s (K ) ()T (82)
w Ly '
m=

where we have used the definition (31) for the moneyness to deduce the relation KeT% = ¢~ k. When
the asset is ATM forward (S = Ke™'", and therefore, k = 0), Formula (82) can be simplified:

1 & (_1)71 (a—D)n+m  (a—7y)n+ym
A S,K,r, ,T) = — - ©oT o«
C;%ATM)( Ha,y ) « nZ:O n|l—-(1+,ym;n) ( Ko,y
m=0
1 7 1 s
1 S R T
= -1 ’ — d O (- )| . 83
[TTarn T ramp POUmn) @

Equation (83) shows that the Delta of at-the-money calls is driven by 1 (see also Figure 1), which
generalizes the well-known feature of the Black-Scholes model, where at-the-money call options have
a Delta of % In particular, (83) demonstrates that, at first order, only the space fractional parameter «
influences the delta-hedging policy of a portfolio. Indeed, it is sufficient to be long of one unit of the
asset S and short of « units of an European call to offset the impact of the variations of S:

I1:= S — aCl

oIl
tX,E’}I/ATM) (S/ K/ 7’, ]/lﬂl,"/r T) - (84)

- =0,
95 |s=s,

where Sy = Ke™'" is the ATM forward price.
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Figure 1. In the left figure, we plot the evolution of the Delta of an European call option as a function of
S for various values of y. We observe that, as expected from (83), the At-The-Money (ATM) call price is
approximately equal to % for any 1, and moreover, the Delta value is the same on a wide range of prices
around Sp, independently of . The situation is very different on the right figure (plot of the Gamma
of the European call option (93)), where sensitivities vary greatly in dependence of . To produce the
figures, the following values of parameters were used: K = 4000, r = 1%, 0 = 20%, T = 1Y, a = 2.

4.1.2. Cash-or-Nothing Call

Differentiation of Expression (59) with respect to S leads to the formula:

L

Kk oo
- e 1 n v _n+l
AC(C/N)(S/ K,T, nuﬂ‘r')/’ T) - xK r;) n|1-(1 _ g(n + 1)) (k + VIX,’YT) ( H’X/'YT ) . (85)

In the at-the-money forward situation, we then get:

(.

(—HaqpT?) * & (=1)" a1, a—y
A S, K1, payy, - - « "
C[E%/N,ATM)( T Ry T) aK ,,;0 n'T(l _ %(7’1 ¥ 1)) ( V‘X/Y) T

_1
o

1
(—Han™) ‘
aK ra-1) r(1-2

+0((—pa 2 E) | (86)

This formula can be simplified when v — « (the so-called neutral diffusion). Using the known
asymptotic behavior of the Gamma function at the point 0, we then get:

1
&=y (“payT) 0
AC‘SC,CW/N,ATM) (S/ K,r, Ha,yr T) 7:0‘ 22 - } . (87)
Another prominent particular case of Formula (86) is for « = 2 and 7y = 1 (the Black-Scholes
model). In this case, (86) reduces to the form:

1 1

A S,K,r,0,7) = ————
g ) = XVamovr

+ O(cv/7). (88)

4.1.3. Cash-or-Nothing Put

In the space-fractional case (y = 1), it follows from the parity relation (71) that the cash-or-nothing
call and put options have opposite Deltas:

AP(C/N)(S/ K/ v, ]’[DU T) = - AC(’C/N)(S/ K/ r, ,ulX/ T) (89)
e_k > 1 n+1
=—-— k + payT)" (—paqyT") " @ . 90
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4.1.4. Asset-or-Nothing Call

Differentiation of the relation (81) with respect to S along with Formulas (82) and (85) lead to the
following expression for the Delta of the asset-or-nothing call:

AC&@/N)(S’KJ’ Hayy T) = AC&Q(S’K’V’W”’T) + KAC&%/N)(S’K’Y’ Moy, T) 91)
—k o
4 1 m—n—1
= k + )" (- )« (92)
—— ( Py Py
o = n!l (14 y"=1=)

4.2. Second Order Sensitivity (Gamma, Dollar Gamma)

By the definition of k, ag;k = %e_k = % Thus, differentiation of (82) with respect to S along

with a re-arrangement of the terms give the formula:

2~(E)
N 224
FCLE‘EY)(S’K’?.’V“/Y’T) = 952 (S,K,T,]la,,Y’T)
—k o) _ ¥ m—:—l _ v m;n k .
= 67 Z ( ‘u%a’rm)fnfl 7( H%aTm)fn ( ha V?,DCT) . (93)
aS n:% F(l—f—'yT) 1+« . ) n!
m=

In the ATM forward situation, (93) is reduced to the form:

r E,ATM) (S/ K/ r, ,sz,'y/ T) =
Y

c!!

[(1 4 y2=2=1) T(1+ 2

o

(a=D)n+m—-1  (a—y)n+y(m—1) ( ) (a=1)n+m  (a—y)n+ym
T [ — T o«
Pasy (94)

1o ey {(W : :

The leading term in the expression at the right-hand side of (94) is the following one:

_1
o

1 (—HanT?)
S, fayy T) = —g e
ciear (S paps T) = o r(1-1)

T (95)

Let us assume that we are long of one European call option and that we have delta-hedged our
portfolio when S = Sy (according to (84), this is made by being short of % units of the asset S). We can
then employ the Taylor formula to approximate the value of the portfolio when S varies:

1~
CO((,EWE (S/ K/ rr ]/ltx,’yr T) - Ctgé,E’),/ATM> (50/ K/ T, ,M(X,’)// T) = Er

earm) (S0,0,T)2(S — Sp)* + O(S — Sp)°.

o (96)
The left-hand side of (96) is the Profit and Loss, or P& L of the portfolio around the money. As we

have delta-hedged our position, this P&L is therefore essentially driven by the option’s convexity, and

one speaks of Gamma P& L. For « = 2, we can use the approximation (39) of the risk-neutral parameter

and its Taylor expansion with respect to < to obtain the following easy-to-use P& L formulas (yg

denotes the Euler—Mascheroni constant):

ct

o Ify—0:
1-3 S—50\?
P&L(7 — 0) = 802:;”( 500> +o(72(5—so)3). 97)
o Ify—1:
1—(=3+4+37p+1log4)(y—1) /S—50\*
P&y —1) = L= nyamg ) )( 500> +0((r=1%s-5%)). ©9)
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o Ify—2:

—2)2 - 2
P&L(y —2) = 3%25) <S 5050> +0 ((7 —2)3(s - 50)3) : (99)

2
The term (55050) is the square of the underlying asset’s returns and, as such, is interpreted as

the realized variance. Its multiplicative factor is often called the dollar Gamma ($T). By definition, with
our notations, it reads:

1 e
$T = ~S3T (.4t (So, Hays T)? (100)
27 Gy

The Gamma P&L can therefore be written down in the form:

P&L = $I' x realized variance. (101)

From Equations (97)—(99), we obtain the following particular values for the dollar Gamma:

1
=0: r=—+4+0
04 $ g2 T 00,
v =1: $T = 1 (the Black-Scholes Dollar Gamma), (102)
4ot
vy =2: $T" = 0.

We can observe that, for any 7, the graph of the dollar Gamma remains positive and therefore
works in favor of the long call position. In other words, the P&L of the call option will outperform the
one of the hedge, because the option price is a convex function of the asset price. Thus, this well-known
feature of the conventional Black-Scholes theory is preserved in the framework of the time-fractional
diffusion model. The presence of the parameter 7y, however, significantly affects the impact of option’s
maturity to the Gamma P&L. As seen in (102), the Black-Scholes dollar Gamma is equal to ﬁ and
therefore is maximal for short-term options (i.e., for small 7). However, when 7 tends to zero, then
$I' tends to 8}7 and becomes independent of 7. Similarly, when ¢ — 2, the option will no longer
outperform the hedge, and the P&L of the portfolio will remain flat, whatever the option’s maturity.
This phenomenon illustrates the temporal redistribution induced by the time-fractional parameter .
Finally, Figure 2 demonstrates that the Gamma P&L is a decreasing function of y as soon as T > %,
and there is an inflection at the point y = 1:

= 0. (103)
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Figure 2. The dollar Gamma for the time-fractional diffusion model (¢ = 2,y € (0, 2]) maximizes the
P&L when v — 0 and offsets the impact of maturity T at extremal values (y = 0, v = 2). The graph
of the Dollar Gamma possesses an inflection point at the point v = 1 (the Black-Scholes model).
To produce the figure, the following values of parameters were used: o = 20%, T = 1Y.

5. Conclusions

In this article, we presented a theory of option pricing based on the fractional diffusion
equation and showed that it constituted a generalization of the well-known class of the exponential
market models. In particular, we extended the pricing formulas that were previously established for
the vanilla options to a basic class of exotic options, computed the related risk sensitivities, and applied
the results to delta-hedging and P&L calculations.

The pricing formulas were derived in the form of fast converging series of powers of the
log-forward moneyness and of the risk-neutral parameter that generalizes the volatility parameter to
the non-Gaussian case and also admits a convenient series representation. These series can be easily
used for calculations in practice without the help of any sophisticated numerical tools. Moreover,
they clearly exhibit the impact of the model parameters to risks and hedging: the order « of the space
derivative governs the delta-hedging of the portfolio, while the order 7y of the time derivative drives
the P&L of this portfolio.

Other important problems include the development and analysis of similar analytic tools for
other types of commonly-traded payoffs (especially for the path-dependent options) and other types
of financial derivatives. We also are going to apply these models to the real market data. In order
to verify the effectiveness of our approach, we first need to determine the reliable estimations of the
model parameters and then to compare the numerical results produced by the model with the market
data. Another interesting problem concerns relaxing of the maximal asymmetry hypothesis. However,
this would imply divergence of the risk-neutral expectations, and thus, some suitable re-normalization
procedures such as, say, the cut-offs of the probability densities, would be probably needed to make
progress in the solution of this problem.
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