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Abstract: In this paper, we investigate the existence of solutions for a class of p-Laplacian fractional order
Kirchhoff-type system with Riemann-Liouville fractional derivatives and a parameter A. By mountain
pass theorem, we obtain that system has at least one non-trivial weak solution 1, under some local
conditions for each given large parameter A. We get a concrete lower bound of the parameter A,
and then obtain two estimates of weak solutions u,. We also obtain that u), — 0 if A tends to co.
Finally, we present an example as an application of our results.
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1. Introduction and Main Results

In recent decades, the subjects about fractional calculus have been investigated extensively
because of their applications to many fields. Among all these subjects, ordinary and partial fractional
differential equations have attracted considerable attentions in both mathematical aspects and their
applications. It has been proved that fractional differential equations can provide a natural framework
in the modeling of many complex real phenomena in many fields including mechanics, quantum
field theory, electromagnetic theory, transport theory, fractal, biology, robotics, chemical processes,
control theory, and so on ([1-20] and references therein). In this paper, we are concerned with the
following system
A(u(6)[:Dr¢p(oDfu(t)) + V() pp(u(t))] = AVE(t,u(t)), ae. tc[0,T], 1)

u(0) =u(T) =0,

where . -
AGult)) = |a [ (aDfu(l + VOt P)at]

a,b,A >0,p>1and 1/p < a < 1 are constants, p is an integer, u(t) = (uy(t),--- ,un(t))* € RN

fora.e. t € [0,T], T > 0, and N is a given positive integer, (-)* denote the transpose of a vector,

V(t) € C([0,T],R) with n[10ir%} V(t) > 0, oDf and ;D% are the left and right Riemann-Liouville
te

’

fractional derivatives, respectively, ¢, (s) := [s|P~2s, VF(t,x) is the gradient of F with respect to
x = (x1,---,xy) € RN, thatis, VF(t,x) = (371:1,~ . ,a‘%)f, and F : [0,T] x RN — R satisfies the

following condition:
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(HO) there exists a constant 6 > 0 such that F(t,x) is continuously differentiable in x € RN with |x| < §
for a.e. t € [0,T|, measurable in t for every x € RN with |x| < 6, and there exist a € C(R*,R*) and
b € LY([0, T];R*) such that

[F(t,x)[, [VE(t,x)| < a(|x[)b(t)

forall x € RN with |x| < Sand a.e. t € [0,T).

When a = 1, the operator ;Df.(oDf u(t)) reduces to the usual second order differential operator
—d?/dt?. Hence,ifa =1,p =2, N =1,A = 1and V(t) = 0 for a.e. t € [0, T], system (1) becomes the
equation with Dirichlet boundary condition

2

- (a+beT \u’(t)|2dt> u'(t) = f(tu(t)), ae teloT]
u(0) =u(T) =0,

where f(t,x) = % Egi”‘) and F : [0,T] x R — R. It is well known that Equation (2) is related to the
stationary problem of a classical model introduced by Kirchhoff [21]. To be precise, in [21], Kirchhoff

introduced the model R
9%u Eh (L [ou %u
Por (P° “ah () dy) a2 ©

where 0 <y < L, t > 0, u is the lateral deflection, p is the mass density, & is the cross-sectional area, L
is the length, E is the Young’s modulus and P is the initial axial tension. (Notations: in model (3), (7)
and (8) below, t is time variable and y is spatial variable, which are conventional notations in partial
differential equations. One needs to distinguish them to f in (1), (2), (4)—(6) below, where t corresponds
to the spatial variable x). The model (3) is used to describe small vibrations of an elastic stretched
string. Equation (3) has been studied extensively, for instance, [22-34] and references therein. For
p > 1, the reader can consult [35-39] and references therein.

When a < 1, oD} and ;D% are the left and right Riemann-Liouville fractional derivatives,
respectively, which have been given some physical interpretations in [40]. Moreover, they are also
applied to describe the anomalous diffusion, Lévy flights and traps in [41,42]. In [43], Jiao and Zhou
considered the system
tD%(oD¥u(t)) = VF(t,u(t)), ae te0,T], @

u(0) =u(T) =0.

They successfully applied critical point theory to investigate the existence of weak solutions for
system (4). To be precise, they obtained that system (4) has at least one weak solution when F has
a quadratic growth or a superquadratic growth by using the least action principle and mountain
pass theorem. Subsequently, this topic related to system (4) attracted lots of attentions, for example,
Ref. [44-49] and references therein. It is obvious that system (1) is much more complicated than
system (4) since the appearance of nonlocal term A(u(t)) and p-Laplacian term ¢, (s). Recently, in [50],
the following fractional Kirchhoff equation with Dirichlet boundary condition was investigated
(a +b [T |0D‘t"u(t)|2dt) (DE(oDSu(t)) + AV (H)u(t) = f(t,u(t)), ae. te[0,T], -

u(0) =u(T) =0,

where a,b,A > 0, f € C([0, T] x R,R). By using the mountain pass theorem in [51] and the linking
theorem in [52], the authors established some existence results of nontrivial solutions for system (5) if
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f satisfies
2
(f1) there exist constants y > 4,0 < T < 2 and a nonnegative function g € L2-7 such that

F(t,x) — ;f(t,x)x < g(H)|x|*, forae. te€[0,T],xeR;

(f2) there exists 6 > 2 such that lim|,|_,, infico 1) |( lg) > 0;

(or (f2)" there exists 6 > 4 such that lim | _,, infic (o 1) \(xﬁ >0);

F(t,x)

(f3) there exists o > 2 such that limy,_,o SUP;(0,7) Txfo
and some other reasonable conditions.

In [53], Chen-Liu investigated the Kirchhoff-type fractional Dirichlet problem with p-Laplacian

< oo,

{(a 0 fT loDgu()at)” iDygy(oDu(h) = f(u(h), te(O,T), ©

u(0) = u(T) =0.

where a,b,A > 0, f € C1([0, T] x R, R). By the Nehari method, they established the existence result of
ground state solution for system (6) if f satisfies

(D) f(t,x) = o(|x|P~1) as |x| — O uniformly forall t € [0, T),

and the well-known Ambrosetti-Rabinowitz (AR for short) condition

(AR) there exist two constants y > p?, R > 0 such that

0 < uF(t,x) < xf(t,x), forVt € [0,T],x € Rwith |x| >R,

where F(t, x) fo f(t,s)ds, and some additional conditions. It is easy to see that all of these conditions
(f1), (£2), (f2) and (AR) imply that F(¢, x) needs to have a growth near the infinity about x, and (f3) and
(f4) imply that F(t, x) needs to have a growth near 0 about x.

In this paper, we investigate the existence of solutions for system (1) when the nonlinear term F
has local assumptions only near 0 about x. Our work is mainly motivated by [32,54]. In [54], Costa and
Wang investigated the multiplicity of both signed and sign-changing solutions for the one-parameter
family of elliptic problems

{—Au =Af(u) inQ, )

u(y) =0 inaQ,

where A > 0 is a parameter, Q) is a bounded smooth domain in RN(N > 3) and f € C!(R,R). They
assumed that the nonlinearity f(u) has superlinear growth only in a neighborhood of # = 0 and then
obtained the number of signed and sign-changing solutions which are dependent on the parameter A.
They used a cut-off technique together with energy estimates given by minimax methods. The idea
in [54] has been applied to some different problems, for example, [55,56] for quasilinear elliptic problems
with p-Laplacian operator, [57] for an elliptic problem with fractional Laplacian operator, Ref. [58] for
Schrodinger equations, [59] for Neumann problem with nonhomogeneous differential operator and
critical growth, and [60] for quasilinear Schrddinger equations. Especially, in [32], Li and Su investigated
the Kirchhoff-type equations

= 1+ Jp(IVul> + V(y)u?)dy] [Au+ V(y)u] = AQy)f(u), y € R, ®)

u(y) — 0, as|y| — oo,

where A > 0, V,Q are radial functions and f € C((—dp, &), R) for some ) > 0. Via the idea
in [54], they also established the existence result of solutions when f (1) has superlinear growth in a
neighborhood of u = 0. It is worthy to note that A usually needs to be sufficiently large, that is, A has
a lower bound A*. However, the concrete values of A* are not given in these references. Similar to



Mathematics 2020, 8, 106

Equation (8), comparing with Equations (5) and (6), we add a nonlocal term fOT

40f17

V(t)|u(t)|Pdt in system

(1) where min;c (o 7 V(t) > 0, and multiply V(t)¢p (u()) by the nonlocal part A(u(t)). Moreover, we
consider the high-dimensional case, that is, N > 1. Since min,c(o 1] V(t) > 0, system (1) is different
from Equations (2), (5), (6) and system (4). More importantly, we present a concrete value of the lower
bound A* for system (1) and then obtain two estimates of the solutions family {u, } for all A > A*.

Next, we make some assumptions for F.
(H1) there exist constants q1 > p?, g2 € (p?,q1), My > 0and My > 0 such that

My|x| < E(t,x) < Mplx|™

forall x € RN with |x| < Sand ae. t € [0,T);
(H2) there exists a constant B > p? such that

0 < BE(t,x) < (VE(t,x), x)

forall x € RN with |x| < Sand a.e. t € [0, T).

Theorem 1. Suppose that (HO)—(H2) hold. Then system (1) has at least a nontrivial weak solution u, for all

A> A= max{Al,Az, A3} and

p*0 _pL 26
aP=1(0 — p?) 1O —p?)
n— 2 _
rr P
T(a)(ag—q+1)7 4 (6 —p?)
"% p20
T(w) (g —q+ 1)1 @ 0=
lim [luplly =0 = lim [Ju) ]|,
A—ro0 A—r00

where 8 = min{B, g2}, g = %,

_r-1
C A P < piC* max{Ay, Ay, Az} 17,

_r-1
Cx max{Al,Az, Ag} n-r,

— (u+%§ max{1,V®}(DP+GP))P
0

T 1/p
lurlly = (/o loDF ux (t \de"/ £)ua(t |pdf> lalleo = max ”/\(t)r
1
Ay = max { — Vet M@ @g-gt) 162" bp
22Mp T P27 (5 min{1,Veg } D)2 P Mlﬂﬁ**
O
r q(p—1)
Ay = |a+ b[max{1, V°°}] o7 (D 4+ G*) ,
i 0
0oy
p—1
TPe-1 p?0C, 2°
As = 1P ap-1(g— p2) oF ’
T(@)(ag g+ 1))

V® = max V(t), Vo = min V(t),
te[0,T] te[0,T]

Cy =

1

P 1_1
T rD

p(Mig) 7 (Mygq)n—r

©)

(10)

(11)

(12)

(13)
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==

[ s

p+1 —1"\p . .
(T;T,, %)p, if p is even,

Tp-i—l—pa 1/p
G= ,
([T(Z—W)]”(er—w))
a1l
Go = L G
I'(a)(ag —q+1)7

I(z) :/ #=tetdt (forallz > 0).
0

We organize this paper as follows. In Section 2, we recall some preliminary results including
the definitions of Riemann-Liouville fractional derivatives and working spaces, some conclusions for
the working spaces and mountain pass theorem. In Section 3, we complete the proof of Theorem 1.
In Section 4, we apply Theorem 1 to an example and compute the value of lower bound A* in
the example.

2. Preliminaries

In this section, we mainly recall some basic definitions and results.

Definition 1 (Left and Right Riemann-Liouville Fractional Integrals [44,61]). Let f be a function defined
on [a,b]. The left and right Riemann—Liouville fractional integrals of order -y > 0 for function f denoted by
oDy Tf(t) and (D, T f(t) , respectively, are defined by

D Tf(E) = r(lﬂ /at(t — )Y f(s)ds, t € [a,b],7 >0,
Dy F() = r(lw /tb(s — 7 f(s)ds, t € [a,b],7 >0,

provided the right-hand sides are pointwise defined on [a, b], where T > 0 is the Gamma function.

Definition 2 (Left and Right Riemann-Liouville Fractional Derivatives [44,61]). Let f be a function
defined on [a,b]. The left and right Riemann—Liouville fractional derivatives of order -y > 0 for function f
denoted by ,D; f (t) and (D} f(t), respectively, are defined by

DIF(0) = a0 = gy g ([ =9 s ).

DFF(0) = (-1 D" f0) = e ([T (s )

where t € [a,b],n—1 <y <nandn € N.

Definition 3 ([43]). Let 0 < « < 1and 1 < p < oo. The fractional derivative space Eg'p is defined by the
closure of C* ([0, T], RN) with the norm

T T 1/p .
ul| = (/ |0D;“u(t)\pdt+/ |u(t)|r'dt) , VueEY.
0 0
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From the definition of Ey", it is apparent that the fractional derivative space Ey" is the space of functions
u : [0, T] — RN which is absolutely continuous and has an a-order left Riemann—Liouville fractional derivative
oD%u € LF([0, T],RN) and u(0) = u(T) = 0 and one can define the norm on LP ([0, T],RN) as

lullr = (/OT |u(t)|Pdt)1/p.

Eg’p is uniformly convex by the uniform convexity of LP ([43]).

Remark 1. It is easy to see that ||u||y defined by (9) is also a norm on Eg’p and ||u||y and ||u|| are equivalent and
min{1, Vao} ] < [[ull}; < max{1, v} ull”. (14)

Lemma 1 ([43]). Let0 <a <1land1 < p < co. Eg'p is a reflexive and separable Banach space.

Lemma 2 ([43]). Let0 <a <1land1 < p < oo. Forallu € Eg'p, there has

[ullr < CplloDfullLr,

where T2
Cp - m > 0
Moreover, if & > %, then
T b 11
[lufleo < loDfullr, —+-=1. (15)
T()(aq —q+1)7 P

Lemma 3 ([43]). Let1/p <« < land 1 < p < co. The imbedding of Ey" in C([0, T],RN) is compact.

Let X be a Banach space. ¢ € C!(X,R) and ¢ € R. A sequence {u,} C X is called (PS), sequence
(named after Palais and Smale) if the sequence {u, } satisfies

@(un) — ¢, ¢'(un) — 0.

Lemma 4 (Mountain Pass Theorem [62,63]). Let X be a Banach space, ¢ € C'(X,R), w € X and r > 0 be
such that ||w|| > r and

b= Hiﬂir(’)(”) > ¢(0) > ¢(w).

Then there exists a (PS). sequence with

= inf t)),
¢ := Inf max e(v(1)

I':={y € ([0,1], X]) : 7(0) = 0,7(1) = w}.
As in [53], for each A > 0, we can define the functional I, : Eg,p — Ras

P
1) = gz (o8 [ (oD + VOO Pa) 3 [T Feaar—

It is easy to see that the assumption (H0)—-(H2) can not ensure that I, is well defined on Eg’p . So
we follow the idea in [54] and simply sketch the outline of proof here. We use Lemma 4 to complete the
proof. Since F satisfies the growth condition only near 0 by (HO0)-(H2), in order to use the conditions
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globally, we modify and extend F to F defined in section 3, and the corresponding functional is defined
as I). Next we prove that I has mountain pass geometry on Eg’p. Then Lemma 4 implies that I) has
a (PS)., sequence. Then by a standard analysis, a convergent subsequence of the (PS)., sequence is
obtained to ensure that ¢, is the critical value of I,. Finally, by an estimate about ||u) ||, we obtain
that the critical point u) of I with ||u) ||c < 6/2 is just right the solution of system (1) for all A > A*
for some concrete A*.

3. Proofs

Define m(s) € C'(R, [0,1]) as an even cut-off function satisfying sm’(s) < 0 and
)

(16)
6

Define F : [0, T] x RN — R as
F(t,x) = m(|x[)F(t,x) + (1 = m(|x])) Ma|x|%.

We define the variational functional corresponding to F as

14
L(u) = blpz <a+b/OT(|on‘u(t)|p+V(t)|u(t)|p)dt) —A/OTF(t,u(t))dt—;:z
= blpZ (a+b||u\|’{;)p —A/OTF(t,u(t))dt— ;:2 (17)

forall u € Ej”. By (HO) and the definition of F, it is easy to obtain that F satisfies
(HO)' F(t,x) is continuously differentiable in RN for a.e. t € [0, T, measurable in t for every x € RN, and there
exists b € L1([0, T); R*) such that

|F(t,x)] < aph(t) + Mp|x|?,
[VE(t,x)| < (1+mg)agh(t) + quz|x|‘72_l + moMp|x|72

forallx € RN and a.e. t € [0,T), ag = maXe(o,g) A(s) and mo = Max,e (s |m’ (s)].

Hence, a standard argument shows that I, € C! (Eg’p ,R) and

w0y = (asolully)” (S ToDRu(t)P~2(uDEu(t), aDEo(t)dt + V(0)lu(t)|P~2(u(r), o(t))Jat)
—A S (VE(tu(h)),o(t))dt

forallu,v € Eg’p. Hence

(T ) ) = (act b))l — A [ (TR (), 1))t
forallu € Eg’p.

Lemma 5. Assume that (H1)—(H2) hold. Then
(H1)

0 < F(t,x) < Ma|x|™, forall x € RN;

(H2)
0 < 0F(t,x) < (VE(t,x),x), forall x € RN/{0},
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where = min{q,, B}.

Proof. ¢ If |x| < %, then by (H1), the conclusion (H1)’ holds;
If § < |x| <, by (H1), we have

0 < F(t,x) = m(|x[)F(t,x) + (1 = m(|x])) Ma|x[2 < m(|x|)Mp|x|% + (1 = m(|x])) Mz |x|72 = Mp|x|%2;

If |x| > J, then by the definition of m, we have F(t,x) = Mp|x|?.
e Forall x € RN/{0}, we have

VE(t,x) = m'(|x]) 57 F(t, x) + m(|x ) VE(t, x) + (1 — m(|x])g2Ma|x|2=2x — m' (|x]) 5 Mz x|2.

T«

Then

(VE(t,x),x) = |x|m'(|x])(F(t,x) — Ma|x|") + m(|x])(VF(t x),x) + (1 — m(]x[))gaMa|x|72.
and

OF(t,x) — (VF(t,x),x) = m(|x])(0F(t,x) — (VF(t,x),x)) + (0 — q2)(1 — m(|x|)) Ma|x|"

= |x[m(|x|) (F(t,x) — Ma|x|%).

Apparently, the conclusion holds for 0 < |x| < /2 and |x| > 6. If §/2 < |x| < 6, by using 6 < gp,
the conclusion (H1), (H2) and the fact sm’(s) < 0 for all s € R, we can get the conclusion (H2)'. O

Lemma 6. I satisfies the mountain pass geometry for all A > A1, where A1 is defined in (10).

Proof. Note that g, > p? > p. By Lemma 5 and (15) , we have

_ 1 P T _ aP
L(u) = b—pz(aerHuHV)”—/\./O Flt ()~ 55
aP ab—1 p T aP
> gt el ~ AMy [ (e =
apil P q2—p T 4
> el Ml B [ ey
1 J2—P
ap~1 T b _
> —[lully - AM; T [ 5"
P T(a)(ag —q+1)7
1 J2—P
ap~1 M, T 7
> 2 ||u”5—/\7 1 HuH?/z
P ® \T(@)(aqg—q+1)7
1
0P
We choose v, = ”pflv"j F for any given A > 0. Then we have
2p2/\M2<TaV1>
I(w)(@q—q+1) 7

q2=p

- p-1 T

L) >dy = A rr v >0, forall lully =vy.  (18)
P I'(a)( )i
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Choose
T t
= <nsm %,0,--- ,o> € BV, (19)
Then
1
o 2p-DUNP i pis odd
||e||LF - D= (nPH pl )1 ’ p y (20)
. 1
(T;; (pp!ll)”) ", ifpiseven
and
N Tp-i—l—pa
< = .
By (15),
1 1
T % T
lello < 7 lloDfel[r < Go := 7 G. (22)
I'(a)(aqg —q+1)7 I'(a)(aqg —q+1)7
Note that
s L a4 B2 max{1, vy (DF + GP))P
Vot '(T(a) (0g — g +1)7Go)”2 P bp2" Gy '
Al = max 1 4 1n
2p2 Mo T 927 (5 min{1, Ve } D)2~ P My 25T D
0
Then
omin{1, Vo
I & el > 2L by, >

for all A > Aj. By (22), we have || G%EHOO < 4. By the definition of F and (H1), we have F(t,x) =
F(t,x) > My|x|T for all |x| < /2, and

F(t,x) = m(|x[)F(t,x) + (1 —m(x)) Mz |x|™ > m(|x[) My |x|7 + (1 — m(x)) My |x|T = My |x|"

forall § < |x| < 6. Hence, by Holder inequality, we have

) 1 1) T _ ) a?
h(ge = W(a+b||50e||g)P—A/o Flt, ge(t)at — o5
1 ) T 5 af
< et blgelh) = [ se(olma— o
1 béP 5N
< —(a+ —5 max{1, V=}|e|P)’ — AM;—T" 7 ||e|| "}
2 P 7 Lp
bp Gy Gy'
1 bo? . P
< 0

forall A > Aq.
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Letw = G%e and ¢ = I). Then for any given A > Aj, Lemmas 4 and 6 imply that I, has a (PS).,
sequence {uy } := {u, )}, thatis, there exists a sequence {u, } satisfying

Ly(un) —cn, Tj(up) =0, asn — oo, (23)
where
)= 3&? max Li(v(1)), (24)
I:={y€([0,1],X]):7(0) =0,7v(1) = w}.
O

Lemma 7. The (PS)., sequence {uy,} has a convergent subsequence.

Proof. By virtue of Lemma 5, (23) and 6 = min{gp, B} > p?, there exists a positive constant M > 0
such that

_ 1 -
M+ flunllv > I/\(un)_§<l/l\(un)/”n>
a1 ]
= (a+blluallf)r W(ﬂ+bllun|lf/) 9||un||€/
TT. -1 _ aP -
_/\/0 {F(t,un)—e(VF(t,un),un)} dt— (25)
41 1 ) a?
> (o bl [+ blully) = gl -
>

1| a 1 1 a?
ab~1 {pr + (pz - (9> ||un|€/] T2
_ 1 1
= gf 1 (}72 - 9> HunHI\’;

for n large enough, which shows that {u, } is bounded in Eg’p by p > 1. By Lemma 1, we can assume
that, up to a subsequence, for some u, € ENP,

uy — uyin Ey?, (26)
U, — uAinC([O,T],RN).

The following argument is similar to [64] with some modifications. Since

<T/A (”n) yUn — ”A>

p=1 /T -
= (o elt)" (] oDt 20D, D8 (o = 1)) @)

T T
+/ V() (it |P 211, 1y — uA)dt) —A/ (VE(t, ty), it — 10 )dt,
0 0
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we have

> (o bl )b+ -+ ) il
~(a+ bllunl)P- 1[”0%"\ oDty 1
(r=1)/p 1/p
(fo \un|7’dt> (fo |u,\\pdt> }
_ -1
~(a+bllu D) 1[\|0Dw|€p oDt o
(p—1)/p . 1/p
(fo D) (V@) |
*/\fo (VE(t,up) — VE(t,up), uy — uy)dt
> @t bl + bl ity
P— 14
—(a+b||un||’é)”*1(HoDi‘unH LT |un|mt) (HOD;‘uAH LTV
(p=1)/p
—(a+b||uAHf/)”’1<lloD?‘uAll T |uA|Pdt) <H0D§‘un\| + v
A S (VE(t un) — VE(tuy), 1y — uy)dt
= )Pl + (a4 bl )7
— (@ bl |27 I iy = (3 + Blla |27~ 1ty i 17
A S (VE(tun) — VE(tuy), 1y — up)dt
_ —1
= (o bl sl = il i
@t blua )P sl il — lanllv) — A ST (VECt ) — VE(h 02),
_ -1 _ -1
= (@t Dlunll )P 57 = (ot Bllua |5)P Y a1 >(|\Mn||v—||MA||V)
A S (VE(t un) — VE(up), un — up)d.
Note that

(Th (1) = Th (), 1tn — )
<a+b\|un||’”v>”‘1(fJuonun\p-zonun,oDﬂun —uy))dt

+f0 ) ([t [P 210, 1y — uA)dt> - )LfOT(VF(t,u,,),un —uy)dt
= (o el )= (S QoDRur 20D, 0DF (i )l

+ [TV (P 2up, wn — u)\)dt> — A ST (VE(tup),  — uA)dt]
<a+buun||€>H(||unu€ (oDt n P20 DS, o Dy

~ IVl 1) ) o +b\|m|\’”vv-l(— haall

+f0 (loD%u |P~29D%uy, oD uy) dt—i—fo 1) (luq|P~ 2u;l,un)di.‘)
—A fo (VFE(t,up) — VE(t,up), uy — uA)dt

11 0f 17

(28)

1/p
() [ur|Pdt

1/p

\un|7’dt)

— u,\)dt

T T
A/O (VE(t,tn) — VE(t, 112, 1ty — 11)dt < /\/0 IVE(t ) — VE(t, ) ||un — up|dt — 0,  (29)

by uy, — uy in C([0, T],RN) and |V F(t, uy)

boundedness of {u,} in Ey”, and (23) and (26) imply that

<Ti\ (”n) —TL\(MA),Mn — uA> — 0, asn — oo.

So by (28)—(30), we have

[unlly = Nluallv, as n — co.

— VF(t,uy)| is bounded in [0, T] because of (H0)' and the

(30)
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By the uniform convexity of Eg’p and u, — u,, it follows from the Kadec-Klee property (see [65])
and (14), uy, — uy in Eg’p. O

By the continuity of I, we obtain that I (u) = c,, where c, is defined by (24). Then (18) implies
that ¢y, > d, > 0. Hence u, is a nontrivial critical point of I in Eg’p for any given A > Aj.

Next, we show that u, precisely is the nontrivial weak solution of system (1) for any given A > A*.
In order to get this, we need to make an estimate for the critical level ¢). We introduce the functional
I Eg’p — R as follows

~ 1 p T aP
B0 = paat bl — vy [ ol — .
Lemma 8. Forall A > max{Aq, Az},
_rl
c) < CiA 177,
where Cy is defined by (13) which is obviously independent of A.
Proof. Define f; : [0,00) = R,i = 1,2, by
aP

fi(s) : (a+bs"|ler 1) — A Je II”SP
1 ) 1 - 1 T 1T s
bpz \% v % bpz

T 1 sP
fals) = —/\Mls‘“/ er Pt £ AT e},
0
where ¢ = G%e and e is defined in (19). Then f;(s) + fo(s) = Jy(se1). Let

1
f5(5) = =AMyqqler|| T, T + A% [leg |5 = 0.

_1

ety "
Thus for each given A > 0, we have s = 7‘%1 . Then
AMaq1|lex HL’“

Pay
1 g1 —v 7;,7,1
max f>(s) = N M; - ( lle1||v )»n =1
= p(Mig1)n=r  (Mygq)n—? llex o

Obviously, f1(0) = 0 and

1
fi(s) = (a+bs?|ler||})PHlex |lfysP " — ATt [[eg||},sP 1.
So if

5P n(p—1)
A > Ayi= a—i—b[max{l,Vm}]p?(Dp—ﬁ—Gp)

0

5 71(p—1)
= ({1 + b[max{l,VooHpGp||e|p>
0

v

7

q(p=1)
(a+ 057 lerll})”
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fi1(s) is decreasing on s € [0,1] and then f;(s) < 0 forall s € [0,1]. By (22), we have
o
Iserfleo < [ Z=elleo < 6 (31)
0

foralls € [0,1]. Then for all A > Ay, by (H1)/, (20), (21) and Hélder inequality, we have

ey < max I\(ser) < max Ta(ser) < max fi(s) + max fa(s)

7,1 -1
< max f>(s) = 1 I M, - ( lle1|lv )m p /\,q%p
= p(Mig)77  (Mygy)nr ) \ellen
Py

1 M, [max{1, V=Y VP(DP 4 GP)V/P \ T 1
=< P [ 1_1 A-mer
p(Migi)n="  (Mygq)n? To 7 lle]|Le
p—1

= C AT,

O

Proof of Theorem 1. Note that u, is a critical point of I) with critical value c,. Since (I'(u,),u,) = 0,
similar to the argument in (25) and by Lemma 8, we have

2
p pe
Jually < P PZ)IA(”A)
2
p-0
_ 32
10— ) )
2 -1
p-o =
ap*l(e _ 2) C*)\ qm—-r
Since
n-r
=
TPl p?0C, 27
A> A= 17 qp=1(9 — p2) P ’
I(a)(ag —gq+1)7
by (32), we have
T 7
[ualleo < [ually < 6/2. (33)

[(a)(aqg —q+1)7

Soforall A > Az, |u) ()] < |lurllee < 6/2forace. t € [0,T] and then F(t,u(t)) = F(t,u(t)) for a.e.
t € [0, T]. Furthermore, I) (1)) = Iy (1)) = cx > 0and (I'(uy),0) = (I'(uy),v) = 0 forall v € Ey”.
Thus u, is precisely the nontrivial weak solution of system (1) when A > A* := max{A1, Ay, Az}.
Note that p > 1and q; > p. By (32) and (33), it is obvious that

lim [[up]lv =0= lim [u)|e.
A—s00 A—00
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4. Example

Assumethat N=2,a=b=T=1,p=3andd = 1. Theng = 3. Letq; = 12,9, = 10, F(t,x) =
=38

(t+1)|x| forae. t € [0,1] and all x € RN with |x| < 1. V(t) = 7t> + 1 forall t € [0,1]. Then V*°
and Ve, = 1. Choose & = % Consider the system
1/2 1/2 2 — 9

A(u(t))[tDy “p3(oDy/ “u(t)) + (7t + 1)¢pa(u(t))] = 1IA(t +1)[u["u, ae.te[0,1], (34)

u(0) =u(l) =0,
where )

1
AG(t) = |1+ [[ (0D}t + (77 + Dluo) P

1
By Theorem 1, we can obtain that system (34) has at least a nontrivial solution u, in Ej ? for each
A > 183.46%* and lim) _,o, ||ty ||y = 0 = limy_e0 || 2 ]| co-
In fact, we can verify that F(t, u) satisfies (H0)-(H2) as follows.

(i) Note that
|F(t,x)| = (t+1)|x|", |VE(t,x)| = 11(t+1)|x|*

for all |x| < J. Seta(|x|) = |x[1° +1 for all x € RN with |x| < 1 and b(t) = 11(t + 1) for a.e.
t € [0, T]. Then assumption (HO) is satisfied.
(ii) Note thatg; =12 > g, = 10 > p> =9, and

¥ < F(t,x) = (t+ 1)) < 2[x]",

forall |x| < Jdanda.e. t € [0,1]. Set M = 1 and M, = 2. Then assumption (H1) is also satisfied.
(iii) Letp =10 > p* =9. Then

0 < 10(t +1)[x|™ = BF(t,x) < 11(t +1)|x|"' = (VF(t,x), x)

holds for all x € R? and a.e. t € [0, 1], and so assumption (H3) is satisfied. Next, we compute the
value of A* by the formulas in Theorem 1. Note that T'(}) = /7, T(2 — 1) = @ We obtain

1 1
p+1 —_ 1\ 7 3

D= (T 2(p 1)..>p _ <4> iy
p+1 p!! 3

ThH1—pa Ur o r16\3
G= =|—=] T2
<F”(2—w)(p+1—w)) (5>

1
T b
Go = G=53-1631"1.

T(a)(ag —q +1)1

QM

Then by 6 = min{p, g2} = 10, (10)—(12), we have

768 1611/2 . 374 5 3/2
As — 3 35/6 14> 3
1 max{ V 78125 ¢ 65 Utot )
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24
40
Ay = (1 + gn_l +327r3/2> ,

9
720-16C,\ 2
Az = ( 7372 ) ’

and by (13),

4/3
1 1 12

Co=16( —3—= — w— 1+n5/2> .
(3. V12 \3/124>( 5

Compared Aq, Ay and Ag, it is easy to see A* = Ay =~ 183.46%4.
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