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Abstract: Due to the applications in many fields, there is great interest in studying partial difference
equations involving functions with two or more discrete variables. In this paper, we deal with the
existence of infinitely many solutions for a partial discrete Dirichlet boundary value problem with the
p-Laplacian by using critical point theory. Moreover, under appropriate assumptions on the nonlinear
term, we determine open intervals of the parameter such that at least two positive solutions and an
unbounded sequence of positive solutions are obtained by using the maximum principle. We also
show two examples to illustrate our results.
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1. Introduction

Let Z, R, N denote all integers, real numbers and positive integers, respectively. Define Z(a, b) =
{a,a+1,---,b} forany a,b € Zwitha <b.
In this paper, we consider the following problem, namely (S{)

M(pp(Bax(i =1,7))) + Ba(p(B2x(i,j —1))) + Af((0, ), x(i,f)) = O, (i,j) € Z(1,m) x Z(1,n),
with boundary conditions
x(i,0) =x(i,n+1) =0, i € Z(0,m+1),

x(0,j) =x(m+1,j)=0, j€Z(0,n+1),

where m and n are given positive integers, A is a positive real parameter, A; and A, are
forward difference operators, respectively defined by Ajx(i,j) = x(i +1,j) — x(i,j) and
ox(ij) = x(ij + 1) — x(0,)), Ax(i,]) = bi(dix(i,j) and Adx(i,j) = Ba(Bax(i})), gy is
the p-Laplacian operator given by ¢,(s) = [s|P72s,1 < p < +o0 and f((i,j),-) € C(R,R) for all
(i,j) € Z(1,m) x Z(1,n).

The study of difference equations has captured special attention, which is due to the fact that
difference equations are widely used as mathematical models in discrete optimization, physics,
population genetics, etc. [1-4]. Many researchers have done in-depth study on the difference equation
and use critical point theory to acquire some wonderful conclusions. For example, some results on
homoclinic solutions [5-13], periodic solutions [14-16], ground state solutions [17,18] and solutions for
boundary value problems [19-29] have been achieved. Especially, in recent years, owing to more and
more applications of partial difference equation mathematical models in many fields, such as economy,
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computer science and control systems, there has aroused a great deal of interest in studying partial
difference equations involving functions with two or more discrete variables. With the increase of
research, many results have been obtained [30-32].

In [30], Shapour Heidarkhani and Maurizio Imbesi considered the following partial discrete
Dirichlet problem (E{\)

Afu(i = 1,7) + Mqu(i, = 1) + Af (0, /), u(i ) = 0, (i,f) € Z(1,m) x Z(1,n),

with boundary conditions
u(i,0) =u(i,n+1) =0, i € Z(1,m),

u(0,j) =u(m+1,j) =0, jeZ(1,n).

The authors transformed the matrix form into the one-dimensional vector form, and obtained the
existence of at least three solutions for problem (E{) by utilizing two critical point theorems.

In [31], Marek Galewski and Aleksandra Orpel obtained some existence results of (E{\) in light of
variational methods and some monotonicity results.

Maurizio Imbesi and Giovanni Molica Bisci [32] determined unbounded intervals of parameters
such that (Ei) admitted either an unbounded sequence of solutions or a pairwise distinct sequence of
solutions by the critical point theory.

However, until now, there is very little research on the partial difference equations with the
p-Laplacian. For this reason, this paper is to study the existence of multiple solutions for partial
discrete Dirichlet problems involving the p-Laplacian. In this paper, in the framework of variational
methods, we consider the two-dimensional discrete problem (Sﬁ) by using critical point theory and we
come up with more specific sets of parameters such that the existence of infinitely many solutions for
problem (S{) can be obtained. Under some proper assumptions, we deal with the existence of multiple
solutions of problem ( S{\) by applying Theorem 3.3 of [33] in Theorem 2. Furthermore, we show that
problem (S{) admits at least two positive solutions in Theorem 3. In addition, we obtain that problem
(S{) admits an unbounded sequence of solutions by utilizing Theorem 2.1 of [34] in Theorem 4.

The structure of the rest of this paper is as follows. In Section 2, some basic lemmas and
propositions are showed. In Section 3, we give our main results. In Section 4, two examples are
presented to explicate our results. We conclude our results in the last section.

2. Preliminaries

Let E denote a finite dimensional real Banach space and let I, : E — R be a function satisfying
the following structure hypothesis:
(A) I)(x) := ®(x) — A¥(x) forall x € E, where ®,¥ : E — R are two functions of class C! on E with

® coercive, ie., lim @®(x) = 400, and A is a real positive parameter.
[|x]| o0

The following lemma comes from Theorem 2.2 of [30].

Lemma 1. Assume that the condition (A) holds. We have

(B) @ is convex and irb}f<1> =®(0) =Y(0) =0;

(C) for each A > 0 and for every x1,x, € E which are local minima for the functional I, := ® — AY and such
that ¥(x1) > 0 and ¥ (x) > 0, one has Oir}g‘}’(txl + (1—1t)xp) > 0.

Further, assume that there are two positive constants py, pp and u € E, with 2p; < ®(u) < £2, such that

(a1)
sup  ¥(x)
xe®@ ! (—oo,01)

P1
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(a2)
sup  ¥(x)
xe®~! (—oo,05) PR I{C)
02 3 D(u)

Then, for each A € (g - i{;ézg,min { Suppl V) sug/z &) }) , the functional I has at least
)

xECD*l(—oo,pl) xed)*l(—oo,pZ
three distinct critical points which lie in ®~1(—co, py).

The following lemma comes from Corollary 3.1 of [33].

Lemma 2. Assume that the condition (A) holds. We have

(D) @ is convex and irb}f@ =®(0) =Y(0) =0;

(E) for each A > 0 and for every x1,x, € E which are local minima for the functional I, := ® — AY and such
that ¥ (x1) > 0and ¥(x) > 0, one has Oirgil‘l’(txl +(1—1f)xp) >0.

Further, assume that there are two positive constants py,pp and u € E, with py < ®(u) < 2, such that
(a3)
sup  ¥(x)
xe®@ ! (—oo,01)
< z- ;
P1 2 P(u)

| =

6
—~
=

sup  ¥(x)
o iCap 1 ¥
02 4 O(u)

Then, for each A € (z\f((:’)),mm { Suppl T Su;;z/2 T }) , the functional 1 has at least
xe(b*l(—oo/pl) xe(b*l(—oo,m)

three distinct critical points which lie in ®~1(—oo, p3).

Lett, t1,tr > i%fCD with ¢, > t; and t3 > 0 such that

( sup ‘P(x)) —¥(x)
xed1(—co,t)

)= inf ,
¢(t) ced oo =T
ﬁ(tll t2) = inf su %\P(i)’
_1sup ¥ (x)
Yty t3) = 0=

a(ty, b, t3) = max {¢(t1), p(t2), v(t2, t3) }-

The following lemma comes from Theorem 3.3 of [33].

Lemma 3. Assume that the condition (A) holds. We have
(F) @ is convex and iII‘SIfCD =®(0) =Y(0) =0;

(G) for each A > 0 and for every x1,x € E which are local minima for the functional I := ® — AY and such
that ¥ (x1) > 0and ¥ (x2) > 0, one has Oinil‘l’(sxl +(1—s)xp) > 0.
SRS
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Further, assume that there are three positive constants py, 02, p3 with p1 < p2, such that
(a5) (1) < Blp1,02);
(a6) ¢(p2) < Blp1,p2);
(a7) v(p2,03) < B(p1,02)-

Then, for each A € (7}9@1@2) X orpaps) ), the functional 1) has three distinct critical points.

Let

o 1t1§i£10fcp(t), 6= liminf . @(1).
t— (igf@)

Clearly, ¥ > 0 and 6 > 0. When 7y = 0 (or 6 = 0), in the sequel, we agree to read % (or %) as +oo.
The following lemma comes from Theorem 2.1 of [34].

Lemma 4. Assume that the condition (A) holds, one has
) If v < o0 then, for each A € (0, %), the following alternative holds: either
i1) I possesses a global minimum, or

ip) there is a sequence {xy } of critical points (local minima) of 1, such that khm D(x;) = +oo.
—+00

(i
(
(
(j) If 6 < o0 then, for each A € (0, 3), the following alternative holds: either
(j1) there is a global minimum of ® which is a local minimum of I, or

(j) there is a sequence { xy} of pairwise distinct critical points (local minima) of I, with l1rn D(xp) = i1"51f D,

——+00
which weakly converges to a global minimum of P.

Now we consider the mn-dimensional Banach space

S = {x: 7(0,m+1) x Z(0,n+1) — R such that x(i,0) = x(i,n +1) = 0,
i€Z(0,m+1)and x(0,j) = x(m+1,j) =0, j € Z(o,n+1)},

endowed with the norm

=

n m m n+1
IXI—<ZZ|A1x1—1JI’“rZZIAszJ—l ) | res

i=1 j=1
For each x € S, let

m n+1

n m-+1
:221A1x1—1]|p+22 |A2x J=DIP,
j=1 i=1 P i=1 j=1
¥(x) = Y 3 F (), x(i, )
j=li=1

where F((i, ), x) = /Oxf((i,j),é‘)dg’ for every ((i, ), x) € Z(1,m) x Z(1,n) x R.

Define

for any x € S. Itis clear that I, € C!(S,R) with
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P(x +tz) — D(x)

¥ (1)) = lim :
n m+1 m n+1
= Zl Z ¢p (Mx(i—1,7)) Arz(i —1,f) + Zl ;qbp (Mox(i,j— 1)) Aoz(i,j — 1)
j=1i=1 i=1j=
- iilcpp M- 1, ]>>A1z<i—1,j>—i¢p (Byx(m, ) 2(m,
j=1i =
+ il i¢p (Dpx(i,j—1)) Apz(i,j—1) — iqbp (Ax(i,n))z(i,n)
1= ]= 1=
- —iilA1¢p<A1x<z—1]>) (i —iiAz¢p<Azx<i,j—1>>z<i,j>,
j=li= i=1j=
and
¥/(0)(2) = lim LT = 35 (G () 20
j=1i=
forall x,z € S.
Now
[ (x) — AY'(x)] ilf;mp (Bx(i = 1,1)) + Bagy (Aax(ij — 1))
j=1i

+ Af(G), % ))z2( ).
Consequently, the critical points of I) in S are exactly the solutions of problem (S{\)

Proposition 1. For every x € S, the relation

.
m4+n+2)r
max {[x(i, )]} < LRy W
i€Z(1,m)
JEZ(1,n)

holds.
Proof. For any given x € S, there exist s € Z(1,m) and 7 € Z(1,n) such that

(s, ) = max (Ix(i. )}
JEZ(1,n)

Since x(i,0) = x(i,n+1) = 0,i € Z(0,m+1) and x(0,j) = x(m+1,j) =0,j € Z(0,n+ 1),
we can obtain

S T
lx(s,T)] = %|'ZlAlx(i—l,T)—i-‘ZlAzx(s,j—l)|

" , Ta ,
< Q'El‘Alx(z—l,T)|+§'21|A2x(s,]—1)‘

i= j=

1 i S P ’
< ge(s+1)7 | X |Ax(i—1,7)] +Z]A2xs]—1)|

i=1



Mathematics 2020, 8, 2030 6 of 20

and
1 Ml . n+l .
x(s,7)| = 3] L Mx(i—-L1)+ ¥ Axx(s,j—1)]
i—st1 j=T+1
1 m+1 ) 1 n+1 )
< 3 X |AMx(i—-LT)|+5 L |Ax(s,j—1)]
i=s+1 j=t+1

. 1 m+1 . p n+l . p
< gemn—s—t+2)7-| ¥ |ax(i-1,17)" + Zl\Azx(s,]fl)] ,

i=s+1 J=T+
where g is the conjugative number of p, that is, % + % =11

s T
-21 [Ax(i =1, 7)|P + -21 [Axx(s,j —1)[P
i= j=

p—1 m+1 )
< % <'21 Alx(l—l,T)|P)
1=
2)p-1 n+1 )
+$ﬁ&1KQMMw—mO,
]:
then we can get

p-1 1
.. m4+n+2)7r [mnLl ) ntl . ?
i&ﬁﬁﬂwmé(zl)<ﬂMwM4ﬂp+ZMﬂ@rDW .
jez(1n) = =1

So, we obtain the required relation (1). If, on the contrary,

s . T . p—1 m+1 .
,21|A1x(1—1rT)\p+121|A2X(5,]—1)|p > % ('21 |A1x(1—1,1’)|p>
1= ]: 1=

m4n -1 n+1 .
+% (.21 |82x(s,j — 1)|”> ,
]:

then we have

m+1 . n+l .
Lodx(i=Lr)P+ L [Aox(s,j— 1))
i=s+1 j=T1+1

m+1 . n+1 .
= L [Mx(i—=1,7)[P + L [Axx(s,j —1)P
i= j=

- (il |[Ax(i—1,7) " + ,il |[Agx (s, j — 1)|”>
i= j=

m—+n -1 m+1 .
< (- ) (e vor)

_ (meng2)p1y (L .
+ (1 27 (s+T1)P~1 ) (]21 [Aox(s,j —1)[P |
Moreover, we have

|x(s, 7)|

1
r

1
1 21\ 3 m+1 ) n+1 .
< %~(m+n—s—f+2)4~<1—m)”-(izl |A1x(1—1,T)|”+j§1|A2x(s,]—1)\p

We claim that inequality
1 1
p=1N7? q
(m+n+2) ) S(ernJrZ)ﬂ @

1
. —5— Ng . (1" TE
(m+n—s—1+2) ( P 5Tl 4

N —
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holds. In fact, we define a function ¢ : (0,m +n+2) — Rby

() = 1 n 1
= (m—+n—t+2)p~1  p=1
. o . .« . 12 .
The function g can attain its minimum W att = "2 Sinces € Z(1,m), T € Z(1,n),
we can get (s + T) > —2_—, that is,

= (m+n+2)r-1’

1 " 1 N 2F
(m+n—s—71+2)p1  (s+7)P 1 = (m4+n+2)p1"

This implies assertion (2) and we can obtain the required inequality (1). The proof is complete. O
Remark 1. Obviously, when m = 1and n =1, then ||x|| = 4 |x(1,1)| and the inequality in (1) holds.

Now we establish the strong maximum principle for problem (S{)
Proposition 2. Assume that there exists X : Z(0,m + 1) x Z(0,n + 1) — R such that

Ay (pp(D12(i —1,7))) + B2 (¢p(D2x(i,j—1))) <O, 3)
for every (i,j) € Z(1,m) x Z(1,n) and
%(i,0) =x(i,n+1)=0, i€ Z(0,m+1), %(0,j) =x(m+1,j) =0, j€ Z(0,n+1),

then, either % is the identically zero function or %(i,j) > 0 for every (i,]) € Z(1,m) x Z(1,n).

Note that when f : Z(1,m) x Z(1,n) x R — Ris a non-negative function, the above proposition
ensures that every solution of problem (S{\) is either zero or positive.

Proof. Let6 € Z(1,m), w € Z(1,n) and
#(6,w) = min {x(i,]’) ieZ(l,m),je Z(1,n)}.

If ¥(,w) > 0, then it is clear that X(i,j) > 0 foralli € Z(1,m),j € Z(1,n) and the proof is
complete.
If ¥(6,w) < 0, then £(6,w) = min {f(i,j) i€ Z(0,m+1),j € Z(0,n+ 1)}, since Aj%(6 —1,w) =
7(0,w)—x(0—1,w) <0,M%0,w—1)=%(0,w) —%(0,w—1) <0,and A1%(0,w) =%(0+1,w)—
x(0,w) >0, M%(0,w) = X(0,w +1) — (6, w) >0, ¢p(n) is increasing in 77, and ¢, (0) = 0, we obtain

Pp (MX(0,w0)) > 0> ¢p (MX(0—1,w)).
Similarly,
gbp (A2f(9,w)) >0> gbp (Aﬁ(@,w — 1)) .
We get
A1 (¢p(81%(0 — 1, w))) + B2 (Pp(82%(6,w — 1))) > 0.

Thus, we have
Pp (M1x(6,w)) = ¢p (A12(60 —1,w)) = 0.

Thatis (0 +1,w) = ¥(0,w) = %(0 — 1, w). If 0 +1 = m+ 1, we get (0, w) = 0. Otherwise,
(6 +1) € Z(1,m). Replacing 6 by 6 + 1, we obtain (6 + 2, w) = %(6 + 1, w). Continuing this process
(m+1—6) times, we have X(6,w) = x(0 +1,w) = %(0 +2,w) = --- = X(m+1,w) = 0. Similarly,
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weget¥(0,w) =%(0—-1,w) =%0—-2,w) ="---=x(0,w) = 0. Therefore, x(i,w) = 0 fori € Z(1,m).
In the same way, we can show that ¥ = 0 and the proof is complete. [

3. Main Results

For each positive constant i, put

Theorem 1. For every (i,j) € Z(1,m) x Z(1,n), let f ((i,j),) : R — R be a non-negative continuous
function. Assume that there exist three positive constants by, by and | with

p=1
1 4b1 - <1< ( 4 2) P . bz .
(n+m)r-(m+n+2) 7 nmt (n+m)r

such that
(1) max {(bn),27(b2)} < 5745+ rpr T

3n+3 4p f , o
Then, for each A € < ;’T(l;”, pn 27 T max {00 2e(t0) ) ), problem (S ) admits at least two positive

solutions x;, k = 1,2.

Proof. Fix A as in the conclusion, and put ®,¥, I, as defined in Section 2 for all x € S. Let us
employ Lemma 1 to our problem. Clearly, ® and ¥ satisfy assumptions (A) and (B) of Lemma 1.
Now, let x; and x, be two local minima for I). Then x; and x; are critical points for I, so, x; and
x; are solutions of problem (SJAC) Owing to Proposition 2, one has x1(i,j) > 0 and x(i,j) > 0 for all
(i,j) € Z(1,m) x Z(1,n). It follows that tx; (i, j) + (1 — t)x2(i,j) > 0 forevery (i,j) € Z(1,m) x Z(1,n)
and for every 0 < t < 1. Hence, ¥(tx; + (1 —t)xp) > Oforall 0 < t < 1 and (C) is verified.
Moreover, put

- (4by)P wd e (4b,)P
p(m+n+2)r-1 p(m+n+2)p—1
For all x € S, we have
( )7
.. m+n+2)°r
< . .
e Dl = 1 Ix]
JEZ(1,n)
We obtain )
-
.. m+n+2)r 1
ax {lx(@ )} < % (po1)? = by,
JeZ(1n)
for every x € S such that ||x| < (ppl)%, and
p—1
.. m+n+2) 7 1
max {Jx(i,j)l} < ZTER T o) < b,

i€Z(1,m) 4
JEZ(1,n)
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for all x € S such that ||x|| < (ppz)%. It follows that

sup ¥ (x) sup i L F((i)x(04))

1j=1i=1
eorlicop) o I<e))?
P1 01
n m
Y X E((if)b)
j=1i=1
( P1 =
m-+n+2
= F v T(b]),
and nom
su F((i,7)x(ij
wr ¥ P L L PG
reelopy) _ i<te)?
P2 P2
n m .
Y X E((if)ba)
j=1i=1
P2

Let v € S be defined by

I, if (i,j) € Z(1,m) x Z(1,n),
v(i,j)=% 0, ifi=0,j€Z(0,n+1) ori=m+1,j€Z(0,n+1),
0, ifj=0,icZ0,m+1)or j=n+1,icZ0,m+1).

Clearly, we have ®(v) = % -IP. Hence, from T 40y = <1, weget2p; < ®(v) and
(n+m)P (m+n+2) P
r=1
from I < (n+f‘n+2) P . we obtain ®(v) < 2. Moreover,
(m+n)P
L F(G )]
: L7),
O = 1= R 20
®(v)  (2n+2m)-1P 2n+2m’

Therefore, owing to (g1), we can get assumptions (a1) and (a;) of Lemma 1. Further, one has that

A c 3n +3m 4r
p(l) " p(m+n+2)P~1-max{t(b),2t(b)} )

Thus, we see from Lemma 1 that problem (S{) admits at least two positive solutions x,
k=1,2. O

Remark 2. Clearly, problem (E{\) in [30] can be regarded as the special case p = 2 of problem (Sﬁ) In such
a case, we get the set of A in Theorem 1 which is similar to ([30] Theorem 3.2) such that problem (S{) admits
at least two positive solutions. In Theorem 1, we get the set of A that is more specific than the set of A
in ([30] Theorem 3.2), where Ay in the set of A is just known to be an eigenvalue but not given a definite
expression. Compared with that, in this paper, the set of A we put forward can be calculated to any given number,
so it is possible to get the full set of A. Moreover, we obtain the existence of infinitely many solutions for problem
(SJ;) when 1 < p < 400, which extends the case of p = 2, discussed in [30].

Now, we mark the discrete problem (S{\) as (SK’ﬁ) when f((i,7),x(i,j)) = B(i,j)y(x(i,])), that is

M(¢p(B1x(i—1,7))) + Bo(¢p(Box(i,j = 1)) + AB(i, )y (x(i, ) =0, (i,)) € Z(1,m) X Z(1,n),
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with boundary conditions
x(i,0)=x(i,n+1)=0, i € Z(0,m+1),

x(0,j) =x(m+1,j) =0, j€ Z(0,n+1),

where B : Z(1,m) x Z(1,n) — R is a non-negative and non-zero function and y : [0, +o) — Risa
continuous function such that y(0) = 0.

Corollary 1. Assume that there exist three positive constants by, by and I with

p=1
1 4:b1 - <l<( 4 2) P ) bz .
(n+m)? - (m+n+2)7 netmt (n +m)?

such that

INGEE /Obzy(é)dé} )y

J0 .
(82) max{ by ’ by (Bn+3m)IP-(m+n+2)P-1"

Then, for every

(8n+3m) - 1P
p- ¥ & [ Bl

j=1li=1

n m

4P
by wom (b2
£E B v@a 28 E [ ﬁ(i,j)y(é)dé}
b

j=1i=1
’ P
by

p(m+n+2)P~1. max {

problem (SK”S ) admits at least two positive solutions.

Proof. Put
B(i,))y(r), if r=0,

f(Gg),r) = { 0, ifr<o,

forall (7,j) € Z(1,m) x Z(1,n) and r € R. By Theorem 1 and (g»), we obtain the conclusion. [

Theorem 2. For every (i,j) € Z(1,m) x Z(1,n), let f ((i,j),-) : R — R be a non-negative continuous
function. Assume that there exist three positive constants by, by, and | with

—1
4, 1 %<1< by 4 e
1\ 2n+2m T \m+n+2
(m+n+2)7 (n4+m)r

such that .
p
(83) max{t(b1),21(12)} < (k)" - .

Then, for all A € (4;:-}%"'p(m+n+2)ri*1;,;x{r(bl)lr(bz)})’ problem (SJ;) admits at least two

positive solutions.
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Proof. Let (4by)" (4by)"
1 2
P p(m+n+2)r-1 an P2 p(m+n+2)r-1
We have
sup  ¥(x) )
XD (—c0,p1) p(m+n+2)P~
<
o < T 7(b1)
and
sup ¥(x) )
x€®~1(—c0,0) p(m—+n+2)P~
<
o < T T(b2)

For v € S defined as

I, if (i,f) € Z(1,m) x Z(1,n),
v(i,j)=14 0, ifi=0,j€Z0,n+1) ori=m+1,j€Z0,n+1),
0, ifj=0,icZ0,m+1)or j=n+1,icZ(0,m+1),

1
we obtain ®(v) = M -1P. From <l ST (Zn—|1-2m> " < I, we have p; < ®(v) and from
(m+n+2) P
p—1
| < b T - <m+31+2) ", we get O(v) < %2 It is clear that,
(ntm)?

¥(o) _ prll)
d(v) 2n+2m’

Owing to (g3), problem (S{) admits at least two positive solutions. [J

Theorem 3. For every (i,j) € Z(1,m) x Z(1,n), let f ((i,j),) : R — R be a non-negative continuous
function. Assume that there are positive constants eq, ey, e3 and d with

1
4eq 1 P 4ey 1 P
- d - d
el (2n+2m> sas ( p1 (2n+2m> and e <€,

(m+n+2) m+n+2)
such that oo
Y ¥ F((ij)es)
j=1i=1 4P 17(d)
(g0) max {z(er),(e2), =g} < Gtz
Then, for all

(2n +2m) - 4P
re <4p~r<d>p— @n+2m)-pr(er) - (m+n+2)p 1’

47

nom 4

,;1 ');1 F((i,j).e3)
p-(m+n+2)P~I max {T(el),r(eZ), %}

66
problem (S/;) admits at least two positive solutions xi, k = 1,2.

Proof. Let
(4e1)?

p(m+n+2)r-1’

t =
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_ (4e2)?
p(m+n+2)r-1’

(4e3)? — (4e2)?

p(m+n+2)p-1

By (1), we have
p—1
.. m+n+2) 7 1
amax {(x(0,)1) < PR n) =,
JeZ(1n)
for all x € S such that ||x|| < (ptl)%, and
( )7
. m+n+2) 7 1
max ()} < P ) < e
JieZ(1n)
for each x € S such that ||x|| < (ptz)%, and
p—1
. m+n+2) 7 1
R e R T
ieZ(1n)

1
for all x € S such that ||x|| < (ptp + pt3)?. One has

( sup ‘P(x)) —¥(x)
xe®@~1(—cot)
tl —<I>(x)

t = inf
(P( 1) chbfl(foo,tl)
sup ¥ (x)
xe@‘l(foo,tl)
ty

sup L % F((i)x(i)
1 j=li=1
llxll<(pty) P

_ .

F((if)e1)

1

ty
_ prle)-(mint2)Pt
— i )

( sup ‘I’(x)) —¥(x)
xed—1 (—oo,tp)
tr—D(x)

IN

3

Ttas

i

]

) = inf

(P( ) x€® 1 (—oo,tp)
sup ¥(x)

XG@*l(foo,tz)

IA

f
pr(er)-(m+n+2)P~1
47 ’

12 of 20
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and
sup ¥ (x)
X -1 —00,
’Y(tZr t3) _ S t;z“s)
sup ¥ (x)
1
IxlI<(pto+pts) ¥
= — 5
sup Y X F((i.)x(i))
1 j=1li=1
_ xl<(protpta) ¥
= 5
£ £ F((ij)e)
j=li=
< 5
P L F((i,j),e3)-(m+n+2)P~1
B
(4e3)P —(4e2)?
Let u € S be defined by
d, if (i,j) € Z(1,m) x Z(1,n),
u(i,j)=4¢ 0, ifi=0,j€Z0,n+1) ori=m+1,j€Z(0,n+1),
0, ifj=0,i€Z(0,m+1)orj=n+1,i€Z(0,m+1).
Then we have
_ : F(y)—¥(x)
B(t1, 1) = inf SUp e m
x€®~1(—oo,tq) yeDd 1]ty tr) oy)-(x)
. Y(u)—¥(x)
2 ot B0
> inf Fu)—¥(x)
T xedl(—copy) P
sup ¥ (x)
Y(u) xe®1(—co,tq)
2 QD(u) - tl .
nom . sup ): . F((i.f)x(i,f))
Y Y F((ij)d) 1j=1i=1
== _ lxll<(ptn) P
- (2n+2m)-dP t
n mp n m
p X X F(Gjd) X X F(Gj)e)
> j=1li=1 _j=li=d
= (2n+2m)d?r 2]
_ ptd) _ prle)-(min+2)P7!
— 2n+2m 47 '
1 1
Hence, from dey - (2ni2m) F<d< de2 - (2:1412771) ’, ey < e3 and (g4), we obtain
(m+n+2) 7 (m+n+2) 7

@(t1) < B(t1, 1), p(t2) < Bt

,bp) and y(fy, t3) < B(ty,£2). Then it is clear that for all

(2n +2m) - 47

e <4P ~t(d)p — (2n+2m) - pt(ey) - (m +n+2)P~-1’

4r
Eirwe |
p-(m+n+ 2)P~I max {T(el)r T(e2), %}
3 "2

problem (S{) admits at least two positive solutions xi, k = 1,2. O
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Let

When B*® = +o0, we agree to read B% =0.

Theorem 4. Assume that there exist two real sequences {a;} and {B:}, with thT Bt = +oo, such that
—+oo

: 4B 5 forall t €N,
2n+2m)r - (m+n+2) 7

0<u <

and
n m L. n m L.
Y Y max F((i,j),x) — ¥ ¥ F((i,]), o)
Ow — lim j=1i=1x|<p: j=1i=1 < B*®
ot (4B)P — (2n+2m)(a)P(m+n+2)P 1 T 2n+2m) - (m+n+2)P 1
Then, for every A € (271;2”1 . B%" , p(m+n1+2)”’1 . 5—00), problem (Sﬁ) admits an unbounded sequence
of solutions.

. 2042 1 1 1
Proof. Fix A € ( ”p . g, ST QTO) and put

I AY
o p(mj—fi 2T foreach t € N.

From (1), we have

p—1
4

max {|x(i,j)[} < mtnt2)7 (P%)% = By, forevery x €S,
i€Z(1,m) 4
JEZ(1,n)

such that ||x|| < (p’yt)% for each t € N, and we obtain

n

L % max F((ij)x)- & L F((i,))
j=1i=1|x|<p; =1
= .

. j=1i

p(mt) < inf B)P
-1(_ t _x
x€@~1(—00,71) plmtn+2)P~L P

Now, we choose 7; € S, defined by

ar, if (i,j) € Z(1,m) x Z(1,n),
n(i,j)=14 0, ifi=0,j€Z0n+1) ori=m+1,j€Z0,n+1),
0, ifj=0,i€Z(0,m+1) or j=n+1,i € Z(0,m+1).

Clearly, we get (1;) = (%) af and ||5¢]|? < p7yt. One has

2 ¥ max F((i,j),x) — ¥ %, F<<z>j>,at>> p(m+n42)r1

( i=1i=1|x[<p: j=1i=1
P = (4B1)P — (2n + 2m)al - (m +n +2)P-1
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Therefore,
v < lim @(11) < pQoo- (m+n+2)P 7! < +oo.

t—4o0

Now, we need to prove that I, is unbounded from below. To this end, we first assume that B* =
+o0. Fix M such that M > 2”;# and let {e;} be a sequence of positive numbers, with tlir+n e = +oo,
— oo

such that i f F((i,f),er) > Mel, ¥t € N. Define a sequence {d;} in S with
j=li=1
etr, if (i,j) € Z(1,m) x Z(1,n),
di(i,j)=14 0, ifi=0,j€Z(0,n+1)ori=m+1,j€Z(0,n+1),
0, ifj=0,i€Z(0,m+1) or j=n+1,icZ0m+1).

It is clear that
2n +2m L& . 2n +2m

I)\(ds) = (> e =AY Y F((i,j)er) < (P) el — AMe},

which implies that tligl_’l I)(d;) = —oco. Next, we assume that B® < +o0 and take ¢ > 0 such that
—+0o0
e < B® — 2”;# Then we have the sequence of positive numbers {¢; } such that tlir+n er = +oco and
—+00
n m

(B® —e)el < Y. Y F((ij),er) < (B® +e)el, VteN.
i=1i=1

It is easy to see that

Iy(dy) < (% —AB® 4 Ae) el

So, tliT I)(d¢) = —co and I is unbounded from below. The proof is complete. [
— 100

Remark 3. When B® = oo, according to Theorem 4, we have that for every A € (O, W . Qlw),

problem (Sf;) admits an unbounded sequence of solutions.

Set
n m L.
Y Y maxF((,}),Q)
L. j=1i=1g<x
Dy = liminf
X—400 xP
When Do, = 0, we agree to read Dl—w = +o00.
Theorem 5. Assume that Deo < on +2m;1(r;fjn+2)l“’1' Then, for all
<2n+2m 1 4r 1 >
AE| —— 55, — 7 |
B2 p(m+n+2)P~1 Do

problem (Sf\t) admits an unbounded sequence of solutions.

Proof. Let {B;} be a sequence of positive numbers with thT Bt = +oo and
—+00

max F((i,7),x
- EERE (i), x)
lim

t—+-o00 (.Bt)p

It
M=

= De.
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Setting & = 0 for each t € N, we can reach the conclusion by Theorem 4. [

Remark 4. When B® = +oo, according to the Theorem 5, we have that for every A € (0, p(m+:712)r1*1 . D%g) ,

problem (S{) admits an unbounded sequence of solutions. When Do = 0, according to the Theorem 5,

we have that for every A € (W - g, +oo), problem (S{) admits an unbounded sequence of solutions.

When B® = 400 and Do, = 0, according to the Theorem 5, we have that for every A > 0, problem (S/f\) admits
an unbounded sequence of solutions.

Now, we mark the problem (S{\) as (Si"x) when f((i,7),x(i,j)) = «(i,j)g(x(i,])), that is
Ai(pp(Mrx(i=1,7))) + Do(¢p(Box(i,j = 1)) + Aa(i, )& (x(i,j)) = 0, (i,]) € Z(1,m) x Z(1,n),
with boundary conditions
x(i,0) =x(i,n+1)=0, i € Z(0,m+1),

x(0,j) =x(m+1,j)=0, j€Z(0,n+1),

where « : Z(1,m) x Z(1,n) — R is a non-negative and non-zero function and g : [0, +o) — Risa
non-negative continuous function such that g(0) = 0.

Corollary 2. Assume that

X X
/g(s)ds 47 /g(s)ds
lim inf =2 limsup | 2L—-—
Xt xP (2n+2m)(m+n+2)P~1 i xP
Then, for every
A e 2n+2;n ’
£ E [ alij)ge)ds
p | limsup [ == 0 —7
X—>—+00
4P
n m X PR i’
Ly [ oa(if)g(s)ds
p(m+4n+2)p-1. 1ig1+inf’:“:1 '
X (o]

problem (Si’lx) admits an unbounded sequence of positive solutions.

Proof. Set

(G, ),x) = { a(i, f)g(x), x>0,

0, x <0,
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for each (i,j) € Z(1,m) x Z(1,n) and x € R. Taking Proposition 2 into account, our goal can be
obtained owing to Theorem 5. O

4. Examples

We give two examples to illustrate our results.

Example 1. Put p = 3,b; = 1,bp = 14,1 =2,m =2andn = 3. Let  : Z(1,2) x Z(1,3) — R bea
3 2
positive function and set A = Y. Y. B(i, ). Makey : [0, +00) — R be the function defined as follows

j=1li=1
rl4 0<r<2,
yr)=< (4-n", 2<r<s3,
1, 3<r.
One has ) . .
_ 14 _
| vz = [ ritar— o,
2 14 B 2 214 3 14 14 71095
o [ w@de = G [ ars [Ca-ntare [Cran = 52
and
43 /2®%_ 43 ﬁ“m—%mM
(3x2+3x%x3)(2%x (3+2+2)2) oY C (Bx2+3x3)(25x (3+2+2)2))o © 11,025 °

We get

1 2 14 43 5
max{ [v@dt, 35+ [ W0} < s s < Y@

and

4x1 ( 4 )s 14
T > <2< X T
(2+3)5-(2+3+2)5 2+3+2 (2+3)3

Applying to Corollary 1, for each A € ( 4022 2 %), the following problem

Ar(p3(Max(i =1, 7)) + Da(¢3(B2x(i,j = 1)) + AL, )y (x(i,)) = 0, (i,]) € Z(1,2) x Z(1,3),

with boundary conditions
x(i,0) = x(i,4) =0, i € Z(0,3),

x(3,j) =0, j€Z(0,4),

=
—
o
~
~.
~

I

admits at least two positive solutions.

Example 2. Put m = 2, n = 2and p = 2. Set w(i,j) = 1, for (i,j) € Z(1,2) x Z(1,2) and let
g1 [0, +00) — R be the function defined as follows

o(x) = { By + xcos(In(x)) + 2xsin(In(x)), x>0,

0, x=0.

We have

X
d .
lim inf & = liminf %X2 +x? sin(In(x)) 4
x—+00 x? xX—+00 x2 5’
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and
X
. /0 8(s)ds . 2x2 +x2sin(In(x)) 14
limsup =———— = limsup 5 = —
x—+00 X X—+00 X 5
Since A
4? .5
(2x242x2) x (2+2+2)271 ~ 17
one has
X X
g(s)ds 2 | s(s)ds
lim inf 22 < Jdimsup 20— ——
xteo  x2 (2x242x2)x (2+2+2)271 0 x2

By Corollary 2, for each A € (5, 75 ), the following problem

A1 (g2 (B1x(i —1,7))) + Do (P2 (B2x(i,j—1)))
+ ABx(i, ) + x(i, j) cos(In(x(i, ))) + 2x(i, j) sin(In(x(i, j)))] = 0,

for (i,j) € Z(1,2) x Z(1,2), with boundary conditions
x(i,0) = x(i,3) =0, i € Z(0,3),

x(0,j) = x(3,j) =0, j € Z(0,3),

admits an unbounded sequence of positive solutions.

5. Conclusions

In this paper, we consider the existence of multiple solutions for a partial discrete Dirichlet
problem (S{) involving the p-Laplacian. For problem (S/f\), in the framework of variational methods,
we give that the set of A can be more specific than that in the special case of p = 2 ([30] Theorem 3.2).
Furthermore, with appropriate assumptions on the nonlinear term, we get that problem (S{) admits
an unbounded sequence of solutions by using Theorem 2.1 of [34]. By the method of the critical point
theory, we obtain sufficient conditions to guarantee the existence of multiple solutions for problem (S{ ),

which are different from these conditions in [30,33,34]. In the future, we will consider problem (S{\)
with fewer and looser constraints and we could consider the existence of partial difference equations
with different boundary value conditions.
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