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1. Preliminaries

In submanifold theory, Lagrangian submanifolds are studied not only for their special geometric
properties, but also for their important roles in supersymmetric field theory and string theory. For these
submanifolds in quaternionic space forms, we give an answer to one problem in submanifold theory,
most precisely to find relationships between the main extrinsic invariants and intrinsic invariants.

The intrinsic characteristics of a Riemannian manifold are given by its curvature invariants. In the
second section of this article, we recall the definition of J-invariants (also known as Chen invariants)
(see [1]). This theory was initiated by Chen in [2].

In Section 3 we derive an improved inequality for the Chen invariant §(2,2) in the case of a
Lagrangian submanifold in a quaternionic space form, regarded as a problem of constrained maxima,
and recall the inequality which has been improved.

Let M™ be a complex m-dimensional Kaehler manifold endowed with an almost complex structure
J and a Hermitian metric § and f : M" — M™ an isometric immersion of an #-dimensional manifold
M" into M"™. The submanifold M" is called a totally real submanifold if J(T,M") C T;-M”, Vp € M.
A totally real submanifold of maximum dimension, i.e., dimg M" = dimc¢ M" = n, is called a
Lagrangian submanifold.

If M has holomorphic constant sectional curvature 4c, then it is called a complex space form and it
is denoted by M" (4c). Its Riemannian curvature tensor is given by

R(X,Y)Z = c[g(Y,2)X = g(X,Z2)Y +g(JY, 2)] X = g(JX, Z)]Y + 28(X, ]Y)] Z],

for any vector fields X, Y, Z tangent to M" (4c).
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Let M" be a Lagrangian submanifold of M"(4c). One denotes by V and V the Levi-Civita
connections of M" and M"(4c), respectively. The Gauss and Weingarten formulae are given
respectively by

VxY = VxY +h(X,Y), (1)

Vx&= —AzX + Dx§, )

where X and Y are tangent vector fields, ¢ is a normal vector field and D is the normal connection.
The second fundamental form / and shape operator A; are related by

8(h(X,Y),0) = g(A:X,Y). ®)

The mean curvature vector H of M" is defined by

H = 1trac:e h.
n

In the case of a Lagrangian submanifold in a complex space form, we have the following relations
DxJY = JVxY, 4)

AxY = —Jh(X,Y) = Ay X, (5)

and we point out that g(h(X,Y), Z) is totally symmetric.
One denotes by K(7r) the sectional curvature of M" associated with a plane section 7 C T,M",
p € M" and by R the Riemannian curvature tensor of M". Then the Gauss equation is given by

R(X,Y,Z,W)=R(X,Y,Z,W) — g(h(X,Z),h(Y,W))+ (6)

g(h(X, W), h(Y, 2)),

for any vectors X, Y, Z, W tangent to M", where ﬁ(X, Y,Z,W) = g(ﬁ(X, Y)W,Z)and R(X,Y,Z,W) =
S(R(X, Y)W, Z).
For an orthonormal basis {ey, ey, ..., e, } of T,M" at a point p € M", we put

hSB = g(h(ea,ep),Jec), A,B,C=1,...,n.
Because g(h(X,Y), Z) is totally symmetric, it follows that
e = Wic = hap. (7)

On the other hand, we recall the following result for a Riemannian submanifold (M", g) of a
Riemannian manifold (M™, §) (of an arbitrary codimension); let consider f € C®(M). We attach the
optimum problem:

{Créll\r/}f(x) 8

Then the following result holds (see [3]).

Theorem 1. If xo € M" is a solution of the problem (8), then

(a) (grad)(xp) € T]}OM";
(b)  the bilinear form a : Tyy M" x TxyM" — R,

a(X,Y) = Hess;(X,Y) + g(h(X,Y), (grad)(xo))

is semipositive definite, where h is the second fundamental form of the submanifold M™ in M™.



Mathematics 2020, 8, 480 3o0f15

2. Chen Invariants

Let M" be an n-dimensional Riemannian manifold and K(7r) the sectional curvature of M"
associated with a 2-plane section = C T,M", p € M".

For any orthonormal basis {ej, ...,e,} of the tangent space T, M", the scalar curvature T at p is
defined by

(p)= Y, K Nej).
1<i<j<n
One denotes by
(infK)(p) = inf{K(7)|r C T,M",dim 7t = 2}.

The Chen first invariant is given by dp(p) = T(p) — (infK) (p).
If L is a subspace of T,M" of dimension > 2 and {e1, ...,e;} an orthonormal basis of L, the scalar
curvature T(L) of the r-plane section L is given by

T(L)= Y K(ex Aep).

1<a<p<r

For given integers n > 3 and k > 1, one denotes by S(n, k) the finite set of all k-tuples (n1, ..., 1x)
of integers satisfying 2 < ny, ..., ng < n, nq + ... + np < n. Let S(n) = U1 S(n, k).

For each (14, ..., n;) € S(n) and each point p € M", B.-Y. Chen introduced a Riemannian invariant
defined by

5(nq, ..., ng)(p) = ©(p) —inf{T(Ly) + ... + T(Lg) },

where Ly, ..., Ly run over all k mutually orthogonal subspaces of T, M" such that dim L j = 1j, ji=1,..k
We recall the most important Chen inequalities for submanifolds in real space forms.

Theorem 2 ([2]). Let M" be an n-dimensional (n > 3) submanifold of a real space form M™(c) of constant
sectional curvature c. Then

n—2 n?
u < "3 L IHI (e e ©

The equality case was characterized in terms of the shape operator.

The same inequality holds for totally real submanifolds in complex space forms. A corresponding
inequality for slant submanifolds in complex space forms was obtained in [4].

However, for Lagrangian submanifolds in complex space forms the above inequality, known as
Chen first inequality, was improved by Bolton et al. [5]. Moreover, one of the present authors improved
the Chen first inequality for Kaehlerian slant submanifolds in complex space forms (see [6]).

For each (11, ..., n;) € S(n), one denotes by:

k
n(n+k—1-1) n))
i=1
d(nl,..., le) = k] ’
2(n+k—Y nj)
=1

k
b(my, o) = %[n(n ~1) = Ly~ )
j=

The following sharp inequality involving the Chen invariants and the squared mean curvature
obtained in [7] plays a very important role in this topic.
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Theorem 3. Foreach (ny,...,n;) € S(n) and each n-dimensional submanifold M" in a Riemannian space form
M (4c) of constant sectional curvature 4c, the inequality

5(n1, . i) < d(ny, ..., ne) |H|? 4 b(n1, ..., m)e (10)
is fulfilled.

Chen also pointed-out that a similar inequality holds for totally real (in particular Lagrangian)
submanifolds in a complex space form.

3. Lagrangian Submanifolds in Quaternionic Space Forms

Chen et al. established the following inequalities for Chen invariants of Lagrangian submanifolds
in complex space forms, which improve the inequality (10).

Theorem 4 ([8]). Let M" be a Lagrangian submanifold of a complex space form M" (4c). For a given k-tuple
(ny,np,...,ng) € S(n), weput N = ny +np + ...+ ng. If N < n, then the inequality

2n—N+3k—1-6%%  (24+n)"
S,y ... mp) < TN L @+m) by o (11)

2{n — N +3k+2—-6Y% (24 n;)"1}

1 k
5 {n(n—l) —Zni(ni—l)}c

i=1
is satisfied.

In particular, one has (see also [9]).

Theorem 5. Let M" be a Lagrangian submanifold of a complex space form M™(4c), n > 4. Then the following

inequality holds.

n> n-—2 5 1

<. ~[n(n—1) —4c.

3(2,2) < % TR HIP 4 g ln(n — 1) — 4] (12)
The equality sign holds at a point p € M" if and only if there is an orthonormal basis {eq,ez,...,en} at p

such that with respect to this basis the second fundamental form h satisfies the following conditions

S, =0, A,Ce{l,....n"\{i}, A<C, i=1,3,

hge =0, A=T,n,4<B<C<n, A¢{BC}.

Next, we recall some basic notions about quaternionic space forms.
Let M*" be a differentiable manifold and we assume that there is a rank 3 subbundle ¢ of
End(TM*™) such that a local basis {]1, J», J3} exists on sections of ¢ satisfying for all « € {1, 2, 3}

PP=—1d, JoJur1 = —Jastle = Jus2, (13)

where Id denotes the identity field of type (1,1) on M*" and the indices are taken from {1, 2, 3}
modulo 3. The bundle ¢ is called an almost quaternionic structure on M*" and {1, 2, J3} is called a
canonical basis of ¢. (M*",¢) is said to be an almost quaternionic manifold. It is easy to see that any
almost quaternionic manifold is of dimension 4m, m > 1.

A Riemannian metric § on M*" is said to be adapted to the almost quaternionic structure o if it satisfies

S§UaX, JuY) =8(X,Y), Vae{l,2 3}, (14)
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for all vector fields X, Y on M*" and any canonical basis {], J, 3} on . (M*",c, ) is said to be an
almost quaternionic Hermitian manifold.

(M*",0,3) is said to be a quaternionic Kaehler manifold if the bundle ¢ is parallel with respect to
the Levi-Civita connection V of g, i.e., locally defined 1-forms wj, wy, w3 exist such that we have

Vil = War2(X) Jas1 — Was1(X) Jat2,s (15)

forall « € {1, 2, 3} and for any vector field X on M*" where the indices are taken from {1, 2, 3}
modulo 3.
Let (M*",0,%) be a quaternionic Kaehler manifold and let X be a non-null vector on M*".
The 4-plane spanned by {X, 1 X, X, 53X} is called a quaternionic 4-plane and is denoted by Q(X).
Any 2-plane in Q(X) is called a quaternionic plane. The sectional curvature of a quaternionic plane is
called a quaternionic sectional curvature. A quaternionic Kaehler manifold is a quaternionic space form if
its quaternionic sectional curvature are equal to a constant, say 4c, i.e., its curvature tensor is given by
. 3
R(X,Y)Z = c{(Z,Y)X = (X, Z)Y + }_ [8(Z, ] Y ) Ju X~ (16)
=1

§(Z, JaX)JuY + 2§(Xz ]véy)]az] },

for all vector fields X, Y, Z on M*" and any local basis {J1, J», J3} ono.

A submanifold M" of a quaternionic space form M*"(4c) is said to be Lagrangian if Jo(TyM) C
T;—M, foranyp € Manda =1,2,3.

On a Lagrangian submanifold M" we can choose an orthonormal frame field in M*" (4c)

{erea,..en; e 1) =J1(e1), -, ey ) = Ji(en);

epy(1) = J2(€1), -+, epyny = J2(en);  ep1) = Ja(er), .-, egyn) = Ja(en)},

such that, restricted to M, ey, ey, . .., e, are tangent to M.
We set

hiéj =g(h(ei i) ex), ¢ E€{p1(1),...,¢1(n), ¢2(1),...,¢2(n), ¢3(1),..., ¢3(n)}

and then, for any « = 1,2, 3, we have (see (2.9) in [10])
w(k) _ 1 @a(f) _ 1 9ali)
L (17)

We denote by H" = ¢(H, ep, (er))r forr=1,..,n.

By using the method of constrained maxima, we prove the following improved Chen inequality
for the invariant 6(2,2) of Lagrangian submanifolds in quaternionic space forms, the main result of
this paper.

Theorem 6. Let M" be a Lagrangian submanifold of a quaternionic space form M*(4c), n > 4.

Then the inequality

[HIP + 2 n(n 1) — 4]c 18)

nj n—2
2 n+1

is fulfilled.
The equality sign holds at a point p € M" if and only if there is an orthonormal basis {e1, ey, ..., en} at p
such that with respect to this basis the second fundamental form h satisfies the following conditions:

Wi =0, ACe(l,... . n\{i}, A<C i=T3a=13,
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Wt =0, A=Tn,4<B<C<nA¢{BCla=T3

Proof. Let M" be a Lagrangian submanifold of the quaternionic space form M**(4c), p € M" and L,
and L two mutual orthogonal plane sections at p. We denote {e1,e2} C L1,{e3,e4} C L; orthonormal
bases, complete to an orthonormal basis {ey, ...,e,} C T,M" and extend it to T, M*"(4c) as above.

Gauss equation implies

3 n 2 -1
w(A) 7 du(A (A nn
=3 % T [ ()] e

3 n 2
o) = Y 1 [ - (5 )] e

3 n 2
otz = ¥ 3 [ - (1) e

Then

3 n 2 2
w(A) 7 ¢a(A w(A) 7 ¢a(A w (A (A
Z Z [h(fl( )hg)z( )+h§3( )hf4( ) (h(fz( )) - (h;’;( )) } =
3 n
w (A o (A (A x (A w (A (A
Z Z [ Z h(lgB( )h?éC( )_hfl( )h%( )—h§3( )hi)él( )‘| -

LE| I ()Y - 5y

Thus, we get

3 n n
Y)Y [(h‘fi“%h%’s““) Y i (W5 ) Y+ % hﬁ%‘“hﬁé”]—

5<B<C<n

3 3 [0+ () (™) + ()] - 30 30 () ()] -

It follows that

T—1(L1) = 7(L2) = [n(n—1) —4]5 < (19)

3 n n n
L L [ o) D (0 ) B T o] -

5<B<C<n
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3 n
Y. )
a=1B=3

65 O () (7] - L 5 [0 (7)) -

R (CURICI]

4<B<C<n

For each « € {1,2,3}, let us consider certain quadratic forms.
For example, for & = 1, we will define the quadratic forms

fi, fo, oo, fu:R" =R

by
n n
r r ! M\ 2
T - 3 ()
5<B<C<n B=3
forr=1,2,
n n
£ (K10 ) = (S ) )y i + (n + ™) Bzﬂh‘glg(%
2 2 n 2
T e () - (40) - 8 ()’
5<B<C<n B=5
fors = 3,4,
t t t t t < t t t “ t
L 2
T % (),
5<B<C<n B=1;B#t
for5 <t <n.

We shall find an upper bound for f;, subject to
R (20)

where k! is a real number.
Let g € P an arbitrary point. The bilinear form vy : T;P X T;P — R has the expression

7(X,Y) = Hess(f,)(X,Y) + (h'(X,Y), grad f(q)),

where I’ is the second fundamental form of P in R” and (, ) is the standard inner-product on R".
The partial derivatives of the function f; are

9f1 = gi(1)
P— h 1 ’
onf1 (V) Lo
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fy ¢
ah4’1 ; ’
S LR TR
rr B=5
8(;:1 Zh —ah, 5<t<n
o

In the standard frame of R”, the Hessian of f; has the matrix

0 0 1 1 1 1 1
0 0 1 1 1 1 1
11 -2 0 1 1 1
11 0 -2 1 1 1
11 1 1 -2 1 1
1 1 1 1 1 -2 1
11 1 1 1 1 ... =2

As P is totally geodesic in R", we obtain

Y(X, X) =2(X; + X3) ZX +2(X3 + Xy) ZX +2 Y XX -2) (X)) =
i=3 i=5 5<i<j<n i=3

n n
( X) — — (X2)? =3 Y (X)? —2X1 X, — 2X3Xy =
i=1 =3

(X X2)? — (Xa 4 Xa)? — 2(Xa) — 2(X5)? —3) (X2 < 0;
i=5

then the Hessian of f; is negative semidefinite.

Searching for the critical point h(fi (1), h%(l), h¢1 of f1, we denote by
$1(1) _ 41 (1) 1
90— —
Then,
1
D =3V =5 — W = %, 5<r<m,

1 1 1 1 1
WO L@ — gy 55— p 1 L i g1,

From (20) it follows that

4a1+2a1+%(n—4) =k = al = Z(Zik—li—l)
This implies )
0 40 = O
i = = z(ziki 0’
) 2 r<mn.
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Thus

6kl { 6k! 2k! ] 3k! 2k! N

< O 1 O Ly g
hegrdlma Y 1t Y21
2 2 2

2k1 3Kk 2k1
2 _ _ _ =
C”4<2n+1> 2(4n+2> (n—4) <2n+1)

6k! 3k! 2k! 3k! 2k!
M1 [2n+1 +("_4)2n+1] Yo" Y
3K! 2k! kL \? (k)2 (2Kk1)2
2" Mana Cia (2n+1> T A G N ey A
6k!  3k'4+2(n—4)k'  3(n—4)(k")?  3(n—4)(k)?
2n+1 2n+1 (2n+1)2 (2n+1)2
(n—4)(n—5) 4(k')? 9k Am—-4)(K)* _
2 @2n+1?2 221412 (2n+1)2
6k!  (2n—5)k'  6(n—4)(k")? 2(n—4)(n—5)(k')?
2n+1 (2n+1) (2n +1)2 (2n +1)2 -
9k')>  4m—4)(K')> _
22n+12 (2n4+1)2

+

+

1\2
(21(1]:_)1>2. [6(2n—5)+6(n—4)+2(n—4)(n—5)—3_4(,1_4)] —
(21(1]&_’_)21)2. {12”_30*’6”_24"’(2”_8)(”—5)—z—4n+16} _
(kl)Z ,
W.(24n—60+12n—48—|—4n —20n —16n+80—-9 —8n+32) =
12 1\2
2(2(;/]1(—?—1)2.(4;12_871_5):2(2(:—0)—1)2'(zn_5)(2n+1)/

which implies
f (2n —5)(k)?
V="20n+1)

ie.,
n?2 2n—>5

A<=

HY)2,
2 2n—|—1( )

In a similar manner, we obtain for f,

nj 2n—5
2 2n+1

(H2)2.

fo <

Let’s consider now f3, as:

3 3 3 3 3\ v 3 3 3\ v 3

T OO - () - () 3 ()

5<B<C<n =5
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The partial derivatives of the function f3 are

n
s _ vy _ophi® 1,2,
B=3

anfi®
df3 3 3 L 3
g S, s
ohig B=5

n
aha‘f@) _ lehng“) —3nf®, 5<t<n.
tt =

In the standard frame of R”, the Hessian of f3 has the matrix

-2 0 1 1 1 1 1
0 -2 11 1 1 1
1 1 00 1 1 1
1 1 00 1 1 1
1 1 11 -2 1 1
1 1 11 1 =2 1
1 1 1 1 1 1 ... =2

As P is totally geodesic in R"”, we have

(X, X) = =2 [(X1)* + (X2)* + ) (X:)*| +
i=5

n n

i=3 i=5 5<i<j<n

2
n n

Xz) —2X1Xp —2X3Xy — Y (Xi)? —2(X1)* —2(Xp)* -2} (X;)? =
i=1 i=5

1=

[

2
<Z Xi> — (X1 4+ X2)* — (X34 X4)* —2(X1)* —2(X2)* =3 (X;)* <0,
i=1 i=5

I
—

and hence the Hessian of f3 is negative semidefinite.
If we denote by g = (h(ﬂ (3), h%@,. . h<np]11(3)) a solution of the extremum problem in question,
then we have

3 3
i = it

R

anft® = sns®,
Wi® 4 p ) = 301

Thus
W 4 G = anfi®.

a,
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we obtain X
$1(3) _ ¢1(3) _ 34

Wy =hy =

ni® 4 hPG) — 343,
3

Since h(lpi ® 4 hg@ +...+ hf}f’) =13, thena® = , which implies

2n+1
G _ 913 _ 3K
1 2 22n+1)
3 3 6k
W Y = 5
3 3 3 2i3
W® = 0 — = = Ty
It follows that
3k3 6k> 2k3 6k> 2k3
<. . _ _
R sy P )2n+1}+2n+1(n T

(2k3)2 (3k3)2 2k3 2 B
Gt Gur1?  Zaasiy Y (2n + 1) N

3k 63 +2(n—4)k  12(n—4)(kK)?

(2n+1) (2n+1) e
(n—4)(n—5) 4(°) 92 4n—4)(K®)?
2 . (2n +1)2 - 2(2n +1)2 - 2n+1)? =
3)2
(251](—1—)1)2. |:3(2n—2)+12(7’l—4)+2(n—4)(n_5)_Z_4(71_4)} _
(23{2?)2' <6n—6+12n—48+2n2—10n—8n+40—Z_4n+16> _
(% i
Sy (12— 12+ 24 = 96 4n = 20 — 161 480 — 9 — 8 +32),

or, equivalently,
(k®)*(4n> —8n—5)  (kK*)2(2n —5)(2n+1)

f3s 22n 412 2(2n+1)2

Therefore,

=
N

f3§7.2n—5

H3)2.
2 2n+1( )

In a similar manner, we prove for fy:

(H*)2.

2 _
f4§n7'2n 5

2n+1

110f15
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Using the same procedure for
5 5
f5 (K318, ) = (i + ) Z ni + (hG + 1) Z no

n 2
Lot % (),

5<B<C<n B=1;B#5

we find the partial derivatives of f5

9fs ¢n(5) . _
ah?’} Z h Zhrr 7 - 1/ 2/

9fs (5) 5)
s = 1 +13® E WS —op1®) 5 — 3,4,
ohss

9fs _ - [l $1(5) h‘Pl(),

ah%(S) B=1 bp

n
a;"f@ - lehgg@ —3h® 6 <t <n.
tt =

In the standard frame of R”, the Hessian of f5 has the matrix

-2 0 1 1 1 1 1
o -2 1 1 1 1 1
1 1 -2 0 1 1 1
1 1 0 -21 1 1
11 1 1 0 1 1
11 1 1 1 =2 1
11 1 1 1 1 -2

As P is totally geodesic in R”, we have
n
(X, X)=-2 ),
i=1;i#5

2(X1 + Xp) ):X +2(X3 + Xy) EX +2 ) XXj=
i=3 i=5 5<i<j<n

n

n 2 n
(Z XZ-) —2X1Xo —2X3Xs — Y (X)P -2 )
i=1

i=1 i=1i#5

2
<ZX> (X1+X2)? = (X3 + Xa)® = (X5)? —2}_(X:)* =3} (Xi)* <0,

and hence the Hessian of f5 is negative semidefinite.
Using similar arguments to those in the previous problem we obtain that the solution of the
associated extremum problem is

01(5) _ 1¢105) _ 1 1(5) _ 11(5) _ 4.5
WS =150 =i =iy = a0,
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1 = 1245,

W® = i) — 4,
where 4° is a real number. 5
, 5 (5) 5) k
Slnce h(lpi ) + hgé + c e + hZ;l/l( — k5, then aS = m and
5 (5 (5) 5) 3k
pne) _ 3K
55 n+1’
k5
A 1
We have 5 5 5 s
6k 6k 3k k
< . _
R TR [4(n+1) MR 5)n+1} +
3k° 3k° <
2'4(n+1) [n%—l +(n5)7’l+1:| +
3k5 k5 5 (k5)2 (3k5)2 (k5)2
s A Ul +C'H"(n+1)2 -4 16(n+1)2 (”_5>(n+1)2 -
3k [ 3k 3k (n—5)k° 3k [3K 4 (n—5)k N
2(n+1) [2(n+1) n+1 n+1 2(n+1) n+1

3(n=5)(k)*  (n=5n=6) (k) 9k (n=5)(k)* _

(n+1)2 2 (n+1)2 4(n+1)2  (n+1)2
(k)2 (k)2 3(n — 5)(K5)2
m.3(9+2n—10)+m.3(3+n_5)+w+
(n—=5m—-6)(k)>  9I(K)*  (n-5)(K)* _
2(n+1)2 4m+1)2 (n+1)2
5\2 _ B B B
(;1(11)1)2 3(2114 1) + 3(n2 2) +3(n—5)+ W _ Z ) -
(k°)?
(g 1 B =D +6(n=2) +12(n = 5) + (21~ 10)(n —6) =9~ 4(n - 5)] =
()2 2
m(6n—3+6n—12+12n—60+2n —12n—10n+60 —9 — 4n + 20) =
k5 2 k5 2 k5 5
4(;&431)2(2”2 —n—4) = 2(,(1:1)2(”2 —n—2)= 2(}(1431)2(;1 +1)(n —2).
From this we get
(K)? n-2
fs< 5
or, equivalently,
2 p—
fs < % (ZJj) (H%)?

13 0f 15
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In the same manner we prove for f,, with5 <r <,

fet (2

Applying this procedure for each « € {1,2,3} and taking into account that

2n—5<n—2
2n+1 " n+1’
we find )
n- n-—2 c
2,2) < — - H|? —1)—4]=
6(2,2) < % - LI HI2+ [n(n 1) - 415,

which is the inequality to prove. O

Remark 1. In [11], the first author obtained certain Chen inequalities for Lagrangian submanifolds M" in
quaternionic space forms M*" (4c). In particular, for the Chen invariant 5(2,2) one derives the inequality

n*(n—1) 1

2,2) < ——||H|* + 5[n(n — 1) — 4c. 21
62.2) < "G IHIP + ln(n 1) — e e
We want to point-out that the inequality from Theorem 6 improves the inequality (21) because Z _T_ i <

—1
Ziﬂ,forn > 4,
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