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1. Introduction and Preliminaries

In 1906, M. Frechet introduced the notion of metric space [1], which is one pillar of not only
mathematics but also physical sciences. Because of its importance and simplicity, this notion has been
extended, improved and generalized in many different ways.

In 2018, Jleli et al. [2] introduced a fascinating generalization of metric space as follows:

Let f € Fand f : (0, +00) — R be such that:

(F1) 0<d<0== f(9) < f(0),
(F) for {8,} C RT, limy 00 ¥y = 0 <= limy 00 f(8,) = —o0.

Definition 1 ([2]). Let M be a nonempty set, and let dr : M x M — [0,+00) be a given mapping.
Suppose that there exists (f, ) € F x [0, +00) such that

(D1) (9,8) € M x M, dz(8,8) =0 == ¢ = 6.
(D») d]:(l9,9) = d]:(9,19),for all (19,9) e Mx M,
(D3) for every (9,0) € M x M, N € N, N > 2,and (8;)N, C M, with (81, 9y) = (8,0), we get
N-1
45(8,0) > O implies f(dr(8,0)) < f( X dr(8:,0:1)) +5.
i=1

Then d £ is said to be an F-metric on M, and the pair (M, dr) is said to be an F-metric space.
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Remark 1. They showed that any metric space is an F-metric space but the converse is not true in general,
which confirms that this concept is more general than the standard metric concept.

Example 1 ([2]). The set of real numbers R is an F-metric Space if we define d r by

[0 ) c03x 03
A0 = { 66 if (8,6 ¢ [0,3] x 0,3

with f(1) = In(1) and b = In(3).

Definition 2 ([2]). Let (M, dx) be an F-metric space.

(i) Let {0, } be a sequence in M. We say that {0, } is F-convergent to & € M if {9, } is convergent to ¢
with respect to the F-metric d r.

(ii) A sequence {0, } is F-Cauchy, if

nr%rgoo dr(On, Om) = 0.
(iii) We say that (M, dx) is F-complete, if every F-Cauchy sequence in M is F-convergent to a certain
element in M.

Theorem 1 ([2]). Let (M, dr) be an F-metric space and H : M — M be a given mapping. Suppose that the
following conditions are satisfied:

(i) (M, dx) is F-complete,

(ii) there exists k € (0,1) such that

a5 (H(9),1(0)) < ki £(9,0).

Then there exists #* € M such that H¥* = ¢* which is unique. Furthermore, for 8y € M,
{8} C M given by
l9n+1 = 7’[(19,1),

forall n € N, is F-convergent to 9*.
Afterwards, Hussain et al. [3] considered the notion of a-i-contraction in the setting of F-metric
spaces and proved the following fixed point theorem.

Theorem 2 ([3]). Let (M,dr) be an F-metric space and H : M — M be B-admissible mapping.
Suppose that the following conditions are satisfied: (i) (M, d r) is F-complete,
(ii) there exists p : M x M — [0, +00) and ¢ € ¥ such that

B(9,0)dr(H(9),H(6)) < p(M(8,9)),

where
M(8,0) = max{dr(9,0),dr(8, HD),dr(6,H6)},

forall 9,0 € M,
(iii) there exists 09 € M such that (09, H(S)). Then there exists unique 9* € M such that HO* = 9*.

For more details in this direction, we refer the readers to References [4-10].

On the other hand, Samet et al. [11] introduced the concepts of a-ip-contractive and a-admissible
mappings and established various fixed point theorems for such mappings in complete metric spaces.

Denote with ¥ the family of nondecreasing functions @ : [0,4+c0) — [0,+0c0) such that
Yoo " (0) < +ocoforall ¢ > 0, where ¢" is the n-th iterate of .

The following lemma is well known.
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Lemma 1. If € ¥, then the following hold:
(i) (P"(9)) pen converges to 0 as n — oo for all & € (0,+0),
(it) p(0) < O forall ¥ > 0,
(iii) P(9) = 0 iff ® = 0.

Samet et al. [11] defined the notion of x-admissible mappings as follows:

Definition 3 ([11]). Let H be a self-mapping on M and a : M x M — [0, 4+c0) be a function. We say that
H is an a-admissible mapping if
w(8,0) > 1= a(HO,HO) >1,

for all 9,0 M.
Hussain et al. [12] extended the above notion of x-admissible mapping as follows.

Definition 4 ([12]). Let H be a self-mapping on M and a, p : M x M — [0, +00) be two functions. We say
that ‘H is an a-admissible mapping with respect to B if

a(9,0) > B(8,0) = a(HOY,HO) > B(HY, HO),
forall 9,0e M.

If B(8,0) = 1, then Definition 4 reduces to Definition 3.

Later on, the authors (see References [13,14]) utilized the above concepts and obtained different
fixed point results.

In this paper, we define the notion of generalized (xf-1)-contraction and establish some new
fixed point theorems in the context of F-metric spaces. We also furnish a notable example to describe
the significance of established results.

2. Results and Discussions

Definition 5. Let (M,dr) be an F-metric space and H : M — M. Then H is said to be generalized
(aB-p)-contraction if there exists a,p : MxM— [0,00) and ¢ € Y such that a(9, HO)a(6, HO) >
B(8, HO)B (6, HO) implies

dr(HO, HO) < ¢ (max {dx(8,0), min{dr (8, HV),dr(0,HO)}}), 1)
forall 8,6 € M.

Theorem 3. Let (M,dr) be an F-metric space and let H : M — M be generalized (ap-1)-contraction.
Suppose that the following assertions hold:

(i) (M, dx) is F-complete,

(i) H is an a-admissible mapping with respect to B,

(iii) there exists Oy € M such that a(8y, Hdy) > B(dy, Hd),

(v) either H is continuous or if {0, } is a sequence in M such that 0, — 0, &(%n, 8,11) > B(On, Ons1),
then (0, HO) > B(0, HY).

Then there exists ¢* € M such that ¢* = HI*.

Proof. Let 0 € M be such that a(8y, Hdy) > B(dy, HY) and construct {8, } in M by 8,11 = H"y =
Hb,, ¥V n € N. By (ii), we have

06(190, 191) = 0((190,7‘[190) > ﬁ(ﬁo,?‘[ﬂo) = ,5(190,191).
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Continuing in this way, we get
a(Bp—1,0n) = a(On—1, Hy—1) = B(On—1, HOu—1) = B(0n—1, ), )
forall n € N. Then
a(By—1, HOp—1)a(8n, HOn) = B(On—1, HOn—1)B(0n—1, HOu—1), (©)

for all n € N. Clearly, if there exists n9 = 1,2, ... for which ¢,,,1 = 8, then Hd,, = 9y, and the proof
is completed. Hence, we suppose that 9,11 # 0, or d z(H8,_1, H,) > 0 for every n € N. Now as H
is generalized («pB-1)-contraction, so we have

d]'-(ﬁl’lr 1971) = d}'(/Hﬁn—lr Hﬁn)
lp (maX {d}-(&nfll 191’1)/ min {d}-(ﬂnfll 7-[197171)/ d]-'(ﬂn/ Hl?i’l) }}) ’

IN

foralln € N. Now if d (0,1, HO,—1) < dx (8, HOy), then
max {dr(8,_1,0), min{dr (0,1, HO,-1),dr(0n, HOx)}} = dr(0,-1,0n),
foralln € N.If dx (0, HO) < dx(8,_1, HY,_1), then
max {dr(8,_1,0,), min{dr (0,1, H8,_1),dr(0n, HOy)}} = dr(0,-1,0n),
for all n € N. Thus in all case, we have
dF(8n,0n) < ¢ (dF(Op-1,8n)), 4
for all n € N. Continuing in this way, we get
Ay (On, 8n) < ¢" (dr(Bo, 1)), ®)

foralln € N. Suppose f € F and h € [0, +o0) are such that the assertion (D3) hold and suppose € > 0.
Now from (F?), there exists 6 > 0 such that

0<i1<dé= f(1) < f(5) —b. (6)

Let n(e) € Nbesuch that 0 < Y, () ¥"(d7 (8o, 81)) < J. Hence, by (5), (F1) and (F2), we have

m—1 m—1
FOY dr (8, 8i01)) < F() ¥/ (7 (80, 81))) < f( Z( )w"(df(ﬁo,ﬂl))) <fle)=b @

form > n > n(e). Using (D3) and (7), we obtain d (8, 8,,) > 0, m > n > n(e) implies

m—1

F(Adr(Bn, ) < FOY dr(8;,0:1)) +b < f(e).

i=n
By (F1), we have dz(8,,8,) < €, m > n > n(e). This proves that {9,} is F-Cauchy.
Since (M, dr) is F-complete, so 3 9* € M such that

lim dz(8,,¢*) = 0. )

n—o0
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Secondly as 9, — 0* and a (8, 9,11) > B(On, Oys1), then a(9*, HO*) > B(0*, HO*). Thus
a (", HO ) a(Oy, Hy) > B(OF, HO™)B(On, HDy).
We start with contradiction by supposing that dx(#(8*),8*) > 0. By (F7) and (D3), we get

fldr(H(87),97)) f(dr(H(8"), H(Bn)) +dr(H(Bn),87)) + b

<
< fldp(H(8), H(Bn)) +dr(H(8n),07)) + .

By (1), we have

fldr(H(9"),6%)) fAr(H(©), H(0n)) +dr(H(0n),8%)) + b

f(@ (max{dx (8", 0n), min(dx (8%, H(0")), dr (0, H())})
+dF(0n11,0%)) + b,

f(¢ (max{D(8", 8,), min(d (0", H(8")), d 7 (O, 0n11))})

+d]:(l9n+1/ ﬁ*)) +b,

IN A

for all n € N. Letiing n — oo and using (F7) and (8), we get

lim F(dr(H(8"),0°)) < lim F(dr(8",0,) +D(8,1,0%)) + b = —co,
This implies that d z(#(9*), 9*) = 0, which is a contradiction.
Thus dz(H(9*),9*) = 0, that is, H(9*) = 0*. As consequence, &* € M is the fixed point
of H. O

Example 2. Let M = R endowed with F-metric dx given by

[6—6]
e

Then (M,dx) is F-complete F-metric space with f(1) = }1 and hy = 1. Define H : M — M and
a,B: MxM—|0,00) by
39, ifo>1
H@) =4 §,if0<0<1
0, otherwise

and
1, if¢9,0€[0,1]
9,0) = B(49,0) = .
«(8,0) = p(9,0) { 0, otherwise.

Clearly, H is generalized (xB-)-contraction mapping with (9) = g forall @ > O that is
dr(HO, HO) < ¢ (max {dx(9,0), min {dr (8, HV),dr(0,HO)}}).

Moreover, there exists 09 € M such that a(0y, HO) = 1 = B(8y, HSy) and H is an a-admissible
mapping with respect to B. Thus all the hypotheses of Theorem 3 are satisfied. Consequently H0 = 0.

Corollary 1. Let (M,dr) be a an F-metric space and let H : M — M. Assume that the following
assertions hold:
(i) (M, dx) is F-complete,

(i))H is an a-admissible mapping,
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(ii1) if for 8,6 € M and ¢ € ¥ such that
a(9, HO)a(0,HO) > 1= dr(H0O, HO) < ¢ (max{dr(9,0), min {dr (9, HD),dr(6,H6)}}),

(iv) there exists Oy € M such that a(8, HSy) > 1,
(v) either H is an continuous or if {0,} is a sequence in M such that 8, — 0, a(8,,0y41) > 1,
then (0, HO) > 1.

Then there exists ¢* € M such that ¢* = H*.
Proof. Consider f: M x M — [0,+) as B(9,0) = 1 for all §,6c M in Theorem 3. [

The following corollaries are direct consequences of Theorem 3.

Corollary 2. Let (M,dr) be a an F-metric space and let H : M — M. Assume that the following
assertions hold:

(i) (M,dx) is F-complete,

(i))H is an a-admissible mapping,

(iii) if for 9,6 € M and ¢ € ¥ such that

(dr(HO,H0) + 1) EHIOHO) <y (max {d(8,6), min {dr(8, HD),dr (6, HO)}}) +1,

wherel > 0,

(iv) there exists Oy € M such that a(8, HSy) > 1,

(v) either H is an continuous or if {0,} is a sequence in M such that ¢, — 0, a(0y, %,41) > 1, then
a(8,HO) > 1.

Then there exists ¢* € M such that ¢* = H9*.

Corollary 3. Let (M,dr) be a an F-metric space and let H : M — M. Assume that the following
assertions hold:

(i) (M, dx) is F-complete,

(i))H is an w-admissible mapping,

(iii) if for 9,0 € M and ¢ € ¥ such that

(IX(19, 7—[19)0&(9, HQ) + 1)!1}'(7‘[19,7‘[9) < zq)(max{d]:(19,9),min{d]:(19,7-119),01}-(9,7-[9)}}),

(iv) there exists Oy € M such that a (8, Hdy) > 1,
(v) either H is an continuous or if {0y} is a sequence in M such that 0, — 8, (%, %y11) > 1,
then (0, HO) > 1.

Then there exists ¢* € M such that ¢* = Hd*.

Corollary 4. Let (M,dr) be a an F-metric space and let H : M — M. Assume that the following
assertions hold:

(i) (M, dx) is F-complete,

(i))H is an a-admissible mapping,

(ii1) if for 8,0 € M and p € Y such that

a (9, HO) (6, HO)dr(HVO, HO) < kmax {dx(9,0), min{dr (8, HV),dr(0,HO)}},

(iv) there exists Oy € M such that a(d, Hdy) > 1,
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(v) either H is an continuous or if {0,} is a sequence in M such that 9, — O, a(8,,0,+1) > 1,
then (0, HO) > 1.

Then there exists ¢* € M such that ¢* = Hd*.
If a(9,0) = 1, then we have the following corollaries.

Corollary 5. Let (M,dr) be a an F-metric space and let H : M — M. Assume that the following
assertions hold:

(i) (M, dF) is F-complete,

(i))H is an B-subadmissible mapping,

(ii1) if for 8,0 € M and ¢ € Y such that

B(8, HO)B(0,HO) < 1= dr(H0,HO) < ¢ (max {dr(8,0), min {dr(8, H8),dr(6,16)}}),

(iv) there exists ¥g € M such that B(8y, Hy) <1,
(v) either H is an continuous or if {0,} is a sequence in M such that ¢, — 0, B(0n, Oy11) < 1,
then (8, H9) < 1.

Then there exists 9* € M such that 9* = H*.

Corollary 6. Let (M,dr) be a an F-metric space and let H : M — M. Assume that the following
assertions hold: (i) (M, d F) is F-complete,

(i))H is an B-subadmissible mapping,

(ii1) if for 8,0 € M and ¢ € Y such that

dr(HO, HO) +1 < [ (max {dx(8,0), min {dr (0, H8),dr (0, HO)}}) + 1|PEHNREMHE)

wherel > 0,

(iv) there exists 0y € M such that B(8y, Hdp) < 1,

(v) either H is an continuous or if {0,} is a sequence in M such that 8, — 9, B(%n,%11) < 1,
then B(9, H9) < 1.

Then there exists ¢* € M such that ¢* = HI*.

Corollary 7. Let (M,dr) be a an F-metric space and let H : M — M. Assume that the following
assertions hold:

(i) (M, dF) is F-complete,

(i))H is an B-subadmissible mapping,

(ii1) if for 8,0 € M and ¢ € Y such that

2dF(H,H0) < (‘B(ﬁ, Hﬂ)ﬁ(@, HQ) + 1)¢(max{d;(ﬂ,@),mm{d;(19,?-{19),d;(9,?—[9) 133 )

(iv) 3 89 € M such that B(dy, HOy) <1,
(v) either H is an continuous or if {0,} is a sequence in M such that 8, — 0, B(0y,0,+1) < 1,
then B(0, H9) < 1.

Then there exists 9* € M such that ¢* = H9*.

Corollary 8. Let (M,dr) be a an F-metric space and let H : M — M. Assume that the following
assertions hold:

(i) (M,dx) is F-complete,

(ii)H is an B-subadmissible mapping,
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(ii1) if for 8,6 € M and ¢ € ¥ such that
dr(Ho, HO) < ¢ (B(8, HO)B(6, HO) max {dr(08,0), min{dr (8, H?),dr(6,H0)}}),

(iv) there exists ¥y € M such that B(8y, Hdy) <1,
(v) either H is an continuous or if {0,} is a sequence in M such that ¢, — 0, B(0n, Oy+1) < 1,
then (9, H9) < 1.

Then there exists 9* € M such that 9* = H§*.

Corollary 9. Let (M,dr) be a an F-metric space and let H : M — M. Assume that the following
assertions hold:

(i) (M, dx) is F-complete,

(i))H is an a-admissible mapping,

(i) if for 9,0 € M and ¢ € ¥ such that

a (0, HO)w(6, HO) > 1 = dr(H0,H6) < ¢ (dr(8,0)),

(iv) there exists Og € M such that a(d, HSy) > 1,

(v) either H is an continuous or if {0,} is a sequence in M such that 9, — O, a(0,,0,41) > 1,
then (0, HO) > 1.

Then there exists ¢* € M such that ¢* = HI*.

Corollary 10. Let (M,dr) be a an F-metric space and let H : M — M. Assume that the following
assertions hold:

(i) (M, dx) is F-complete,
(ii)H is an a-admissible mapping,
(ii) if for 9,0 € M and ¢ € ¥ such that

(a(8, HO)w (6, HO) + 1)7F HEHO) < op(dr(8.))

(iv) there exists Oy € M such that a(8, HSy) > 1,
(v) either H is an continuous or if {0,} is a sequence in M such that 8, — 0, a(8,,0,41) > 1,
then (0, HO) > 1.

Then there exists 9* € M such that 9* = H*.

Corollary 11. Let (M,dr) be a an F-metric space and let H : M — M. Assume that the following
assertions hold:

(i) (M, dx) is F-complete,

(i))H is an w-admissible mapping,

(ii1) if for 8,60 € M and p € ¥ such that

a(8, HO)a(6, HO)d r(HY, HO) < ¢ (dr(8,0)),
(iv) there exists Oy € M such that a(d, HSy) > 1,
(v) either H is an continuous or if {0,} is a sequence in M such that 8, — 9, a(8,,0y11) > 1,

then (0, HO) > 1.

Then there exists ¢* € M such that ¢* = Hd*.
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Corollary 12 ([3]). Let (M,dr) be a an F-metric space and let H : M — M is continuous. Assume that
the following assertions hold:

(i) (M, dx) is F-complete,

(ii) if for 9,0 € M and ¢ € Y such that

dr(H,H0) < ¢ (d£(0,0)).

Then there exists 9* € M such that 9* = H&*.

Proof. Taking a(9,0) =1, for all 9,6 € M in the Corollary 11. [

Corollary 13. Let (M,dr) be a an F-metric space and let H : M — M. Assume that the following
assertions hold:

(i) (M, dF) is F-complete,

(i))H is an a-admissible mapping,

(iii) if there exists k € (0,1) such that

(9, HO)(6, HO)d 7 (HO, HO) < kdr(8,6),

forall 9,0 € M
(iv) there exists ¥y € M such that a(8, HSy) > 1,

(v) either H is an continuous or if {0,} is a sequence in M such that 9, — 0, a(8y,0,41) > 1,
then a (0, HO) > 1.

Then there exists ¢* € M such that ¢* = HI*.

Corollary 14 ([2]). Let (M, dr) be a an F-metric space and let H : M — M be a continuous mapping.
Assume that the following assertions hold:

(i) (M,dx) is F-complete,

(ii) if there exists k € (0,1) such that

dr(HO,HO) < kdr(9,6),
forall 9,0 € M.

Then there exists 9* € M such that 9* = H*.
Proof. Taking a(9,0) =1, for all 9,6 € M in the Corollary 13. O

3. Consequences

The following results are direct consequences of main results by taking f (1) = In(z) and h = In(1).

Theorem 4. Let (M, d) be a complete metric space and let H : M — M. Suppose that the following
assertions hold:

(i) there exist two functions a,p : MxM— [0,00) and k € [0,1) such that a(9, HO)a (0, HO) >
B(8, HO)B(6, HO) implies

d(HY, HO) < kmax {d(9,8), min {d(0, H0),d(0, H)}}

(ii) H is an a-admissible mapping with respect to B,

(iii) there exists Oy € M such that a(8y, Hdy) > B(dy, Hd),

(iv) either H is an continuous or if {0, } is a sequence in M such that 9, — 8, a(0y, Oy11) = B(On, Ons1),
then (0, HO) > B(d, HV).
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Then there exists ¢* € M such that ¢* = H9*.

Proof. Taking ¢(:) = ki, where k € [0,1) in Theorem 3. [

Corollary 15. Let (M, d) be a complete metric space and let H : M — M. Assume that the following
assertions hold:

(i) H is an a-admissible mapping,
(ii) if for 9,0 € M such that a (8, HO)a (0, HO) > 1 implies

d(H8,H6) < kmax{d(8,6), min {d(d, HV),d(6,H6)}},

(iii) there exists Oy € M such that a(8y, Hy) > 1,
(iv) either H is an continuous or if {8} is a sequence in M such that 9, — 0, a(8y, 8,11) > 1, then
a(0,HY) > 1.

Then there exists ¢* € M such that ¢* = H§*.

Proof. Taking B(¢,60) = 1in above corollary. [J

Example 3. Let M = [0, o0) be endowed with the usual metric d(0,0) = |0 — 6| for all 9,60 € M and let
H 1 M — M be defined by Ho = £. Also, define o : M x M — [0,00) by a(9,0) = 3and Ik = § € (0,1).
Clearly,H is an a-admissible mapping. Also, a(0, H®)a (6, H0) =9 > 1 forall 9,6 € M. Hence

d( 19, Ho) — iw—m < ;max{ﬂ—(ﬂ,min{w— ZM()— Z|}}

Then the conditions of Corollary 15 hold and H has a fixed point which is 0.

Corollary 16. Let (M,d) be a complete metric space and let H : M — M. Assume that the following
assertions hold:

(i) H is an a-admissible mapping,
(ii) if for 9,0 € M such that

(d(HO, HO) + 1)*HOOHO) < jmmax {d(9,0), min {d(9, H0),d(6,16)}} +1,

wherel > 0,

(iii) there exists 8y € M such that a(8y, Hg) > 1,

(iv) either H is an continuous or if {0y} is a sequence in M such that 0, — 0, a(0y, 0,11) > 1, then
a(d,HO) > 1.

Then there exists ¢* € M such that ¢* = H§*.

Corollary 17. Let (M, d) be a complete metric space and let H : M — M. Assume that the following
assertions hold:

(i) H is an a-admissible mapping,
(ii) if for 9,60 € M such that

(iii) there exists Oy € M such that a(8y, Hdy) > 1,
(iv) either H is an continuous or if {0,/ is a sequence in M such that 0, — 0, a(0y, 0,4+1) > 1, then
a(d,HY) > 1.
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Then there exists ¢* € M such that ¢* = H9*.

Corollary 18. Let (M,d) be a complete metric space and let H : M — M. Assume that the following
assertions hold:

(i) H is an a-admissible mapping,

(ii) if for 9,0 € M such that

a (8, HO)a(6, HO)d(HY, HO) < kmax {d(0,0), min{d(d, HY),d(6,H6)}},

(iii) there exists 8y € M such that a(8y, Hg) > 1,
(iv) either H is an continuous or if {0y} is a sequence in M such that 0, — 0, a(0y, 0y4+1) > 1, then
a(d,HO) > 1.

Then there exists * € M such that ¢* = H*.
If a(9,0) = 1, then we have the following corollaries.

Corollary 19. Let (M,d) be a complete metric space and let H : M — M. Assume that the following
assertions hold:

(i) H is an B-subadmissible mapping,

(ii) if for 9,0 € M such that B(8, H9)B(6, HO) < 1 implies

d(H0, 1) < kmax {d(9,0), min {d(9, H),d(0,16)}},

(iii) there exists 09 € M such that B(0y, Hdy) < 1,
(iv) either H is an continuous or if {8, } is a sequence in M such that 0, — 9, B(On, 0y+1) < 1, then
B9, HB) < 1.

Then there exists ¢* € M such that ¢* = HI*.

Corollary 20. Let (M,d) be a complete metric space and let H : M — M. Assume that the following
assertions hold:

(i) H is an B-subadmissible mapping,

(ii) if for 9,0 € M such that

d(HO,HO) + 1 < [kmax {d(9,0), min {d(8, H),d(0, HO)} } + 1|P(EHOPEHE)

where l > 0.

(iii) there exists Oy € M such that B(do, Hp) < 1,

(iv) either H is an continuous or if {9, } is a sequence in M such that 0, — O, B(On, 0y+1) < 1, then
B(8, HY) < 1.

Then there exists ¢* € M such that ¢* = H9*.

Remark 2. One can easily derive the main results of References [11] and [15] from our Corollaries 11 and 14
respectively by taking f (1) = In(1) and h = In(1).

4. Applications

In the present section, we solve the following differential equation

9/ (1) = —pr(0)8(1) +p2(1) L(B(1 — (1)) + pa(1)8” (1 = 6(1)). ©)

The lemma of Djoudi et al. [16] is very handy in the proof our theorem.
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Lemma 2 ([16]). Suppose that ¢/ (1) # 1Vi € R. Then (1) is a solution of (9) iff

00 = (900) = 250 0(=(0)) ) o~ e 1 L2000 c(0)

~ [ th(@))8@ — (@) = p2(w)£ (O = s(@)))) p~ Lo Deds, (10)

where

M @)ps(w) + (04 (@) + pslw@)pr (@) ) (1= ¢/ (@)
(1—¢/(w))? '
Now assume that ¢ : (—o0,0] — R is a continuous bounded initial function, then 9(1) = 9(1,0,¢) is

a solution of (9) if (1) = ¢(¢) for 1 < 0 and assures (9) for 1 > 0. Assume € be the collection of T : R — R
which are continuous functions. Define By by

h(w) (11)

By = {m: R = Rsuch that ¢(1) = 7t(1) if t <0, (1) — 0ast— oo, m € C}.
Then By is a Banach space equipped with the supremum norm ||-||.
Lemma 3 ([3]). The space (By, || - ||) provided with d given by

(i, ") = [|i="[| = sup [1(8) — *(9)]
vel

for v, 1" € By, is an F-metric space.

Theorem 5. Let H : By — By be a mapping defined by

0 _ e L
(1)) = (w(0) = 20 m(=g(0))) o~ M4 20— (1)

= [ @)@ = 6(@)) - pa(w) £ (el — ¢(w))))p~ o OHedeo, > 0 (12)

forall T € By . Assume that these assertions are satisfied:
(i) there exists y > 0 and ¢ € ¥ so that

[ @) x(e — g(e0)) — aleo — o)) 9

= %4’ (max {||7r — e, min {7 —H7l,[le = Hel}}) (13)

and

/01 [(p2(w)) L (7w — ¢(w))) — L(o(w — g(w))) o~ (e

< %4’ (max {[|7r —¢l|, min {||x —H7ll, [le = Hel[}}) (14)
forall T, 0 € By.
(ii) Then H has a fixed point.
Proof. Definea : € x € — Rby

1, if 7t, 0 € By,
0, otherwise.

a(r,e) = B(m, @) = {
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Now for 77,0 € By such that a(7, )

= B(m,0) > 1. It follows from (12) that H(7), H(0) € By.
Therefore a(H (), H(e)) = B(H(m), H(0)) >

1. Since, (13)~(15) hold, then for 7, ¢ € By , we have

(Hm 0 - 0] < |72 I el

[ o) £t = @) ~ £lo(w — el fores

< | 2200 =l e v G = gl i = e o = el 1)
p3(1) :
< {2005} o tmax i — gl min (i~ e o~ el 1)

A

< ¢ (max{||m — el ,min{|7 —H7x|,[le - Hel}})-

Hence,

dr (M, He) < ¢ (max{dr(7, ), min{dr(r, Hr) dr(e, He)}})

implies that # is generalized (aB-)-contraction. Thus by Theorem 3, H has a unique fixed point in
By which solves (9). [

5. Conclusions

In this paper, we defined generalized (ap-1)-contraction in the setting of F-metric space and
obtained some new fixed point results. As consequence of main results, we derived some fixed point
results in metric spaces. We investigated the existence of solution for the following nonlinear neutral
differential equation with an unbounded delay as application of our main results.
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