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1. Introduction and Preliminaries

In this paper, suppose E is a real Banach space and E* is its dual space. "u,, — u” and "u, — u”
denote {u, } converges strongly or weakly to u, as n — oo, respectively.

A Banach space E is said to be uniformly convex [1] if, for any two sequences {u, } and {v,} in E
such that ||u,|| = ||vx|| = 1 and limy—yeo||ttn + 04 || = 2, one has limy_yoo |1ty — v4|| = 0.

The function Jg : [0, +00) — [0, +00) is said to be the modulus of smoothness of a Banach space
E [1] if it is defined as follows:

1
Oe(t) = sup{z(lut+ol +u—ol) =1:uwov ek |u] =1, [lo] <t}

A Banach space E is said to be uniformly smooth [1] if limtﬁow = 0. A Banach space E is said

to have Property (H): if for any sequence {u,} C E which satisfies both u,, — u and ||u,|| — |Ju||
as n — oo, then u,, — u, as n — oo. The uniformly convex and uniformly smooth Banach space has

Property (H).
The normalized duality mapping Jr : E — 2F" is defined by

Je(u) ={g € E": (u,g) = ||lull” = lIg|*}, u€kE,

where (1, ¢) denotes the value of g € E* atu € E.
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If E is a real uniformly convex and uniformly smooth Banach space, then Jg is single-valued,
surjective and Jg(ku) = kJg(u) for u € E and k € (0, +00). Moreover, ]gl = Jp» and both [g and ]b?l
are uniformly continuous on each bounded subset of E or E*, respectively [2].

The Lyapunov functional ¢ : E x E — (0, +o0) is defined as follows [3]:

¢(u,0) = ull* = 2(u, je(0)) + [|o]%,

forallu,v € E, jg(v) € Jg(v).
Suppose K is a subset of E. Let T : K — E be a single-valued mapping.

(1) If Tp = p, then p is called a fixed point of T. The set of fixed points of T is denoted by Fix(T);

(2) if there exists a sequence {u,} C K with u, — p € K such that u, — Tu, — 0,as n — oo, then p
is called an asymptotic fixed point of T [4]. The set of asymptotic fixed points of T is denoted
by Fix(T);

(3) if there exists a sequence {u,} C K with u, — p € K such that u, — Tu, — 0,as n — oo, then p
is called a strong asymptotic fixed point of T [4]. The set of strong asymptotic fixed points of T is
denoted by Fix(T); -

(4) Tis called strongly relatively non-expansive [5-7]if Fix(T) = Fix(T) # @and ¢(p, Tu) < ¢(p, u)
foru € Kand p € Fix(T); -

(5) T is called weakly relatively non-expansive [4,8] if Fix(T) = Fix(T) # @ and ¢(p, Tu) < ¢(p, u)
foru € Kand p € Fix(T).

It is obvious that strongly relatively non-expansive mappings are weakly relatively
non-expansive mappings.

If E is a real reflexive, strictly convex and smooth Banach space with K being its non-empty closed
and convex subset, then for all u € E, there exists a unique element uy € K such that ¢(ug,u) =
inf{p(y,u) : y € K}. In this case, the generalized projection mapping Ilx : E — K is defined by
Ilxu = ug, forallu € E [3].

If E is a real reflexive, strictly convex Banach space with K being its non-empty closed and convex
subset, then for all u € E, there exists a unique element 1y € K such that ||u — ug|| = inf{|ju —y| :
y € K}. In this case, the metric projection mapping Px : E — K is defined by Pxu = uy, for all
x € E[9].

In a Hilbert space H, I1x = Px.

A : E — 2F is called monotone [10] if for all v; € Au;, i = 1,2, one has (11 — 1,01 — v3) > 0. A
is called maximal monotone if A is monotone and R(Jg + AA) = E*, forall A > 0. x € D(A) is called
a zero point of A if Ax = 0. The set of zero points of A is denoted by A~10.

In a real uniformly convex and uniformly smooth Banach E, the resolvent of the maximal
monotone operator A, Q4, is defined by Qix = (Je +rA)"gx, for x € E and r > 0. Moreover,
if A=10 # @, then Q7 is a strongly relatively non-expansive mapping [11], and Fix(Q#) = A~10,
forr > 0.

Strongly relatively non-expansive mappings were introduced by Matsushita and Takahashi in
2004 (see [5-7]). The study on strongly or weakly relatively non-expansive mappings draw much
attention from mathematicians until now since it includes important nonlinear mappings as special,
e.g., the resolvent of a maximal monotone operator and generalized projection ([12-20]).

Recall that in 2003, Nakajo and Takahashi [21] presented the following CQ iterative algorithm to
approximate the fixed point of a non-expansive mapping T in a real Hilbert space H:

ug € K,

Uy = iy + (1 — ay) Ty,

Co ={p e K:lon —pll < [Jun—pll}, 1)
Qn=A{p€K:(p—unuy—uy <0},

upt1 = Pc,ng, (o), n € NU{0}




Mathematics 2020, 8, 613 3of 21

The result that {u, } converges strongly to a point in Fix(T) is proved.

In 2005, Matsushita and Takahashi [7] extended the topic of non-expansive mappings to that of
strongly relatively non-expansive mappings. They presented the following CQ iterative algorithm to
approximate the fixed points of a strongly relatively non-expansive mapping T in a real uniformly
convex and uniformly smooth Banach space E:

Uy € K,
Up = ]El[“n]Eun + (1 - “n)]ETun}/
Co={pe€K:o(p,von) < o(pun)}, @)

Qu={p € K:(p—uu, Jeuo — Jeun) <0},
un1 = Ilc,no,(uo), n € NU{0}.

The result that {u, } converges strongly to a point in Fix(T) is proved.

In 2009, Wei et al. [14] presented the following hybrid iterative algorithm to approximate the
common fixed point of two strongly relatively non-expansive mappings T1 and T; in a real uniformly
convex and uniformly smooth Banach space E:

ug € K,

Un = ]E_l["‘n]E”n + (1 — ) JET1un],

wn = Jg [BuTetn + (1 — Bu) JETovn),

Cn =A{p € K: 9(p,wn) < Buep(p,un) + (1= Bu)@(p,vn) < ¢(p,un)},
Qun={p € K: {p—un, Jeuo — Jpun) < 0},

uy1 =TIle, 0o, (uo), n € NU{0}.

®)

The result that uy — Ilpiy(1,) q Fix(1y) (40) s proved, as n — co.
In 2010, Su et al. [8] extended the topic of strongly relatively non-expansive mappings to that for
weakly relatively non-expansive mappings. They presented the following iterative algorithm for two

countable families of weakly relatively non-expansive mappings {T,Sl) } and {T,g2)} in a real uniformly
convex and uniformly smooth Banach space E:

ug € K,

on = T 1B Tettn + B Te TS it + B Te T4 ),

Wyp = ]E_l[“n]l:“”n + (1 —an)JEvnl,
Co={p€Cr1NQu-1:0(pwn) < @(p,un)},
Co={peC:o(pwo) < ¢(p,uo)},

Qu=1{pr € Coo1NQu-1:{p—un, Jeuo — Jeun) <0},
Qo =K,

up1 = I, no, (1), n € NU{0}.

(4)

The result that u;,, — I1 (up) is proved, as n — oo.

(N Fix(T8) NNy Fix(T3))
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In 2019, Duan et al. [11] presented some new multi-choice iterative algorithms to approximate
common fixed point of two groups of countable weakly relatively non-expansive mappings {T,gl)}

and {T,(,Z)} in a real uniformly convex and uniformly smooth Banach space E:

ug € E,

on = Jg onJetn + (1 — @) T2 aiJe T ],

Wn = T [Buletn + (1= Bu) T2 biJe T 0],

Ci=E=Qq, ®)
Cut1 ={p € Cu: @(p,on) < @(p,un), @(p,wn) < Bup(p,un) + (1 — Bn)o(p,vn)},

Qui1 = {p € Cugr : [Ip — uol* < ||Pe,,,, (o) — uol|* + Any1},

Upt1 € Quy1, 1€ NU{O}.

The result that {u,} converges strongly to a point in (), Fix(T,Sl))) N1 Fix(T,gz)))
is proved.

Compared to the previous ones (e.g., (2)—(4)), the iterative element u,,; in (5) can be
chosen arbitrarily in the set Q,1 and the metric projection Pc, (ug) is involved instead the
generalized projection.

Recall that the inertial-type algorithm was first proposed by Polyak [22] as an acceleration process
in solving a smooth convex minimization problem. The inertial-type algorithm involves a two-step
iterative method where the next iterate is defined by making use of the previous two iterates. Inserting
an inertial term in an algorithm accelerates the rate of convergence of the iterative sequence [16].
Much devotion is contributed to the inertial-type algorithm (see [23-25] and the references therein).

In 2018, Dong et al. [26] presented the following inertial-type CQ iterative algorithm for a
non-expansive mapping T in a real Hilbert spaceH :

ug,u1 € H,

Wy = Uy + 0p(Uy — Upy_1),

Op = (1 — ﬁn)wn +,3nTwnr
Co={p€H: vy —pll <lwn—pl}
Qun={p€H: (p—unu—un) <0},
uns1 = Pc,ng, (1), n€N.

(6)

The result that uy — Priy(1)(1o) is proved, as n — oo.

Motivated by Dong’s work, Chidume et al. [16] presented the following inertial-type algorithm
for strongly relatively non-expansive mappings { T; } in a real uniformly convex and uniformly smooth
Banach space E:

ug,uq € E,

Co =L,

Wy = Uy + 0 (Uy — Uy_1),

on = Jz (1 = B)Jewn + BJeTwy],

Cut1 =A{p € Ca: 9(p,vn) < @(p,wn)},
upy1 =Ig,,,(ug), n €N,

@)

where Tx = J; (2 ,a;(biJex + (1 — b;) JgTix)), for x € E. The result that u, — I Fix(T,)) (H0) is
proved, as n — oo.
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Our paper is organized as follows: in Section 2, we shall improve a key result of Chidume [16]
from strongly relatively non-expansive mappings to weakly relatively non-expansive mappings and
present a new proof method. In Section 3, we shall construct some new iterative algorithms for a
countable weakly relatively non-expansive mappings in a real uniformly convex and uniformly smooth
Banach space and prove some strong convergence theorems. In Section 4, we shall demonstrate the
applications of the new results in Section 3 to countable maximal monotone operators. In Section 5,
we shall do numerical experiments to show the advantage of the newly obtained iterative algorithms in
the sense that the convergence rate is accelerated compared to the previous ones for some special cases.

The following preliminaries are needed.

Lemma 1 ([15]). Assume that E is a uniformly convex and also a uniformly smooth Banach space, K is its
non-empty closed and convex subset, T : K — K is a weakly relatively non-expansive mapping. Then Fix(T) is
a convex and closed subset of E.

Lemma 2 ([19]). Assume that E is a uniformly convex and also a uniformly smooth Banach space, {x, } and
{yn} are two sequences in E. If one of {x,, } and {y, } is bounded and also ¢(xy,yy) — 0, then x, — y, — 0,
asn — oo.

Definition 1 ([27]). Assume {Ky} is a sequence of non-empty closed and convex subsets of E. Then s —
liminfK, := {x € E : thereexists x, € K, foralmost all n such that x, — x,as n — oo} is called the
strong lower limit of {Ky }; w — limsupK,, := {x € E : there exists a subsequence Ky, of Kysuch that x,, €
Ky, foreverynyand x,, — x,as ny, — oo} is called the weak upper limit of {K,}; if s — liminfK, =
w — limsupK,, the common value is denoted by limK,, and is called the limit of {K, }.

Lemma 3 ([27]). Assume {K,} is decreasing, closed and convex in E, then limK, = (;_1 K.

Lemma 4 ([28]). Let E be a real uniformly convex Banach space. If limK,, # @, then Px,x — Pjj,x, x, for
Vx € E. Moreover, if E has Property (H), then Px,x — Pk, X, for for all x € E.

Lemma 5 ([13]). Assume E is a real uniformly convex Banach space and r € (0,+o0). Then there exists
a continuous, strictly increasing and convex function ¢ : [0,2r] — [0, +c0) such that g(0) = 0 and

152y cixill? < 22y cillxill> = cremg([lx1 = xml]), for all {xn} 7y € {x € E: [lx]| < 7}, {ea}y € (0,1)
with ;> 1 ¢y =1and m € N.

Lemma 6 ([10]). Assume A : E — 2E is maximal monotone, then

(1)  A~10is closed and convex in E;
(2) ifxy, = xand y, € Ax, withy, — y, or x, — x and y, € Ax, with y, — y, then x € D(A) and
y € Ax.

2. Improvement and New Proof Techniques for Chidume’s Results

Lemma 7 ([16]). Assume that E is a real uniformly convex and also a uniformly smooth Banach space,
T : E — E is a strongly relatively non-expansive mapping with Fix(T) # @. Let {u, } be generated by the
following iterative algorithm:

ug,uy € E,

Co=E,

Wy = Uy + & (Uy — Uy_1),

on = J5 ' [(1 = B)Jewn + BJETwa),

Cut1 ={p € Cu: @(p,vn) < 9(p,wn)},
Uy = chﬂ(uo), neN,

®)
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where oy € (0,1) and B € (0,1). Then uy — gy (1) (uo), as n — oo.
We shall improve Lemma 7 as follows:

Theorem 1. Assume that E is a real uniformly convex and also a uniformly smooth Banach space, T : E — E
is a weakly relatively non-expansive mapping with Fix(T) # ©. Let {uy} be generated by the following
iterative algorithm:

ug,u1 € E,
Co=E,
Wy = Uy + [’Cn(un - un—l)/ (9)

On = ]ElKl - 5)]Ewn + ,B]ETwn]/
Cut1 =A{p € Ca: @(p,vn) < @(p,wn)},
Uyl = Pcn+1 (uo), n €N,

where oy € (0,1) and B € (0,1). Then uy — Priy(7) (uo), when n — co.

Proof. We need three steps to finish the proof.

Step 1. Fix(T) C C,, where C, is a convex and closed subset of E, for all n € N. This ensures
{un} is well-defined.

Since ¢(p,vn) < @(p,wy) is equivalent to ||v,]|? — ||wa||? < 2(p, JEvn — JEwy), then C, is closed
and convex, forn € N.

For all g € Fix(T), since T is weakly relatively non-expansive, then

o(q,0n) = 191> = 2(q, (1 = B)Jgwn + BJETwn) + ||(1 = B)Jgwn + BJeTwn|*
< (1-B)e(q,wn) + B(q, Twn) < @(q,wn).

This ensures that Fix(T) C C, forn € N.

Step 2. uy — Pn_ ¢, (u0), wn = P ¢, (o) and o4 — Py ¢, (19), as n — oo

It follows from Step 1 and Lemma 3 that [imC, exists and limC, = (;_; C; # ©@. Lemma 4
implies that u, — Pn~_ , (1), as n — oo. From iterative algorithm (9), one has w, — P~ ¢, (10), as
n — oo.

Note that Py ¢, (#0) € Cuy1, then ¢(Pne ¢, (10),vn) < ¢(Pn ¢, (10),wn) — 0,as n — oo.
Thus Lemma 2 implies that v, — P~ ¢, (ug), as n — oo.

Step 3. Pn ¢, (10) = Prix(r) (10)-

Since Fix(T) C (1724 Co, then [P ¢, (10) — toll < [P () — wol.

To show that [[Pn~ ¢, (10) — uoll = [|Prix(r)(10) — uol|, it suffices to show that P~ ¢, (1) €
Fix(T).

In fact, for all g € Fix(T), using Lemma 5, one has

@(q,00) = llq1I*> = 2(q, (1 = B)Jewn + BJETws) + || (1 — B)Jewn + BJeTwy |?

< lqll* = 2(1 = B)(q, Jewn) — 28(q, JeTwn) + (1 — B) |[wnll* + Bl| Twu||> — B(1 — B)g([lwn — Tw|)
= (1 - B)o(q,wn) + Be(q, Twn) — B(1 — B)g([lwn — Twnl)

< ¢(q,wn) — B(1 = B)g([lwn — Twn])).

It follows from Step 2 that, B(1 — B)g(||wn — Twy||) < (9, wn) — ¢(g,v,) — 0, as n — co. Thus
wy — Tw, — 0, as n — oo. Combining with the facts that w, — Pﬂ%":1 C, (ug) and Lemma 1, one has
Pre ¢, (uo) € Fix(T).

By now, we have showed that ||[Pn~ ¢, (#0) — uoll = [[Prix(r)(10) — tol|. Since the metric
projection Pn~ ¢, (110) is unique, then P ¢, (110) = Prix(1) (40)-
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This completes the proof. [

Remark 1. Compared to Lemma 7, three novelties can be seen in Theorem 1. One is that the discussion
is extended from strongly relatively non-expansive mapping to weakly relatively non-expansive mapping.
The second is that the generalized projections Ilc, ., (uo) and Ip;y (1) (uo) are replaced by the metric projections
Pc,., (1) and Priy(ry(uo) even if in a Banach space, which means that the computation may be easily realized
theoretically. The third is that different technique is employed to show the convergence of {uy }.

Lemma 8 ([12]). Assume that E is a real uniformly convex and also a uniformly smooth Banach space, T; : E —
E, (i € N), is a sequence of countable strongly relatively non-expansive mappings with ;- Fix(T;) # @.
Suppose {a;} C (0,1) and {b;} C (0,1) satisfy that } ;* y a; = 1. Define T : E — E as follows:

Tx = Jg ' (Z2ai(bifex + (1 - bi) JeTix)),
for Vx € E. The result that T is strongly relatively non-expansive is true. Moreover, Fix(T) = (21 Fix(T;).

Based on Lemmas 7 and 8, a countable family of strongly relatively non-expansive mapping
{T;}2, is studied as follows:

Lemma 9 ([16]). Assume that E, T; : E — E, {a;}, {b;} and T : E — E are the same as those in Lemma 8. Let
{un} be generated by the iterative algorithm (7). Then under the assumptions that a, € (0,1) and p € (0,1),
one has un — e piy(r;) (o), as n — oo,

Lemma 9 can be improved as follows, which is obtained directly in view of Theorem 1 and
Lemma 8.

Theorem 2. Under all of the assumptions of Lemma 9, suppose {u,} is generated by the following
iterative algorithm:

ug,u1 € E,

Co =E,

Wy = Uy + 0 (Uy — Uy_1),

on = J§ ' [(1 = B)Jewn + BJETwa),
Cut1={p € Cn:o(p,vn) < @(p,wn)},
Uy = PCnH(uO), n € N.

(10)

Then uy — P pix(1;) (40), a5 1 — 0.

3. Inertial-Type Iterative Algorithms with New Set C,,

Definition 2 ([29]). Let E be a real Banach space with K being its non-empty closed and convex subset. Define
the function G : K x E* — (—o0, +00) as follows:

G(x,y) = lxI? = 20x,y) + lyl* + 20f (x),

forall x € K,y € E*, where p > 0 and f : K — (—o0, 4+00) is a proper, convex and lower-semi-continuous
mapping. Obviously, if K = E and f(u) = 0, then G(u, Jpv) = ¢(u,v) forall u,v € E.
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Theorem 3. Assume that E is a real uniformly convex and also a uniformly smooth Banach space. Let

1
following inertial-type multi-choice iterative algorithm:

up,u1 € E,

On = tn + by (Un — tty—1),

Wy = ]El["‘n]Evn + (1T =) 2y ”i]ET,‘(DUn],
Yn = ]El[rgn]Evn + (1 - ,Bn) Z?il bi]ETi(z)wn}/
G =E=0Qy,

Qut1 = {p € Cug1 : luo — plI* < IPc, ,, (u0) — uol|* + Aps1},
Up+1 € Que1, MEN,

where G is the function defined in Definition 2. Under the following assumptions

i) (N2 Fix(T)) (N2 Fix(T)) # ©;
ii) {a;} € (0,1) and {b;} C (0,1) satzsfy Yioqa=1=Y72,b;
i

Coi1=1{p € Cu: G(p,JEwn) < G(p,JEVn), G(p,JeYn) < BuG(p,JEVn) + (1 — Bn)G(p, JEWn)},

T.(l), Tl.(z) : E — E be weakly relatively non-expansive mappings, for each i € N. Let {u,} be generated by the

(11)

iv) {a,} and {Bn} are two real number sequences in [0,1) with 0 < suppa, < 1and 0 < sup,fn < 1;

(

(

(iii) {An} is a real number sequence in (0, +oc0) with A, — 0, as n — oo;

(

(v) {tu} is a real number sequence in (—oo, +00) with t, - +ooasn — oo,

we have u,, — P ug), when n — oo.

(e, Fix(TY)) NN, Fix (1)) (

Proof. We need nine steps to finish the proof.
Step 1. (N4 Fix(TM)) NN, Fix(T?))) € Cy, forn € N.

Forallg € (N7, Fix(Ti(l))) N(NZ4 Fix(Ti(z))), if n = 1, itis obvious that 4 € C; = E. Noticing

the definitions of Lyapunov functional and weakly relatively non-expansive mappings, one has:

G(q, Jewr) = [19]*> — 2(g, a1 Jgv1 + (1 — a1) 124 ai]ETi(l)Ul>
+HlarJror + (1 —ag) 524 ai]ETi(l)Ul 1% +20f(q)
<ap(g o)+ (1—ar) 2 ai9(g, T,»(”vl) +20f(q)
< w19(q,01) + (1 —a1)9(g,01) +20f(q) = G(q, JEv1)
and
G4, Jer) < 1912 —2B1(q, Jevr) —2(1 — 1) T2 bilg, Je T wy)
+Ballon|2 + (1 — B1) X2 bil| T wr |2 +20£(9)
= B19p(q,01) + (1 — B1) X2 big(q, T w1) +20f(g)
< Bre(q,v1) + (1= B1)e(q,w1) +20f(q)
= B1G(q, Jev1) + (1 — B1)G(q, Jrwr).

Therefore, € Cy. That is, (N, Fix(T\")) N(NZ, Fix(T*)) c Ca.
Suppose it is true when 1 < k. Now, if n = k + 1, compute the following:

G(q, Jewes1) = 9117 = 200 ki1 JEvs + (1= i) T2 e T, V)
o JEvpen + (1= agy1) T2 aife T o a2 + 20£ (g)

< 19(q, O1) + (1= agpq) 2 ai9(q, T(l)vkﬂ) +20f(q)

< ar19(q, k1) + (1 — 1) 9(9, 041) +20f(q) = G(q, JEUR11)-
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Moreover,

G, Jevk1) < 11912 = 2Bxs1(q, Tevrsa) — 2(1 — Bryn) T2 bi{q, Je T wesn)
+Brsllvkstl? 4+ (1= Ber1) 224 bi||Ti(2)wk+1 124 20f(q)

= Br19(0, 0k 1) + (1= Bron) T2 big(q, T wi 1) +20f(9)

< Brr19(9, V1) + (1= Brg1) (g, wi1) +20f(q)

= Br1G(q, JEVk41) + (1 — Brs1) G (9, JEWk41)-

Therefore, g € Cy, 5. By induction, @ # (N2, Fix(Ti(l))) NN, Fix(Ti(z))) C Cy, foralln € N.
Step 2. C;; is a convex and closed subset of E, for all n € N.

If n = 1, the result is trivial.

If n € N\ {1}, then noticing the following facts: G(p, Jewn) < G(p,Jevn) is equivalent to
2(p, Jevn — Jewn) < [[ol|* = lwa||* and G(p, Jeyn) < BuG(p, Jevn) + (1 — Bn)G(p, JEwy) is equivalent
t0 2B (p, JEvn) +2(1 = Bu)(p, Jewn) — 2(p, JEyn) < Bulloall® + (1 = Bu) llwn|* = llyall*.

Thus C;, is closed and convex, for all n € N.
Step 3. Q; is a non-empty subset of E, Vn € N. This guarantees that {u, } is well-defined.

In fact, if n = 1, the result is trivial.

If n € N\ {1}, then we can see from the definition of metric projection that || Pc,,, (u0) — tol| =
infyec,., |ly — uol|- Then from the definition of infimum, for A,,, 1, there exists ;11 € C,;41 such that
o — Zusa |* < |IPc,., (o) — tg|* + Ay41. This ensures that Q1 # @, for n € N.

Step 4. Pc, ., (u0) = Py ¢, (), asn — oo.

It follows from Steps 1 and 2 and Lemma 3 that limC,, exists and limC, = ﬂ;o:1 C, # @. Since E
has Property (H), then Lemma 4 ensures that Pc, , (110) = P ¢, (#0), as n — oo.

Step 5. Both {u, } and {Pc__, (ug)} are bounded.

v (

It follows from Step4 immediately that {Pc, ., (o)} is bounded. Since u;, 11 € Q4 1, then [[ug —
up|? < I Pc,,, (uo) — uol|?> + Ay, ¥n € N. Since A, — 0 and {Pc . (ug)} is bounded, then it is
easy to see that {u,} is bounded.

n+1 (

Step 6. uy41 — Pc, (o) — 0,as 1 — co.
Since #11 € Qui1 C Cuy1 and Cy is convex, for Vt € (0,1), tPc, ., (uo) + (1 — t)upy1 € Cyyr.
Noticing the definition of metric projection,
IPc, ., (o) — uoll < [[tPc, ., (o) + (1 = )unta — uol|-
Lemma 5 ensures that

I1Pc, ., (uo) — uoll* < [[tPc, ., (uo) + (1 — t)1ty41 — 1g]?
< t||Pc,., (o) — uoll® + (1 — ) |Jus1 — uol|* — t(1 — £)g(|| P, , (10) — s |])-

Thus, lfg(”PCnJrl (Mo) — Mn+1||) < ||1/ln+1 — Ll()”z — HPCn+1 (MQ) — 1/l0||2 < Apg1- Lett — 1 and later
n — oo, one can see Pc, ., (o) — ty1 — 0,as 1 — co.

Step 7. un — Ppe ¢, (u0), on = Pr ¢, (u0), wn — Pa= ¢, (o) and yn — P ¢, (u0), as
n — oo.

In fact, it follows from Step 4 and Step 6 that u, — P~ c, (ug), as n — oo. Since v, = uy, +
tn(un — up—1), thenvy, = Pne ¢ (11g), as n — co. Thus @(uy11,04) — 0,85 1 — oo
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Since uy,11 € Qui1 C Cuy1, then G(uyiq, Jrwn) < G(uyi1, JEvn), which implies that
@(uns1,wn) < @(Unt1,04) — 0. Lemma 2 ensures that 1,11 — wy — 0, and then wy, — Pn ¢, (u0),
asmn — oo.

Since uy11 € Qui1 C Cuy1, then G(uyt1, JEYn) < BnG(Unt1, JEUn) + (1 = Bn)G(tny1, JEWn),
which implies that ¢ (1,11, yn) < Bu@(tty+1,00) + (1 — Brn) @(Uys+1, wn) — 0, as n — oo. Thus 1 —
yn — 0, which implies that y, — Pr~ ¢, (10), as n — oo.

Step 8. Pz, , (o) € (N2 Fix(T,) M) (N Fix(T2)).

First, we shall show that Py~ ¢, (1) € Fix(Tl(l)).

Forallg € (N2, Fix(Tl.(l))) N(NZ, Fix(Ti(Z))), by using Lemma 5, we have:

o(q, T (X aiTe TV on)) = ll912 = 2(g, Y aiTe TV 0n) + || Y aie T o2
i=1 i=1 i=1

<lq1? =2 Y ailq, JeTM o) + Y aiITV 041 = aramg (| JeT M on — T T on)
i=1 i=1

ai9(4, T 0,) — arang (| JeT M ow — JET M 04

e

Il
MR

1

Then
aang(|JeTyVon = JETi oul)) < i ai9(q, T Von) — 9(q, fﬁ(imﬂf%nn
< ¢(q,01) — 9(q, ]El<iai]ETi(l Un)) (12)
— l[oull? = 24g, Jron) +2iai<q, JeT o) — | iadﬂf%nnz.
£ £
Since wy = Jp'waJeon + (1 — @) £ aJeT Von), then Jpwy — Jpow = (1 —

an) (g ai]ETi(l)vn — Jgvn). Based on the properties of Jr and J;!, w, — Pre ¢, (uo),

Uy — Pﬂﬁ‘;l c, (1) and 0 < supya, < 1, 0one has: Y72 al-]ETi(l)vn — Jgv, — 0, n — oo. Therefore,

151(2 aj ETi(l)Un) - Pﬂ;":l ¢, (1o), (13)
i=1

as n — oo. Moreover, from (12), we can also know that
JeT V0w — JETi 00 — 0,

asn — oo, form # 1.

Note that for all ¢ € (N, Fix(T™) NN, Fix(T')), one has(|lgl| — [T oa])? <
¢(q, Ti(l)vn) < ¢(q,02) < (||9]l + [|on|])?>. Then {Ti(l)vn} is bounded for Vi € N. We may assume
that M = sup{|| T Vv,]| : i,n € N}.

Since Y, a; = 1, then for all 6 > 0, there exists sufficiently large integer Ny such that
YR Ng+1 4 < g

From the fact that ]ETl(l)vn — ]ET,g)vn — 0,asn — oo, forallm € {1,2,---, Ny}, we may know
that there exists sufficiently large integer My such that || Jg Tl(l)vn — JE T,E})vn I < % foralln > My and
me {2,---,No}. Thenif n > My,
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1 o) 1 1 1 00 1 1
|\JETfN>vn — T2 e TN oul| < 22 4| Je T 0w — JeT M ou ) + T2y 11 aillTE T 00 — JET M o

Therefore, ]ETl(l)Un - Y ai]ETi(l)vn — 0, as n — oo. Then (13) implies that Tl(l)vn —
P, (ug), as n — oo. Combining with the fact that v, — P ¢, (up), and by using Lemma 1,

(1
Pre ¢, (uo) € sz(Tl( )).
Repeating the above process for showing Pn~ ¢, (10) € Fix(Tl(l)), we can also prove that
Py ¢, (ug) € Fix(Ty)),¥m € N. Therefore, P ¢, (ug) € N4 Fix(TV).
Next, we shall show that Py~ ¢, (10) € Fix( Tl(z) ).
Forallg € (N7, Fix(Ti(l))) N(NZ, Fix(Ti(z))), similar to (12), we have:

b1bwg (| JET 2wy — JETSH w,]))

oo 1) (14)
< Jlwall> — 2(q, Jrwn) +2 Y 0:(q, e T wn) — | Y 6] T w1
i=1 i=1
. _ -1 ) (2) _
Since Yn = ]E [,Bn]Evn + (1 - ,Bn)zi:1 bi]ETi wn]r then Jeyn — JEUn = (1 -

Bn) (X524 bi]ETi(z)wn — Jevn). From the facts that v, — Ppe ¢, (10), yn — Ppe c, (o) and
0 <supuPn <1, wehave: } ;> bi]ETi(z)wn — Jgvy — 0, which implies that

151(; bz‘]ETi(Z)wn) — Pre ¢, (u0), (15)
i=
as n — co. Coming back to (14),
JET s — Je o wn = 0,

asn — oo, form # 1.

Similar to the above corresponding discussion, {Ti(z)wn} is bounded for Vi € N. Then we may
assume that M’ = sup{||Tl.(2)wn|| ti,n € N}.

Since Y, b; = 1, then for all 6 > 0, there exists sufficiently large integer Ny such that
LNy bi < fw'

Since [ Tl(z) wn — JE T,Sf) wy, — 0,asn — oo, forallm € {1,2,-- -, Ny}, then there exists sufficiently
large integer M such that H]ETl(z)wn — ]ET,(,ZZ)wnH < % foralln > Mpand m € {2,---,Np}. Then if
n > My,

H]ETl(zzv)wn Lo biIETi(Z)wnH - Zf;i)z bisH]ETl(Z)w” B ]ETi(Z)wn |+ ZE Ny bi||]ET1(2)wn - ]ETi(z)wnH
< (L bi)s + (N 41 bi)2M' < §+ 4§ =4.

Therefore, ]ETl(z)wn -y biJ ETi(Z)wn — 0, and then (15) implies that Tl(z) wn — P ¢, (10),

as n — co. Combining with the fact that w, — Pn~ ¢, (10), we have Py~ ¢, (19) € Fix(Tl(Z) ).

Repeating the above process for showing Pn~ ¢, (1) € Fix(Tl(z)), we can also prove that

Pre ¢, (o) € Fix(T,(n2>), forall m € N. Therefore, Pn~ ¢, (1u0) € 724 Fix(Tl.(2)).

Step 9- Pz, 6 (#0) = Py piar) e, rir?y) (40
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From Steps 1 and 8, we can easily see that

||P(ﬂoi1 Fix(T-(l))) nine, Fix(T.(z)))(uO) - MOH = Hpﬂ;ozl Cu (1/[0) - MOH'

Since the metric projection Pn~ ¢, (u9) is unique, then Pne c (o) =

Pl rinr) i, rixry 40
This completes the proof. [

Remark 2. Compare to [16], the restriction of {t,} is weaker. Compared to [11], the construction of Cy, is
different, the inertial iterate is considered and the limit of the iterative sequence is precisely defined.

Theorem 4. Assume that E is a real uniformly convex and also a uniformly smooth Banach space. Let

Ti(l), Ti(Z) : E — E be weakly relatively non-expansive mappings, for each i € N. Let {u, } be generated by the
following inertial-type multi-choice iterative algorithm:

ug,uq € E,
Op = U + tn(Uy — Up_1),
W =I5 [wnJeor + (1 an) T2 aiJe T 0],
Y = J5 [BuJeor + (1= Bu) 524 biJET, wn],
Ci=E=0Qq, (16)
Cus1 = {p € Cn : G(p, Jewn) < anG(p, Jev1) + (1 — an)G(p, Jevn),
G(p, Jeyn) < BuG(p,JEv1) + (1 — Bu)G(p, JEWn)},
Qui1 = {p € Cug1 : [luo — plI* < [|Pe,,,, (#0) — uol|* + Aus1},
Upy1 € Quy1, n €N,

Under the assumptions of (i)—(iii) and (v) in Theorem 3 and the following condition
(iv)" {an} < [0,1) and {Bn} < [0,1) with &y — 0 and B, — 0, one has: u, —
Pl Firr) e pinr® (40) 4517 -
Proof. Copy Steps 3,4, 5, 6 and 9 in Theorem 3 and make some changes in Steps 1, 2, 7 and 8 as follows.
Step 1. (N5, Fix(T™) NN, Fix(T)) € Cy, forn € N.
Now, for all g € (N2, Fix(TY) NN, Fix(T?)).

For n = 1, the result that ¢ € C; = E is trivial. Note the property of weakly relatively
non-expansive mapping, one can get the following;:

G(a,Jgwr) = llgIP = 2(a,aaeor + (1 - ) L2y aife T or)

HllarJeor + (1 —aq) X724 ai]ETi(l)Ule +20f(9)

< llgl> 281 (g, Jeor) —2(1 —a) 24 ai(q, e T, Vo)

+aq o)+ (1 —ag) 22, ﬂi||Ti(1)v1||2 +20f(2)

= w19(q,01) + (1 - 1) By (9, T o1) + 20f (q)

< 0114’(%01) + (1 — 061)(;)(q,vl) +2Pf(11) — t’élG(q,]Evl) + (1 . al)G(q,]E?h)

and

G, Jewn) < |lql* —2B1(g, Jevn) —2(1— B1) 224 bi(QJETi(z)wﬁ + Bl + (1= B T bi||Ti(2)w1||2 +20f(q)
= Bip(g,01) + (1= B1) T2 bigpla, T wr) +20f (g)
< Bigp(g 1) + (1= B)elg wr) +20f(q) = P1G(q, Jevr) + (1 — B1)G(q, Jewr)-
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Thus g € Cy.
Suppose it is true when n < k. For n = k + 1, compute the following:

G4, Jewgs1) = 19117 = 200 asaJeor + (1= ) T2 aiJe T Vo)
ok JEvr + (1 — agpq) 152y ai]ETi(l)vk+1 12+ 20f(q)

< [1g11 = 20 11(4, Teor) — 2(1 — ag11) £ i, Je T, ogs)

e [[on |2 + (1= aen) T2 il TV o | + 20 (9)

= ap19(q,01) + (1 —ag1) 22q ai9(q, Ti(1)0k+1) +20f(q)

< ar19(q,01) + (1 —ag1)@(q, k1) +20f(q)

= a;11G(q, Jev1) + (1 — ax1)G(q, JEUR41)-

Moreover,

G4, Teyis1) < 19112 = 2Bks1(q, Jevr) — 2(1 — Bryr) £ bilq, Je T wiy)
B o] + (1= Brar) T2 bill T w0 | +20f (9)

= Brs1(4,01) + (1 = Pror) B2 bip(q, T wies1) + 20 (q)

< Brr19(q9,01) + (1= Bry1) 9(q, wri1) +20f(q)

= Br11G(q, Jev1) + (1 — Brs1) G(q, JEWk41)-

Then q € Ci». Therefore, by induction, @ # (N2 Fix(Ti(l))) N(NZ, Fix(Ti(z))) C Cy, for all
n € N.

Step 2. C;; is a convex and closed subset of E.

If n = 1, the result is trivial. If n € N\ {1}, then we notice that G(p, Jrw,) < anG(p, Jgv1) +
(1 — a,)G(p, Jevn) is equivalent to 2a, (p, Jev1) + 2(1 — an){p, JEvn) — 2(p, JEwn) < aullo1]|® + (1 —
tn)[|on]|> — llwon||* and G(p, Jeyn) < BuG(p, Jev1) + (1~ Bn)G(p, Jewn) is equivalent to 28, (p, Jev1) +
201 Bu) P Jewa) — 20p, Jiyn) < Ballor |2+ (1~ ) 02 — 1y

Thus C,, is closed and convex for n € N.

Step 7. Uy — Pﬂf:l Cn(uo), Uy — Pﬂfﬁ:l Cn(u(]), wy — Pﬂ?:l Cn(u()) and Yn — Pﬂf:l Cn(uo), as
n — oo.

Steps 4 and 6 ensure that u,, — szozl c,(up), as n — oo. Then v, = uy + ty(uy — up_q) —
Pre ¢, (u0), as n — oco.

Since #1171 € Qui1 C Cyiq, then G(Mn+1,]]gwn) < uan(unH,]Ev]) + (1 - ocn)G(unH,]Evn),
which ensures that 0 < ¢(uy 41, wn) < ap@(Uyi1,01) + (1 — an)@(t4y1,04) — 0, since a, — 0, as
n — oo. Employing Lemma 2, 111 — wy — 0 and then wy, — Pn ¢, (10), when n — co.

Since 1y11 € Qui1 C Cugr, then G(upgr, JEyn) < BuG(ungr, JEvr) + (1 = Bn)Guny1, JEWn),
which ensures that

0 < @(tns1,Yn) < Bu@(ttny1,01) + (1= Bn)p(Uni1, wn) — 0,

since B, — 0, as n — co. Thus u, 1 — y, — 0 and then y,, — szozl c,(tg), as n — co.

Step 8. Pz, (1t0) € (N2 Fix(T{)) (N, Fix(T?).

First, we shall show that P~ ¢y, (u1) € F ix(Tl(l)).

For Vg € (N2, Fix(Tl.(l))) NN, Fix(Ti(z) ), by using Lemma 5, we know that (12) in Theorem 3
is still true.

Since w, = ]El[“n]Evl + (1 - “n)Z?il ai]ETi(l)Un]r then Jpw, — Jgvn = an(]Evl - ]Evn) +
(1—an) (X2, ai]ETi(l)vn — Jgvn). Noticing the properties of Jr and ]h?l, on = Pre ¢, (u0), wp —
P c, (19) and ay, — 0, then Y52, a;]E Ti(l)vn — JEvy — 0, which implies that (13) is still true. Copy

the corresponding part of Step 8 in Theorem 3, we have P~ ¢, (1) € F ix(Tl(l) ).
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Repeating the process for showing Pn~ c,(u0) € Pix(Tl(l)), we have Pne c, (ug) €
Fix(T,g)),Vm € N. Therefore, Ph ¢, (10) € NiZ4 Fix(Ti(l)).

Next, we shall show that P~ ¢, (10) € N724 Fix(Ti(z) ).

For Vg € (N2, Fix(Ti(l))) N(NZ1 Fix(Ti(z)), (14) is still true.

Since yu = I [BuJev1 + (1= Bu) E21 biJe T, wal, then Jpyn — Jou = Bu(Jev1 — Jeon) + (1 -
Bn) (X524 bi]ETi(z)wn — Jevn). From the facts that v, — Pn ¢, (u0), yn — Py ¢, (o) and B — 0,
we have: Y 72, b;Jg Ti(z)w71 — Jgvn — 0, which implies that (15) is still true. Copy the corresponding
part of Step 8 in Theorem 3, we have Pn~ ¢, (u9) € F ix(Tl(z) ).

Repeating the process for showing P~ ¢, (10) € F ix(Tl(z) ), we can also prove that Py~ ¢, (o) €
Fix(T,(nz)), forall m € N. Therefore, P~ ¢, (10) € N2y Fix(Ti(z)).

This completes the proof. [

Using similar methods, we can get the following theorems:

Theorem 5. Assume that E is a real uniformly convex and also a uniformly smooth Banach space, Tl.(l), Tl.(z) :

E — E are weakly relatively non-expansive mappings, for all i € N. Let {u, } be generated by the following
inertial-type multi-choice iterative algorithm:

ug,uq € E,
On = U + ty(Un — 1),
Wy = ]El[“n]Evl + (1 - “n) 2?11 ai]ET,'(l)Un]/
Yn = ]El[,Bn]Evn + (1 - ﬁn) Efil bz’]ETi(Z)wn]/
Ci=E=0Q, 17)
Chi1={p € Cu: G(p, JEwn) < anG(p, Jev1) + (1 — an)G(p, JEUR),
G(p, Jeyn) < BuG(p, Jevn) + (1 — Bu)G(p, JEwn) },
Qni1 = {p € Cuga : [luo — plI* < |IPu,,, (u0) — tol|* + Anga},
Unt1 € Qui1, nEN.

Under the assumptions of (i)—(iii) and (v) in Theorem 3 and the additional assumption that
(iv)" {an} and {Bn} are two real number sequences in [0,1) with 0 < sup,fn < 1and ay, — 0,

Uy — P(ﬂ,oil Fix(Ti(l)))ﬂ(ﬂ?il Fix(Ti(z)))(uO)’ when n — oo.

Theorem 6. Assume that E is a real uniformly convex and also a uniformly smooth Banach space, Ti(l), Ti(z) :

E — E are weakly relatively non-expansive mappings, for all i € N. Let {u, } be generated by the following
inertial-type multi-choice iterative algorithm:

ug,uq € E,

Uy = Uy +ty(Uy — Uy_1),

Wi = J5 HanJpon + (1 — ) 524 aiIETi(l)an

Y = g [Bulor + (1= Bu) T2 BiJE T, 0],

C=E=Q,

Cur1=1{p € Cu: G(p, JEwn) < G(p,JEOn), G(p,JEYn) < BuG(p, JEV1) + (1 — Bu)G(p, JEWn) },
Qui1 = {p € Cuy1 : luo — plI* < [Py, (u0) — uoll* + Ay},

upt1 € Qui1, n€N.

(18)

Under the assumptions of (i)—(iii) and (v) in Theorem 3 and the additional assumption that
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(iv)"" {an} and {Bn} are two real number sequences in [0,1) with 0 < suppa, < 1and B, — 0,

Un = Plos b)) (e, Fin(r@)) (H0), @5 11— 00

Remark 3. Replace uy by uq in the set Q41 in (11), (16)—(18), we can get the corresponding results of

Theorems 3—6 that u, — P(ﬂ?il Fir() (O, Fix(Ti(z)))<u1)' as n — oo,

For example, modify (11) as follows:

ug,u1 € E,
Op = Uy + by (g — Up_1),
Wy = ]El[“n]Evn + (1 - D‘n) Efil ’ZiIETi(l)vn]r
Vi = T Buevn + (1 — B) T2 biJe T wal,
Ci=E=0Qq, (19)
Cut1 =1{p € Cu : G(p, Jewn) < G(p, JEVn),
G(p, Jeyn) < BuG(p, JEvn) + (1 = Bn)G(p, JEwn) },
Qui1={p € Cuyr: w1 = pl* < Py, (1) = w1 [* + Auia},
Up1 € Quy1, n € N.

Under the assumptions of (i)—(v) in Theorem 3, one has: u, — P
n — oo.

(e Fix(TI) (e Fixri2)y) (#2)7 8

4. Applications
Lemma 10 ([10,11]). Assume that E is a real uniformly smooth and also a uniformly convex Banach space,

A : E — 2F" is a maximal monotone operator satisfying A=10 # @. Then, forall x € E,y € A~ 0and r > 0,
the result @(y, (Je +1rA) " ex) + @((Jg +1A) " ex, x) < @(y, x) is true.

Lemma 11 ([10,11]). IfA‘10 # @, then under the assumptions of Lemma 10, one has (Jg + rA) Vg :E—>E
is strongly relatively non-expansive, and Fix((Jg +rA)~1Jg) = A0, forall v > 0.

Remark 4. Based on Lemma 11 and Theorems 3—6, we can get the following results.

Theorem 7. Assume that E is a real uniformly smooth and also a uniformly convex Banach space, T; : E — E
are weakly relatively non-expansive mappings and A; : E — E* are maximal monotone operators, for all i € N.
Let {u,} be generated by the following inertial-type multi-choice iterative algorithm:

ug,uq € E,

Up = Uy + tn(un - unfl)/

wy = Jg [anJgon + (1 — ) 24 aiJE(Je + rA;) " evn),

Yn = g [BuJevn + (1= Bu) 24 biJe Tiwa),

C=E=0Q1,

Cur1=1{p € Cu: G(p,Jewn) < G(p, Jevn), G(p, JEYn) < BnG(p, JEVn) + (1 = Bu)G(p, JEwn) },
Qui1 = {p € Cuy1: [luo — pII* < IIPc,,, (o) — uol|* + Ay},

Unt1 € Quyr, n€N.

(20)

If (N2, A710) NN, Fix(T;)) # @, under the assumptions (ii)—(v) in Theorem 3, one has u, —

P ,as 1 — 00.

(521 A710) NN Fix(T;)) (110)
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Theorem 8. Assume that E is a real uniformly smooth and also a uniformly convex Banach space, T; : E — E
are weakly relatively non-expansive mappings and A; : E — E* are maximal monotone operators, for all i € N.
Let {u,} be generated by the following inertial-type multi-choice iterative algorithm:

ug,u1 € E,
On = Uy + by (Uy — Up_1),
wy = Jg anJeor + (1 — an) B2 aiJe(Je +7A1) "),
Yn = J5 [BuJevr + (1= Bn) 524 biJTiwn),
Ci=E=0Q, (21)
Cur1=1{p € Cu: G(p,JEwn) < anG(p,Jev1) + (1 — an)G(p, JEVn),
G(p, Jeyn) < BuG(p, Jev1) + (1 = Bn)G(p, JEWn) },
Qui1={p € Cuy1 : luo — plI* < ||Pc,,, (o) — uoll* + Auy1},
Unt1 € Qui1, nEN.

If (N2, AlflO) N(N$24 Fix(T;)) # @, under the assumptions (ii), (iii), (iv)" and (v) in Theorem 4, one
has u, — P(ﬂ?il A0 NN, Fz‘x(T,-))(”O)' asn — oo,

Theorem 9. Assume that E is a real uniformly smooth and also a uniformly convex Banach space, T; : E — E
are weakly relatively non-expansive mappings and A; : E — E* are maximal monotone operators, for all i € N.
Let {uy,} be generated by the following inertial-type multi-choice iterative algorithm:

ug,u1 € E,
On = U + ty (U — 1),
wn = Jg an o1 + (1= o) 224 aiJE(JE +7A;) " E0M),
Yn = ]El[.Bn]Evn + (1 - ﬁn) Zfi] bz’]ETiwn]/
Ci=E=2Qq, (22)
Cur1=1{p € Cn: G(p,Jewn) < anG(p,Jev1) + (1 — an)G(p, JEvn),
G(p, Jeyn) < BuG(p, JEvn) + (1 = Bu)G(p, JEwn) },
Qu+1 = {p € Cug : [luo — plI* < |IPc,, (10) — o> + Apsa},
Unt1 € Qui1, nEN.

If (N1 A710) N(N24 Fix(T;)) # @, under the assumptions (ii), (iii), (iv)" and (v) in Theorem 5,
one has un — Pl A1) (N, Fix(Ty) (ug), as n — oo.

Theorem 10. Assume that E is a real uniformly smooth and also a uniformly convex Banach space, T; : E — E
are weakly relatively non-expansive mappings and A; : E — E* are maximal monotone operators, for all i € N.
Let {uy} be generated by the following inertial-type multi-choice iterative algorithm:
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ug,uy € E,
Op = U 4ty (Uy — Uy_1),
wy = J5 [anJEvn + (1 — ) X324 aiJe(JE +7A;) " Eva],
Yn = J5  [BuJevr + (1= Bn) T2 biJETiwn),
CG=E=Q, (23)
Cut1=1{p € Cu: G(p,JEwn) < G(p,JEOn),
G(p, Jeyn) < BnG(p, Jev1) + (1 — Bn)G(p, JEWn) },
Qui1={p € Cuy1: luo — plI* < |Pu,,, (u0) — uoll* + Auia},
uyt1 € Qui1, M EN.

If (N2, A;lo) N(N:2, Fix(T;)) # @, under the assumptions (ii), (iii), (iv)"" and (v) in Theorem 6,
one has u, — P = A70) (N, Fz‘x(T,-))(”O)' asn — oo,

Remark 5. Similar to the discussion of Theorems 7-10 and replace Tl-(z) by (Jg +sB;) ~Jg, where B; : E — E*
is maximal monotone, we can get the following results:

Theorem 11. Assume that E is a real uniformly smooth and also a uniformly convex Banach space, A;, B; :
E — E* are maximal monotone operators, for all i € N. Let {u,} be generated by the following inertial-type
multi-choice iterative algorithm:

ug,u1 € E,
Up = Uy + tn(un - unfl)/
wn = Jg [anJeon + (1 — an) T2 aiJe (JE + rA;) " 0],
Yn = g ' Bulevn + (1= Bn) T2y biJe(JE + 5Bi) " ewa),
Ci=E=0Qq, (24)
Cit1=1{p € Cv: G(p,Jewn) < G(p, JEUN),
G(p, Jeyn) < BuG(p, JEvn) + (1 — Bu)G(p, JEwn) },
Qui1 = {p € Cuga : [luo — plI* < |IPu,,, (uo) — toll* + Any1},
Up+1 € Qui1, n € N.

If (N4 A;710) V(N2 B 10) # @, under the assumptions (ii)~(v) in Theorem 3, one has
Uy — P(ﬂ?il A;lo) NNz, 3;10)(u0), as n — oo.

Theorem 12. Assume that E is a real uniformly smooth and also a uniformly convex Banach space, A;, B; :
E — E* are maximal monotone operators, for all i € N. Let {u, } be generated by the following inertial-type
multi-choice iterative algorithm:
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ug,uy € E,
Op = U 4ty (Uy — Uy_1),
wy = J5  anJEvr + (1 — an) 552 aiJe(JE + rA) " Eva),
Yn = J5 [BuJevr + (1 — Bn) T2 biJe(JE + 5B;) ™ JEwa],
CG=E=Q, (25)
Cuy1=1{p € Cu: G(p, JEwn) < anG(p, Jev1) + (1 — an)G(p, JEVR),
G(p, Jeyn) < BnG(p, Jev1) + (1 — Bn)G(p, JEWn) },
Qui1={p € Cuy1: luo — plI* < |Pu,,, (u0) — uoll* + Auia},
Uyt1 € Qui1, M EN.

If (N2, A;lo) NN, B;lo) # @, under the assumptions (ii), (iii), (iv)’ and (v) in Theorem 4, one
has u, — P = A70) AN, B.—lo)(”o)' asn — oo.

Theorem 13. Assume that E is a real uniformly smooth and also a uniformly convex Banach space, A;, B; :
E — E* are maximal monotone operators, for all i € N. Let {u,} be generated by the following inertial-type
multi-choice iterative algorithm:

ug,uq € E,
On = Uy + by (Uy — Up_1),
wy = Jg o Jeor + (1= an) 524 ;] (JE + A7) " E0n),
Yn = J5 [BuJevn + (1 — Bu) X324 biJe(JE + 5B;) " ewnl,
Ci=E=Q, (26)
Cot1 =1{p € Cn: G(p, JEwn) < anG(p, JEv1) + (1 — a0)G(p, JEUR),
G(p, Jeyn) < BuG(p, JEvn) + (1 — Bu)G(p, JEwn)},
Qni1 = {p € Cug : [luo — plI* < |IPu,,, (u0) — to||* + Anga},
Unt1 € Quyr, nE€N.

If (N4 A7'0)N(NZ,B;10) # @, (i), (iii), (iv)” and (v) in Theorem 5, one has u, —
Ping, arto ninge, 5o (o), as = co.

Theorem 14. Assume that E is a real uniformly smooth and also a uniformly convex Banach space, A;, B; :
E — E* are maximal monotone operators, for all i € N. Let {u,} be generated by the following inertial-type
multi-choice iterative algorithm:

ug,u1 € E,
Up = Uy + tn(un - unfl)/
wn = Jg  anJeon + (1 — an) T2 aife(Je + rA) " Evu,
Yn = Jg ' [BuJevr + (1= Bu) 52 biJe(Je + 1By)~ Ewal,
Ci=E=Q, (27)
Cur1=1{p € Cn : G(p, JEwn) < G(p, JEVn),
G(p, Jeyn) < BuG(p,Jev1) + (1 — Bn)G(p, JEwn) },
Qui1 = {p € Cuga : [luo — plI* < |IPy,,, (uo) — toll* + Any1},
Up+1 € Qui1, nE€N.

If (N4 A710) V(N4 B 10) # @, (i), (iii), (iv)" and (v) in Theorem 6, one has
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Uy — P(ﬂf; Al—lo) ﬂ(ﬂ:il B:lo) (u()), asn — o9,

Remark 6. From Theorems 7-10, we can see that the main results of Theorems 3-6 in our paper are extensions
of the corresponding results in [11,14,19].

Remark 7. From Theorems 11-14, we can see that the main results of Theorems 3-6 in our paper can be
further extended to the topic of designing iterative algorithms to approximate common zero points of two kinds of
countable maximal monotone operators.

5. Numerical Experiments

In this part, some numerical experiments will be done to compare the performance of the new
inertial-type iterative algorithms with non-inertial type algorithms in [11].

Example 1. Let E = (—o0,+00). Suppose Ti(l), Ti(z) i (—oo,+00) — (—00,+00) are defined as follows:
Tl(l)x = x and Ti(l)x = %—’i‘fori € N\ {1}, and Ti(Z) = 5 for x € (—oo,+00) and i € N. Then {Ti(l)} and
{Ti(z)} are weakly relatively non-expansive mappings such that (52, Pix(Tl.(l) ) NN, Fix(Tl.(z) )) = {0}.
Let a; = % b; = %fori €N, t, = %, &y = Bn = %and A1 = ﬁforn € N. Then all of the conditions
of Theorem 3 are satisfied for this special case.

Remark 8. Take Example 1, we can choose the following iterative sequence {u, } from infinite choices based on
iterative algorithm (19) in Remark 3:

uozl,u1:2:u2,

2
Up = Uy + 5 (Un —uy_1), nEN,
wn:2’§fvn, n e N,

1 2n—2
Yn = 3 0n + “5 5wy, nEN, (28)
iV

ZHZW' neN\{1},
uy— (Ll]*Z;l)erﬁ‘FZn
we may choose U, = 5 , ne N\{1}.

With codes of Visual Basic Six, Figure 1 (see uy,,)) is obtained.

Remark 9. Take Example 1, we can choose the following iterative sequence {u, } from infinite choices based on
non-inertial type iterative algorithm (5):

U =2,uy =2,

op = 2 u,, neN,

w;rl:%un"'zré;Zvn, TZEN,

1,2, n=-1_72 2
G Un T U — Wy

Zp = At ne N\ {1
n %un+2n;20n*2wn’ € \ { }’
uy— (Ll]*Zn)erﬁ‘FZn
we may choose U, = 5 , ne N\{1}.

With codes of Visual Basic Six, Figiure 1(see uy(,,)) is obtained.

Remark 10. CFrom Figure 1, we may find that the inertial-type algorithm (28) converges faster than
inertial-type algorithm (29) when n increases.
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Figure 1. Convergence of {1, } in (28) (denoted by {u;,)}) and {u,} in (29) (denoted by {u5,)}).
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