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Abstract: In this work we develop a study of positive periodic solutions for a mathematical model
of the dynamics of computer virus propagation. We propose a generalized compartment model
of SEIR-KS type, since we consider that the population is partitioned in five classes: susceptible
(S); exposed (E); infected (I); recovered (R); and kill signals (K), and assume that the rates of virus
propagation are time dependent functions. Then, we introduce a sufficient condition for the existence
of positive periodic solutions of the generalized SEIR-KS model. The proof of the main results are
based on a priori estimates of the SEIR-KS system solutions and the application of coincidence degree
theory. Moreover, we present an example of a generalized system satisfying the sufficient condition.
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1. Introduction

1.1. Scope

In the last decades, due to its theoretical and practical importance and significance,
the mathematical models for dynamics of propagation for epidemics have been extensively studied,
see for instance [1-10] and references in those works. In particular, mathematical models are powerful
tools since it permits to explain, estimate and simulate the spread of infectious disease propagation,
and consequently help to design and test control strategies like an optimal time of vaccination.

From the historical point of view, the earliest mathematical models in epidemiology were
introduced in 1927 [11]. Following the presentation given in [12], we have that the basic idea considered
in [11], in order to describe the dynamics of a virus, was the partition of the total population N in
three classes: the susceptible class S formed for those individuals capable of contracting the disease
and becoming themselves infectives; the infective class I formed for those individuals capable of
transmitting the disease to susceptibles; the removed or recovered class R formed for those individuals
which having contracted the disease, have died or, are permanently immune, or have been isolated,
thus being unable to further transmit the disease. Moreover, they consider the three assumptions:
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the period of the epidemic is too short such that N is constant, the transfer process from S to I is
modeled by the mass action law and the transfer process from I to R is of exponential decay type.
Then, the called SIR model is given by the following system

ds(t)
Cdt

— s, MO s —are, RO e,

dt dt
where k and A are some positive constants. A particular case of SIR model is the well known SIS
model, which is deduced by considering the partition of the population in two classes of individuals:
susceptible and infected. Afterwards, numerous generalizations are given by several authors, who have
improved the SIR mathematical model by incorporating for instance the vital dynamics, a generalized
transmission forces, other classes of individuals and vaccination.

It is well known that the outbreaks of parasite population, which generate the epidemics occur
around the same time of each year. Then becomes natural to study the periodicity or model these
diseases by incorporating periodic functions into the epidemic models. For instance, in the case of the
SIR model the periodic models are introduced by considering the facts that k and A are time dependent
periodic functions.

On the other hand, the compartmental models were introduced for biological epidemics. However,
by the newest observation that the diffusion of biological virus is analogous to several processes in
other areas, the ideas have been widely adapted and used to describe other phenomenon. For instance,
the computer virus propagation in a network [13-18]. In particular, in this paper our aim is to study
the periodicity of the mathematical model for virus propagation introduced in [18].

1.2. The Generalized SEIR-KS Mathematical Model

In [18] the authors construct a compartmental model for computer virus propagation.
They consider that the population of individuals is given by computers or nodes in a network which
are in corresponding communications all the time. The population is partitioned in five classes:
the susceptible class S formed by the nodes which are virus-free uninfected; the exposed class E
formed by the nodes which are infected, but the virus is latent; the infected class I formed by the nodes
which are infected and the virus is breaking out; the recovered class R formed by the nodes which
have recovered from virus infection and acquired immunization; and the kill signals class K formed by
special nodes, which are a sort of anti-virus epidemic riding on the back of the virus propagation and
all of them constitute a new compartment, which is generated among the infectious nodes then they
can spontaneously transmit it to their neighboring nodes. The dynamic of computer virus transmission
is studied by considering the following list of assumptions:

(Al) The network at time ¢ is formed by a total of N(¢) nodes. Then, we have the following relation
N(t) = S(t) + E(t) + I(t) + R(t) + K(t) at each time ¢.

(A2) Thereis a behavior similar to vital dynamics of biological virus. More specifically, related with
births and deaths, there is two characteristics in the process: (i) the new nodes are connected to
the network at constant rate b and a fraction p are of susceptible type and the remaining fraction
g = 1 — p are of exposed type; and (ii) each node, by system crash or network interruption,
are disconnected from the network at constant rate y.

(A3) The dynamics of exposed nodes are characterized by three facts: (i) the susceptible nodes
are transformed in exposed nodes with probability per unit time BE(f) with B a constant;
(ii) the exposed nodes are converted into infected ones at constant rate «; and (iii) the exposed
nodes are converted into kill signals ones at constant rate x.

(A4) The infected nodes are converted into kill signals nodes or recovered ones at constant rates y
and ¢, respectively.

(A5) The kill signal nodes satisfy two additional premises: (i) the susceptible nodes receive the kill
signal and converted into recovered ones with probability ¢K(t); and (ii) the infected nodes
receives and relays the kill signal nodes with probability JK(t). Here ¢ and ¢ are constants.
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Then, the following ordinary differential equation system

—~ = pb—BS(E(t) — ¢S(K(t) — pS(h), (1a)
d%ﬂ = qb+BS(HE(t) — aE(t) — xE(t) — pE(t), (1b)
dIT(:) = wE(t) — SI(OK(t) — yI(t) — el (t) — u(t), (1d)
d%t) = SI()K(t) +yI(t) + XE(t) — pK(t), =
d%t) = ¢S(HK(t) +el(t) — uR(t), (1e)

is introduced as the mathematical model for computer virus propagation.

In this work, with the purpose to study the existence of periodic solutions for systems
of Equation (1), we consider a more general model by assuming that constants on the
assumptions (A2)—(A5) are time dependent real functions, i.e., the parameters b, p, q, p, «, B, 7,
X, ¢, 9, u and ¢ are time dependent real functions. More precisely, we are motivated by the analysis of
the following generalized model:

%&’*) = (D) — B(H)S(DE(H) — p(1)S(HK(E) — u(1)S (D), (20)
d%” = q(Ob(E) + BHS(DE(E) — () E(t) — x(DE(E) — p(t)E(H), (2b)
d%’*) = a(t)E(t) = 6()I(H)K(t) — y()I(t) —e(DI(t) — u(HI(t), (2)
‘“;75’*) = O(OI(DK(E) +v(DI(t) + x(DE() — p(HK(E), (2d)
R~ pWOSOKE) + (D10~ pOR(E). (2e)

We observe that the system in Equation (2) can be uncoupled in the study of the system in
Equation (2)a—e. Indeed, it is the strategy considered in [18] to analyze the stability. However, to study
the existence of periodic solutions is more convenient to consider the full system, since it is not
straightforward the fact that the existence of positive periodic solutions for Equation (2)a—d implies
the existence of positive periodic solution for Equation (2)e.

1.3. Reformulation of System in Equation (2) as Operator Equation

Firstly, we introduce a change of variable such that the system in Equation (2) is replaced by
an equivalent system. Then, we reformulate the new system as seen in Equation (4) as an operator
equation which will be analyzed by the topological degree theory.

For S,E,I,K and R satisfying the system in Equation (2), we consider the new functions
S*, E*, I*,K* and R* defined explicitly by the relation

(S,E, LK, R)(t) = (eXP(S*(f))/eXP(E*(f))/eXP(I*(t))feXP(K*(f))/eXP(R*(t)))- ®)

Then, by differentiation in Equation (3) and using the fact that (S,E, I,K,R) satisfy the
mathematical model in Equation (2), we deduce that (5%, E*, I*, K*, R*) is a solution of the system
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T80 p(b(e) exp(~5° (1)) — B(E) exp(E* () — p() exp((K* —S)(1) ~ (), (4a)
dE;t(t) = q(t)b(t) exp(—E"(t)) + P(£) exp(S™(t)) — a(t) — x(t) — p(t), (4b)
L) — at)expl(E* — 17)(8)) — 8(0) exp(K*(8)) — (1) — e(t) — n(t), (40)
) — 50 exp(1* (1) + 7 (1) expl(I" — K*) (1) + x(1) xp((E" — KN (1) — (1), (4c)
dR;t(t) = p(t) exp((K* +5" = R)()) +e(t) exp((I" = RY) (1)) — pu(1). (4e)

Thus, our aim is to study the positive periodic solutions of Equation (2) equivalently replaced by
the analysis of positive periodic solution of the new system (4).

Theorem 1. Consider the sets of functions {S,E, I, K, R} and {S*, E*, I*, K*, R*} are related by Equation (3).
Then, the functions S, E, I, K and R are a solution of the system in Equation (2) if and only if the functions
S*,E*, I*,K* and R* are a solution of the system in Equation (4). In particular, we have that the following two
assertions are valid: (a) If S*, E*, I*, K* and R* satisfying the system in Equation (4) are w-periodic functions,
then the functions S, E, I, K and R satisfying the system in Equation (2) are w-periodic; and (b) The existence of
a solution for the system in Equation (4) imply the existence of a positive solution for the system in Equation (2).

Proof. The proof fact that {S,E, I, K, R} is a solution of the system in Equation (2) if and only if
{S*, E*, I*,K*,R*} is straightforward by the change of variable (3), differentiation and algebraic
rearrangements. Now, we get the proof of item (a) by using the change of variable (3), for illustration,
we consider the case of function S and we have that S(t + w) = exp(S*(t + w)) = exp(5§*(t)) = S(¢).
The item (b) is a straightforward consequence of the definition of the functions S*, E*, [*, K* and R*
given in Equation (3). [

In order to define the operator equation, we consider the normed vector spaces X and Y and
introduce the operators L : Dom L C X — Y and N : X — Y explicitly defined by the relations

T
L ((lexz,x3,x4,x5)T) <CZC;‘Z?LZC:,%%’) ®)
N ((xl,xz,x3,x4,x5)T) = (N],N2,N3,N4,,N5)T, (6)
where
Ni(t) = p(t)b(t) exp(—x1(t)) — B(t) exp(xa(t)) — p(t) exp((xs — x1)(t)) — p(t), @)
Na(t) q(t)b(t) exp(—x2(t)) + B(t) exp(x1(t)) — a(t) — x(t) — u(t), ®8)
N3 (t) a(t) exp((x2 — x3)(t)) — O(t) exp(xa(t)) — ¥ (t) —e(t) — p(t), )
Na(t) o(t) exp(xs(t)) + (t) exp((xs — xa)(t)) + x(t) exp((x2 — x4)(t)) — p(t), (10)
Ns(t) = ¢(t)exp((x1+xs — x5)(t)) +e(t) exp((x3 — x5)(t)) — p(t). (11)

The operator notation implies that the system in Equation (4) can be rewritten as the following
operator equation

L ((s*,E*,I*,K*,R*)T) =N ((S*,E*,I*,K*,R*)T) , (S*E*,I"',K*,R*) e DomLC X, (12)



Mathematics 2020, 8, 761 5 0f 20

where the appropriate Banach spaces X and Y are defined by

XZY:{XTGC(R,RS) P x(t+w) = H H—Z rr[1ax | ()] <oo} (13)
te[o,
Hereinafter we use the bold notation x” := (x1,x2, X3, X4, x5)T. We notice that the spaces in

Equation (13) are the more convenient, since we are concerned with the analysis of w-periodic solutions.
However, if the interest is to analyze other properties we should be consider a suitable definition of
XandY.

1.4. Main Results

By convenience of presentation, we introduce the notation

—~ 1 qw
== tdt, f+= d f'= , 14
f w/o fit)dt, f-= min f(x), and f° = max f(x) (14)
for any positive real valued bounded function f defined on [0, w].
Let us consider the following assumption

The initial condition (S(0), E(0), 1(0), K(0), R(0)) € R?; the coefficient functions b, p,
q,a,B,7, X, ¢,6, u and € are positive, continuous, w-periodic on [0, w]; and there are the
strictly positive constants x; and x; such that
(pb)= = ¢" (¢7) "bexp(2wp) = 11 >0

T2Th

- .“T(’Y—i—s—i-gﬂ)L(lX—i-X-i-#)L exp (w|(r+eti) +9T (") b4pT]) 22 >0

(15)

Then, the main result of the paper are given by the following three theorems.

Theorem 2. Let X and Y the spaces defined on Equation (13); Q : Y — Y defined by
QxT) = w™! f 7)Tdt; and the operators L : X — Y and N : X — Y defined on Equations (5) and (6),
respectwely Moreover assume that the hypothesis in Equation (15) is satisfied. Then, there are the positive
constants p1, P2, 03,d1,do, d3, 01,02 and 63, such that the following two assertions are valid

(a) IfA €]0,1[ and x € Dom L are such that L(x) = AN(x), the following inequalities

xi(t) <In(pj/w)+d;, i=1,...,5 (16)
111(51') < xi(t), i=1,...,5 (17)

holds for all t € [0, w).
(b) Ifx € Ker L are such that QNx = 0, the following inequalities

xi(t) <In(p;j/w), i=1,...,5 (18)
In(6;) < x;(t), i=1,...,5 (19)

holds for all t € [0, w)].

Theorem 3. If the hypothesis in Equation (15) is satisfied, there exists at least one w-periodic solution of
Equation (4).

Theorem 4. Consider that the hypothesis in Equation (15) is satisfied. Then, the system in Equation (2) has at
least one positive w-periodic solution.
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1.5. Related Works

There are several works where the study of positive periodic solutions is developed, for instance
in [13,19-33]. In particular, recently in [13] was proved the existence of at one positive periodic solution
of the following system modeling the dynamics of a computer virus

= = b= m(OSE) — FiOSEL(E) — B(DS (VA + (DL +12(HA(H),
deit = BuBSHL(E) + Ba(H)S(HA(E) + aa () A(t) — [pa(t) + aa () + 1 (DIL(E),
d%gf) = a (H)L(t) — [u3(t) + a1 (t) + 72 (D] A(D),

by assuming that S(0), L(0) and A(0) are strictly positive and the functions b, y1, 2, 3, B1, B2, 71, V2, 1
and w; are positive, continuous, w-periodic on [0, w] and

-
a1 T i
& + < +ay+
<“1+y2> (a2 +72)" < (ps+az+72)

We observe that S,L and A denotes the susceptible computers, the latent computers and the
infectious computers, respectively.

1.6. Outline of the Paper

The paper is organized as follows. In Section 2, we introduce some terminology related to
the coincidence degree theory and some useful results. In Sections 3-5 we develop the proof of
Theorems 2—4, respectively. Finally, in Section 6, we present an examples of a system with coefficients
satisfying Equation (15).

2. Preliminaries

In this paper, we utilize the standard notation and terminology of topological degree theory.
However, for self-contained presentation, we recall some notation, concepts and results related to the
statement of of Mawhin's theorem, [34]. Moreover, we prove some properties for the operators L and
N defining on the operator Equation (12).

2.1. The Mawhin’s Continuation Theorem

Definition 1. Let X and Y be normed vector spaces and L : Dom L C X — Y a linear operator. Then, L is
called a Fredholm operator of index zero, if the following assertions

dim(Ker L) = codim(Im L) < oo and  Im Lisclosedin, (20)
are valid.

Proposition 1. Let X and Y be normed vector spaces and L : Dom L C X — Y a linear operator. If L is
a Fredholm mapping of index zero, then

(i) There are two continuous projectors P : X — Xand Q : Y — Y such that Im P = Ker L and
ImL=KerQ=1Im (I-Q).
(ii) Lp := L|pom Lrker P : (I — P)X — Im L is invertible and its inverse is denoted by Kp.
(iii) There is an isomorphism | : Im Q — Ker L.

Definition 2. Let X and Y be normed vector spaces and L : Dom L C X — Y a Fredholm mapping of
index zero. Let P : X — Xand Q :' Y — Y be two continuous projectors such that Im P = Ker L and
Im L = Ker Q = Im (I — Q). Let us consider N : X — Y a continuous operator and Q0 C X an open
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bounded set. Then, N is called L—compact on Q if QN (Q) is a bounded set and the operator Kp(I — Q)N is
compact on Q.

Definition 3. Let Q C R" be an open bounded set, f € C'(Q,R") N C(Q,R") and y € R™\ f(9Q U Ny¢),
ie., y is a regular value of f. Here, Ny = {x € Q) : J¢(x) = 0} the critical set of f and ] the Jacobian of f
at x. Then, the degree deg{f, ), y} is defined by deg{f, 0, y} = Yycp-1(,) sgnJf(x), with the agreement

that } = 0.
@

Theorem 5. Assume that (X, ||.||x) and (Y,|.||y) are two Banach spaces and Q) is an open bounded set.
Consider that L : Dom L C X — Y be a Fredholm mapping of index zero and N : X — Y be L-compact on Q).
If the following hypotheses

(C1) Lx # ANx for each (A, x) €]0,1[x (0Q2 N Dom L).
(C2) QNx # 0 foreach x € 0Q NKer L.
(C3) deg(JON,QNXKer L,0) #0.

are valid. Then the operator equation Lx = Nx has at least one solution in Dom L N Q).

2.2. L Is a Fredholm Operator of Index Zero

Lemma 1. The operator L : Dom L C X — Y defined on Equation (5), with X and Y the Banach spaces given
on Equation (13), is a Fredholm operator of index zero. Moreover the sets Ker L and Im L are characterized by

Ker L 2 R% and Im L = {y eY: fo T)ldt = O} respectively.

Proof. In order to prove the Lemma we apply the Definition 1 or more precisely we prove that L
satisfy Equation (20).

The left condition in Equation (20) is proved as follows. Let (so, lo, io, ko, 7o) € R® such that
x(to) = (so,lo, 0, ko, 70), we observe that xT € Ker L is equivalent to x(t) = (so, lo, io, ko, 7o) for all
t > tp. Then, we have that Ker L = R>. Now, if we select arbitrarily yT € Im L, we have that
there is x € Dom L such that Lx! = y!. Then, from Equation (5) and w- periodic behavior of x,
we deduce that [/ y(t)Tdt = 0 for each t > t or equivalently Im L = {y eY: [ y(r)Tdr = 0}.
Now, by linear algebra results, we recall the existence of isomorphisms X = Im L 69 (X/Im L),
X =Ker L& (X/Ker L), and Im L = X /Ker L. Thus, we have that Ker L = X/Im L and we get that
dim(Ker L) = codim(Im L) = 4.

To prove the left condition in Equation (20) we introduce the linear continuous mapping
F:ImL C Y — R® defined by F(xT) = [,” xT(7)dt and observe that F~!(0) = Im L. Thus, clearly
Im L is a closed set of the space Y. D

2.3. Construction of the Projectors P, Q and the Operator Kp

We remark that the existence of three abstract projectors P, Q and Kp associated to L, is guaranteed
by Proposition 1. However, by convenience of some calculus in the following sections we introduce
explicitly the definitions of P and Q given by

1 w
. ) T\ _ Ty L T
P: X=X, Q:Y—=Y, P(x)-Q(x)— /Ox(T) dt (21)
and notice that satisfy the relations in Proposition 1. More precisely, we have that

(a) Ker L =1Im P. We prove that Ker L C Im P as follows: from the isomorphism Ker L = R’
given on Lemma 1, we observe that xI € Ker L is equivalent to the fact that x(t) is constant for
all t > tp, which at the same time implies that x € Im P, since for x(t) constant we have that
P (xT) = xT Conversely, the proof of the inclusion Im P C Ker L is deduced by the following
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facts: for y €ImP there is z € X such that P(z") =y’ and from Equation (21) we obtain that
w™ ["z(1)Tdt = yT which implies by differentiation the fact that L(y”) = 0 or y € Ker L.

(b) Ker Q= Im L. From the definition of Q given in Equation (21) we have that y! € Ker Q is
equivalent to fo (t)Tdt = 0 and from the characterization of Im L given on Lemma 1 is at the
same time equivalent toy! € Im L.

() Im(I-—Q)=ImL. Let y' € Im (I — Q), then there is z € X such that (I — Q)(ZT) =y,
which implies that

/Ow y(r)Tdr = /O ( - —/ Tdm) dt = (0,0,0,0)

and, from the characterization of Im L given on Lemma 1, we get that y(7)7 € Im L.

Thus, we obtain that Im (I — Q) C Im L. By analogous arguments, we can prove the inclusion
ImL CIm(I—-Q).

(d) Operators Kp and Lp. The notation Lp is is introduced for the restriction of L to Dom L N Ker P,
i.e., Lp is the operator defined from Dom LN Ker P to Im L and Lp = L on Dom L N Ker P.
The symbol Kp is used to denote the inverse of Lp, and is precisely defined as the operator

such that
Kp (XT) (t) = '/O.t ) Tdr — —/ / m) T dmdy. (22)

We notice that, we can prove that the operator Kp is the inverse of the operator Lp by application

of the following identity
t
d / / m)dmdt = x(t),

which is valid only for all xI € Dom L NKer P.

Thus, the projectors P and Q defined on Equation (21) satisfy the Proposition 1, since we can
follow (i) and (ii) are satisfied from (a)—(c) and (d), respectively.

2.4. N Defined on Equation (6) Is a Continuous Operator
Lemma 2. The operator N : X — Y defined on Equation (5), with X and Y the Banach spaces given on

Equation (13), is a continuous operator.

Proof. Let us choose arbitrarily the sequence {x,} C X which converges to X in the norm induced
topology of X. By the definition of N given on Equation (6) and applying componentwise the inequality

2
lexp(za2) —exp(z1)] = ’/ exp(s)ds| < max { exp(zl),exp(zz)}|zz —z1|, Vz1,z3 €R,
z

we get the existence of C > 0 depending only on b, 1,81, 82,71, 72,41 and ay such that
IIN(xn) — N(X)|| < C||xy — X||. Thus, the sequence {N(x,)} C X converges to N(X) in the topology of
X induced by the norm. Hence, we can deduce that N is a continuous operator. [J

2.5. N Defined on Equation (6) Is L-Compact on any Ball of X Centered at (0,0,0,0,0).

Lemma 3. Assuming that h € R is an arbitrary and fix number defining the radius h of an open ball of X
centered at (0,0,0,0,0), denoted by Q3 C X, i.e.,

Q= {(xl,xz,xg,x4,x5) €X (%1, x2,x3,x4,%5)]| < h}. (23)
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Moreover, consider L and N defined on Eqautions (5) and (6), respectively. If the assumption in Equation (15) is
satisfied, the operator N is L-compact on Q.

Proof. The proof is focused in the verification of the fact that L satisfy the two requirements of
Definition 2: QN(Q) is a bounded set and Kp(I — Q)N is a compact operator on (), since Q) is an open
bounded set by the its definition given on Equation (23) and L is a Fredholm operator of index zero by
application of Lemma 1.

To prove that QN(Q)) is bounded we proceed as follows. We observe that

- - / o)Tdr. (24)

Then, for x € Q we have that [ON(xT)|| < L [?|IN|dT = ||N||, which implies that QN ((2)
is bounded.

In order to prove that Kp(I — Q)N is a compact operator on (), we observe that from
Equations (6), (21) and (22) we get

(Kp(I— Q)N)(xT)(8) :/OtN(T)TdT+ (};) /Ow TdT——/ / m)Tdmdy.

Then, we deduce that ||[Kp(I — Q)N|| < 2w||N||, as a result we have that (Kp(I — Q)N)(Q) is
a bounded, since the operator N is bounded on 0. Moreover, we can prove the bound

[(Kp(I = Q)N)(x") (1) = (Kp(I = Q)N) (x")(s)] < 2|IN|[ [t 5|, V15 € [to, 0],

i.e., Kp(I — Q)N is an equicontinuous operator. Hence, by Arzela Ascoli’s theorem we get that
Kp(I — Q)N is a compact operator on Q). [

2.6. A Useful Auxiliary Result

Proposition 2. [13] Let ¥ : [0,w] C RT — R be an absolutely continuous function satisfying the
differential inequality

;tlp( t)+m(t)p(t) >0, Vtel0,w], (25)

with m € LY([0,w]) such that 0 < my < m(t) < my forall t € [0,w] and for some positive constants my
and my. Then, if {(0) > 0 we have that {(t) > (0) exp(—mapw) > 0 forall t € [0, w].

3. Proof of Theorem 2

3.1. Four Useful Lemmata

We introduce four Lemmmata related with some estimates for the operator equation Lx = ANX,
which is equivalent to the following system
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% = A[pbexp(—x1) — Bexp(x2) — pexp(xs — x1) — 4], (26a)
% = Algbexp(—x2) + pexp(x1) —a—x —pl, (26b)
% = Afaexp(xa —x3) —dexp(xg) — v —e—p], (26¢)
% = A[dexp(x3) + yexp(xs — xq) + x exp(x2 — x4) — p, (26d)
% = Alpexp(x1 + x4 — x5) + eexp(xz — x4) — #], (26e)

and also can be rewritten as the system

& exp(ar) + Apexp(x) = Alpb — pexp(x + x2) — pexp(xa)], (272)
B exp(e2) + Ma+ x+ o) explxa) = A g+ Bexp(aa +12)], (27b)
% exp(x3) + A(7 + £ + 1) exp(xs) = A [ exp(x2) — S exp(xs + x1)], 270)
% exp(xs) + A exp(xs) = A [Sexp(xs + x3) + yexp(xs) + xexp(xa)],  (27d)
& explies) + Apexp(xs) = A [pexp(xy +x1) + eexp(rs —xs +133)]. (27¢)

We notice that to deduce Equation (27) we multiply the i-th equation of the system in Equation (26)
by exp(x;). Thus, the proof of estimates for Lx = ANx is focused in to get the estimates of the solutions
of Equation (26) (or equivalently of Equation (27)).

Lemma 4. Assume that (S(0), E(0),1(0),K(0), R(0)) € R>, the coefficient functions b, p,q,, B, 7, X, $,6, 1
and ¢ are positive, continuous and w-periodic on [0, w|; and the operators L : Dom L C X — Y and defined
on Equations (5) and (6), with X and Y the Banach spaces given on Equation (13). Then, the solution of the
operator equation Lx = ANx with A €10, 1] satisfy the following inequalities

exp(xa(t)) > exp (E(0) — (w+ x + 1) Tw), (28)
exp(x (1)) > exp (K(0) " w), (29)
exp(xs(t)) = exp (R(0) "), (30)
(pb)- < [u" + 7 max exp(x2(1)) | exp(x1 (1)) + " max exp(x (1), (31)

atexp (E(O) —(a+x+ ]J)Ta)) < [('y +e4u)" +6" max exp(x;;(t))} exp(x3(t)), (32)

te[0,w]
forany t € [0, w].

Proof. By the continuity of the coefficient functions and the fact that A €]0,1[, we have that
Ma+x+p)t) e Ma+x+u)t (a+x+u)"] CRT and Au(t) € [Aut,u'] € RF, for any
t € [0, w]. Then, we can prove Equations (28)—(30), by straightforward application of Proposition 2 to
Equations (27)b,d e, respectively, since we have that



Mathematics 2020, 8, 761 11 of 20

exp(x2(t)) = exp(x2(0)) exp(—(a+x + 1) —exp(E(O (a+x+m)w),
T

7

exp(x(t)) > exp(x4(0)) exp(—pi " w) = exp (K(0) w)
exp(x5(t)) = exp(x5(0)) exp(—pt " w) = exp (R(0) =),
for any t € [0, w]. Now, to prove Equations (31) and (32), for i = 1,3, we introduce the notation
€ [0, w] for the points where x; has a minimum. Then, using the notation in Equation (14),
from Equations (27)a,c, and (28) we get
(pb)* < (pb)(m)
= p(m) exp(xi(n)) + B(m) exp((x1 + x2)(7)) + ¢(11) exp(xa (7))
= [1(m) + B(r1) exp(x2(m))] exp(x1 (1)) + p() exp(xa(m1))

i BT max explaa(t)] explxi(1) + ¢ max exp(xs(t))

te0,w]
atexp (E(0) = (a+x + m Tw) < a(n) exp(xz(1))
= (7 +e+u)(13) exp(x3(13)) +6(13) exp((x3 + x4)(73))
< [(rret ) 487 max explaa(t)| explxs(t)

IN

foranyt € [0,w]. O

Lemma 5. Assume that hypotheses of Lemma 4. Then, the solution of the operator equation Lx = ANXx with
A €10, 1] satisfy the integral inequalities

[ et mar< 2 3
| explxa(tat < M"iml (34)
Jy et < (atx+ ﬁ(Zij)“ )
| explxa(tat < ;‘)’f, (36)

/0 exp(x5(t))dt < waL max_exp(x1(t)) + € MaXse[o,w) exp(x3(t))

re[0,0] i exp(K(0) — 17 w) /0 exp(xs5(t))dt.  (37)
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Proof. We integrate the equations of the system in Equation (27) on [0, w] and using the w-periodicity
of x we deduce the following identities

7 poptde = [ 18 exp((1 -+ x2) (1) + plt) exp(a(6) + u(t) explra ()] dt, - (389)

ot = /0‘” (=Bt exp((x1 +x2) (1) + (a1 + W) (D explxa(t)]dt,  (38)
| a0 explxatend = [ 6 exp((rs +x0) (1) + (1 + e+ 1) (B explas(t)] (380)
[ () expatt /0‘” (1) exp( (33 + x4) (1) + 7(1) exp(xa(£)) + (1) exp(xa(E)) ]t (380)
[ty explxs(0)dt = [ [p(t) exp((x1 + x0) (1)) + e(t) exp((xs = xs + 35) (1)) . (38¢)

Then, adding Equation (38)a,b, using the w-periodicity of x; and xp, and the fact that
p(t) +q(t) =1, we deduce that

[ et = [ 0y explaa() + {at) + x(0) + 1(0)} exp(xa(t)) + p(t) explra(e))] d,

which implies Equations (33), (34) and (36), since, by the positivity of &, x, p and ¢ and the notation in
Equation (14), we get the inequalities

[} et < s [T n epla (o)
te[0,w]

7 0 expn (1) + {w(8) + x(5) + (t)expxa(t)) + 9(0) explxa(t)

1 w
= min (@ (00 (o e O expea(t)

IA

CEn /Ow [1(£) exp(x1(£)) + {a(t) + x() + () } exp(x2(t)) + ¢ () exp(xa(t))] dt

1 w wb
CEENE /0 (et = (a+x+mut’
[ expaateyar < mnlw) [ o0 expla(tar
te[0,w

7 0 explaa() + o)+ x(0) + (t)explxa(t)) + p(8) expla(0)]

Jy e

1
T_
1
T_
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The inequality in Equation (35) is a consequence of Equations (38)c and (34), since

1

[ expas (e < TG e () exp(aa (o)

< W /Ow [6(t) exp((x3 4+ xa)(t)) + (v + e+ p)(t) exp(x3(t))] dt

- W (/szx(t)exp(xz(t))dt
wa'b

< .
T (yret )t atx+p)t

Now, from Equations (38)e, (36) and (32), we deduce the following estimate

U / exp(xs(t dt</ t) exp(x5(t))dt
= [" [ty exe x1+x4><t>>+e<t>exp<<x3—x4+x5><t>>}dt

wbg " T MaX;e[o,w] XP(¥3(*))
< )+ Ty P
(

BT maxeig exp(xa(t))
<
S T B eenn) te 0 — hTw)

/0 exp(x5())dt,

which implies Equation (37). O

Lemma 6. Assume that hypotheses of Lemma 4. Then, the solution of the operator equation Lx = ANXx with

A €]0, 1] satisfy the integral inequalities

@ | dxq
/0 F(t) dt < Zcubtrer[léaz(}] exp(—x1(t)),
w
/ @(t) dt <2w(a+x+u)',
o | dt
w —
/ %(t) at < 20((y+e+p)T +5TB(eT) ),

@ | dxy _
/0 W(t) dt < 2w,

/w %(t) dt < 2wy max_ exp(xg(t) — x5(t)).
0 dt te[0,w]

(39)

(40)

(41)

(42)

(43)

Proof. We integrate the system in Equation (26) on [0, w| and by using the w-periodicity behavior of x,

we have that
[ pepe) exp(-xi(t)at = [ (Bt exp(aa(®)) - 9(t) explxa(t) — 3 (0) = u(t)]at,
" la(Ob(E) exp(—x2(t)) + (B explxa ()] dt = [ a(e) + x(6) + () d
[a(t) exp (32(0) = x3(0)) = 8(0) explxa ()] dt = [ [3(t) +e(t) + pu(e))
8(6) explx(8)) + 1(1) expl(t) — xa(1)) + (1) explxalt) — ()] e = [ (o)

p(t) exp(x1(t) + x4(t) — x5(t)) + e(t) exp(xa(t) — x4(t)) — p(t) exp(xa(t) — x5(t))dt = 0.

g

w

S—S—S—S5— S

(44a)
(44b)
(44c)
(44d)

(44e)
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Then, taking the modulus of the each equations defining the system in Equation (26); integrating
each resulting equations on [0, w]; using the information that A €]0,1[; employing the relations of
Equation (44); and applying the inequalities on Lemmas 4 and 5, we obtain the following estimates

@ | dxq
/O W(f) it < 2/ t) exp(—x1(t))dt < 2wb trer[lgz] exp(—x1(t)),
%(t) dt < 2/0 (atx+p)(B)dt <20(at+x+p)',

%(t) dt < Z/Ow [(r + e+ 1) () +6(F) exp(xa(t))] dt

<20((y+e+m +67b(p7)7),

%%

“ |93
dt

dX5
ar ¢

(t)|dt < 2/ t)dt = 2wii,

~
~

%%

dt < 2/ t) exp(xq(t) — xs5(t))dt

< 2w max exp(xg(t) — x5(t)),
te[0,w]

which conclude the proof of lemma. O

Lemma 7. Assume that hypotheses of Lemma 4. Moreover consider that the hypotheses (15) and x is the
solution of the operator equation Lx = ANx with A €)0,1[ the following estimates

there exists 6; > O such that exp(x;(t)) >¢;, te€[0,w], i=1,...,5, (45)
w
there exists p; > 0 such that / exp(x;(t))dt <p;, i=1,...,5, (46)

there exists d; > 0 such that / dxl

)‘dt<di, i=1,...,5, (47)

are satisfied. In particular, max;c(o ) exp(x;(t)) < pi(w) Lexp(d;) and x;(t) < In(p;/w) + d; for
te0,wlandi=1,...,5.

Proof. We get the proof by application of Lemmas 4, 5 and 6, and the hypotheses in Equation (15).
We notice that we can prove some relations in Equations (45)—(47) by a straightforward consequence of
Lemmas 4, 5 and 6. More precisely, we can deduce

(45) fori = 2,4,5, with §, = exp ( —(e+x+ y)Ta}), 04 = exp ( - ptTw), 05 = Oy (48)

b T
(46) for i = 1,2,3,4, with p; = ;’f pr = — __a'p wb

R ) N O ST E

(47) fori =2,3,4, withdy = 2w(a+x +p)', d3 = 2<w('y +et+u) + 5Tp4>, ds =2wp;  (50)

from Equations (28)—(30); (33)-(36); and (40)—(42); respectively. Meanwhile, to prove the remaining
inequalities we proceed as follows:

(i) we prove that max;c (g, exp(x;(t)) < pi(w) Lexp(d;) fori =2,3,4;
(ii) we prove Equation (45) fori =1,3;
(iii) we prove Equation (47) fori = 1;
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(iv) we prove Equation (46) for i = 5;
(v) we prove Equation (47) for i = 5.

Proof of (i). From Equation (49) and the intermediate value for integrals we can deduce that there exist
¢; € [0, w] satisfying the inequality x;(;) < In(p;/w) fori = 2,3,4. Then, by the fundamental theorem
of calculus and Equation (50), we deduce that

xi(t) = x;(&) —|—/ dxl t)dt < In(p;/w) —i—/ (H)dt <In(p;/w)+d;, i=2,3,4,
for any t € [0, w], which clearly implies ().

Proof of (ii). We notice that the assertion proved in (i) for i = 2,4 and Equation (31) imply that

(pb)- < [T+ BTp2(w) " exp(da) | exp(x: (1)) + ¢ palco) " exp(da), 51)

for any t € [0,w]. By hypotheses in Equation (15) we have that (pb)* — ¢ T ps(w) Lexp(dy) > x1,
then Equation (51) implies Equation (45) for i = 1 with 6, = x1[u' + B pa(w) T exp(da)] !
Now, from the assertion proved in (i) for i = 4 and Equation (32) we can deduce Equation (45)

-1
fori =3 with 3 = at [(7 +e+u)" +6"pg(w)? exp(d;;)}

Proof of (iii). From Equation (48) and Lemma 6, we can follow that Equation (47) for i = 1 is satisfied
with d| = 2605/51.

Proof of (iv). Form similar arguments and notation to the proof of step (i), Equation (47) and
Equation (47) for i = 1, we can deduce that

x1(t) = x1(61) +/ ax 1 t)dt < In(p1/w) —|—/ (t)dt <In(p1/w) +dy,

for some ¢ € [0,w] and any t € [0,w]. Then, max;cp exp(xi(t) < p1(w) exp(di).
Now, from Equation (37) and the assertion proved in (i) for i = 3 we deduce that

w whg T e maxic(o] exp(x3(t)) @
/0 exp(x5(t))dt < oL trer[lgx] exp(xq(t)) + T exp(K(0) = 17 ) ./o exp(x5(t))dt

whd T el pzexp(d w
< S B ep(dy) + = ISR [Mexplusir (3

Thus, the hypotheses in Equation (15) implies

"W el d "W
%) /0 eXp(X5(t))dt < (1 - ’ul—wiile;zp_(y?)w)> /0 exp(x5(t))dt (53)
< wbp pr exp(dq), (54)

ptotw

which implies Equation (46) for i = 5 with p5 = wb¢ " p1 exp(dy) [t ¢ wis ] !
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Proof of (iv). From (i) with i = 4 and Equation (48)

/w dx5(t)’ dt < 2wp max_exp(x4(t) — x5(t))
o | dt te(0,w]
_ Zwep(dy) _
ds

Then, Equation (47) for i = 5 is satisfied.

Summarizing we have that Equation (45) is followed by Equation (48) and (ii); Equation (46) is a
consequence of Equation (49) and (iv); and Equation (47) is proved from Equation (50), and (iii) and
(v). Moreover, we observe that a sequence of similar arguments and notation to the proof of step (i),
Equations (47) and (47) for i = 5, implies that

fd td
x5 (1) :x;,(g5)+/g %(t)dt <ln(p5/w)+/§ %(t)dt<ln(p5/w)+d5,
5 5

for some &5 € [0,w] and any t € [0, w]. Then, max;c[y . exp(x5(t)) < ps5(w) ' exp(ds). Then, we get
the additional and particular inequalities are followed from (i) and (iv). O

3.2. Proof of (a)

We can prove the estimate in Equation (17) by application of Lemma (7).

3.3. Proof of (b)

If x € Ker L, then by the results of Section 2.3, we have that x(t) € RS is constant for any t € [0, w].
By notational convenience we consider that x(t) = (S, Eo, In, Ko, Rp). Then, from Equation (24) the
condition QN (x") = QN((So, Eo, In, Ko, Rg)T) = 0 implies that

0 = pbexp(—So) — Bexp(Eo) — pexp(Ko — So) — 7, (55a)
0 = gbexp(—Ey) +Bexp(So) —&—X— 7, (55b)
0 = wexp(Eo—1Iy) —dexp(Ko) =7 —&—, (55¢)
0 = dexp(lp) +7exp(lp — Ko) + X exp(Eo — Ko) — 7, (55d)
0 = ¢pexp(So+ Ko — Rp) +€exp(lp — Ry) — 7. (55e)

Then, from Equation (55) and following similar arguments to the proof of Lemma 7, we can
deduce that in this case an inequality of the type in Equation (46) is also valid, i.e.,
1 P2 P3 P4 05
exp(Sp) < %, exp(Ep) < ” exp(lp) < W’ exp(Kp) < o and exp(Rp) < o

which implies Equation (18). Moreover, from Lemma 7 and the fact that Ker L C Dom L, we can
deduce that

exp(So) > 61, exp(Ep) > &2, exp(lp) > I3, exp(Ko) > 04, and exp(Ro) > 5

Thus, the inequality in Equation (19) is also satisfied.
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4. Proof of Theorem 3

4.1. A Previous Lemma

Lemma 8. Let X and Y be the spaces defined on Equation (13); Q) C X the open ball centered at (0,0,0,0,0)

with radius
ln(p’)‘—l—d} (56)
l

where 6;, p; and d; are defined in the proof of Lemma 7; and L, N and Q the operators defined on Equations (5),
(6) and (21), respectively. If Equation (15) is satisfied, the operators L and N satisfy the properties (C1)-(C3) of
Theorem 5.

3
h = 2max{’ln(5
i=1

Proof. We prove (C;) and (Cy) by contradiction argument and we prove (Cs3) by application of
invariance property of the topological degree. Indeed, we have that

(C1) Let us assume that there are 6 €]0,1[ and x € 9Q N Dom L such that Lx = dNx. Then, by
application of Theorem 2-(a) we deduce that x € Int Q2 which is a contradiction to the assumption
that x € 9Q).

(C2) Let us assume that there is x € dQ) N Ker L such that QNx = 0. Then, by application of
Theorem 2-(b) we deduce that x € Int (2 which is a contradiction to the assumption that x € 9Q).

(C3) Let us define the mapping @ : Dom L X [0,1] — X by the following relation

pbexp(—x1) — Bexp(x2) — pexp(xs —x1) — i 0

qbexp(—x2) —a+ X+ H Bexp(x1)
d(x,v) = wexp(xp —x3) —dexp(xy) — Yy Fe+ +v| 0

dexp(x3) +xexp(xa —xq4) — 7 Yexp(xs — x4)

exp(x1 +x4 —x5) — 1 gexp(x3 — x5)

We prove that ®(x,v) # 0 when xI € dQNKer L and v € [0,1]. From Lemma 1 we
recall that xT (t) = (S, Eo, In, Ko, Rg) € R® is a constant. Let us consider that the conclusion
is false, then the constant vector (Sp, Eg, Io, Ko, Ro)T with ||(So, Eo, In, Ko, Ro)|| = h satisfies
@(So, Eo, Iy, Ko, Ry, U) =0, that is,

= pbexp(—So) — Bexp(Eo) — Ppexp(Ko — So) — 7,
gbexp(—Eg) —a+ x + ¢+ vBexp(So),
aexp(Eg—Ip) —dexp(Ko) — 7 +e+ i,

= dexp(lp) + X exp(Eo — Ko) — 71 + vy exp(lo — Ko),
= ¢pexp(So+ Ko — Ro) — 1 + veexp(Iy — Ro).

o o o o o
|

Then, by following similar reasoning steps to the proof of Theorem 2-(a) we get that
Il (So, Eo, In, Ko, Ro)T|| < h, which contradicts to the assumption that ||(So, Eo, Io, Ko, Ro)T|| = h.

Let us consider | = I : Im Q — Ker L such that x” +— x', then by applying the Homotopy
Invariance Theorem of Topology Degree, using the fact that the system

Bexp(x2(t)) — pexp(xy(t) — x1(t)) — T,
+pexp(xi(t) —aFx+p,
( ) —dexp(xa(t)) — v +e+p,
(

= pbexp(—xi(t)) —
qbexp(—xa(t))
wexp(xa(t) —x
dexp(x3(t)) +

= ¢exp(xi(t) +

xp(x2(f) — xa(t)) +vexp(xs(t) — xa(t)) — 1,
) = x5(t)) +Eexp(xs(t) — x5(t)) — 1.

o O o o o
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has a unique solution x*7 € Q) N Ker L, noticing that the determinant of the Jacobian of ® at

x*T is given by

o ()| = = [Fexp(xi +x; — 23) +Eexp(xj — x3) | (Th + 1),

with I'l; and I, the positive functions

1, =]~ Fesptes) ][ - ] [reptos — 5 (rexp(ss i)+ Tespl )

+ Sexp(x}) (Eexp(xg) + Fexp(x} — xﬁ))}

I =~ Bexp(xi){ | ~ Bexp(xg)] [Texp(xs — x3) (Xexp(x3 — x]) + Texp(x3 —x}))

+8exp(x]) (Fexp(x3) +Fexp(xs —xi) )| + | —pexp(xs —x})]

[Texp(xs —3)(

and by Definition 3, we have that

Sexp(x3) +Texp(xi — xj) ) + X@exp(2x3 — x5 —x3) ||},

deg(]QN(xT,Q NKer L, OT) = deg(CID(x,l),Q N Ker L,OT) = sgn‘]cp(x*T)‘ = —1.

Hence, we get that deg(JQN, QO NKer L,0) # 0 and prove that (C3) is valid.

Therefore, the assertions on items (C1)-(Cs) of the Theorem 5 are valid for the given operators. [

4.2. Proof of Theorem 3

By Lemmata 7 and 8, we notice that the assumptions of the Theorem 5 are satisfied.
Thus, there exist at least one solution of operator equation in Equation (12) belong Dom LN Q) C X,
which implies the existence of at least one w—periodic solution of the system in Equation (4).

5. Proof of Theorem 4

The proof of Theorem 4 is a consequence of Theorems 3 and 1. Indeed, from Theorem 3 we deduce
that there exists at least one w—periodic solution of Equation (4). Then, we get the proof of Theorem 4

by application of Theorem 1.
6. An Example
Let us consider that

b(t) = 100 + cos(tt),

q(t) =1—p(t),
7

B(t) = cos? (2 ) ,
u(t) = 1.0e — 15(1 + sin(rtt)),
() = }1(1.1 +1.0e — 10sin(7t)),

e(t) = 1'0‘347_15(1 +sin(7t)),

Pt = 2 (1 +;sin(nt)) ,

a(t) = 1.1960¢ — 90 sin> (%t) ,

¢(t) = 1.1+ 1.0e — 10sin(rtt), (57)
y(t) = %(1.1 + 1.0 — 10sin(7tt)),
5(t) = 2(1.1 +1.0e — 10sin(7tt)),
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which are 2-periodic functions. We notice that

(pb): — ¢ (1) bexp(2wit) ~ 0.15,
STUCTB

T (ytetm)tatx+p)

—exp (w {(7 retu) 4o (01) D+ yTD ~ 0.857,

and we have that the hypothesis in Equation (15) is satisfied by selecting x; €]0,0.15] and x, €]0,0.857].
Thus, by application of Theorem 4, we deduce that the system in Equation (2) with coefficients defined
by Equation (57) has at least one positive 2-periodic solution.
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