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Abstract: Metacognitive knowledge and mathematical intelligence were tested in a group of 280 pupils
of grade 7 age 12-13 years in the Czech Republic. Metacognitive knowledge was tested by the tool
MAESTRA5-6+. Mathematical intelligence is understood as an important criterion of a learner’s
ability to solve mathematical problems and defined as the specific sensitivity to the six particular
phenomena: causality, patterns, existence and uniqueness of solution, geometric imagination,
functional thinking, and perception of infinity. The main objective of the research is to explore
relationships and links between metacognitive knowledge and mathematical intelligence of the
learners and discover the scope of impacts of their metacognitive knowledge on the school success
rate. Based on the collected answers and nearly zero correlation (r = 0.016) between the researched
domains, a two-dimensional model considering the correlations between metacognitive knowledge
and mathematical intelligence was designed. The developed model enables to describe an impact of
the domains on the learner’s school performance within the selected school subjects, and concurrently,
it emphasizes their importance within the educational practice as such.

Keywords: mathematical intelligence; mathematics education; metacognitive knowledge

1. Introduction

In order to fulfill and satisfy the needs of the 21st century society based on the actual knowledge
and information for the informed citizens to be able to think critically, the problem-solving should
become an integral part of current mathematics education practice. Mathematical intelligence [1-3]
and metacognitive knowledge [4-10] are considered as important predictors of the ability to solve
mathematical problems. Moreover, there is general agreement among researchers involved in the
field of mathematics education that the main constitutes of metacognitive knowledge, i.e., knowledge
of cognition, and control and regulation of cognition [11,12] fit with the demands of fast-changing
world of the contemporary society [13,14] for the ability to learn independently and adapt to new
learning tasks [15]. Evidently, critical thinking is strongly influenced by factors such as conceptual
understanding, procedural fluency, and metacognitive knowledge [16]. Perry et al. [17] provided
strong evidence that effective teaching of metacognition would result in better achievements and
outcomes of pupils. On the other hand, there is only little research done in the field of relations between
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metacognition and pupils’ wellbeing, however a few existing studies report some very positive impacts
of metacognitive knowledge as such.

Even though the relation between metacognition and ability to solve mathematical problems
is well-documented [18-21] by now, we are not aware of any research evaluating the dependency
between metacognitive knowledge and the preconditions for solving mathematical problems, i.e.,
sensitivity to the basic aspects such causality, patterns, existence and uniqueness of solution, geometric
imagination, functional thinking, and perception of infinity covered in general by the term mathematical
intelligence. In this study we would like to shed more light on the interesting link between metacognitive
knowledge and the preconditions for solving mathematical problems from the psychological point of
view, considering the fluid intelligence as well.

There is a wide consensus among the researchers that the common problem solving skills can
form an inherent basis for successful mathematics education [22]. Definitely and clearly, the processes
activated in the individual phases include metacognitive processes. Numerous curricular documents
advantageously [23] consider grasping of problem-solving skills as an integral part of mathematical
education and not as the particular topic to be learned there. The Czech national curriculum states
that “these problems should underlie the all thematic areas in whole primary and lower secondary
education” [24], similarly to the National Council of Teachers of Mathematics (NCTM) stating that
problem solving is an integral part of the whole and all mathematics learning, and so it should not be
an isolated and separate part of the mathematics program [25]. We anticipate that to include problem
solving into the numerous diverse and different fields of mathematics can improve the ability of pupils
to think critically [26] and their productive disposition as well, i.e., ability to use their mathematics
knowledge outside the classroom moreover. This can lead to the positive development in the field of
productive disposition, acquiring an ability to see the factual and functioning value of mathematics out
of the school environment, almost everywhere, and easily in addition. The National Research Council
defines the mathematical proficiency [27] as an actual inclusion of the following five interdependent
strands: (1) conceptual understanding; (2) procedural fluency; (3) strategic competence; (4) adaptive
reasoning; and (5) productive disposition. Whereas, the strategic competence is defined as “the ability
to formulate mathematical problem, represent them; and solve them” (p. 124), we consider it as
strongly connected and interrelated with metacognitive monitoring [28] as well.

The all and whole problem-solving processes are closely connected to the concept of metacognition;
and therefore the correlation between the learner’s performance in mathematics and single components
of metacognition have been proven evidently in the past four decades [8,29-31]. As soon as in the
1980s, the researchers in the field of problem solving agreed that the poor performance of pupils in
problem solving in mathematics was not only caused by a lack of an adequate knowledge but rather
by the pupil’s inability to organize, grasp, implement, and monitor what the pupil already knew
(including evaluating the adequacy of available resources), and fully understand the assignment of
a task [32-34]. In other words, pupils often have enough of the necessary, factual, and procedural
knowledge that is needed to solve common non-routine tasks. However, they are not able to regulate
and grasp their resources reasonably and effectively in the end. This study focuses on the ontologically
older and a more stable field of metacognition working as a precondition or requisite for metacognitive
processes, e.g., planning, monitoring, evaluation [35].

1.1. Metacognitive Knowledge

Metacognition as such can be understood as the specific potential and capability to operate
one’s own thinking as an object; this includes the following two basic components: (i) The stable
part (“off-line”) covering metacognitive knowledge; (ii) metacognitive regulation referring to the
processes of activities (“on-line”) involving necessary capabilities and active aspects such as prediction,
planning, monitoring, and evaluation of the conducted cognitive activities [36]. Even though the
metacognitive development cannot be considered from the linear view solely, on the other hand,
metacognitive knowledge as such is gradually and conceptually built up earlier than the required
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metacognitive regulation [37] as such. Hence, metacognitive knowledge refers to the actual individuals’
extent of knowledge of their cognitive strengths and weaknesses. The relevant field includes the
given learner’s knowledge of outer and inner factors that might influence and enhance any cognitive
processes, and the knowledge of relatively efficient use of accessible strategies and methods. In this
way, their own convictions can be included, whether true or not, among this information. Therefore
currently, metacognitive knowledge is usually divided into some other topics such as: (a) Declarative
knowledge relating to self-cognition, abilities, skills, and characteristics of one’s own learning process;
(b) procedural knowledge, i.e., being responsible for conducting various learning strategies or methods
and is applied in directing learners during the problem-solving process and learning activities;
(c) conditional knowledge containing and covering awareness of when (under what conditions) and
why a strategy or method should be used there [28,38,39]. Interestingly, Borkowski, Milestead, and
Hale [40] add the following two aspects or topics such as: (d) metacognitive knowledge of relations
being usually included into declarative knowledge or conditional knowledge. This level also covers
awareness of when a strategy or method is more appropriate to a specific task compared to the
other ones.

The actual problems relating to the measuring of the level of metacognitive knowledge lay mostly
in the core of metacognition, i.e., it cannot be directly observed as such [41]. The monitoring process
is based on detecting the amount of indicating elements that can be defined as such or those related
to the metacognitive processes according to the recent theoretical background. Within the context of
this study, relevant ways of detecting the structure of metacognitive development are those defined
earlier by Wirth and Leutner [42]. Other authors apply some qualitative or quantitative standards—the
former one considers the individual’s ability to determine what strategy or method is appropriate on
the background of a specific task situation; on the other hand the latter one is defined as a way of
emphasizing the realistic extent and frequency in the use of strategies and methods to detect maximum
rating there. Additionally, on the other hand, the qualitative standard prevails here, and thus often,
any data gained by an approach based on the quantitative standards is more accurate and valid. These,
as well as other authors [43,44] often do point out on a stronger connection of the qualitative approach
to the performance compared to quantitative standards. However, the all acquired current conclusions
of researches applying questionnaires and interviews often fail in predicting learning performance
as such in the end. In this study, the tool MAESTRA 5-6+ was used that was originally designed for
learners from the 5th to the half of 7th grade focusing on the following four specific purposes: (1) What
strategy or method the learner have used (declarative knowledge-knowledge of strategies), (2) in
relation to other accessible ones (relation knowledge), (3) when or under what conditions (conditional
knowledge) it is applied by the learner to understanding the characteristics of described, as well as (4)
task situation (declarative knowledge—knowledge of the task). Deficits in any of the above mentioned
fields of metacognition can result in an incorrect strategic solution in the end.

Research studies identifying metacognitive aspects in mathematics usually focus mainly on the
effects of metacognitive regulation, including aspects such planning, monitoring, evaluation, and
calibration on the actual problem-solving effectiveness. However, from a developmental view, it is just
the declarative knowledge that appears to be a precious prerequisite for the procedural knowledge
and then for the metacognitive regulation [35] as such. Therefore, Thillman et al. [45] emphasize that
just the declarative knowledge and the metacognitive regulation are the two distinct components and
therefore definitely emphasize their differentiation when measuring them. Hence, the declarative
knowledge is particularly important in using emerging mathematical strategies as opposed to the
older already known strategies [46]. A direct link between the declarative knowledge and the relevant
mathematical skills has already been demonstrated among primary school pupils in the daily school
practice. Implicitly and surprisingly, the pupils who could explain why and when to use arithmetic
strategies and methods were also more successful in solving numerical problems [10]. Thus, such
effect is also evident among upper secondary school pupils [47]. Lester and Garofalo [48] discovered
an advanced declarative knowledge about metacognitive strategies among the third and fifth grade
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pupils. Here the pupils were capable to present several strategies and methods of calculation but,
while on the other hand, interestingly, they did not use any elements of problem analysis, monitoring
their own progress or evaluating their own results when solving problems. Among the older pupils
both forms of metacognition already appear there (metacognitive knowledge as such, metacognitive
regulation as well) and these are related to each other. Perrenet and Wolters [49] found a correlation
between the declarative knowledge and frequent control of their own progress and corrections of their
own calculations when solving linear equations among the eighth grade pupils.

1.2. Mathematical Intelligence

Intelligence is one of the significant components falling under the Culture of Problem Solving
structure that was introduced by one of the authors of this paper as a tool for describing individual
pupil’s ability to solve mathematical problems [2]. According to Wenke, Frensch, and Funke [50],
since the very first attempts to define the concept of “intelligence,” the ability to solve problems was
included in almost every definition. In addition, intelligence as such has often been viewed as one of
the best predictors of the problem-solving ability and features. The history of measuring intelligence
aspects can be dated back to the late 19th century and, similarly to its definition, it had been thoroughly
and radically changed over the time by today. It is connected with the studies by authors as Francis
Galton, Alfred Binet, Lewis Terman, Theodore Simon, Raymond Cattell, Henry Goddard etc. In the
past decades, different models of intelligence were progressively published, e.g., Spearman’s two-factor
theory of intelligence, Guilford’s three-dimensional structure of intellect, Gardner’s theory of multiple
intelligence, Eysenck’s theory of intelligence. Thus and consequently, there were several different tests
of intelligence, to name the most notable examples: the Snijders-Oomen nonverbal test, the Amthauer
test, the Wechsler tests, tests Army alpha and Army beta, the Raven’s progressive matrices test, the
Stanford-Binet test [51]. Evidently, it appears that the recent component of intelligence should be
replaced by a newer concept vested in a new indicator named as mathematical intelligence [52,53].

Juter and Sriraman [54] identified several different features for defining mathematical intelligence.
In studies in the domain of cognition, mathematical intelligence in an individual can be defined as:
(1) An ability to recognize, abstract, and generalize mathematical structures; (2) data handling; (3) an
ability to think logically and to infer; (4) analogical, heuristic thinking, and posing related problems;
(5) flexibility and reversibility of mathematical operations; (6) an intuitive awareness of mathematical
proof; (7) an ability to discover mathematical principles independently; (8) decision-making abilities
in problem solving situations; (9) an ability to visualize problems and/or relations; and (10) capacity
to distinguish between empirical and theoretical principles. These abovementioned aspects can be
covered by the following two terms such as: (1) causality, including inductive, and deductive reasoning,
and (2) existence and uniqueness of solution. It is worth to mention that talented pupils, as a rule,
manifesting high levels of logical-mathematical intelligence are often “fascinated with unique patterns
in numbers or with science as such and will pursue ideas far beyond their apparent utility” [55].
These pupils are also able to internalize ample intricacies of logic and mathematical reasoning [56],
particularly, in the field of geometry and algebra, thus they feature sole geometrical imagination and
well-developed ability to recognize the patterns as such [57], whether in the field of algebra or geometry,
so, it seems to be the promising factor influencing the pupils’ ability to solve mathematical problems.
Our previous findings [51] indicate that functional thinking and perception of infinity are just the
two aspects particularly involved in the successful solution of mathematical problems. Mathematical
intelligence is defined here as a specific sensitivity to the following six specific phenomena: causality,
patterns, existence and uniqueness of solution, geometric imagination, functional thinking, and
perception of infinity (Figure 1).
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Figure 1. Mathematical intelligence and its elemental components.

1.3. The Connection between Intelligence and Metacognition

The question of defining relationships between the metacognition and intellectual abilities (defined
as the quality and extent of the repertoire of general cognitive operations and skills available to an
individual in a particular time) is not yet clearly answered [58]. Some authors have referred to
the metacognition construct as “reflecting intelligence” that is defined as an ability to make mental
processes and object of observation [59]. Piaget [60] talked about “reflexive abstraction” as a mechanism
for extracting information, reorganizing it, and consolidating it into memory.

Currently, there are the three specific models defining basic relationships between metacognition
and intelligence: (1) Metacognitive skills can be interpreted as a manifestation of intellectual abilities.
Metacognition is thus defined as a part of cognitive contents; (2) metacognitive skills and intellectual
abilities are thus independent concepts; (3) intellectual abilities are influential at the beginning of the
development of metacognitive skills [61]. However, after this “start” they no longer affect or influence
the direction of the skills development. Hence simply said, metacognition as such, in this view, can
control performance functions based on the cognitive content. Some studies indicate that the third
model appears to be the most probable and metacognition is largely an intelligence independent
construct [62].

2. Methodology

2.1. Aims

The main aim of this study is to investigate the relation between pupils’ metacognitive knowledge
and mathematical intelligence and how these two factors can influence the academic performance
as such within some science subjects. Since there are many factors that may affect this relationship,
including the age of pupils, the study focuses solely on the pupils at the edge between the Piaget’s
concrete operational stage and the formal operational stage, it means on children at the age of 12 [63,64].
Some authors [65-68] also considered this age as the period when their metacognitive knowledge is in
its “full blossoming.” Furthermore, there is a strong evidence [69,70] that the reasoning ability is only
marginal for younger pupils. Therefore, the following research questions were formulated there since
the beginning:

(1) What is the connection between the grade 7 pupils’ metacognitive knowledge and
mathematical intelligence?

(2) How can metacognitive knowledge and mathematical intelligence influence the grade 7 pupils’
school performance?
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Based on the above stated, the answer to the research questions can be predicted by formulating
the two research hypotheses:

Hypothesis 1. There is no direct or indirect connection between the 7th grade learner’s metacognitive knowledge
and mathematical intelligence.

Hypothesis 2. The combination of metacognitive knowledge and mathematical intelligence factors evidently do
influence the learner’s performance.

2.2. Research Sample

The study is based on a questionnaire survey where 280 pupils (131 girls and 149 boys) of the 7th
grade at lower secondary schools (aged 12-13) participated. All the lower-secondary schools in the
region of Usti nad Labem were asked for cooperation if the following three conditions were satisfied:
(i) None of the classes were specialized in any subjects (foreign languages, mathematics etc.); (ii) all the
participating schools were public to ensure that there is not any specialized approach as it is usual
in case of private schools; (iii) they were traditional Czech schools. It means that alternative schools
as are Montessori, Dalton and Hejny’s mathematics curricula [71] were excluded to avoid the data
bias. Among these schools, there were randomly selected those where the data were collected. Before
the actual data collection, a team of researchers was assembled. This team was acquainted in detail
with the used method of data collection and then equipped with the unique methodology tools to
evaluating acquired data. Following data were collected by the researchers under the same conditions
and at the same time (the entire data were collected within 14 days). In the course of the data collection
phase, respondents were always instructed when to start the test, how much time they have, when
they can continue with the next part of the test, etc. In this way, any teachers’ interventions were nicely
minimized and objectivity in data collection was maximized.

Twenty-five learners were excluded from the testing phase for the following reasons: (i) They did
not fill in any of the items, (ii) they did not understand any of the items (two Vietnamese learners),
(iii) they were sick or they followed an individual learning plan (due various reasons) (some of them
reached the normal distribution score; most of them had a mean score). None of the classes specialized
in any subjects (foreign languages, mathematics etc.). All the pupils were of Czech nationality (with
the exception of two Vietnamese pupils). All the pupils were native speakers of Czech language.
The written informed consents for research from the parents of all the participating pupils were
collected by the teachers.

2.3. Tool for Researching Metacognitive Knowledge

The tool MAESTRA 5-6+ [72] (for the German educational environment [73] and for the Czech
educational environment [74]) applied in this study is a result of simplification and modification of
already existing tests, e.g.,, WLST (Wiirzburger Lesestrategie-Wissentest) [43], or single tasks of PISA
tests (Programme for International Student Assessment) [44]. It is specifically designed for learners
from the 5th to the first half of 7th grades. The above mentioned tools are based on the theory of
specific domain character of cognitive processes, i.e., there does not exist one joint set of all these
processes but human mind is structured into such models that are mutually more or less independent
and each of them is responsible for and able to process a specific type of input. The Czech localization
of the tool was validated in our previous study [74] and the value of Cronbach « calculated for given
dataset was 0.86 which can be considered as the sufficient reliability level.

The core of this tool is to process relevant diagnostics of the learner’s ability to distinguish under
what conditions the proposed strategy is appropriate in the context of the given learning scenario [42].
The tool making processing is based on the use of the five specific mathematical scenarios (an example
of the scenario and learning strategy is shown in Figure 1). Various strategies offered within individual
scenarios (strategies A-F in Table 1) correspond to the four-stage cognitive activity model involved in
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the process of mathematical problem-solving that includes [75] the following phases: (1) understanding
the task assignment (understanding the problem and its definition); (2) planning separate solution
steps (designing solution strategies); (3) implementation of the plan (implementation of strategies);
(4) evaluation and reflection of the solution (looking back to verify the conclusions, checking the
results).

Table 1. A sample of specific scenario of the MAESTRA 5-6+ tool.

While Solving a Demanding Calculation, Several Steps Are Required There. Grade
In One of Them, You Do Not Know How to Continue. What Can Help You in Such a Situation? 1 2 3 4 5 6

I start again from the beginning and think about other ways how to solve the task.

I ask my parents, siblings or schoolmates for help.

I consider whether I made a mistake in the previous steps.

I calculate what I am able to do, and start another task.

I'am curious what type of a partial-result I need so that I would be able to calculate
and reach the final result.

I'jump to the step I am able to solve not to losing time.

Note. Grade scale: 1 means the best solution, 6 means the worst way of task-solving in my opinion.

o om TN w P

For each of the offered strategies, pupils assign their ratings from 1 to 6 (where 1 means the
best and 6 means the worst). Here, the pupils can assign the same assessment to some two different
strategies (e.g., 4, 4). The evaluation is carried out in pairs (as each strategic alternative is compared
to the other offered strategic alternatives) and it does not matter by how much one strategy is rated
higher than the other. For instance, if a pupil prefers the strategy A over the strategy B, it is irrelevant
whether the difference in reference values is 1, 2, or 5. Importantly, one of the strategies (A in this case)
is prioritized over another one (B in this case). The values obtained from the pupils are compared with
a data matrix obtained from experts [76]. An expert in this research is considered to be a person who
has obtained a PhD degree in didactics of mathematics.

If the pupil’s assessment coincides with the expert opinion, then the pair comparison is considered
correct (the pupil is assigned by value 1). However, if it is not in accordance with the expert opinion,
it is assessed as incorrect (the pupil is assigned by value 0). Whereas more experts collaborated
in the validation of the tool, and the outcome of the expert’s judgment is largely dependent on
accuracy of the description covering the validated element, its components and quality of the experts
involved there it was necessary to determine how much consensus in their judgment is required
there. The criterion limit was set at 80%, i.e., at least 4 out of 5 experts had to agree that, for instance,
in Table 1, the strategic alternative A is more appropriate than the strategic alternative B (a > b). In total,
65 pairwise comparisons were obtained from the experts for the five scenarios. In the three of them,
experts were choosing from the six strategies and in the two of them from the five strategies. This
number was obtained on the basis of the basic combination calculus that proceeds from the formula
3V,(6) 4+ 2V,(5) = 65. The aforementioned criterion limit and selectivity resulted in an expected
reduction in the number of pairwise comparisons. A total of 34 pair comparisons was generated (not
65 but only 34 due to the required 80% agreement among experts, while 31 cases were less consistent)
from the 28 strategies (6 + 6 + 5 + 5 + 6) presented to the pupils in the five task situations. The time
limit for administering the test was 20-25 min. A sample item of the tool is presented in Table 1.

2.4. Tool for Investigating Mathematical Intelligence

The test of mathematical intelligence consisted of the 12 specific problems. Always two problems
correspond to one particular phenomenon of the definition of mathematical intelligence, specifically
covering such aspects as: causality, patterns, existence and uniqueness of solution, geometric
imagination, functional thinking, and perception of infinity. The items in the test were collected
from several sources, using the Vanderberg and Kuse Mental Rotation Test [77], the Guilford test of
Divergent Thinking, and in addition using a figural item of the Torrance Creativity Test [78]. However,
all these selected tests are based on the Eysenck Intelligence Test [79].
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Nine of the test items were closed multiple-choice tasks with only one correct answer, two items
were the short answer items with unique solution, and one item has more correct solutions. Five of
the items were divided into smaller parts. Each item was assessed on the scale 0-5 based on strictly
defined criteria and the total sum indicated the index of mathematical intelligence. Initially, each of the
three coders were trained by coding ten of the pupils’ solutions and confronting their coding with
the authors of the test. The three of the test items are presented (Figures 2—4). The test lasted 15 min.
All the tested pupils worked independently, they were allowed to use only simple calculators. All the
problems of the test were evaluated by the authors of this paper. The test was validated in the Czech
educational environment [53]. Here, the reliability level of the entire test is & = 0.57 which allows to
consider the reliability as sufficient.

Task 1. Select one of the pictures 1-3 which, after being turned, is identical with the original one.
Circle the number of your answer.

1 2 3

Figure 2. Assignment of the Task 1.

Task 2. This pattern was made of matches.

Remove any matches to receive three squares. Draw your solutions in the figures below; cross
the removed matches. Find as many solutions as possible.

Figure 3. Assignment of the Task 2.
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Task 3. Add a sign “+, -, x, +” between the figures to solve the equation. Do not change the order of
figures.
9 6 8 7 6=13

Figure 4. Assignment of the Task 3.
2.5. Statistical Analysis

In order to determine reliability of the test scales and subscales, standard methods used in
pedagogical research were utilized. The value of Cronbach a [80,81] was calculated. According to
Shoukri and Cihon [82], the reliability coefficient r is considered excellent if r is higher than 0.75; good
if r is between 0.40 and 0.75; and poor if r is less than 0.40. This is an acceptable value because only the
six items were used there. To assess actual dependence or an independence of individual quantities,
Spearman’s correlation coefficient was used. The level of significance a = 0.05 was used in all tests.
Calculations were carried out in the programme STATISTICA 12.0 (StatSoft Inc., TIBCO Software,
Palo Alto, CA, USA). The Shapiro-Wilk test [83] was used to assess normality of data distribution
(metacognitive knowledge W = 0.971, p < 0.001, mathematical intelligence (W = 0.954, p < 0.001).
Reflecting these results, therefore non-parametric statistic methods were applied. To compare more
than two groups the Kruskal-Wallis ANOVA [84] was used, followed by the post hoc analysis (multiple
comparison) conducted by the Dunn method [85], in case of balanced distribution the Neményi method
was applied in the end.

3. Results

The presented research is based mainly on the correlation analysis to determine tightness of
the relationship between variables. As null hypothesis Hy was rejected in testing normality in both
metacognitive knowledge and mathematical intelligence, the Spearman correlation coefficient is used
for testing the null hypothesis stating that » = 0 (r = 0.016, (N —2) = 0.269, p = 0.788). In this case,
12 = 0.0003 expresses the impossibility of explaining the rate of variability of one variable on the other,
what results in the fact the null hypothesis cannot be rejected and the alternative hypothesis is verified.
Based on the correlation values by Chrdska [86], there is an absolute independence between the items,
thus, they do not correlate, as displayed in regular and frequency scatterplots (Figure 5) demonstrating
independence of both variables.

Mathematical intelligence against Metacognitive knowledge
e e e MNathematical intelligence against Mefacognitive Imowledge

............

Mathematical
°
e 0 .
o
00 o
o
o

0 2 4 6 8 10 12 14 16 18 20 2 24
Metacognitive knowledge

8 0 12 14 16 1% 20 2 2
Metacognitive nowledge

Figure 5. Regular and frequency scatterplots of metacognitive knowledge and mathematical intelligence.

Reflecting the independence of both variables, respondents can be divided into the four quadrants,
following the set of inequalities (1-4) based on the works by van Aalderen-Smeets, Molen [87], where
X represents metacognitive knowledge and Y represents mathematical intelligence,

Qi:X>13 A Y<5 1)

Q:X>13AY>5 (2
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Q3:X<13AY>5 3)
Qi:X<13 AY<5 (4)

Four quadrants refer to the four categories of respondents: (Q1) high metacognitive knowledge,
low mathematical intelligence; (Q>) high metacognitive knowledge, high mathematical intelligence;
(Q3) low metacognitive knowledge, high mathematical intelligence; and (Q4) low metacognitive
knowledge, low mathematical intelligence. Table 2 gives such data as respondents’ gender and
mean, median, and modus values of the school marks of respondents (1 means the best; 5 means
the worst) in the four science subjects—biology, physics, geography, and mathematics. Hence, these
results are emphasized by the fact that the single quadrants significantly differ both in the field of
metacognitive knowledge (H (3, N = 263) = 183.3192; p < 0.001) and mathematical intelligence
(H ) = 164.8041; p < 0.001. Post hoc analysis has proven significant differences between the particular
pairs of quadrants (Table 2).

The main objective of this study was to develop and verify a new theoretical basis for a four-category
model, reflecting the level of metacognitive knowledge and mathematical intelligence. Within this
research, the results have proven that metacognitive knowledge and mathematical intelligence are
two separate, non-correlating domains (r = 0.016; p = 0.788). Evidently, both domains have their
own significant impacts on learners’ performance, as displayed in Table 2. If the given respondent
is included into the quadrant Q, (high metacognitive knowledge, high mathematical intelligence),
then they can achieve significantly better results in school evaluation compared to learners in Q4 (low
metacognitive knowledge, low mathematical intelligence).

Afterwards, results of the post hoc analysis of Q; (high metacognitive knowledge, low
mathematical intelligence) and Q3 (low metacognitive knowledge, high mathematical intelligence)
proved a statistically significant difference in favor of Q3 respondents (Table 3), which leads us to the
conclusion that mathematical intelligence provides for a stronger impact on the learners’ success in
some selected subjects compared to metacognitive knowledge.

Table 2. School marks of respondents achieved in different subjects.

Gender School Subject
Quadrant Male Female Biology Physics Geography Mathematics
~ A - ~ A - ~ A - ~ A
X X X X x X X X X X X X
Q 27 27 1.90 2 1 2.02 2 2 1.96 2 1 2.47 2 3
Q2 19 15 1.47 1 1 1.44 1 1 1.41 1 1 1.72 2 1
Q3 38 30 169 15 1 1.67 2 2 1.67 1 1 1.86 2 2
Q4 53 54 2.31 2 2 2.51 2 2 2.29 2 3 2.64 3 2
u zZ [4 u VA [4 zZ P u V4 4
721 453  ** 583 528 ™ 702 459 762 440 ™

X = mean; ¥ = median; £ = mode; *** = p < 0.001.

Table 3. Differences between the levels of metacognitive knowledge and mathematical intelligence
achieved by respondents in the estimated quadrants.

Metacognitive Knowledge Mathematical Intelligence
B Q Q Qs Q Q Q, Qs Q4
x 16.90 2.75 17.12 6.56 6.71 6.92 7.46 212
x 16.00 3.00 16.00 6.00 7.00 7.00 8.00 2.00
% 14.00 4.00 14.00 5.00 2.00 5.00 9.00 2.00
SD 3.01 1.74 3.08 1.48 3.80 1.56 3.68 1.24
Q — 0.964 <0.001 <0.001 Q — <0.001 <0.001 0.520
Q2 0.964 — <0.001 <0.001 Q <0.001 — 0.896 <0.001
Q3 <0.001 <0.001 — 0.884 Q3 <0.001 0.896 — <0.001
Q4 <0.001 <0.001 0.884 — Q4 0.520 <0.001 <0.001 —

X = mean; x = median; £ = mode; SD = standard deviation.
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If the premise of a “stable” construct of intelligence is accepted, then Rozencwajg [20] summarizes
“teaching metacognitive strategies to poor students could therefore be one way of improving their
academic achievement level” (p. 289). Definitely, our results support this conclusion fully.

4. Discussion

The study aimed to investigate the hypothesized relation between the level of metacognitive
knowledge and actual understanding of mathematical intelligence. Furthermore, an influence of both
constructs to academic achievement of pupils was confirmed there. The results show that even though
both investigated characteristics, metacognitive knowledge and mathematical intelligence have strong
impacts on academic performance of pupils, it is the mathematical intelligence that influences their
performance levels more. Furthermore, similar influences are observable not only in mathematics, but
also in some other subjects as STEM (science, technology, engineering, and mathematics).

Even at the beginning of this century, numerous research findings emphasized the ways
how children can gain mathematical knowledge and how these relate to various metacognition
aspects [8,58,62,66,88,89] in practice. Interestingly, most of the results are in accordance with our
finding that just mathematical intelligence and metacognitive knowledge are the two independent
characteristics. This is in contrast with the fact that the learner’s choice and ability to generalize
some strategy are influenced by the metacognitive and associative processes [90]. As Kuhn [37]
states, consequential associative relations arise implicitly—if the strategy results in success, then the
associative connection is strengthened profoundly. Factually, metacognitive processes comprising a
part of self-regulation training can emphasize an active reflection of strategies applied before, during,
and after solving the task. The acquired behavior without metacognitive processes appears soon when
the given individual is not exposed to this context. Without some well-timed educational interventions
and activation of metacognitive awareness, the active approach to learning while concurrently using
objective-oriented strategies would take several years before it was developed and enhanced further on.
An advantage of such approach is that the learners, even though led to the metacognitive development
only by a sole teacher (though teaching them the only one subject), apply the strategic processes in
other subjects [91] as well. Our results support this claim, as the extent of metacognitive knowledge
was shown as actually influencing the academic performance level in the four investigated subjects.

However on the other hand, several recent pedagogical experiments proved the metacognitive
development through the intentional intervention, i.e., meticulous application of problem-based
learning approaches [92]. This may indicate that the mathematical problem solving is a very complex
process involving several (independent and interdependent) characteristics of the solver [22].

Obviously, there is a general agreement that metacognitive knowledge in individuals is developed
with their age and gained experience as well [93]. These assumptions were confirmed by empirical
studies in the context of declarative, relational, and contextual knowledge [94], but the relation does
not have to be apparent or obvious there at all. On the other hand, however, Carr states that the
declarative knowledge in individuals can be considered as a developmental condition for procedural
knowledge, particularly, when applying newly acquired knowledge contrasting to some previously
adopted strategies [46]. From the viewpoint of approximate schema of metacognition development,
the metacognitive knowledge in individuals is developed first (approximately in the age of 6) and only
then, the metacognitive planning is developed later on, in the age of 10 to 14 years, when there is a
significant increase in planning abilities as such [95]. The conceptual basis for developing metacognitive
knowledge lies in the results of mostly relational studies. Thus, the causal interpretation of the results
is not suitable and there it is not possible to identify whether the factors do support or hinder the
development of metacognitive knowledge of pupils [96].

Factually, current frequent failures of younger pupils in the field of metacognition may be due to
frequent insufficient cognitive sources of attention, limiting these pupils in favor of older pupils or
possibly because of their level of cognitive development as such. In order to develop some extent of
metacognitive knowledge in pupils, it is necessary to individualize learning tasks so that their difficulty
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is in the subjective levels of demands. Clearly, the reason is simple, as every pupil needs not only
to experience success, but also some reasonable application of metacognitive approaches can bring
benefits, and provide that teaching tasks are located in a subjectively middle range of demands [97].
In accordance to the context of pedagogical practice, handling the students’ failures and errors is
also very important [98-100]. Metacognitive aspects in the teaching process are observable during
working with pupils’ error that can prevent the mathematics anxiety [101]. As a part of this process,
the pupil is led to look for an error, to describe it precisely and to interpret the possible causes of
it and to correct or eliminate it in the end. We agree with the words of Paris and Winograd, that
“metacognition is not seen as the final goal of any learning and teaching...” but, in the contrary, that it is
perceived as an opportunity to, “how to pass on knowledge and certainty to pupils that allows them to
manage their own apprentices” (p. 22). In the field of metacognitive knowledge the reflection generally
should consider the evaluation of contextual effectiveness of the strategies used [102]. The level of
demandingness of reflective activities to the teacher may become acceptable because it is not necessary
such a teacher has to provide a feedback every time for every cost, however, they can act as the peer in
case of group-work or pair-work. Another possibility is that pupils can get the feedback by themselves
and find their own precious solution, assuming sufficient previous knowledge. The development
of a pupils’ metacognitive potential is also possible through encouraging the pupil, what is linked
to a number of other factors, such as the classroom culture, the use of different teaching methods
and forms, or other factors regulating communication not only in relation to teacher-pupils, but also
between pupils themselves. Other recommendations related to the reading with understanding were
aptly described by Ri¢an and Chytry [103] (p. 239): “To apply such teaching methods that construct a
situational text representation and propositional text representation involving not only major ideas
but also prior knowledge ... For this type of representation to be constituted, it is necessary to ask:
"How does this information relate to what I already know? What is the main idea of the text? Is there
any information in the text that contradicts itself? What information from the text is interesting to
me? And for what reasons? What information is completely new to me? What parts of the text do I
not understand?’. Since the process of understanding is strongly individual and its quality is largely
determined by the level of metacognitive monitoring, a question arises there whether the benefit of
this ability arises only if the individual is allowed to manage their learning by themselves.” Based on
this, it seems that pupils require more time and support to manage simultaneously both, their learning
and their use of metacognition.

Mathematical intelligence is defined here as a specific sensitivity to carefully chosen phenomena.
Pupils’ skills based on their assumptions to perceive these phenomena correctly can be developed to
some extent. Mathematical intelligence can be developed in the field of geometric imagination [104-106],
functional thinking [107,108] and perception of infinity [53,109,110]. The phenomenon of causality is
naturally reflected in the process of solving different mathematical problems, without the perception of
this phenomenon, and then and following, judgment cannot be made. Development of pupil’s skills to
perceive the issue of existence and uniqueness of solution of a mathematical problem can be supported
by including appropriate experience in mathematics education. These should be problems from some
different fields of mathematics, but they should have the one common feature—either they do not
have a solution or they have more than one solution. The fact that mathematical problems can have
more than one solution is usually not stressed enough and experiencing this kind of problems can be
very valuable [111].

5. Conclusions

Mathematics operates as a basis of development for many other subjects. The development
of learners’ skills in the STEM field is a good pre-condition for development of more general skills
that are necessary, useful and utilized in other educational fields as well. Hence, our results aim at
supporting the teacher’s diagnostic competence and interpretation of diagnostic results that may lead
the teacher to optimize the process of instructions. The learner’s success (performance) in solving
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tasks in mathematics is impacted by both investigated factors vesting in mathematical intelligence
and metacognitive knowledge. The direct link between metacognitive knowledge and mathematical
intelligence was examined. The results show that metacognitive knowledge and mathematical
intelligence are two separate domains not correlating mutually at all; therefore, a two-dimensional
model was designed. Moreover, the learner’s classification according to the four categories (Q — Qy) is
reflected in their school success in the all selected subjects (biology, physics, geography, mathematics).
However, the ability to solve tasks is not given by these two domains only but by other factors as
well (in particular and mainly: motivation, self-efficacy, reading comprehension, creativity, working
memory, the existing knowledge etc.). Further research activities, thus, can focus on both mathematics
(correlation studies of other aspects and mathematics) and other domains (correlation of metacognitive
knowledge, level in reading, motivation, and self-efficacy).

It seems more than reasonable to include some specific activities leading to developing the
metacognitive knowledge level in the day-to-day teaching, particularly, in mathematics education
as such. The authors are not aware of any interventional study in the context of the Czech Republic
or Slovakia assessing the impacts of metacognitive intervention. Further research, particularly,
fully evaluating intervention projects in metacognitive intervention, may benefit from the presented
evidence about the independence of the two investigated concepts, mathematical intelligence and
metacognitive knowledge.
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