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Abstract: In this paper, we first revisit and bring together as a sort of survey, properties of
Bernstein polynomials of one variable. Secondly, we extend the results from one variable to several
ones, namely—uniform convergence, uniform convergence of the derivatives, order of convergence,
monotonicity, fixed sign for the p-th derivative, and deduction of the upper and lower bounds of Bernstein
polynomials from those of the corresponding functions.
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1. Introduction

It is not often easy to find exact solutions to most equations governing real-life problems. Even when
such solutions can be found, for their practical use, there is a need to find their approximation by
polynomials, when possible.

Weierstrass’s theorem asserts the possibility of uniform approximation by polynomials of continuous
functions over a closed interval. An analytic function can be expanded in a uniformly convergent
power series and a continuous but non-analytic function can be expanded in a uniformly convergent
series of general polynomials, with no possibility of rearranging its terms so as to produce a convergent
power series [1]. There are many proofs of the Weierstrass theorem. In this paper, we shall present one
called “S. Bernstein’s proof” since it also gives an explicit representation of the polynomials for uniform
approximation. An example of Bernstein polynomials of one variable is (see Reference [1]):

Bu(f;x) = éf (i) (Z) (1 —x)n 7k 1)

The polynomials B, (f;.) are known to approximate uniformly their corresponding functions f in
[0,1], provided that f is continuous on the interval [0, 1]. Moreover, the nh derivative of B,(f;.) converges
uniformly to f("), provided that f € C"[0,1] (f € C"[0,1] means f is continuous on the interval [0,1] and
all its derivatives f () i =1,---,n, exist and are also continuous on [0,1]). According to the literature,
there are several ways (with different notations) to define explicitly the Bernstein polynomials of one
variable, which lead to the same results as in Reference [1]—uniform convergence as well as uniform
convergence of the derivatives (see References [2-7]).
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Bernstein polynomials have been used for approximation of functions in many areas of Mathematics
and other fields such as smoothing in Statistics, and constructing and generalizing Bézier curves
(see References [8,9]). We also have some applications:

1.  in the quadrature rule on equally spaced knots (see Reference [10]);

2. to numerical differentiation and quadrature and perform numerical experiments showing the
effectiveness of the considered technique (see Reference [11]): they perform some numerical tests
for approximation by polynomials of a given function, numerical differentiation and numerical
quadrature.

“In contrast to other modes of approximation, in particular to Tchebyschev or best uniform approximation,
the Bernstein polynomials yield smooth approximants; but there is a price that must be paid for these
beautiful approximations properties: the convergence of the Bernstein polynomials is very slow.”

P.J. Davis [1].

Several authors like A. Jafarian, S. Measoomy Nia, Alireza K. Golmankhaneh and D. Baleanu [12],
D. H. Tucker [13], E. H. Doha, A. H. Bhrawy, M. A. Saker [14], George M. Phillips [15], Henryk Gzyl
and José Luis Palacios [16], M. H. T Alshbool, I. Hashim [17], P.J. Davis [1], Richard V. Kadison [18] and
others, have worked on Bernstein polynomials for functions with one variable, and have derived some
beautiful properties whose most important ones are: the uniform convergence, the uniform convergence
of derivatives, the fixed sign for the pth derivative, the deduction of upper and lower bounds of Bernstein
polynomials from those of the corresponding functions.

The main problem here is to extend these properties of Bernstein polynomials of one variable by
generalizing them for functions of several real variables. There are more than five ways with different
notations to define Bernstein polynomials in the multi-dimensional case for a function f defined on
[0,1]™, where m is the dimension of the space. Some used notations are x = (x1,---,xp,) € [0,1]™,

k= (ki, -, km) € N, |x| = X1+ 4 A, XK = x11(1~ x’f,’{l, k| = k14 +km, k! = ky!-- - ky! and
% = (I;l, e, k:l”), n € N\ {0}. These notations are used in the following definitions:

(a) the Bernstein polynomials on (m — 1)-dimensional simplex in cube [0,1]™ (see References [19-22]):

Zf( ) , where x1+4---4+x, =1; 2)

[k|=n

(b) the Bernstein polynomials on a m-dimensional simplex and very useful in stochastic analysis
(see References [7,23-26]):

Bum(f,x): Zf( >n' (1—|x|)"‘|k|, where x1+---+x,; <1; 3)
. Gl

(c) the Bernstein polynomials on simplices with a pointwise orthogonality relation (see Reference [27]):

= x s (5) W, @

|a=n

where aw = (a1, ,ap11) € N+l and & = (aq, - - S 0m);
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(d) the Bernstein polynomials on (m — 1)-dimensional simplex in cube [0,1]" used in the field of
mathematical biology with quadrartic mappings of “standard” (m — 1)-dimensional simplex to self
(see Reference [21] ):

n n k m n K -
B”(f)(xl/"'/xm): Z Zf - 1—[ k: X; (1_xi) Y (5)
k=0  kny=0 N/ =1\l
(e) the Bernstein polynomials related to the convergence in the uniform and Lj,-norms for polynomials
with integral coefficients (see Reference [28] for two variables, References [1,29] for the generalized
one):

11 Nm k k m n; k. L
B?’lll“‘,nm(f;xlru' /xm) = 2 Z f(ll ,]’Z::> <k1> Xl-l(l—xi)n’ kl, (6)
i=1 !

k=0  ky=0 \™M

where ny,--- ,n, € N.

Using the above mentioned definitions, many authors did some investigations aimed at generalizing
some properties of univariate Bernstein polynomials to Bernstein polynomials with two or more variables.
Let us take for example the forms given by (2), (3) and (6).

1. For the multivariate Bernstein polynomials given by Equation (2): they have proven the pointwise
and uniform convergence (see References [21,22,30]). They have also presented two variations which
are preserved and do coincide with classical convexity in the univariate case (see Reference [31]).
Moreover, they showed the monotonicity of successive Bernstein polynomials for classically convex
functions (see References [31,32]).

2. For the multivariate Bernstein polynomials given by Equation (3): they have proven two identities
for these polynomials on simplex, which are considered on a pointwise (see References [23-25,25]).
They also showed that these polynomials converge to their corresponding functions f along with partial
derivatives provided that the latter derivatives exist and are continuous (see References [7,26,33]).

3. For the Bernstein polynomials given by Equation (6): they established (but only for two variables)
the pointwise and uniform convergence; the same result was established for the partial derivatives of
the corresponding function (see References [28,29,34-36]).

According to the last definition (see Equation (6)) of the generalized Bernstein polynomial
By, i (f3X1,+ -+, Xn), there is just a few new results (pointwise and uniform convergence) given by
some authors like Clemens Heitzinger (see Reference [29]). That is why we focus, in this paper, on the
multivariate Bernstein polynomials given by the form defined by Equation (6).

Many authors have made tremendous efforts to prove some properties for multivariate Bernstein
polynomials on simplex (see Reference [23]), which are considered on a pointwise convergence
(good approximations of Bernstein polynomials for every continuous function on simplex and the higher
dimensional g-analogue of Bernstein polynomials on simplex). Some have tried to study the approximation
by combination of Bernstein polynomials or operators (the rate of convergence of derivatives and the
smoothness of the derivatives of functions) in order to approximate, under definite conditions, the function
more closely than the Bernstein polynomials (see References [3,6,37—41]). Moreover, they defined and
also tried to study the g-Bernstein polynomials (see References [2,4,42-45]), the generalized Bernstein
polynomials (see References [10,26]) and the modified Bernstein polynomials (see Reference [25]).

To achieve our aim which is to generalize these beautiful properties for functions with one variable to
functions with several variables, we will use the following properties of univariate Bernstein polynomials
(with some references where they can be found):



Mathematics 2020, 8, 1397 4 of 34

Property 1 (see Reference [1]): if f is bounded on [0, 1] and continuous at xg € [0, 1], then

lim By (f;x0) = f(x0); )
Property 2 (see References [1,3,5-7,10,11,39,46-48]): if f € C[0, 1], the Bernstein polynomial By, (f; )
converges uniformly to f;
Property 3 (see References [1,7,11]): if f € CF[0,1] (f is continuous on the interval [0, 1] and all
its derivatives f 0 i=1..., p, exist and are also continuous on [0, 1]), then Bl (f;-) converges
uniformly to f(7);
Property 4 (see References [1,21]): if f € CP[0,1], for some 0 < p < mand A < f(p) (x) <
B(A andBare constants), 0 < x <1, then
nf (

P) (. )
Agn(n—l)...(n_p+1)Bn (f/x)SB, 0<x<1; 8)

(the consequence is: if f is decreasing (resp. nondecreasing) on [0, 1], then B, (f; -) is decreasing (resp.
nondecreasing) on [0, 1].)
Property 5 (see References [1,31]): if f is convex in [0,1], then B, (f;-) is convex there and for
n=223,---

B,_1(f;x) > Bu(f;x), 0<x<1; )

Property 6 (see References [1,11,39]): if f(x) is bounded on [0, 1] and xj is a point of [0, 1] at which f”
exists and is continuous, then

tim 7 (B (%) — f(x0)] = 3%0(1 — x0)f” (x0): (10)

n—oo

The following intermediate results for the case of univariate Bernstein polynomials are needed to

prove all those properties:

(a)
(b)

(©

see References [1,15]: for x € [0,1] we have B,(1;x) = 1;
see Reference [1]: for x € [0,1] and & € R we have

B, (exp(ax);x) = (x +exp(a/n) + (1 —x))"; (11)

see References [1,15]: the Bernstein polynomial may be expressed in the form

k=0

Bu(f;x) = f (’Z) AF £,(0)25, 12)

where f,(x) = f(2) and A is the forward difference operator with step size h = % defined as follows
(see Reference [15]):

),
xi)> = ARf(xiaq) — A F(x;) fork > 1, 13)
Alf(x;) == Of(x;) and A° f(x;) := f(x7),

where Ak is called the kth difference;
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(d) See References [1,15,21,22]: fora given é > 0,n € N\ {0} and x € [0,1], we have

ny _k n—k L
)y <k>x(1—X) < o (14)

(e) see References [1,15]: for any integer k > 0, the k — th derivative of B, ,(f; x) may be expressed in
terms of k-th differences of f as

r=0

for all n > 0, where A is applied with step size h = % ;

(f) see (Reference [1] Lemma 6.3.5): there is a constant C independent of a given positive integer # such
that for all x in [0, 1]

y <Z> (1 —x)nk < % (16)

——x 271_1/4

‘ k

With all those properties, we will prove the following for our generalized Bernstein polynomials:

- Property 1: if f is bounded on [0, 1]" and continuous on (a3, - - ,an) € [0,1]", then the Bernstein
polynomial By, ... u,, (f;a1,- -+ ,am) converges to f(ay,- - ,an), as n; — oo for all i;

- Property 2: if f € C[0,1]", then the Bernstein polynomial By, i (f;+) converges uniformly to f;

- Property 3: if f € CPrPn[0,1]™, then B '}" (f; ) converges uniformly to f(P1):/(Pn) where f €

aPz‘f

CPrPm[0,1]™ means f is continuous on [0,1]" and F is continuous on [0,1]", 0 < p; < n;,
i=1,---,m

- Property 4: if f € CP1Pn[0,1]",0 < p; < mnj, i =1,---,m,and A < f P pm)( X1,- ,Xm) < B,
(x1,--+,xm) € [0,1]™, then

m
< BhYV P (fxg, - xm) < B (17)
E”i(”i_1)”’(”i_i’i+1) S )
forall (x1,---,xm) € [0,1]™. As a consequence, if f(x1,-- -, x;) is decreasing (resp. nondecreasing)
on [0, 1] with respect to the variable x;,i € 1,--- ,m, then By, ... n,,(f; X1, -, Xp) is decreasing (resp.
nondecreasing) on [0, 1] with respect to the variable x; there.
- Property 5: if f(xq,- -+, %) is convex in [0,1]™, then, for n; = 2,3,--- withi=1,---,m, we have

Bnlfl,»»-,nmfl(f; xl/ e /xm) 2 B}’ll,“-,i’lm (fl xl/ e /xm) (18)

forall (xq,- - ,xy) € [0,1]™;
- Property 6: if f(x1,- -+, %) is bounded in [0,1]" and let (a1, - - ,am) be a point of [0, 1] at which
F@@)(x1,- -+, xp) exists and is continuous, then, for ny = ny = --- =1, = n

m 2
lim n [By,... n(f;a1,- -+ ,am) — f(ay,-- -, %Z (1—g; gf(al, L am). (19)

n—oo
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The following intermediate results for the multivariate case, that we will also prove, are needed in
order to prove all these cited properties:

(@ form>1,ie{1,---,m},j;and n; integers, n; > 1, and x; € [0,1]

. im n; ki k.
x]11 . Zkl —0" " ka:[) H:rlzl U’jilki <kll> xi (1 — xi)nl kl/
By (X1, ) =1, (20)

m . m i
By (fo’;xl,- o ,xm> = HBni (x?}xz) ,
i=1 i=1

where 0j, , are real numbers;
(b) forie{l,---,m},x;€[0,1]]anda; € R

By, i <exp (i oc,x,) SXp, ,x,,,) = Inl[Bnl (exp(aix;); x;) = ﬁ [xiexp(a;i/n;) + (1 — x;)|™" (21)
i=1 i=1 i=1
ny Ny m n; k m N ir K _
£ B () (5 ) s =TT () (B ) (22)
=0  kny=0i=1 \ ki i i=1k=0 \ k;
(c) the Bernstein polynomial may be expressed in the form
Buy oo (f3 X1, Xm) = Zl 2 DA (O, .,O)ﬁ ("") Xl (23)
H=0  fy=0 i=1 \ £
t tm

where f, ... n, (1, tm) = f (

, ) and At’ ie{l1,---,m}, isthe tlt-h difference(s) related
n Tlm

to the i variable x;, and applied with step size h; = o

(d) foragivend; >0,i=1,---,mand (x1,---,xn) € [O,i]m,we have

m
; . 1
E () @
i=1 \"" 2
kfm*xm >0m 1 4m]‘—‘[ni5i
Nm 1=

. . . k;
summing over those values of k; =0, -- ,n;,i =1---m, for which ’nl —x;| > 65

(e) for pi,---,pm > Ointegers with 0 < p; < n;, i = 1,2,--- ,m, the (p1,--- ,pm)th derivative of
By 41, et pu (f5 X1, - -+, Xm) may be expressed in terms of (py,- -, pm)th differences of f as

BE;erlpm Mm+Pm (f;xll Ty xm)
(i +pi)! P p ( t ) o —t
= o PR A AR S (1—-x i 25
@1 ;! nzo th—:O AT O Q i (25)

where the Ay is acting with the mesh iy = ”k%l’k’
(f) there is a constant C independent of given positive integers n; such that for all (xq,---,x,) €
[Oll]mr i= 1/' ce,m,



Mathematics 2020, 8, 1397 7 of 34

C

(26)

Tk

1

kq

m
2372
=1

—-1/4
>ng

2. Definition and Properties

We shall now derive the properties of the m-dimensional generalization of the Bernstein polynomials.
First of all, we give m-dimensional generalization of the Bernstein polynomials.

Definition 1 (Generalization). (P. J. Davis [1], page 122)
Let f(x1,-+,xm) be defined on [0,1]™ and n; > 1, i = 1,--- ,m, integers. The (ny,--- , 1 )" Bernstein
polynomial for f(xq,-- -, X) is given by

1y i k )
By oo i (fix, o sxtm) = ) - ) f( 1,---,k) [ 1ok, (x:), (27)

k=0  kn=0 \'1 Mm /) i

n;

where by, , (x;) = <k> xf"(l —x)tiki, =1, m
1

Notice that

Buy,oo i (f31,--,1) = f(1,---,1).

We call By, ... n,, the Bernstein operator; it maps a function f, defined on [0, 1]", to By, ... u,, f, where the
function By, ... n,, f evaluated at (xq,- - -, xy,) is denoted by By, ... u,, (f; X1, - -, Xn). This operator is linear,
since it follows from Equation (27) that

{ By (£30,---,0) = £(0,- - ,0); o8

B”l/‘“r”m (Af + Vg) = ABnlf"‘r”mf + anlf”‘/”mg/ (29)

for all functions f and g defined on [0, 1]", and all real A and p.
Using the results obtained with one variable, it is easy to obtain some pertinent properties for the
generalization of Bernstein polynomials.

Lemma 1.
1 Letm>1,jy,- - ,jmbeintegers. Then,
j ] jl jm m
x11 cexim = 2 Z H‘T’i,kfbki,jf(xi)' (30)
k=0  ku=0i=1

where T, kir ki=0,---,ji, 1 <i< m,are real numbers.
2 Forie{l,---,m}, letn; >1, j; be integer and x; € [0,1]. Then,

Bnlz"';nm (1,‘3{1, e /xm) = 1/

m . m .
By (H"fl}xlﬂ” ,xm> = HBn,- (x?}xi) ’
i=1 i=1

(D)

(a similar result for one variable can be found in References [1,15] for the first equation of the system (31)).
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3 Forie{l,---,m} letx; € [0,1] and a; € R. Then,

By eoe i (exP (i txixi) Xy, ,xm) = lmIBn,v (exp(aix;); x;) = Im—[[xi exp(a;/n;) + (1 — x;)]" (32)
i=1

i=1 i=1

(a similar result for one variable can be found in Reference [1]).
4  Forx; €1[0,1], 1 <i < m,we have

1 o m oy k: i, mo N k; i, L
y ) H( ’) (;{—xi> (1 — )i ‘_H Y ( ) (——x,‘) i1 xg)mh, (33)
k=0  kn=0i=1 \ k; i i=1 k=

Proof of Lemma 1. See References [1,15] for the proofs. [

3. Approximation by Bernstein Polynomials with Several Variables
We express in this theorem our multivariate Bernstein polynomials in terms of differences. A similar

result exists for one variable (see References [1,15]).

Theorem 1. Let f(x1,- - ,xm) be defined on [0, 1]™. We have for positive integers n;, 1 <i <m,

Bi’l1,-~~,nm (f’ X1, 2 Z Atl Af;ln fnlr"'/”m(o’ e /0) | | <t1> xfl/ (34)
1

=0 t=0 i=1

t t )
where fu, ... ny(t1, -+ tm) = f<1,~~~,m) and Af’, i e {1,---,m}, is the tﬁh difference(s)

ny N

(see References [1,15]) related to the i variable x;, and applied with step size h; = 1

i

Proof of Theorem 1. We will sometimes use the square brackets to draw attention on computations of
certain terms.

Bn1 nm(f;xlz' e rxm)

—Z Zf< )ﬁ(") (1 xy)mih (35)

k=0 k=0 i=1
i k1 kz km> n1 Ky _k " n; —k:
S, — x (1 —xp)m™M (1 —x i 36
B k;OL;f<m k) (1) s T () oo

We take the first variable of f and fix the others. Hence f <Zl, e, zm) is seen as a function g <:§1> ,
1 m 1
and we apply the following result from P. J. Davis [1], about Bernstein polynomials with one variable:

=Y Alga(0) (’:) X, (37)
t=0

wheren € Nand g, (t) = g (:1) Then we get
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Bl’ll,“-,?’lm(f;xlr' s Xm )

(5 st (210
k

ko=0  ku=0

_y 1 m\ o (M) () ke ik
~£ B (Bt omie) e (0) L)oo

113 Nm ] k k km . :
SPIREDY (): [}: sy (028, ln) (k - } ‘ (t))

k3=0  ku=0 0 Lk

Toln\ ok ke
<1 X (1 — o) (38)
i=3 ki
. : : . t ka km
We repeat the action with the second variable of the function A}' f { 0, AR , to get
m

Bn1 My (f'xl/‘ e /xm)

n3 2 . m .
BB (B R e fon A p0-r o
m—O m/ g ] 1

k3=0 0ty

Then By, ... n,, (f3 X1, Xm)

- i d @& | & 4 ks km\ [ ks vmsks (i
_k.]Z:O kZ:'o (tlzmzzo k32:0 A ors (OIO/ ns' ”m) (kg) (1) :| 1131 (t,-) xi)
xﬁ(k) (1 — )k (40)
Similarly, with the third variable of Ail A;z f (O, 0, :—3, cee, Z;'") , we get
3 m

B”lr"'r”m (f’ X1, /le)

N n np N3 3 m n; . B
-1 - kzo(zzzafwwf(ooo ’”)H(_) )H(k_)#f'(lx»“l )

k=0 0t,=01t3 i=1 i=4

By repeating, successively, the actions with the 4,51, ... ;™ variables but with the functions
k k k k
AHA&A%f(OOO * In’”)/ AtlAtZAt3At4f<0000 5 ..,J’),...,AilAEZ...AZ"i
4 m m

k
f (O, 0,0,---,0, nm> respectively, we obtain the result. [
m

In order to show the pointwise and uniform convergence of our multivariate Bernstein polynomials, let us
state and prove the following lemma. A similar result exists for one variable (see References [1,15,21,22]).

Lemma 2. Foragiven6; >0, i=1,--- ,mand (x1,--- ,xp) € [0,1]™, we have

m

T H(’Zl>xf‘<l—xi>m-kfsm, )
=1 \"i 2

kfmixm Z(Sm l 4mHnl§l

Ny i=1
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: > §;.

. |k
summing over those values of k; = 0, - - -, n; for which ’l —X;
nl

Proof of Lemma 2. We will sometimes use the square brackets to draw attention to computations of
certain terms.

£ ()0

ki

k1 i=1
——x1|=6; — —Xm|>0m
np N
ny k k n; k —k
- <k>xll<1—x1>ﬂl ! (k)x;u—xr)"f ,
k> i Kom k S\ i=2 \"™
——x2|>0 —Xm|=Z — —x1|201
m

— X1 >(51 — —X3 >53

n ns3
n _ n .

Lol () TT()

k FL{g |

ki k2 i=3

— —Xm|>0m — —Xx2|>6;

M n3

1

2 m
1T ¢ ()<1—> Yy oY ()<1> ”
i . ki ks =3 ki

Nm

>03 >0m

—Xm

By repeating, successively, the actions with k3, - - - , k;;;, we obtain

m n; . I m n; . )
H(z&)x?l(lx»"r K-l T (#)x?(lxi)"f G
i=1 1 i=1 ki !

——Xj| =6
nj

Kin

>0m

—Xm

m

Let us use the following result which can be found in References [1,21,22]:

ny\ k n—k 1
Z (k) X (1 - x) < W’ (45)

wheren,k € N, n #£0, k <n, § > 0and x € [0,1]. We then get
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"o\ ke —k: UL 1 1
Z Z H 5 xi’(l—xi) i—h < H m < —m (46)
kq ko i=1 \™ i=1 \ #Mi9%; 52

Remark 1. Lemma 3 is still valid if the summation is not over all the k;, 1 < i < m but over some of them. In this
case, the upper bound will contain only terms involved in the summation.

The following theorem states for the pointwise and uniform convergence of our Bernstein polynomials
with several variables. It should be mentionned that similar work has been done but only for two variables
(see (Theorem 1.1 in Reference [26]), [30], (Theorems 3, 5 and 8 in [21]), (Theorem 6.7 in [33]), (Lemma 1
in [28]), (Theorem in [32]) and (Theorems 1 and 3 in [7]).

Theorem 2. Let f(x1,---,xy) be bounded in the m-dimensional cube 0 < x; < 1, i = 1,---,m.
Then By,,... n, (fi X1, -+, Xm) converges towards f(xi,---, %) at any point of continuity of this function,
as n; — oo forall i. If f € C[0,1]"™, the limit holds uniformly in [0,1]™.

Proof of Theorem 2. The function f(xi,---,xy) is assumed bounded in [0,1]”. Hence for some

M >0, |f(x1, - ,xm)| <M, ¥Y(x1,--+,xn) € [0,1]™, and therefore for any two points (a1, -, &),
(B1,- -+ Bm) € [0,2]"

[fa, - am) = f(Br,- - Bm)| < 2M. (47)

Let (x1,- -, xm) € [0,1]™ be a point of continuity of f. Given ¢ > 0, we can find éy, - - -, J;, depending

on (xq,- - ,xy) and e such that |f(xy, -, xm) — f(y1, -+, Ym)| < %,whenever lvi —yi| <6, i=1,---,m.

Since By, ... ny (1,1, -+, Xp) =1, we have
f(x]/ tt /xm) = f(xll te /xm)Bnl,---,nm(li x]/ e /xm)

o

k=0  kp=0i=1

21: Xm: f(xll"' ;xm) (Zl> Xfi(lfxi)ni_ki‘ (48)

k=0  ku=0 i=1

Let us consider the set E =[]/ 1{0,--- ,n;},and forj =1, - - - ,m, we define the sets

k:
— . ]

<(5]} and F=E\ (O X -+ x Q) (49)

Then, F = U}, F, with F = { " Ql[,fik] €F: ape{0,1}, Y ay= k}, where

. QO if a; =0 ki
[mk]: i ik c_ ) .M s s b
Q) { OF if ay —1 and kie{0,---,n;} . xi| >0
For Ay = [T, Ql[,fik] € F,k=1,---,m,letus define also Iy, = {i € {1,---,m} : ay = 1} (that

means card (I, ) = k > 1). We have
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|f(x1/' e rxm) - Bnl,n-,nm(f/'xl/' e /xm)|

k1=0 km=0 i=1

k k il ; , ke
EE <;;~--,:;>n<:f>xfz<1—x»"f
k=0 i !

k1=0

kl km>:| i n; k;: ik
X1,- — — e, — X1 = x, )4k
k1=0 km—0|: 1 m) f (7’11 N ];[ ki i ( l)

E Y

k1=0 km=0

k k
xl/ X )_f<1’l;ll’/1’l:’:1) J

o o) (12 )

n N

Using the fact that f is continuous and bounded, we get

‘f(xlr' o /xm) - Bnl,»-«,nm(f/'xlr' o ,xm)|

m
< Z Zl_[ (nl> l—x nj— l+2MZ. (:l) 1—x) k,‘/
O Qp i=1 F i=1 i
e ny nmm n; k< m ; m
< = - Y T1 X (1 —x)"™ ki pom Z ) H 1—xi)""*k", since F = J F
2050 kmmoi=1 \Ki 1=1 Ak i=1 \ ki =1
< %Bnl,,..,nm(l;xl,u B +2M;AZF1"{( ) (1= axg)nih,
1EFR 1 i

IN

m m .
% +2M) 11 (n,) xf.”(l — x;)"~%  (using Equation (31)).

z'"(‘)x<1x"~z ZH() 1x1n~nz(> -k,
A i=1 \ k; Qe i=1 \ K i=1 ) \ ki

ql! Qli
using a similar proof as in Lemma 1. Fori € {1,--- ,m},

- ifay =0, thismeans i ¢ I4, then,

Y i xf"(l—xi)”i*k"zz (1—x yri—ki < Z 1—x) i~k =1
;] ki Q; kl
QHII i

- ifa; = 1that meansi € I, then

n; k; i—ki _ n ni—k; 1
Z (k:) X; (1—x;)"i " = Z (k:) X; =)t < I, 52

o o
1

1

12 of 34

(50)

(1)

(52)

(53)

(54)
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(using Equation (45)).

Hence, fori,l € {1,--- ,m},

A ) 1 if i g1y,
i ni—Ki
Z X (]‘ - xi) < 152 ifie IAI/ (55)
41’11' i

and this implies

o1 (i k; n;—k;
le (h) i (1—x)"h < T i 52 (56)

ZEIA

Therefore,

If(xq,- -, x )—Bn]/.“, (fix, o xm)|

e 2M
<MY T lpm-5+L ¥ g
=1A;€f lEIA 471 52 2 I=1A/eF HiGIA[ 47’11512
e & 2M
< -+ 2 ——————— (because card (I4,) =1),
2 3 A/€F, n! HiEIA[ 4‘51'2 :
e 1 2M
< f—l-fz Z ——— (withn=min(n;: i=1,---,m)). (57)
2 n I=1 Ak, HiGI} 452
. . 1 . 2M €
For ny, - - -, ny sufficiently large (that means n sufficiently large), we have = Yt XAerR o 52 <5
iGll
Therefore, e e
|f(x1/' e /xm) - Bnl,---,nm(f/‘xlz' . /xm)| < 5 + 5 =& (58)
Here, it should be noticed that the minimum integer #, such that
|f(x1/' t /xm> - Bnl,m,n,,,(f;xl/' o /xm)| S € vnl/' R L] 2 n 2 ﬁ/ (59)

depends on 4y, -+ ,d;, which themselves depend on xq,---,x;, and e. That is why we only have a
pointwise convergence.

Suppose now that f € C[0,1]", then f is uniformly continuous on [0,1]" that is, given € >0,
we can find d1, -, depending just on ¢ but not on any element in [0,1], such that

|, xm) — f(y, - Ym)| <3 ,forall (x1,---,xm), (Y1, ,ym) € [0,1]" satisfying |x; — y;| < ¢;,
i=1,---,m. By following the same process, we obtain that

£ 1 &
—_B, .. Sxq e |< =+ = 2
|f(x1/ /xm) nq, ,}’lm(flxlr / = 2 n - I—LEIZ : (60)

forall x1,- -+ ,xy € [0,1]and n = min (n;: i =1,---,m). Hence, there exist 77 depending only on ¢ and
noton xq,- -+, Xy, such that

|f(x1/"' /xm) _Bl’ll,w,ﬂm(f;xlr”' /xm)| <Eg, VX],' e, Xm € [011] (61)

and ny,- -+ ,ny > n > . Therefore, the convergence is uniform in [0,1]™. O
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We express now, in Lemma 3, the (py, - - - , pm)-th derivative of our multivariate Bernstein polynomials
of order (ny + p1,- -+, nm + pm)-th in terms of (p1, - - - , pm)-th differences of the corresponding functions.
A similar result exists for one variable (see References [1,15]).

Lemma 3. For py,--- ,pm > 0integers with0 < p; < n;, i = 1,2,--- ,m, the (p1,- - - , pm)-th derivative of
Byt pyoe imtp (f5 X1, - -+, Xim) may be expressed in terms of (p1,- - -, pm)-th differences of f as

Bgl;pll nn1+pm (f/ xl/ e /xm)

— [H (n; +.Pz Z Z AP Af,{nf( o tw )H (7:;) X (1—x;)" 7l (62)

i=1 H=0  tu=0 n1+p1 m + Pm

Proof of Lemma 3. We will sometimes use the square brackets to draw attention on computations of
certain terms. We write

B"1+P1w",nm+}7m (f’ X1, /xm)

:nlipl ”mJFZme ( . ) Im—[ (1@) 1 — X )nl ki
n+p1’ "y + Pm/) i3 ki ’
ny+po ”m+pm ny+pq
= Z Z [ Z f<n1+p1 nm+pm < ) xl)nlkl‘|

k1 =0 k=0
k=0 km=0 | k;=0
x]‘[<”’> i1 — x;)hi ki, 63)

kq kum
n1+Pl, ,nm+Pm

We take the first variable of f and fix the others. Hence, f ( ) is seen as a

function g; (n ﬁp >:
1+ p1

B”1+p1f"'/nrn+Prn (f/ X1,y Xm)

ny+pa Ny+pm | N1+p1 k n X m n , ,
Z Z [ Z e ( —: > < 1> (1 —xp)™ k1‘| H (kz i1 _xl,)nrkl,
ky =0 k=0 | k;=0 p1 i—2 \ K

}’lz-i—pz nm"!‘Pm m n; ‘
- =Y Buap(gux) ][] L i(1— x;)"h, (64)
ky=0 k=0 i=2 \ [

Hence

- np+pa nm+Pm m 1 k. ok
B”1+P1/ HerPm(f;xl"”’x’”) = Z Z Bn1+P1(g1’x1)H ki xil(lfxi) o (65)

kr=0 k=0 i=2

Let us use the following result from P. ]. Davis [1]:

Bfl’i)p(f;x) = (n;:i'p)' i)ﬁ”fmp (t) (T;) (1 —x)", (66)
I A

where n,p € Nand f, 1, (t) = f ( > We then get

n+p



Mathematics 2020, 8, 1397 15 of 34

Bittpn et (330,71 0m)

np+p2 N +Pm UL i

_ Z o 2 (n1 + p1 Z A ( ) ny (1 ~xy)meh H i(1- x,)n,-—ki,
= K= ! 1=0 n+p1 i=2

_ nzﬁﬂz o ﬂmgm M "2 plf ( ko . n]ftl
k=0 ku=0 ) mtprmtp + p’”

xﬁ( ) 1 — )™ —ki,
i=2

n3+ps m+pm 4 [ ny+po k k
Yooy (WZ{Z P1f< 2 .k >

k3=0 km=0 H=0 | k=0 m+p1’na+py i+ Pm

ks t i=3 \ ki

tl k2 km >
nm+pina+p’ et pm)’

We repeat the action with the second variable of the function Afl f (

we get

B s et (Fi1, 72 3m)

n3+p: M+ Pm n n
323444 Z ((H n; +pz ) 21 ZZI 21 Apz < t , ty

,
k3=0 Kin=0 i1 £=0£=0 n+p1 Nyt p2

k3 K ) 2 nj t —y n n; k; —k;
PERRIN [ xi(1—x)" | T X7 (1 — )i,
nz + p3 M+ Pm ) i3 t; ' ( 0 i=3 \ k; ! ( 0

n3+p3 M +Pm 2 n; + ny np n3+ps ¢ ¢
L L ((H ! pl ) L L [ L A Amf(m-ll-lﬂl'nz-ipz'

k3=0 k=0 i=1 t1=01t,=0 | k3=0
2 n; m i
T (1 — )t H (1 —x;)mihi, (68)
i=1 \ 't i=4

k3 S, km ) n3 x33 (1 )n3—k3
n3 + p3 Ny + Pm ks
t ta k3

After, we continue the same action with the third variable of A;l A;z f( , p PR
ny+p1 np+p2 n3+p3

k
7’”) and get
nm + pm
P1,P2,P3 .
Bn1+p1, M+ Pm (flx]/’ .. ,xm)

ng+py Ny +Pm

= Z Z ﬁ(ni+'pi)! iz: Afl A§2f< f , ) ) t3

k3=0 kn=0 \ \i=1 ™’ t=0 n+p1’ na+p2 3+ ps’

k k 3 (n;\ & m

ot ) ROl b B I EA IR L (69)
Ny + pa M + Pm i= £ i=4 kz

which can be written as
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Bf’l;if;}ﬁ?? Mm~+Pm (f/'x], e /xm)

n5+ps N+ Pm 3 (”i"‘Pi)! ny np ng n4+P4Ap] APZ APS tr
= Z Z ((HW>ZZZ[Z f(n1+P1 1y + pa’

ks=0 k=0 i=1 £1=0 £,=0 t3=0 | k,=0

3 .
s ks km) M) s xgymh | TT(™) @ — gy
N3 +p3 14+ ps N + Pm ty i=1 \ i

><]‘[<”1> i1 — x;)ni ki (70)

By repeating successively the actions with the 4 — th,5 — th, - - - , m — th variables but with the functions

t t k k
A?Atz t3f 2 3 4 S, m )
?11+P1 ny+p2’ n3+ps’ ny+ ps’ My + Pm
A“AtzAt?*At“f( a 2 £ ks K >
mi+p1’na+p n3+p3ng+ps ns+ps’ Tngt+pm)’
ty tp tm—1 kim

f1 At2 tm—1
Al AZ A

1 , PR , respectively, we obtain the result. [
ny+p1 na2+p2 N1+ Pm—1 "m + Pm

Let us see how to deduce the monotonicity, the fixed sign of the (p1,---, pm)-th derivative,
the convexity, and the upper and lower bounds of our multivariate Bernstein polynomials from those of
the corresponding function. Similar results exist for one variable (see References [1,21,31]).

Theorem 3. Let 0 < p; < n;, i =1,---,m, be fixed integers and the restriction of f to each of its variables i
belong to CFi[0,1], i =1,--- ,m.If

A< FPDm)(xy, o0 %) < B, (x1,-++,xm) € [0,1]", 1)

then A < L Bpl.p”’ X1, ,xm) < B 72
== P A o) < 72

with (x1,- -+ ,xm) € [0,1]™. Forall p; =0, i =1,-- -, m, the multiplier of B,’Z p’" is to be interpreted as 1.
S I FPO ) (2, x) >0, (x1,0 0, xm) € [0,1]™, then
Bhl A (fixa, o xm) >0, (x1,0++,xm) € [0,1]™ (73)
- If f(xq,- -+, xm) is convex on [0,1]™, then By,,... n,, (f; X1, -+ , Xm) is convex on [0,1]™.

Proof of Theorem 3. We begin with Equation (62) and replace n; by n; — p;, i = 1,--- ,m. We have

=0 tn=0

x ]’I <”1> (1—x;)"Piti, (74)

P1s- Pm o R et P1 pm t Em
Bul i (fix1, e, x H Pz) Z Z AP “'Amf(nl’m’nn)
i=

Let us use the following result from P. J. Davis [1]: for g € CP[a,b]anda =¢y < ey < --- < e, =1
withe; = eg+ih € R, h = ¢;;1 — ¢;, a subdivision of [a, b],
APg(xp)

Jeo €leo, epl, W gP)(eo). (75)
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. . . 1 .
Then we get for any variable of f with stepsizeh; = —, i=1,---,m,
n;

(p1)-+(pm)
Afl...A:;rf<f1,... fm)_fl (Bry, o~ vt (76)

7 7
n M nit

where n—l <egy < ﬂ, i=1,---,m. Thus,

i n;

Bius o (320, Xm)
m . m—pi Mm—p .. m
= ( 7111! '> Z .. W’Zm f P p;;) (€t1/ etm H <”z ) (1 _ xl,)ni—Pi—ti
izt (mi—pi) ) = tm=0 it i=1 ti

m . R . . ni—p1 Nm—Pm
:<an<nl SENC pl+1>> L ey o)

£=0 t=0

X ﬁ <”" ; p’) (1 — x;)mPih, 77)

A S f(Pl)"'(Prn)(xlr. .. ,xm) S B, (_Xll' . ,xm) S [0, 1]m (78)
= A< f(Pl)“‘(Pm)(gtl,. .. /8fm) <B (79)
(p2)-~ (o) A~ Ay CE A ——
— A< fPl Pm (gtlr...rgtm) Z 2 . xi'(l—xi) i—Pi~ti < B (80)
£=0 =0 i=1 i

n—p1 Nm—Pm m n: — p
since Z Z H lf{ !
i

#1=0 tm=0 i=1

n—p1 Nm—Pm

= A< Z Z fpl (pm) Str" gtm)

tl =0 tm =0 i

N———

X1 — )P = 1) (81)

<7‘li t_ pl) Xfi(l _ xi)”ifpi*ti S B (82)

=

1

Il
—_

1 nt .
= A< n'(n~—1)---l(n‘—p‘+l) Bpl’ ’,’i,';’(f;xl,---,xm)SB for all (83)
—1 Wi\ i i

(x1,-++,xm) €[0,1]" (using (77)). (84)

1

When all p; = 0, the multiplier of B}/ /" is

m Yl?i m (n'_p‘)!l’lpi
1 = %:1 :0v1:1,,m
E”i(”i—l)"'(ni—;?i—l—l) E P (pi )
* Iff p1)-(pm) ( R ,Xm) >0, (xll. .. /xm) c [0,1]m, we set A — 0 and obtain
- nlpi pP1roop
0< BRI P L o5
- E”i(”i_l)”'(ni—}?i-l-l) e i (f3 X1 Xm) (85)

forall (x1,- -+, xm) € [0,1]™. This means BL 1" (f;x1, -+, xm) >0, (x1,-++,xm) € [0,1]™.
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FO-@ (e, e )

2 2
nl...nm

> ( since

t t
* If f is convex, A% e A2m f <111' ., nm) > 0 and hence we have
1 m

F ) ey, - ey,) p t tm .
m/ — APLLL AP o Im h (2)-+(2) > 0.
" P A () this means fO @ (e, e,) > 0

Thus, from (77) with p; =2Vi=1,--- ,m,

”1/ /nm (f x]/ ;X m) Z 0/ (X],' t /xm) S [0/ 1]111 (86)

This implies that By, ... 4, is convex in every closed interval of (0,1)". Since By, ,... u,, is continuous,
it is convex in [0, 1)™.
O

Corollary 1. If f(x1,- -+ ,Xp) is decreasing (resp. nondecreasing) on [0, 1] with respect to the variable x;, i €
{1,---,m}, then By,,... n, (f;x1,- -+, Xm) is decreasing (resp. nondecreasing) with respect to the variable x;,
ie{l,---,m}on[-1,1].

Proof of Corollary 1. We just use Theorem 3, and the rest follows easily. 0

The following theorem states for the pointwise and uniform convergence of the (py,-- -, pm)th
derivative of our multivariate Bernstein polynomials, compare ([35] Theorem of Kingsley) and ([28]
Theorem 1) (just for two variables), and ([25] Theorem 4) and ([7] Theorem 2).

Theorem 4. Let 0 < p; < n;, i = 0,---,m, be fixed integers, f uniformly continuous on [0,1]™ and
oFi . . .
5 Z also uniformly continuous on [0,1]", i = 1,--- ,m. Then Bﬁ},’...,’m’ (f;x1,--+ ,xm) converges towards
! i

1

e (om) (xq, - -+, ) uniformly on [0,1]™.

Proof of Theorem 4. We have already shown that the the above result holds for p; = 0,Vi =0,---,m
We have to look at the case where p; are not all Zero.
We begin with the expression for Bn1 +P1; S (f;x1,--+,xm) given in Equation (62) and write

<using Equation (75) with h; = ,i=1,---,m

ni+ pi
AP pb g (m im'. . nmtj:pm> _ f(pl)”:lp"l)(ftlw ';.IStm)’ (87)
g(nﬂrm) l
where —— g, < %, i=1,---,m We get

B51+plr ,nm+p,n(f X1, /xm)

o (”1+Pz P Pm < t tm > - n; tiq _ o \mi—t
_<H )2 ZA AP F it o H /. X (1—x;)

i=1 tm=0 =1

(et V8 g2 o

i=1 =0 tm=0 i=1

which gives us
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Hm i ) Pi

7’11«(7’11 +pl) DL P ‘

<‘ 1 W Bnl-"—pl""rnm"rpm (f/ X1, ,xm)
i=

2 Z f p1): gt e ,gtm)ﬁ (?) xfi(l — )it

tm=0 i=1
We then approximate f(i"l)"'(p'”) (€, -+ ,€t,) Writing

f(p])---(Pm)(gtl,. )

(o) (g, e ) — fp0ew) (L pO-(pm) (B
f ( tl’ 4 tm) f 4 +f 7 7

ny Tlm ny
We thus obtain
;! ”1+Pz )Pi

Bpl, ,p.".l. ( s X1, X )

(H 771 + pl ny+p1, M+ Pm f m
N tl tm

Z 3 ( () (,--~,)+(f("1>"'<f’m>(et1,-~,et,,,)

=0 ty=0 m Mm

o) (FL B (T "
S (”1' Wm)))ﬂ(ﬁ) A

=Ty(x1, -, Xm) + Ta(x1,- -+, xp) where

Nm ¢ ¢
Ti(x1,-- , Xm) = Z prl “(pm) (1,...’"1)

1=0  ty=0 m Mm

ne () s
l

T2(X1,"' /xm) = 2 Z |:f p1)- Pm 81‘ A /gtm)

= tm=0

ok ti + pi
‘ nitpi  oni o omit+pi’
i=1,---,m,that

Since

__phi _fi+Pi<t__Q<ti+Pi_ N
nit+pi  nmitpi nitp bonp omptpr nitpi nitp;
. . t; pi .
fori = 1,---,m. This means |e;, — — , i =1,--
1; nj + pi

1) (m) (xy, -+, x), given € > 0, we can find ;) such that for all n; > 1,y and all ¢;,

‘fm)m(pm)(gtl,. e ) — fpom) (fl,. . ) ’ <e

ni Tlm

Thus, To(x1, - - - , xm) converges uniformly to zero on [0,1]™. We have

19 of 34

(89)

tm

Tlm) . (90)
©1)
©2)

t Em m n; f ni—t:
— f(p1)(pm) <1111 .. nm)] " <ti> xl% (1—x;)miti.

i=1,---,m t;=0,---,n;, it follows from the bounds on &,

(93)

- ,m. From the uniform continuity of

(94)
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ﬁn (n; + pi)Pi

—1asn;—oo, Vi=1,---,m, (95)
i=1 7’1+Pz)

and we see from Theorem 2) with f(P1)*(Pn) in place of f that Tj(xy,- - -, xu) converges uniformly to
Fp1)(pm) (xy, -, x). This completes the proof. [

The following theorem, in the case where f is a convex function, is the generalization of the inequality
related to the decreasing of the sequence of Bernstein’s polynomials with one variable (see References [1,31]).

Theorem 5. Let f(x1,- -, xy) be convex in [0,1]™. Then, for n; =2,3,--- ,i=1,--- ,m, we have
Bn1—1,~~~,nm—1(f;x1/"' /xm) Z Bl’l1,-“,i’lm(f/.x1/“' /xm)/ (xll"' /xm) E [Oll]m (96)
Proof of Theorem 5. The case of one variable is already solved (see P. J. Davis [1]). Because of long

calculations and space limitations, we will just show how this theorem works for three variables (we did
not choose the case of two variables because with three variables, our strategy is well illustrated and we

. . . X .
can easily use it for any large number of variables). Set t; = 1 ‘—, i=1,2,3. Then,
. L . k:
O R 97)
_ -1 4 k —k;—1 i
1+t =(1—x)""4, (1T —x) 5 =t (1+t),
and
(1—x1) 7" (1 = x2) "2 (1 — x3) ™" (Buy—1,1y—1,m3—1 (f3 X1, %2, X3) — Buy sy ns (f5 X1, %2, X3))
_nil nzz—;l 1132—1f ( ki ko k3 ) ﬁ n—1 ki(l _ x.)*ki*1
— i 1
k1 =0 ky—0 k3—0 m—1"n—-1"n-1)73\ K '
ny  np ns 3
,Zzzf<k1 ky k3 H (1 —xy)7ki
k=0ky=0k;—0 \'"1 na'ns ) g
m—1ny—1n3—1 k 3 _
1
= (I+1t)
klz::OkZ:Okg,:O (”1*1 ny — 1’ "31>H< ki ) l
Ty Y f<’L1 k. g
Koksoke \m ”3
_ 2 " Z]:Jrh " ZHIZ "3 i+,3f ( —iy kp—iy k3 — 1'3) np—1 ny —1 nz —1 1 ke s
T ] ] 1" nmp—1"n3—1 i j 2 B
iLinise {01} ki=iy  kp=iy 2- 3 ky —iy | \ka—i2 ) \ks—1i3
n np N3 ki k> k
-y ¥ 2f<*1'*2r*3> n (2 s
K =0ky=0ks=0 \TM1 12 73 k1 ko k3
B Z n1—21+i1 nziﬂ'z n3§l+i3f (kl —ip ky—ip k3 — i3> n —1 ny —1 ny—1 1 gl ks
= , , ) ) . 2 i3
iinise {01} ki=iy  ka—iy  ks—i m=1m=1"n-1)\ky—iy) \kn—ir) \ks—is) '
ny ny n3 k k k
SRy (R ) () () e
K1=0ky=0ks=0 N1 1213/ \ky | \ko | \ k3
= Fnl,nz,n3 (tll t, t3)- (98)

Fuy npns (t1, t2, 13) is a polynomial of the variables t;, t; and t3. It can be written as
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kq,ko,ks ki ko K
Fm np,n3 tl/t2/ t3 Z Z Z Fnll nzz 1133t 't zt . (99)
=0ky=0kz=

To have our result, we just need to prove that Fy;, u, n, (t1, 2, t3) is positive.
For i, € {0,1} withe € {1,2,3}, we define
- 0if i, =1;
— 100
5 {1ifz'e:0. (100)
Now, we will analyse all the possibilities of the summand Fﬁlll,?zl% 1 tkztgs of our polynomial
Fu, npns (t1, t2, t3). For simplicity and depending of the upper and lower bounds of (99), we will write
Fnl,nz,n3 (t], t2/ t?)) as

Fnl,nz,n3 (tll f2, t3) = F;Lll/”Z/”B (tll t2, t?)) + Fil/”ZrWS (tll ta, t3) + F?z],nz,ns (tll t2, t3) + F:lzl/nzln3 (tll t2, t3)/ (101)

where

* F%l,nzm(thtz, t3) is the sum withindex1 < k; <m —1,1<ky <mp—land1<k; <nz—1;
* P .o (t1,t2, t3) is the sum where all the index k;, i € {1,2,3} start at 1, but with just one index
reaching the upper bound n;, i € {1,2,3};

* B, s (f1, 12, £3) is the sum where all the index k; are less or equal to n; — 1,7 € {1,2,3}, but just one
index k;, i € {1,2,3} reaching the lower bound 0;
*  Fh s (f1,t2,13) is the rest of the sum in Equation (99) after removing the terms F}, ., .. (f1,t2,t3),

Fil Ho i3 (i’l, tr, i’3) and Filrn21n3 (t1, tr, t3).

- Case 1: First, we take the sum withindex1 <k; <n;—1,1<ky <m—land1 <kz <nz3—1in
Equation (99). We obtain

F}r],nz,n3 (tl/ ta, t3)
_nlz—:lnzz—:lnil Z f(kl_il ky —ip k3_1‘3> np —1 np —1 n3—1
Kt ka1 ka1 \iinefor} N1 71 T =1 s =1) \ g iy ) \ky—in) \ks—i3
L (ki’ ko ﬁ) m) () () ) e, (102)
ny n ns kl k2 k3
Next, we add and subtract the following expression in F}, nyms (11, 12, 3) to obtain:
ny—lmy—1ng—1 ki—i ko—ir ks n —1 ny —1 n3
bogp ol ol U S e B Ry 1 P | W
ky=1ky=1k3=1 \iy,ipe{0,1} k1 —ip ko —ia k3
—i —1
+ Y f (k] bl ki) " ) ) e, (103)
pepy Nmmlimins )\ g f \ kg ) \ ks

Next, we group now the terms in F}, Loy (1, t2, 3) given by the previous expression in the following
three blocks: F}, .. .. (t1, 2, t3) = By + By + B3 with

\IN)
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ny—lny—1nz—1 ki—ip kp—ip kz—1is n—1 ny —1 n3—1
o o Sl I T U e el | |
ki=1 ky=1ks=1 \i1,in,i3e{0,1} mo=1im =1t =1 Ak —iy ) \ke—i2) \ks—1is
+f kl_il,kz_iz,kS_E 1’11*1 1’1271 n3fi
m—1m—=1"n3—1)\k—iy) \kn—ir) \ks—13
i —i -1 -1
S (P o ) ) e (109
1’!171 nz*l ns kl_il kz—iz k3
m=lny=lnz—1 ki—i7 kn—ip k3 m—1\) =1\ [n3
N Il N e o e L
=1 k=1ks=1 \i1,ire{0,1} m—1"n—1"n ki —ip ko —ip | \ks
+f klfl'l,kz*g,ki ny—1 nZ_i n3
n—1"n—1"n3 ky — 1y ko — iy k3
— -1
s <k1 11,Q,k73> m AN R g, (105)
m—1"nm"ny) \ g, —i; ko k3
n—1ny—1nz—1 ki—i1 ky k3 n—1 np ns
e ol I A e N
k=1 ky=1ks=1 \i;€{0,1} n —1"ny" ng ki—i1) \ka) \ks
+f kl*ﬂ,k—z,k—a men) ) (e
np—1"ny" n3 ki —1i; ko k3
S 6) 6
ny np N3 kq k> k3

We are going to show that B; > 0 for i € {1,2,3}. It is obvious that

(n ; 1) _ (Z) n ; k (n>k+1) and (Z_i) = (:) % (n > k) with k, n positive integers. (107)

Now, using Equation (107) in each B; we get

5 nlilnzz—lnil Z <”l —]) <n2—1> <”3> <Vl3*k3f<k1 —i1 kp—ip k3 )
1= , ) , ,

ki=1ky=1ks=1 \ip,inc{01} \kK1 —i1) \ka —i2 ) \k3 n3 m—1"np—1"n3 -1
Lk <k1—i1 ky — i k3—1>_f<k1—i1 ky — iy g))

ns Vllfllﬂz*l’n?,*l 711*1/712*1/713

n—1 np —1 ns k3 kl_il kz—iz k3—1
L,y < )( )( )(nf m—1"n-1mn-1
inire(o1y \k1 —i1) \ka —ia) \ks 3 1 2 3

+1’l3*k3f<k1*i1 ko—ir k3 >7f<k1*i1 ko — iy ﬁ)))tllqtgztég, (108)

ns n1—1'n2—1'n3—1 111—1,712—1,713
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Ty nsl nm—1 ny—ky  (ki—in ky k
_ 1 2 — K2 1—h 2 k3
Bz_kZlkZlkZl < >< )( >< 1y f<”1—1’”2—1’”3)
1=1ky=1 k3= i1€{0,1}
kz kl 11 kz 1 k3 11 kz k3
+n2f<n1—1 np—1’ 1’13) f(nl—l ny’ n;:,))
1/11—1 np <k2 <k 11 k2 1 k3)
+ .
ile%,l} <k1—11> <k2> <k3> nzf 1’[1—1 1’12—1 ns
np—ky . (ki—ir ko ks ky —ir ky ks ky o ks
1o f(nl—l'nz 1’ n3> f(nl—l’nz'ng,)))tl 2t (109)
motmaZ s 1 (0 N () (s (m —k ki ko k
Bx — 1 2 3 ( 1 1 ( 1 ,2,3>
k ki—1 ky k ki ko k
LR ()
ny Tll—l 1’12 ns ny np ns
+ nq np ns kil'f k1 1 kz k3
k1 kz k3 ni 1/11—1 1’12 ns
ny —ky ki ky ks ki ko k3 ki Ky ks
* ni f(”ll ny’ n3 -f "71/”72'7173 SRR (110)

which implies that B; > 0, i € {1,2,3} by the convexity of f and the fact that t;, ¢, and t3 are

also positive.
- Case 2: We take the sum in Equation (99), where all the index start at 1, but just one index k;,

i € {1,2,3} reaches the upper bound n;, i € {1,2,3}. This corresponds to Fn1 nyn5 (F1, 2, t3) Which
can be written as

F%‘l] M2,N3 (tlf tz’ t3) = F%l,ll,nz,i’lg, (tll t2/ t3) + F%az,nz,ng, (tll t2/ t3) + F%l’f,l’lz,n:g (tlf tz’ t3) (111)

where F%,],nz ns (t1, 12, t3) is the sum where the index k; reaches the upper bound #; for i € {1,2,3}.
We have to show that Fnl,nz,n3 (t1,t2,t3), 1 € {1,2,3}, are positive. Let us start with Fnl,nz,n3 (t1, 1, t3):

naZ g1 ky—ip ks—iz\ (nma—1Y\ (n3—1
FZ] t,t,t 1, 2 2, 3 3 2 3
g 3 \P1r 227 73 2 2 2 f< 112*1 1’13*1 k2—i2 k3—i3

k2 1 k3 1 iz,i3€{0,1}
. kz k3 ns ns n1 ko k3
r(nl ) <k> (k»t b an)

We add and subtract the following expression in Fnl oz (P, 12, 13)

7[2—1 11371 k _ k _ 1
2 12 73 nz n3 nq k2 k3
Z Z Z f (1’ fy — 1’ Tl3) <k2 _ i2> (kg) tl t2 t3 : (113)

kr=1kz=1 izG{O,l}

We now group the terms in F%ﬁl,nz,ns (t1,t2, t3) in the following two blocks:
2,1 _ :
Fnl,nz,n3 (tll t2/ t3) - Bl + B2 with
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ny—1n3—1 k ka — i _ _
b= k22:1 kél <i2,i3§0,1} <f ( = Zf n33 B 1) (Zzz llZ) (Z; 113)
ez o) (o) ()
052 (000) (1)) e 9
ny—1n3—1 o —ir k 1
B8 (8, (055 (270) ()
AR DR
We are going to show that B; > 0 for i € {1,2}. Using (107) in each B;, we get
ny—1n3—1 _ —k kyr —i k
nEE (z (0) () (5 ()
ol (i)~ (5= 0)
o () () (i
ey \k2 — 12 3 3 2 3

n3z — k3 ko —iy k3 B ko —ip ks 11 ky ks
+= f(l,n21,n31> f(l'nzl'ng £k, (116)
ma 1m0 N (g (1m0 —k k, k k ky—1 k
B, — 2 3 ( 2 —ky (1/ 2 ’3>+2 (1/ 2 /3)
2 kZZ::1 k3Z—1 <<k2> <k3> np f np — 1 ns ny ny — 1 ns
k2 k3 nq kz k3
(1)) s, a1

which implies that B; > 0, i € {1,2} by the convexity of f and the fact that t;, t, and t3 are
also positive.

Using a similar reasoning as for F%’ll,nzlns(tl,tz, t3), one shows that F,%’lz,nZ,nS(tl,tz, t3) and

F%f nyns (t1, 12, 13) are also positive. The main difference appears in the expression that we add

and subtract:

(1) for F%’ﬁnz,ns (t1,t2,t3), the added and subtracted expression is

nlil ﬂil Z f kl -0 1 E np—1 3 tkl 2 t ks, (118)
ki=1ks=1 \i n—1"n3) \ky—iy) \ ks 2
1=1 k3= 116{0,1}

(ii) for Ffl’ﬁnzm (t1,t2,t3), the added and subtracted expression is

ST x () (o)) (2] e am
jacy . 102713
Nt n —1"ny ky —i1 ) \ k2
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- Case 3: We take the sum in Equation (99), where all the index k; are less or equal ton; — 1,i € {1,2,3},
but just one index k;, i € {1,2,3} reaching the lower bound 0. This corresponds to F> unans (F1t2,13)
which can be written as

By ons(tuta ts) =Fol o (t, b, 1) + B o (bt t3) + B2 (f, 1, t3), (120)

where F?z'f,nz,m(tl/ fy, t3) is the sum where the index k; reaches the lower bound 0 for i € {1,2,3}.
We have
np—1nz—1
g1 T v FOkaks ko k3
nq,no,n3 tl/ t2r t3 Z Z ni,np,n3 t2 t
ka=1 k3=1
3,1 Il ok
Fn1 Nno N3 t]/t2/ t3 Z Z Fnll,nzsmt 't (121)
k=1 k=1
3 1 n)— 1 np— 1 o o 0
Fnl Mo N3 tl/ t2, t3 Z 2 Fnllrnzzl n3
ki=1ky=1

Using a similar reasoning as in case 2, one shows that Fn1 noms (t1,t2,£3), 1 € {1,2,3}, are positive.
The main difference appears in the expression that we add and subtract:

(1) for F%’]llnz/ns (t1,t2,t3), the added and subtracted expression is

Mi nf Y op(ofem ke (mam 1) (73] ) ks (122)
ko=1kz=1 \i f "ny—1"n3) \ka —iz ) \ k3 ?
=1 k3= 126{0,1}

(ii) for ng'lz,nz,ns (t1,t2,t3), the added and subtracted expression is

n171n3—1 k . k3 n _1 " .
L Ll X f< 1f1 0 > (kl—z k3 Bt (123)
k1=1k3=1 \i;€{0,1} 2 1—h 3

(iii)  for sz ny,ns (H1, 12, 13), the added and subtracted expression is

1’11711’!271 k g k _ 1
1—h K2 ny np k1 ko
Z Z ) Z f (?12 -1’ 1’12’0> (kl _ ll) (kz) tl tZ : (124)

k1:1 k2:1 136{0,1}

- Case 4 We take in Equation (99) the rest of the sum after removing F7111,n2,n3(t1't2/ t3),
F%an,ng(tlfth t3) and FZ1,nz,n3(t1't2/ t3). This corresponds to Fn1 1o, n3(t1,t2, t3) and has all its terms

related with the following monomials: te‘tj t][J , tg“tj £y totgtg, tk“t J t i in (99) where e, j,p €

{1,2,3}, e #j, e #p, j#p andk, € {1,--- 0, — 1} In this case we do not need to add and
subtract some expressions in Fj Loy (1, t2, 13) which can be written as
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Fﬁl,nz,m (tlr ta, t3)

ny—1 _ —
= Z ny (711 klf( k1 ,O,O)+ﬁf(k1 1’0,Q>7f(k—1,0,0>>t11(1
ko1 \ ki 1y np—1 ny np—1 ny

ny—1

B (1) (5 ) 2 (5 s ()
B (1) (25 o)+ o) 0 2)8
() (Rt () () o () s
V(1) (5 () ) )
CE (1) (ot e B (52 (o)t
() (i () b () - (10) e
B () [ (on) i (o) <o (o) o
B () (2 () - () s ()
CE () (o) B 0 5) )
5 (2) (5520 (0 B (0 220) s (0 )
+:21 (Zj) (n3n—3k3f <o,1, naki1> + k—zf (0,1, zz:D ~f <o1%)) £, (125)

Then Fj,, ., 1, (t1, f2, t3) is positive since f is convex and all the #;, i € {1,2,3}, are positive.
O

4. Order of Convergence

To provide information about the speed of convergence of multivariate Bernstein polynomials,
we need the following intermediate result. This result also exists for one variable (see (Reference [1]
Lemma 6.3.5)).

Lemma 4. There is a constant C independent of n; such that, for all
(xl/' t /xm) S [Oll]ml Z - 1/' ce,m,

Y . Y Im‘[ (ZZ) xfi(l —x)iki < mL (126)
km i=1 !

i ] 3/2
LN PV [Tn

kq
- i=1

ny

Z”;1/4 —Xm

N
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Proof of Lemma 4. We will sometimes use the square brackets to draw attention to computations of
certain terms.

i=1
>n7l/4

m .
R o (PR
Ko l
— —Xm

Nin

kq

R A

Zn]

S » T (1)
kq
k2 _ km N kl

N P e e YAl | Fae S PV
np N ny
m
i k n;—k
T (1) -,
i=2 \"i
ny\ k n—k
= kl xq (1 xl) 1—K1 .
k k k
— —xy 2y /4 N A L Pl
n ns Ny
M) W2 — )2k o (i ki(l_ .)”i_ki
ko |2 (1—x2) I1 o X
k2 2 i=3 1
.
1y
2
nj ni—k
T r ([ y
i=1 )
x|z AT LA [V
n; ns m
m
n; ki ni—k:
I <k> x; (1 — o)k (127)
i=3 \ i
By repeating successively the actions with k3, k4, - - - , ky,, we obtain
m n; B m n; k B
. Y H <k1> xf‘(lfxl-)”‘ ki = H Yy ( Z) (1 — x)mi ki, (128)
kfl*xl >ng 14 & Xm >”ml/4 - ' o &*xx >n; 4 i
1nq Ny ni

Let us use the following result which can be found in References [1,21,22]: There is a constant C
independent of a given positive integer n such that for all x in [0, 1],

y (Z) (1 —x)nk < % (129)

2n71/4

k

——X
n

By applying this to any x;, i = {1,--- ,m}, we have
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r oIl (k) X (1= )"k

kim

kflfxl > /4 — —Xnm >n71/4l
ni ! My -
11(-& ith C 1
< q an with C; constants (130)
i=1 \ "
__C with C constant (C = Cy -+ Cy). (131)

O

Remark 2. Lemma 4 is still valid if the summation is not on all the k;, 1 < i < m but on some of them. In this case,
the upper bound will contain only terms involved in the summation.

The following Theorem will help us to conclude on the order of convergence of our Bernstein
polynomials with several variables, see References [22,36].

Theorem 6. Let f(xq1, -+ ,xy) be bounded in [0,1)" and let (ay,--- ,am) be a point of [0,1]™ at which
f(2)'“(2) (a1, -, am) exists and is continuous. Then,

1M a.(l_w) aZf
I By o (Foan e i) — Flar - ay) — Ly BE T )
nﬁoollflng].gm e (f3 01 am) — f(a1 am) 2}; TRRET (a1 am)
and
lim N (B (fia - am) — Flan- - an)] = + 3o asl—a) 2L (o, an) (132)
Nosco N, ,N fr 1, rWm f 1, rWm - 7 i i axlz 1, s Um)-

Proof of Theorem 6. Since f (2)-(2) (x1,- -+, xm) exists and is continuous at (a1, - - - ,a,,), then using Taylor
expansion of order two

f(xl/' v /xm)
LI 1 m 82
:f(all. . ’gm) + 2 i(&ll,- . ,am)(x]- — ﬂ]) + = 2 7-];(“1/' ce /am)(xj _aj)z
= ox; 2 = ax].
m 82 m )
+ ) Ixox. (a1, am)(xi — ;) (xj —a;) | +s(x1,--, xm) Y (xj — a;)?, (133)
ij=1i#j “ T j=1
. kl km . . .
where hm(xl,‘,_,an)ﬁ(all,,,,am) s(x1,++ ,xm) =0.Set (x1, -+, xpm) = PR , multiplying both sides
1 m

by [T, (Zl> ai-(i(l —a;)"% % and sum from k; = 0 to k; = n;, foralli = 1,- - - ,m, we obtain
i
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Bn]/"'r”m (f;all e ram)

af ny Ny k], m n; K, ek
i)+ 3 o) 5o 3 (5 TT (™) - e
j=1 9% k=0  kp=0 \ "% i=1 \ki
2
1 UL 82 k m n; k: 1.
2 .Z;szc(ﬂlw' san) Z 5> (n —”f> I1 <k> a;' (1 — ;)"
j=1 ] k=0 k=0 J i=1 i
1 ¥ vy (ki kj LY RN k
+ = Z 7(111,...,(1,71)2... Z (—1711) <a- H A (1= ap)mh
2, 15Tz 0%i0%; k=0  ky=0 \' J\m )i \k)

ny N m 1 m a
X Z Z H <k> (1—ﬂ l’l, ,+2 (alr"'/ﬂm)

k1=0,1#j ki =0,m#j i=1,i#j

n; ! 2 i\ L n m m A .
Z ——ﬂ] k]- a//(l—uj)"f’f Z Z H . A (1 — ;)"
k=0 i ki=01#]  ku=0m#ji=1i#j \Ki
1
2.

L i b (ki ni\ ‘ U kj nj
+= Y (a1,~~,um)<2 <—lfa»> ( a; (1 —a;)ti—" YL g !
ijoTij 0Xi0X; k=0 \'ti J\ki) l k=0 \"j ! k;

ki kK m N m n X s
Xajf(l—a/)”/ ]) Z Z H l alt(l_al)m 1

k=017  km=Omzij1=11%i
2
m n i k k. m . )
M D BRI (—1 k"') ( —a]) I1 <n7> a1 —a)nihi | (134)
=1 \ki=0  ky=0 \™1 M 1j i=1 \ ki

Let us use the following results from P. J. Davis [1] which are valid for all x € [0,1]:

1=

7N
S| =
\
=

)xk(lx)”_k =0;
)Zxk(l—x)”k = M;

T
o

™=

n

7N
I |
|
=

x.
i
o

3 (135)
) K1 —x)F=x1— x)i_zfl;— 1;

1=
PR
I | =
\
®

T
o

(Bn—6)x(1—x)+1
n3 '

I 3 >3 >3

4
) K1—x)F=x1-x)

™=

7N
I |
|
=

x.
i
S

The second equation in system (135) can also be found in (Reference [33] Corollary 5.3). Hence, with
Equations (31) and (135), we have

Buy, oy (fr01, - - )

= f(ay,- - ,am)+iMaz—f(a1,---,am)

2
m nq Nm k1 km k] m n; ki ni—k;
3 Z"'Zs(nl"”’nm> <n]-_”f IT( ) dra—a . (136)

]:1 k1 =0 km =0
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Let )
! o kq ki k] n n; ks
S—Z(Z_E_S<mw> <n—aj ]j . (l—a) (137)
=1 \k1=0  kn=0 i i=1 \""i
and ¢ > 0. We can find n;, i = 1,---,m sufficiently large such that |x; — a;| 11 73 implies
1
[s(x1, -+, xm)| < esince limyy, ... 1) (ay, - am) S(X1,°**, Xm) = 0. Let us consider the set
E=T1I" 1{0 -,n;},and for j =1,--- ,m, define the sets
k] 1
Q]: k]'E{O,"-,Tl]'}I n—j—aj <m andF:E\(Ql><~~~><Qm). (138)
]

Then F = Ui, F, with F, = { " Ql[k”‘] €F: aye{0,1}, Y ay= k}, where Ql[,f”‘]

1 .
> —— . For A, = ;n:lQl[-;j’k] € F,

Q; if a =0
{ 1 ”‘ and Qf = {kie{0,~ ni} |2

Qf if Kj = 1
k:1,---,m,letusalsodefineIAk:{i€{1,~~~,m} kfl}forkfl -+ ,m (that means

card(l4,) = k > 1). We have
k k 2 m
m ] H ni\ ki ni—k;
e — EEap— (1 — g )T
( "m)‘ <”j ﬂ]> i=1 (ki> fi ( %)

] O [@F"

S| < Z(Z ME

2
<y (¥ ol VR I o J ECA D
cer (3B (Bea) TT(m) da-a
j=1 \k1=0 k= ] i=1 !

R0 ) for)

I=1 AjeF, \i= =1

m

where M = SUP(y, .. x)€[01] Is(x1, -+, Xm)] Z(xj - a]-)
=1
]

nj 2
& kj ni\ k _—
<e), ((Z (n_“j> (k].> a;' (1 —a;)" kf) Y
j=1 ki=0 \""J ] ky=0,1#j

% ﬁ (Z) (1 —a)" >+MZZ IT 3/2, (139)

kin=0,m#ji=1,i#j 1 lAIEFIZEIA n;

with C; constants (we bounded the summation on F using Equation (129) and the same procedure as we
have used to show (55) in Theorem 2. Hence,
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s (2 (n;-aj)z(:f)a?a-m JoE g

1=1AjeF zeIA

using (31), andn =min{n;, 1 <j<m} <mn;,i=1,--- ,mandC =max(C;: i=1,---,m
g j ]

IA
g

m
< > +M z ) 3,/2 (using Equation (135) and card (I4,) =)
1j

1= 1A,eF,
e & 1 MxC!
< = ai(l1—aj)) + = == (since n®/% > n¥2) . (140)
n};u Dl Z S ( )
- - " M x C!
For ny, - -+, ny, sufficiently large (that means n sufficiently large), we have };*; ¥ 4 cp, i
This implies
€ m
s < (l—i-zl;a]-(l—aj)>. (141)
]:
Therefore,
a;j(1—a;) 9?
By ) = o m) = LI axJ]; m )

S|<Z<1+Z 1—a)> (142)

]

Since ¢ is arbitrary, we have

m a4(1 _ a.) aZf

li B, . gy _ JR Y T gy, —0.

njﬁm{ﬂj<ml ny o (fi01, -+ am) — f(a1 ) ]; 2n; ax]? (a1 )
O
Remark 3. By taking n; = N, 1 <i < m, in Theorem 6, we have

1 0% f

hm N (BN N(f ai, - ,a m) 7f(al/ e /am)) = = Zai(l - al) 2 (ﬂl, : ram)' (143)

N—oo 21-:1 ox

From the previous Remark, one can deduce that the order of convergence of Bernstein polynomials
with several variables for a bounded function f(x1,- -+, xp), (x1,- -+, xn) € [0,1]™, in some neighborhood
of (a1, -+ ,am) € [0,1)™ included in [0,1]™, is one, provided that f(z) (a1, - ,am) exists. That is less than
Taylor’s order of convergence.

5. Conclusions

Our concern here was the multivariate Bernstein polynomials given by Equation (6) which we
recall here

Buyoony (f3x1,+ ¢, X Z Zl; f( ki ) 1—[ (Zz) xfi(l _ xi)‘rli*ki, (144)

ki=0  ky=0 "M ) i

and which is a generalization in several variables of the univariate Bernstein polynomials given by (1)



Mathematics 2020, 8, 1397 32 of 34

Bu(f;x) = éf (i) (’,Z) (1 —x) k. (145)

We extended the beautiful properties of the above mentioned univariate Bernstein polynomials by
generalizing them for functions of several real variables: uniform convergence, uniform convergence of
the derivatives, order of convergence, monotonicity, fixed sign for the p-th derivative, and deduction of
the upper and lower bounds of the Bernstein polynomials from those of the corresponding functions.
To achieve that, we first recalled not only these properties for univariate Bernstein polynomials, but also
the intermediate properties used to prove them (see Equations (11)-(16)). Then, we extended these
intermediate properties for the univariate case to obtain the generalised intermediate properties for the
multivariate case given by (6) (see (20)—(26)). Finally, using those generalized intermediate properties in
combination with some others tools related to functions with several variables, we got the generalization
of these beautiful properties of the univariate Bernstein polynomials to multivariate Bernstein polynomials
given by Equation (6).

More precisely, our contributions in this paper related to this form of multivariate Bernstein
polynomials can be summarized as follows:

1. deriving the expression of these multivariate Bernstein polynomials in terms of differences (similar to
the case of one variable in References [1,15]);

2. establishing the pointwise and uniform convergence of these Bernstein polynomials with several
variables (a generalization of the case of two variables treated in (Reference [28] Lemma 1));

3.  deriving the expression of the (p1, - - - , pm)-th derivative of these multivariate Bernstein polynomials
of order (n1+ p1,- -+ ,nm + pm)-th in terms of (py,---, pm)-th differences of the corresponding
functions (similar to the case of one variable in References [1,15]);

4. proving the monotonicity, the fixed sign of the (p1,- - -, pm)-th derivative, the convexity, and the
upper and lower bounds of these multivariate Bernstein polynomials from those of the corresponding
functions (similar to the case of one variable in References [1,31]);

5. establishing the pointwise and uniform convergence of the (p1,- -+, pm)-th derivative of these
multivariate Bernstein polynomials (a generalization of the case of two variables treated in (Reference
[35] Theorem of Kingsley) and (Reference [28] Theorem 1));

6. generalizing the inequality related to the decreasing of the sequence of Bernstein’s polynomials with
one variable (see References [1,31]) when f is a convex function;

7. proving that the order of convergence of these Bernstein polynomials with several variables is one.

With these new results, we have proved that the conclusion made by PJ. Davis in Reference [1]
for Bernstein polynomials of one variable is true for the case of several variables, that is, the Bernstein
polynomials of several variables yield smooth approximants, but their convergence is very slow.
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