. mathematics

Article

Existence and Symmetry of Solutions for a Class of Fractional
Schrodinger-Poisson Systems

Yongzhen Yun *¥, Tianqing An and Guoju Ye

check for

updates
Citation: Yun, Y., An, T, Ye, G.
Existence and Symmetry of Solutions
for a Class of Fractional Schrodinger—
Poisson Systems. Mathematics 2021, 9,
1149. https://doi.org/10.3390/
math9101149

Academic Editors: Ioannis K.
Argyros, Pasquale Vetro and
Luigi Rodino

Received: 7 April 2021
Accepted: 17 May 2021
Published: 20 May 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

College of Science, Hohai University, Nanjing 211100, China; antq@hhu.edu.cn (T.A.); yegj@hhu.edu.cn (G.Y.)
* Correspondence: yzyun@hhu.edu.cn

Abstract: In this paper, we investigate a class of Schrodinger—Poisson systems with critical growth.
By the principle of concentration compactness and variational methods, we prove that the system
has radially symmetric solutions, which improve the related results on this topic.

Keywords: fractional Laplacian; fractional Schrodinger—Poisson systems; weak solution; varia-
tional methods

1. Introduction

In recent years, fractional equations or systems have been studied extensively by
researchers due to their various applications in various fields, such as obstacle problems,
electrical circuits, quantum mechanics, and phase transitions; see [1-7] and their references.
It is particularly important to mention that Laskin in [7] established the following time-
dependent Schrédinger equation involving a fractional Laplacian when he expanded the
Feynman path integral, from Brownian-like to Lévy-like quantum mechanical paths

i%—lf = (=) + (V(x) +0)p —g(x,t), (x,t) € R’ xR. )
where x > 0 is a constant and (—A)* = .7 ~1(|¢|?*.Zu) is the fractional Laplacian of order
«, and .Z denotes the usual Fourier transform in R3.

The fractional Schrodinger equation is a fundamental equation in the fractional quan-
tum mechanics when investigating the quantum particles on stochastic fields modeled, and
it has been getting a lot of attention from researchers; see [8-13] and their references. For
example, Li et al. in [13] studied the following form of fractional Schrodinger equations

(=A)*u+ V(x)u = AK(x)f(u) + |u\2§_2u, )

wherea € (0,1),2; = Nz_l\é - is the fractional critical Sobolev exponent, A > 0 is a parameter,
V(x) is potential function with ‘ |lim V(x) =0, ie., V(x) is vanishing at infinity. Using
X|—+00
the variational method, they obtained the existence of a positive solution for (2).
When dealing with the quantum particle in three-dimensional space interacting with
an unknown electromagnetic field, Benci and Fortunato in [14] first introduced the follow-

ing classical Schrodinger—Poisson system

—Au+V(x)u+¢u = f(x,u),
{ —Ap =12,

x € R,

®)
x € R,
The authors obtained a sequence solution of (3) by variational methods. Such a system (3),
also called the Schrodinger-Maxwell system, arises in an interesting physical context.
According to a classical model, the interaction of a charge particle with an electromagnetic
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field can be described by coupling the nonlinear Schrodinger—Poisson system. Recently, sys-
tem (3) has been widely investigated because it has a strong physical meaning; see [15-17]
and their references. For example, Azzollini and Pomponio in [15] considered system (3)
by variational methods; they established the existence of a ground state solution when
potential V(x) is a positive constant or non-constant.

Fractional Schrodinger-Poisson systems have received lots of attention in recent years,
and many of the works have studied the existence of solutions of it; see [18-22] and their
references. As far as we know, few studies have considered the existence of solutions for the
fractional Schrodinger-Poisson system with critical growth. Gu et al. in [19] only studied
the existence of a positive solution by variational methods, and there are no relevant articles
that consider the existence of radially symmetric solutions of the fractional Schrodinger—
Poisson system with critical growth. We tried to deal with this problem and obtained novel
existence results by using new analytical methods, which are different from the related
conclusions on this topic.

Motivated by above results, in this paper, we mainly study the following fractional
Schrodinger-Poisson system

{ (=A)*u+ V(x)u+¢u = K(x)f(u) + Alu|*2u, x €R3, W

(_A)t‘f’ = uzr X € R3,

where 0 < & < t < 1,40 +2f > 3,2; = 5. We assume V(x) and K(x) are radially
symmetric, i.e., V(x) = V(|x|) and K(x) = K(|x|) for any x € R3, and satisfies the
following assumptions
V1) Ve Cl(]RS,R), VV(x)-x <0forany x € R3;
(V2) Positive constants V; and V; exist such that V; < V(x) < V; for any x € R3;
(K1) K € C}(R3,R) and there exists a constant Kq such that 0 < VK(x) - x < Ky for any
x € R3;
(K2) Positive constants K; and Kj exist such that K; < K(x) < K; for any x € R3;
We make the following assumptions for the function f.

(1) limy o L = 0;

(f2) There exits C > 0 such that |f(t)] < C(1+ |t[P=1) forall t € R, where pe (2,29
(f3) There exists 0 > 4 such that 0 < 6F(t) < tf(t) for all t € R, where F(t) = fotf(;y)dn,
(f4) f(t) = f(—t) forallt € R.

Now we state the main results of this paper.

Theorem 1. Assume that V(x),K(x) fulfills (V1), (V2), (K1), (K2) and f satisfies (f1)—(f3).
There exists Ay > 0 such that for any 0 < A < Ay, problem (4) has a nontrivial radially
symmetric solution.

Theorem 2. Assume that V(x), K(x) fulfills (V1), (V2), (K1), (K2) and f satisfies (f1)-(f4). Then,
problem (4) has infinitely many radially symmetric solutions.

This paper is organized as follows. In Section 2, we introduce the preliminaries
of fractional Sobolev space and some lemmas. In Section 3, we give the proofs of our
main result.

2. Preliminaries

In this section, we present a short review of fractional Sobolev spaces and some lem-
mas, which we used to prove our main result. The complete introduction of fractional
Sobolev spaces can be found in [23]. For the properties of the function ¢;,, see [18]. Through-
out this paper, we denote || - ||, as the usual norm of L (R?), C;(i = 1,2, - - ) or C denotes
the positive constants.
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For & € (0,1), the fractional Sobolev space H*(RR3) is defined by

H ) = {ue ) s [ (14 18| Fu(@) g < oo

and the norm is

nwm:(4¢@fo@wW@wm%§%

H*(RR®) is a Hilbert space with the inner product for any u,v € H*(R?)

(u,v) := /R3(—A)%u(—A)%vdx+/R3 uvdx,

%
ul| := (/ |(—A)%u|2dx+/ u2dx) .
R3 R3

For the second equation in problem (4), it has an unique solution ¢/, (see [18]). Substi-
tuting ¢!, in (4), we have the following fractional Schrodinger equation

and norm

(=A)*u+ V(x)u+ ¢'u = K(x) f(u) + Alu>2u, x € R?, (5)

whose solutions can be obtained by seeking critical points of the energy functional I, :
H*(R®) - R

D)=y [ (1-8)8P + V(e )dx o+ / ¢! uldx

- [ KGR )dx—%/ 2 dx.

which is well defined in H*(R3) and I € C'(H*(R?),R), and for all u,v € H*(R?),

(I} (u),0) ::/RS( A)Zu( 20dx+/ uvdx—i—/ ¢! uvdx
- /]1&3 K(x)f(u)vdx—)\/]R3 lu|%2uvdx.

Definition 1 ([24]). Let X be a Banach space, ¢ € C'(X,R')). A sequence {u,} in X is a
(PS)-sequence if |¢(un)| < c uniformly in n, while || ¢’ (u,)| — 0as n — oo.

Lemma1 ([23]). Letw € (0,1) and N > 1 satisfies N > 2x. Then there exists C = C(N,a) > 0
such that

Hu”LZa (R3) = CH”HH”‘ (R3)

for every u € H*(R®), where 2 = Nz_l\éa is the fractional critical exponent. Moreover, the embed-
ding H*(R3) — L7(R3) is continuous for each -y € [2,2}] and is locally compact for v € [2,2%).

In the following, the symmetric mountain pass lemma is presented and used to prove
our main result.

Lemma 2 ([25]). Let X be an infinite-dimensional Banach space with X = M @ N, where M is
a finite-dimensional subspace of X. Assume that I € C'(X,R) is a functional that satisfies the
(PS)-condition and the following properties:

(A1) I is even forall u € X and 1(0) = 0.

(A2) There exist two constant ¢, > 0 such that I(u) > o.
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(A3) There exists constant & = &(Q) > 0 such that 0 > I(u) for any u € X\Bz(Q)), where Q) is
an arbitrary finite-dimensional subspace of X and Bz(Q)) := {u € Q : ||lu| < }.
Then the functional I has an unbounded sequence of critical values.

In the following, we prove that the functional I satisfies the mountain pass geometry.

Lemma 3. Suppose V(x), K(x) satisfies (V1), (V2), (K1), (K2) and f satisfies (f1)—(f3), then the
functional I satisfies

(i)  There exists B, p > 0 such that I, (u) > B for ||u|| = p.
(i) There exists e € H*(R3) with ||e|| > p such that I, (e) < 0.

Proof. (i) If V(X), K(X) satisfies (V1), (V2), (K1) and (K2), by (f1) and (f2), for € > 0, there
exists C; > 0 such that
F(B)] < elt| + Celt", (6)

and
2 Ce
|F ()I_thl \fl”- )

Therefore, by Lemma 1, (7) and Holder’s inequality, we have
B0 =gl + 5 [ oudr— [ KGFGdx— 2 [ jufiax
2 2% Jr3
1 2 A 2%
> — _ o
2ol = [ K@ F@ay =2 [ s

1 € A .
>3 = [ Ko |G Sl |ax— 3 [ ulhas
44

)\C * *
:,”qu (X)Itlzdxf9 K (x) |#Pdx — =2 || %
p Jr3 2;

e
2.

Edz
[ ||2

Cd C2 *
= Full? ~ I 1%,
p

which implies that there exist two positive constants 5, p > 0 such that I, (u) > B for

[Jull = p.
(ii) If V(X), K(X) satisfies (V1), (V2), (K1) and (K2), from (£3), C; exists such that

F(u) > Cyul® ®)

for |u| > Mj, where M; — +oc0. By the properties of the function ¢;, (see Lemma 2.3-(2)
in [18]) and (8), for t > 0 and any u € H*(R?), we have

Iy (tu) —t2||u||2+t4/ tuzdx—/ K(x)F(tu)dxMZz/ |u|%dx
A _2 4 (Pll R3 2; R3

H I* - =2 lull

Cat?ul|® — 2

2.5
< lull™+ =~
Therefore, I (fu) — —oo as t — 400, which means that there exists a constant M, > 0
such that tg > Mj such that I, (fou) < 0. Hence, we can choose e := tou € H*(R3) with
llel| > p such that I (e) < 0. O

Lemma 4. Assume that (f1)—(f4) are satisfied. Then, any (PS)-sequence for I is bounded.
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Proof. Let {u,} C be a (PS)-sequence. By (£3), for 6 > 4, we have

1
U [l | 2 I () = 5 (3 (1), 1tm)

(3 bt (1) oo
1 y
—i—/ ( f(un)uy — F(u ))dx+)t<9—2*> /st"‘z“dx
1
>(5 5 ) Il (G = 52 ) Callm %,

which implies that {u,} is bounded in H*(R?). O

Lemma 5 ([26]). Let {u,} C H*(R3) be a sequence and u, — u weakly as n — oo and such
that |(—A)2up|? — wand |u,|% — v weakly-+ in M(R3). Then, either u, — u in LIOC(R3) or
there exists a (at most countable) set of distinct points {x;};c; C ) and positive numbers {vj}ic;
such that v = |u|23§ + Zje T vj(fx]., where QO C R3 is an open subset. If, Q) is bounded, then there
exists a positive measure fi € M(R®) with suppfi C Q) and positive numbers {};} jcj such that

p=(=8)2u 2+ i+ Lijej Midx;-
Lemma 6 ([27]). Define

(—A)%un|2dx,

o = lim limsu /
# R—o0 ni}oop {x€R3:|x|>R}

. . *
Voo = lim limsup |t |2 dx.

R—00 0o /{xe]R3:|x|>R}
Then the quantities ye and ve are well defined and satisfy

lim sup 3|( )%un|2dx—/ Ay + phoo,

n—oco JR

1' 2;(1 :/ d + 0~
1I;1j£p - |ty |7 dx s BV T
Lemma 7 ([27]). Let {u,} C H*(R3) such that u, — u weakly-+ in H*(R3), |( A)Zuy|* = p
and |uy|% — v weakly-+ in M(R3) as n — oo. Then, v; < (S y{x,}) fori € J and

Voo < (S;lyoo) 27“, where x;,v; are from Lemma 5 and Yo, Voo are given in Lemma 6, Sy is the best
Sobolev constant of H*(R3) < L% (R3), i.e.,

fR3 2 1/l|2dx

ue He (R3) IIuII

So = (9)

L% (R3)
In the following lemma, we show that the functional I satisfies the (PS)-condition.

Lemma 8. There exists A, > 0, in which each bounded (PS) sequence for 1, contains a convergent
subsequence for any A € (0, Ay).

Proof. Let {u,} C H*(R?) be a bounded (PS) sequence, i.e.,

I(uy) < Cs and I} (un) — 0 in E, as n — co.
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Passing to a subsequence, still denoted by {u,}. Set u, — uy weakly in E. According
to Lemma 1, we have u;, — ug in LF’(]R3) and u, — ug a.e. in R3 as n — oo. Therefore,
by Prokhorov’s Theorem [28], there exists 1, v € M (R?) such that

|(=A)2uy > = u and |u,|* — v weakly-* in M(R®) as n — oco.

By Lemma 5, we have u, — 1 in L (R3) or v = |up|% + Yjej Vidx; asn —» oo.
For any ¢ € H*(R3), we have

(I) (1), @) — (I)(u0), ¢)
[ (8)F (= o) ¢dx+/ U — 1) dx

g Loty = [ gl (e — / K(x)(F(1tn) = £ (o) dx
A (12 = o 2 ) g

Since u, — up weakly in H¥(R3), then

/RS(_A)%( —up)( <de+/ Uy — ug)pdx — 0 as n — oo.
Since .
{1t ~2u, — ug|%2ug}, is bounded in L% 1 (R3)
and
|Mn|2:‘72u — |u0|22*2u0 —0 ae.in R% as n — oo,
then

2
140|221, — |ug|% 2ug — 0 weaklyin L% T(R3) as n — oo,
which implies that
/RS(|”n|2;_2un - |u0|2;_2u0)¢dx — 0 as n — oo.
By the properties of the function ¢;, (see Lemma 2.3-(6) in [18])
[ 9t P = [ gl (o) dx — 0 a5 n — .
In the following, we prove that

/Rs K(x)(f(un) — f(ug))pdx — 0 as n — oo.

As (I} (un), ) — 0, then (I} (up),¢) = 0,1i.e., I} (up) = 0. Thus,

L8 et [ Viouddxr g [ gt (r0)dx
= | K(x)f(uo)uodx + /\* |“0|2“dx-
R3 2;
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By (6) and the Young inequality, one has

|[f (un) — f(uo)l9|
<[unl|@] + Calun|"~ || + [u0]@] + Csluo|P~"|¢]
<|un — uo| || + 2|uo||@| + Calutn — uo|P~"|@| + Cs|un — uo|P~"|@|
<elun — tg|* + Cel¢p|* + 2|uo||¢| + ¢luun — uo|” + C4Cel¢p|” + Cs|uo|P (@]

Set
Gen(x) = max{|K(x) (f (un) — f(10))p]| — elun — tto|* — e|un — uo|?,0}.
Then
0 < Geu(x) < Cel@l? +2Juol|@| + CaCel¢p|” + Cs|uo|P || € L'(R?),

and G (x) — 0 a.e. on R3. By the Lebesgue dominated convergence theorem, we have

/ Gepn(x)dx — 0 as n — oo.
Jr3

Therefore,

timsup| [ | K(x)(f(ux) ~ f(u0) gz

n—oo R3
<li Gen(x)dx + ¢li Uy — up|?dx + el Uy — ug|Pdx
<limsup | en(X) im sup IR3| n — to im sup R3| n — U
SCgE.

By the arbitrariness of ¢, we have

/Rs K(x)(f (un) — f(uo))¢pdx — 0.

Next we will verify that 1, — ug in L% (R3). We show that there exists A, > 0 such
thatv; = 0and veo = 0for 0 < A < A, and i € J. We argue by contradiction. Assume that
ip € ] exists such that v;, > 0 or v > 0, by Lemma 7, we have

2%

viy < (Sy ') (10)
Let ¢ € C{(R3) satisfy ¢ € (0,1), 9 = 1in B(0,1) and ¢ = 0in R3\ B(0,2). For any

X7x,'0
€

e > 0, we define ¢, (x) = ¢( ), where iy € J. Using (9), one has

2

‘ 2 S () @e(x) = un(y) @e(y)* .
[ ([ B0 )

which means that

/R3 |1 e | dx — /]R3 qo?zdv as n — oo, (11)

and .
/11@3 ¢etdv — v({xj,}) = v, as € = 0. (12)

By (£3), we obtain
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OI) (uy) — <I/A(”n) Un)

:2|\un||2 %n(”n 2dx—9/ un)dx—g/ |un|2;dx
- Hun||2—f/ oL (i 2dx+/ F it undx+/\/ 10|24 dx

0—2

_(2) ||un||2+( )/ o, (1 2dx+/ Uy — OF (uy)|dx
+A 1—E / | |2 dx
2% ) Jr3 "

>A 1—g / || dx
il 22; ]R3 n

25 g ”
Z/\( 2 >/1R3 | e[ dx.

Let n — oo, then we have 6C3 > A( ) fR3 (,og “dx. By (11) and (12), we know that

26—
2C3>/\< o >vi0. (13)

(44
Since {u, } is bounded in H* (R?), we know that {u,, ¢ } is also bounded in H*(R3). Thus
(I} (n), un@e) — 0 as n — oco.

which means that

/]1&3 % A)%(un(pg)dx
/RS £t Mt % = V () 1 ] pex + (1) (14)
By (6), we have
tF(t) < e|t]* + Celt|P.
Then

(KO Fla )+ A% = V() 2] g ax

IA
T~

K0 CeR ()l 4 Al %] e

/]1&3 K(x)|un|2(p€dx = /B(xﬂg) K(x)|un|2(p£dx — /B(Xi,zg) K(x)|u0|2q0€dx as n — oo,

/ K(x)|up*pedx — 0 as e — 0,
B(x;,2¢)
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lim sup lim sup {K(x)f(un)un + Aty — V(x)|un|2} @e dx

e—0 n—00

<(C¢ + A) lim sup lim sup [ |un| " e dx

e—0 n—rco

<(C¢ + A) limsup (pg“dx
e—0
:(Cg + )\)Vlo.
Choose A large enough to satisfy A > C,, then

lim sup lim sup [K(x) Fttn )t + Mg — V(x)|un\2] Pedx < 27,

e—0 n—o0

By the proposition 3.6 in [23], we have

w)? 8 PR
/R3 /Rs |N+2a Ty pNt2e Xy = / [(—=A)2u(x)[dx.

Therefore, for any v € H*(R3), we have

/Rs /Rs |x — ;(IZ\)IY;?X dXdy / % —A)%v(x)dx.

By (17), we have

L <—A>%un (=) (mnge)dx
_ ) = un(y)) (n (%) @e(x) — un(y) pe(y))
/R3 /R3 dxdy

|x — y|N+2a
_ 1 (x) — un(y))*@e(y)
_/R3 /R3 |x—y|N+2"‘ dxdy

(n(x) — un(y)) (@e(x) — @e(y))un(x)
+/R3 /R3 dxdy.

‘x_y|N+21x

It is easy to know that

n (%) — n ())?@e (y)
/]Ra /Rs |x — y|N+2« dxdy — /]1@3 Pedy as n — oo,

and

./]R3 gedp — p({x;,}) as e = 0.

By the Holder inequality, one has

/R3 /Ra ) - |y32)_(((;|(sz“ Pe(y))un(x) dxdy
|1 (%) — tn ()| @e (x) = @e(y) || (x)]
< /Ra /Rs \x — y[N+2 dxdy

1
|<P — e(v)]? 2
<c( [, [, Ol O  ay)

By the following equality (see (3.7) in [27])

limsuplimsup/ /]RS |§05 |N+2“(]/)| dxdy =0,

e—0 n—roo

(15)

(16)
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(14) and (15), we obtain that
({xi,}) <2y, forany ig € J.

From (10) and (13), one has
2*

250\ (ATIS\E 2 /2 -0 S\ * e
— A 2 ,
2 2

2C3>)\<
(X 2 o
which implies
2, s\t
w2 () (3) =

which contradicts 0 < A < A,. Therefore, for any i € J,v; = 0 and veo = 0. By Lemma 6
we know
lim su Uy [Zedx = / | dx.
meup [ i = [ o

Since |u, — ug|% < 2% (Jun|% + |ug|? ), by Fatou’s Lemma, we obtain

/ 22§+1|u0|22dx:/R3lirrlrl)£ro1f(22;\un|2z—|—22;|u0|2z—\un—u0| )dx
(2% ¥ + 2% o — |ty — o[ ) dx

<liminf
n—oo JR3
+22;+1/ uo|%dx — lim su / uy — ug|?dx,
s [0l msup f [tn = uol
which implies that
limsup | |uy — uo|?dx = 0,
n—o00 R3
then u, — ugin L% (R3) as n — co.
Note that I (11,,) — 0, then
lim su —A)2u,|dx
msup [ |(-8)%u,
=limsu / K(x)f(u udx—b—)x/ u 22?dx—/ Vv 2ix
msup ([ K(0)f(unundz+ A [ JunPidx = [ V()i
1 t 2
_Z/qu’”"(””) dx)
< [ K@) fluo)uodx + 2 [ uoPidx — [ Vixddx— 5 [ gty (o) ey
<liminf R3|(—A)7un|2dx,
which means that
lim [ | )%un|2dx:/RS\(—A)%uo|2dx.

n—co JR3

(18)
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Thus,

limsu V(x)u2dx
msup |, (x)uy

=limsup (/]R3 I<(x)f(u,1)undxJr)\/R3 |un|2§dx—/R3 |(—A) 2y, [2dx

n—o00

1 2
_ Z/RS ¢h, (un) dx)
:./]R3 K(x)f(uo)uodx—l-)\/R3 uo | dx — /R3 |(—A)%u0|2dx _ E/RS ¢,t40(uo)2dx

:/]R3 V(x)uddx.

Since u, — up weakly in H*(R3), then by (18), we have

fim [ |(=A)% (un — u)[2dx + /RS V(x) (1t — ug)2dx = 0,

n—oo JR3

which implies that u,, — ug in H*(R3?). O

Lemma 9. Let Q be every finite subspace of H*(R3). Then, for any u € Q, it holds
I\(u) — —ooas |lul| — oo.

Proof. Arguing by contradiction, there exists Cg > 0 such that I(u,) > —Cg for any n € N.
Letv, := m, then ||v,|| = 1. Passing a subsequence, still denote by v, we assume that
vy, — vin H*(R3), by Lemma 1, we have v, — v in L"(R3) and v, — v a.e. on R3.

By condition (f3), we know F(u,) > 0 for every u, € H*(R3), then F(u,) > —Cyu?3.
Define Q,(0,71) := {x € R®: 0 < |uy| < r1}, where r; > 01is a constant. For u, € E,

we have
1
4/ K(x)F(u)dx > — C74/ K(x)u*dx
[unll* Jou(or) lunll* Jow(r)
Cr |
> == (19)
[[on|*

Using the properties of the function ¢;, (Lemma 2.3-(2) in [18]), (19) and Fatou’s
Lemma, we have

0= lim 2(4n)

n=veo |[uy*

1 1 A .
=1i - tuldy — / K(x)F(u)d —7/ 2ag }
ng’i‘o[zxnw o Pt X = L Jg KOOF)x = 5o o Il
1 1
<Cg+ li —7/ K(x)F dx—i/ K(x)F dx}
8 330[ Teal Jerstoryy KCEEI = LT o 1oy KOEW)

l[on 12,
<Cg + limsup Lk —/ wvﬁdx
Qn(r],oo)

n—o0 |2 ]|2 u

<Cg — liminf [/ K(X)F(u)z}f,dx}
Oy (r1,00)

n—co u%
K()F() .
<Cs ~ R3 lim inf ud (X (ry,00) [ = =00,

where Xy (r1,00) 18 the characteristic function of (), (r1, o). This is a contradiction and for
any u € (), we obtain I(u) — —ooas ||u|| = co. [
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Proof of Theorem 1. Let A; := min{Ag, A.}, where Ay, A, are given in Lemma 3 and
Lemma 8. By mountain pass theorem and Lemma 3, there exists a (PS) sequence {u,} C E
for I in H*(R®) for any 0 < A < A;. According to Lemma 8, there exists a subsequence
of {u,} C H*(R3), still denoted by {u,}, and {u..} C E such that u, — .. in H*(R3)
as n — 0. Moreover, I}L(u**) = 0and I (u.«) > B > 0. Hence, u,, is a nontrivial radially
symmetric solution of problem (4). O

Proof of Theorem 2. From the definition of I, we have I, (0) = 0. By the condition (f4), we
easily know I, is an even functional, i.e., [y (—u) = I, (u). Hence, (A1) of Lemma 2 holds.
According to Lemma 9, there exists { = ¢(Q) > 0, for any u € Q with ||u|| > ¢, there is
Iy (u) < 0. Therefore, (A3) of Lemma 2 is satisfied. By Lemma 3-(i), we know that (A2)
of Lemma 2 is satisfied. Consequently, by Lemma 2, problem (4) has infinitely nontrivial
radially symmetric solutions. [J

3. Conclusions

In this paper, we study a class of fractional Schrodinger—Poisson systems with critical
growth (4). Problem (4) comes from the interaction of a charge particle with an electromag-
netic field in three-dimensional space. By using the principle of concentration compactness,
we established a compactness result about functional Iy. Applying the mountain pass theo-
rem, a nontrivial radially symmetric solution was obtained. Infinitely nontrivial radially
symmetric solutions are presented by the symmetric mountain pass lemma. Therefore, our
results improve the related conclusions on this topic.
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