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Abstract: In this work, we obtained new results relating the generalized atom-bond connectivity
index with the general Randi¢ index. Some of these inequalities for ABC, improved, whena =1/2,
known results on the ABC index. Moreover, in order to obtain our results, we proved a kind of
converse Holder inequality, which is interesting on its own.
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1. Introduction

Mathematical inequalities are at the basis of the processes of approximation, estima-
tion, dimensioning, interpolation, monotonicity, extremes, etc. In general, inequalities
appear in models for the study or approach to a certain reality (either objective or subjec-
tive). This reason makes it clear that when working with mathematical inequalities, we can
essentially find relationships and approximate values of the magnitudes and variables that
are associated with one or another practical problem.

In mathematical chemistry, a topological descriptor is a function that associates each
molecular graph with a real value; if it correlates well with some chemical property;, it is
called a topological index. For additional information see [1], for application examples
see [2-7].

The atom-bond connectivity index of a graph G was defined in [8] as:

2(dy +dy —2)

ABC(G) = ), i

uveE(G)

VY

uveE(G)

where uv denotes the edge of the graph G connecting the vertices u and v and d,, is the
degree of the vertex u.
The generalized atom-bond connectivity index was defined in [9] as:

du—i-dv—Z)“.

ABC(G)= Y. ( i

uveE(G)

forany « € R\ {0}. Note that ABCy , = QABC and ABC_j is the augmented Zagreb index.

There are many papers that have studied the ABC and ABC, indices (see, e.g., [9-15]).
In this paper, we obtained new inequalities relating these indices with the general Randi¢
index. Some of these inequalities for ABC, improved, when a = 1/2, known results on the
ABC index. In order to obtain our results, we proved a kind of converse Holder inequality,
Theorem 3, which is interesting on its own.
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Throughout this work, a path graph P, is a tree with n vertices and maximum degree
two and a star graph S, is a tree with n vertices and maximum degree n — 1.

2. Inequalities Involving ABC,
In 1998, Bollobés and Erdés [16] generalized the Randi¢ index for « € R\ {0},

Rﬁ(G) = Z (dudv)ﬁ‘
uveE(G)

The general Randi¢ index, also called the variable Zagreb index in 2004 by Mili¢evi¢ and
Nikoli¢ [17], was extensively studied in [18-20].
The next result relates the ABC, and Rg indices.

Theorem 1. Let G be a graph with maximum degree A and minimum degree 6 and x > 0,
B € R\ {0}. Denote by mjy the cardinality of the set of isolated edges in G.

(DIfB/a < —1and é > 1, then:
(20 —2)%5 2 2R5(G) < ABC4(G) < (2A —2)" A2 Rg(G).

The equality in each bound is attained if and only if G is a reqular graph.
() If /e < —1and = 1, then:

27 (Rg(G) — my) < ABCo(G) < (28 = 2)*A7* 2 (Ry(G) — m3).

The equality in the lower bound is attained if and only if G is a union of path graphs P3 and
my isolated edges. The equality in the upper bound is attained if and only if G is a union of a reqular
graph and my isolated edges.

B)If-1<p/a<—1/2andé > 1, then:
(26 —2)*6 2 %PRg(G) < ABC4(G).

The equality in the bound is attained if and only if G is a regular graph.
4)If-1<B/a<—-1/2and é =1, then:

27%F(Rg(G) — mp) < ABCy(G).

The equality in the bound is attained if and only if G is a union of path graphs Ps and my
isolated edges.

(6)IfB > 0and > 1, then:
(28 —2)*A™2*"2PR4(G) < ABCy(G) < (20 —2)%5 22 Rg(G).

The equality in each bound is attained if and only if G is a reqular graph.
O)Ifp>0,6=1and1+a/B > A, then:

(28 —2)* A2 2P (Rg(G) — mp) < ABC,(G) < (A—1)"A"P(Rg(G) —my).

The equality in the lower bound is attained if and only if G is a union of a regular graph and
my isolated edges. The equality in the upper bound is attained if and only if G is a union of star
graphs Sa1 and my isolated edges.

(7DIfp>0,6=1and1+a/B <2, then:

(28 —2)* A2 2P (Rg(G) — mp) < ABCy(G) < 27* P(Rg(G) — my).
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The equality in the lower bound is attained if and only if G is a union of a reqular graph and
my isolated edges. The equality in the upper bound is attained if and only if G is a union of path
graphs Py and my isolated edges.

BIfp>06=1and2 <1+a/B <A, then:

(28 —2)* A2 2P (Rg(G) — mp) < ABC4(G) < L

= (D(—l—ﬁ)“*ﬁ (R‘B(G) —mz).

The equality in the lower bound is attained if and only if G is a union of a regular graph and
my isolated edges. The equality in the upper bound is attained if and only if a /B € Z" and G isa
union of star graphs Sy /gy and my isolated edges.

Proof. First of all, note that ABCy(P2) = 0 and Rg(P,) = 1. Therefore, it suffices to
prove the theorem for the case m; = 0, i.e., when G is a graph without isolated edges.
Hence, A > 2.
We computed the extremal values (for fixed A € R) of the function f : [5, A] x ([5, A] \
[1,2)) — R given by:
floy) = (x+y—2)(xy) 1

(1)and (2). If A < —1, then —A — 1 > 0 and f is a strictly increasing function in each
variable, and so,
(26 —2)072A 2 < f(x,y) < (2A —2)A~ 272,

The equality in the lower (respectively, upper) bound is attained if and only if (x,y) =
(6,0) (respectively, (x,y) = (A, A)).

If 6 =1, then f(x,y) > f(1,2) = 2=A=1 gince x € [1,A] and y € [2,A], and the
equality in this inequality is attained if and only if (x,y) = (1,2).

If A = B/a, then:

dy+dy—2\«

(2572)0(5—2‘3—206 (dudv)ﬁ S ( ) S (ZA 72)06A—2,B—21X (dudv)‘B
dudy

for every uv € E(G) and, consequently,
(20 —2)%5 2 2Rg(G) < ABC4(G) < (28 —2)"A 22 Rg4(G).

The previous argument shows that the equality in the upper bound is attained if and
only if d, = d, = A for every uv € E(G), i.e., G is regular. If 5 > 1, then the equality in the
lower bound is attained if and only if d, = d, = ¢ for every uv € E(G), i.e., G is regular.

If A =pB/aand 6 =1, then:

y—p-u (dudv)ﬁ < (M )a

dydy
for every uv € E(G) and, consequently,
27*PRg(G) < ABC4(G).

The equality in this bound is attained if and only if {d,,d,} = {1,2} for every
uv € E(G), i.e., G is a union of path graphs Ps.
(3) and (4). In what follows, by symmetry, we can assume that x < y. We have:

%(w) — Ay g (b y - 2) (<A - 1)y 2)

=x My Ry (v by —2) (A - 1),
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If-1<A<-1/2,then —A—1> —1/2,and so,

af A-1,-A-2 x+y—2
ay(x,y) >x "y (y* 5 )
T JZC 2 A lyA2 5 g,
Hence,
floy) > flx,x) = (2x —2)x7 272 = g(x).
We have:

g(x) =2x" 2 4 (2x —2)(—2A —2)x A3
=2x 3 (x4 (x — 1) (-2 - 2))
=203 (=24 — 1)x + 21 +2).
Since 2A 4+ 2 > 0and —2A — 1 > 0, we have:

¢ (x) =2xA3 (=24 — 1)x + 24 +2)
> 2x 2320 4+-2) > 0.

Thus, g(x) > g(4) and:
flry) z g(x) = (26 —2)57272,

if § > 2.
If A =pB/aand é > 1, then:

(25_2)a5—25—2a(dudv)5 < (du +dy —2 )a

dydy
for every uv € E(G) and, consequently,

(20 —2)* 2 %PRg(G) < ABC4(G).

The previous argument shows that the equality in this bound is attained if and only if
dy = dy, = ¢ for every uv € E(G), i.e., G is regular.

Assume that § = 1. We proved that f(x,y) > g(x) > g(2) = 2721 for every
x,y € [2,A]. Since 9f /9y(1,y) > 0 for every y € [2,A], we have f(1,y) > f(1,2) =271
for every y € [2,A]. Since A < 0, we have 272*~1 > 2=*~1 and f(x,y) > 27"~ for every
x € [1,A]NZ,y € [2,A] N Z. Furthermore, the equality in this bound is attained if and only
if (x,y) = (1,2).

If A = B/a, then:

—ﬂ—a /S du+dz;—2 o
207 (dude)” < (F )

for every uv € E(G) and, consequently,
27*PR4(G) < ABC4(G).

The equality in this bound is attained if and only if {d,,d,} = {1,2} for every
uv € E(G), i.e., G is a union of path graphs P;.

(5). Assume now that A > 0. Thus, —A —1 < —1 and:
of

@(x,y) =x My 2y 4+ (x+y —2) (A - 1))

< x—/\—ly—A—Z(z o x),
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and:

o) A1 —A—
P ry) <yt 22y).

If 6 > 1, then f is a strictly decreasing function in each variable, and so,
(2A —2)A™ 72 < f(x,y) < (26 —2)6 22, (1)

The equality in the lower (respectively, upper) bound is attained if and only if

(x,y) = (A, A) (respectively, (x,y) = (9,9)).
If > 0and A = B/a, then:

dy+dy,—2

_ 9\aA—2B—2a B
(28— 2)* A7 (duty)” < (F

)“ < (26 —2)*57 2 (d, d, )P

for every uv € E(G) and, consequently,
(28 —2)*A™2*2PR4(G) < ABCy(G) < (20 —2)%5 22 Rg(G).

The equality in the lower bound is attained if and only if d, = d, = A for every
uv € E(G), i.e., G is regular. Furthermore, the equality in the upper bound is attained if
and only if d, = d, = 0 for every uv € E(G), i.e., G is regular.

(6). Note that:

(5) >5z2a-2 =  2M>(a-2a R @)
We also have:
AMT>A>2 = (A=1)AM1 > (20 —2)A~2 2, ®3)

Assume that § = 1. If 2 < x,y < A, then f(x,y) < f(2,2) = 272*~1. This inequality
and the lower bound in (1) give:

(2A —=2)A""2 < f(x,y) <2724, (4)

forevery 2 < x,y <A.
Let us consider the function h(y) = f(1,y) = (y — 1)y ~*~! with 2 < y < A. We have:

W(y)=—Ay T A+ )y 2 =y (- Ay 4 A+,

and so, h strictly increases on (0,1 + 1/A) and strictly decreases on (1 +1/A, o).
If 1+ 1/A > A, then h strictly increases on (0, A] and:

27 = h(2) < h(y) < h(8) = (A=1)A T,
for every 2 < y < A. These inequalities and Equation (4) give:
min {27471, (24 -2)A" %} < f(x,y) <max{(a-1)a~t, 27

for every x € [1,A]NZ,y € [2,A] N Z. Since we have in this case 271 = 1(2) < h(A) =
(A —1)A~*"1, we conclude:

(A—1)A <max {(A-1)A"*1, 27241
<max {(A—1)A1, 274 = (A —1)AML

Equation (2) gives:

min {27471, (24 —2)A724 72} = (2A —2)A 2,
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Hence,
(28— 2)A" 22 < fx,y) < (A-1)a Y,
for every x € [1,A]|NZ,y € [2,A] NZ. The equality in the lower (respectively, upper)
bound is attained if and only if (x,y) = (A, A) (respectively, (x,y) = (1, A)).
If B> 0and A = §/«, then we obtain:

dy +dy —2
dud"(;
(28 —2)"A™272PR4(G) < ABCy(G) < (A—1)*"A*PR4(G).

(24 — 2)*A~28-2¢(d,d,)P < ( )“ < (A= 1) AP (d,dy)P,

The equality in the lower bound is attained if and only if d, = d, = A for every
uv € E(G), i.e., G is regular. The equality in the upper bound is attained if and only if
{du,dv} = {1, A} for every uv € E(G), i.e., G is a union of star graphs S ;1.

(7). 114 1/A < 2, then h strictly decreases on |2, A] and:
(A-1)A="1 = h(a) < h(y) < h(2) =274,
for every 2 < y < A. These inequalities and Equation (4) give:
min {(A —1)A™71, (24 —2)A724 72} < f(x,y) < max {27471, 27241
forevery x € [1,A]NZ,y € [2,A] N Z. Equation (3) gives:
A —2)A" 2 < fxy) <2741,

for every x € [1,A]NZ,y € [2,A]NZ. The equality in the lower (respectively, upper)
bound is attained if and only if (x,y) = (A, A) (respectively, (x,y) = (1,2)).

If B > 0and A = B/a, then we obtain for every uv € E(G):

dy +dy —2
dudy
(28 —2)*A™22PR4(G) < ABCy(G) <27 FRg(G).

(28— 2)*A" 22 (d,d,)P < ( )“ < 2P (d,dy )P,

The equality in the lower bound is attained if and only if d;, = d, = A for every
uv € E(G), i.e., G is regular. The equality in the upper bound is attained if and only if
{dy,d»} = {1,2} for every uv € E(G), i.e., G is a union of path graphs P;.

(8).If2 <1+ 1/A < A, then:
h(y) > min {h(2), h(A)} = min {2771, (A—1)A"* 1},
for every 2 < y < A. Furthermore,

h(y) <h(1+1/)) = l(ﬂ)‘“ - %

AN A A+ 1)1
for every 2 < y < A. These facts and (4) give:

min {27471, (A - 1A, (28 —2)A7A 2} < f(x,y)
/\/\

Smax{m,

y—24-1 }

forevery x € [1,A|NZ,y € [2,A]NZ.
Equations (2) and (3) give:

min {2747, (A-1)a A, (20 -2)A %2} = (28 - 2)a %2,
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Since h(2) < h(1+1/A), we obtain:

9201 _ g1 < AN
T (ALY

and so,
AN
(A+1)A+1
for every x € [1,A]|NZ,y € [2,A] NZ. The equality in the lower (respectively, upper)
bound is attained if and only if (x,y) = (A, A) (respectively, (x,y) = (1,1 +1/A)).
If 8 > 0and A = B/a, then we obtain:

AN x (5/“)15 - aaﬁﬁ
(3 7m) = e = G

(28 =2)A 2 < fxy) <

and we have for every uv € E(G):

& A —2B—2u dy +dy —2\* “(X:B'B

(28 = 2)* A7 (dudy )P < ( dudo ) = (a+p)ath C
oA —200— Dlaﬁﬁ

(2A —2)*A™2"2R4(G) < ABC4(G) < @ g(G).

The equality in the lower bound is attained if and only if d, = d, = A for every
uv € E(G), i.e., G is regular. The equality in the upper bound is attained if and only if
a/B € Z*t and {d,,dp} = {1,1+a/B} forevery uv € E(G),i.e., G is a union of star graphs
Su/pr2- U

Note that ABC,(G) is not well defined if « < 0 and G has an isolated edge. The
argument in the proof of Theorem 1 gives directly the following result for & < 0.

Theorem 2. Let G be a graph without isolated edges, with maximum degree A and minimum
degree 6, and « < 0, € R\ {0}.
(DIfB/a < —1and 6 > 1, then:

(28 —2)*A™2*2PR4(G) < ABCy(G) < (20 —2)%5 2 2 Rg(G).

The equality in each bound is attained if and only if G is a reqular graph.
2)If/a < —1and 6 =1, then:

(28 —2)*A™72PR4(G) < ABCy(G) <27 PR4(G).

The equality in the lower bound is attained if and only if G is a regular graph. The equality in
the upper bound is attained if and only if G is a union of path graphs Ps.

B If-1<p/a<—1/2and > 1, then:
ABCy(G) < (26 —2)%5 2 2PR4(G).

The equality in the bound is attained if and only if G is a reqular graph.
DIf-1<p/a<—=1/2and § =1, then:

ABCy(G) <27 PRg(G).

The equality in the bound is attained if and only if G is a union of path graphs Ps.
(5)IfB <0and s > 1, then:

(20 —2)% 2 2R5(G) < ABC4(G) < (2A —2)" A2 2 Rg(G).
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The equality in each bound is attained if and only if G is a reqular graph.
) Ifp<0,6d=1and1+ua/B > A, then:

(A—1)*A""FRg(G) < ABCy(G) < (2A —2)*A™2"2FR4(G).

The equality in the lower bound is attained if and only if G is a union of star graphs Sp1.
The equality in the upper bound is attained if and only if G is a regular graph.

(7NIfp<0,6=1and1+a/B <2, then:
27%PR4(G) < ABCy(G) < (2A —2)*A™2"2PRg(G).

The equality in the lower bound is attained if and only if G is a union of path graphs P3. The
equality in the upper bound is attained if and only if G is a regular graph.

8)Ifp<06=1and2 <1+4+a/B <A, then:

||| BIP Con
o p F9(6) < ABCL(G) < (20.-2)'a72 PR (G).

The equality in the lower bound is attained if and only if /B € Z+ and G is a union of star
graphs Sy p1o. The equality in the upper bound is attained if and only if G is a regular graph.

Note that Theorems 1 and 2 generalize the classical inequalities:
2V6 —1R(G) < ABC(G) <2V A—-1R(G). ®)
Theorem 1 has the following consequence.

Corollary 1. Let G be a graph with minimum degree § and my isolated edges.

(1) If 6 > 1, then:
2,/1— % R_1,4(G) < ABC(G).

The equality in the bound is attained if and only if G is a regular graph.

(2)If6 =1, then
21/4(R_1,4(G) — my) < ABC(G).

The equality in the bound is attained if and only if G is a union of path graphs Ps and my
isolated edges.

Corollary 1 improves the inequality:

in ([21], Theorem 2.5).
In [22], Lemma 4, the following result appeared.

Lemma 1. Let (X, i) be a measure space and f,g : X — R measurable functions. If there exist
positive constants w, Q with w|g| < |f| < Q|g| p-a.e., then:

I lallgl < ;(@ e ) Ifglh. ©

If these norms are finite, the equality in the bound is attained if and only if w = Q) and
|f| = w|g| p-ae. or f =g=0p-ae.
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We need the following converse Holder inequality, which is interesting on its own.
This result generalizes Lemma 1 and improves the inequality in [23] (Theorem 2).

Theorem 3. Let (X, it) be a measure space, f, g : X — R measurable functions,and1 < p,q < oo
with 1/p+1/q = 1. If there exist positive constants a, b with a|g|7 < |f|V < b|g|7 u-a.e., then:

If1lpliglla = Kp(a, b)I£8]l1, )

with:

L) <<,

Kp(a,b) =
1/b0\V(29) 1 ,a\1/@2p)
—(Z —(Z ifp >
p(a) +q(b) ’ ifp=2.
If these norms are finite, the equality in the bound is attained if and only if a = b and
|fIP = alg|7 p-ae or f =g =0p-ae.

Remark 1. Since: 1/b\1/4 1 ,a\1/4
k() =5(;) " +5(5)

Theorem 3 generalizes Lemma 1 (note that a = w?* and b = Q?).

Proof. If p = 2, then Lemma 1 (with w = a'/? and Q = b!/?) gives the result. Assume
now p # 2, and let us define:

a

q

b

la) oy
We will check at the end of the proof that k,(a,b) = Ky(a,b).
Let us consider t € (0,1) and define:

a

kp(a,b) = max{i(u)l/(zq) + 1 (b)l/(zp) 1 <b)1/(2q) N 1 (%>1/(2p) }

Gi(x) == tx! 4 (1 —t)x~!
for x > 0. Since:
Gi(x) =t(1—t)x ' —t(1—t)x 7 =t1 - t)x 1 (x - 1),

Gt is strictly decreasing on (0, 1) and strictly increasing on (1,00). Thus, if 0 < s < S are
two constants and we consider s < x < S, then:

Gt(x) S max{Gt(s), Gt(S)} =: A,

and if G;(x) = A forsomes < x < S,thenx =sorx =S.

Note that if G¢(s) # G(S), the following facts hold: if Gi(s) > G¢(S) and
Gi(x) = A = G¢(s), then x = s; if G¢(s) < G¢(S) and G¢(x) = A = G¢(S), thenx = S.

If x1,x0 > 0and sxy < x1 < Sxp, then:

(@) a0 (@) <a

X2 1
tx; + (1 —t)xp < Axixd .

By continuity, this last inequality holds for every x1, x, > 0 with sxy; < x1 < Sxp. If
the equality is attained for some x1, x; > 0 with sx, < x7 < Sx, then x1 = sxp or x; = Sxp
(the cases x; = 0 and x, = 0 are direct).
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Choose t = 1/p (thus, 1 —t = 1/q), x = x, = x/? and y = x}* = x3/%. Thus,
xP yq
— 4+ = < Ax (8)
p q Y

for every x,y > 0 with sy7 < xP < Syi. If the equality is attained for some x,y > 0 with
syl < xP < Syf, then xP = sy or xP = Syf.

I [[fll, = 0 or [lglly = O, then alg]? < [£17 < blgl? j-ae. gives ], = [iglly = O,
and the equality in (7) holds. Assume now that || f]|, # 0 # ||g/l4-

Let us define the function:
b= (ab)/ g

We have:
a b a b
Z W = q ~— W= q — W< P < /=K.
ﬁh st 2w =gt ﬁh—lf'—\/;h
Ifx=|fl,y=hs=(a/b)"/?,and S = (b/a)'/?, then sh? < |f|P < Sh7 and (8) gives:
1 1
= |f|P + = h1 < Alf]h.
; f p |l

If the equality in this inequality is attained at some point, then:

p— % p:\/zq
= Jemor =l

at that point.
Note that: ) 1,181/
P
G = xVagp (=
p(x) = a4 (D)
and so,

A =max{Gi(s), G+(S)} = max {Gy,,((a/b)**), G1,((b/a)*?)} =ky(a,b).
Hence, . )
» 1P+ p Wi < kp(a,b)|f|h,
1 1
» I£1Ip + p 11l < kp(a, )| fh|1.

Recall that these norms are well defined, although they can be infinite.
If these norms are finite and the equality in the last inequality is attained, then:

p— % P:\/Eﬂ
fr=yim o =y

p-a.e. Young’s inequality states that:
p q
xy < = + L
p 4

for every x,y > 0, and the equality holds if and only if x” = 7. Thus,

1 1
£ lIplRllg < » IF1Ip + P 1713 < kp(a, b) || fhl1.



Mathematics 2021, 9, 1151 11 of 17

Therefore, by homogeneity, we conclude:

I1lpliglly < kp(a, b) |l fell1-

Let us prove now that k,(a,b) = K;(a,b). Consider the function H;(x) := G;(x) —
Gt(1/x) fort € (0,1) and x € (0, 1]. We have:

Hi(x) = Gi(x) + 5 Gi( ;)

H1— ) x 1 x—1) + +(1 - t)% xf“( i - 1)
=t(1—t)x T x—1)+t(1—t)x2(1 —x)
(1-t)(1—x)x 12t —1).

I
-

Ift € (0,1/2), then 2t —1 < 0 and Hj(x) > 0 for every x € (0,1), and so, H;(x) <
Hi(1) = 0 for every x € (0,1). Hence, G¢(x) < G¢(1/x) for every x € (0,1). If p > 2 and
a < b, then Gy, ((a/b)"/?) < Gy/,((b/a)!/?), and:

a

q

Ift € (1/2,1), then 2t —1 > 0 and Hj(x) < 0 for every x € (0,1), and so, H¢(x) >
Hi(1) = 0 for every x € (0,1). Hence, G¢(x) > G¢(1/x) forevery x € (0,1). If 1 < p <2
and a < b, then Gy,,((a/b)'/?) > Gy,,((b/a)/?), and:

kp(a,b) = rl}(b)l/(Zq) N 1 (g)l/(h’).

q

a

kp(a,b) = ;(2)1/(2@ n 1 (b>1/(zp).

Therefore, ky(a,b) = Ky(a, b).

Ifa =band |f|V = a|g|T y-a.e. or f = g = 0 p-a.e., then a computation gives that the
equality in (7) is attained.

Finally, assume that the equality in (7) is attained. Seeking for a contradiction, assume
that a # b. The previous argument gives that:

a b
p— % P — /2
=i o=y

p-a.e. Since we proved Gy, ((a/b)'/?) # Gy,((b/a)'/?) (recall that p # 2 and a < b),
we can conclude that:

|fIP = \/ihq p-a.e.  or |fIP = \/th j-a.e.
a b
1515 = /3 e or A= /2 e

Since the equality in Young's inequality gives || f ||g = Hh||g, we obtain a = b, a contra-
diction. Therefore, a = b and |f|? = h7 y-a.e. Hence, |f|F = a|g|T p-a.e. [

Hence,

Theorem 3 has the following consequence.
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Corollary 2. If1 < p,q < ocowithl/p+1/q=1xy; > Oanday? < x]p < by?forl <j<k
and some positive constants a, b, then:

( i"f)w( iy?)l/q < Kp(a,b) ix]’%‘r
= j=

=

where Ky (a, b) is the constant in Theorem 3. If x; > 0 for some 1 < j < k, then the equality in the
bound is attained if and only if a = b and xf = ay? forevery1l <j <k

The Platt number is defined (see, e.g., [24]) as:

uveE(G)

Theorem 4. Let G be a graph with my isolated edges and 0 < a0 < 1.
(1) Then:
1—
ABC,(G) < F(G)*(R_o/(1-0)(G) —m2) .

The equality in this bound is attained for the union of any regular or biregular graph and my
isolated edges; if G is the union of a connected graph and my isolated edges, then the equality in this
bound is attained if and only if G is the union of any regular or biregular connected graph and my
isolated edges.

(2)If 6 > 1, then:

(A = 1)*/245/ 00 (5 — 1) 1=0)/268F(G)*R_y (1) (G)' ™
a(A —1)1/2A0/1-0) 4 (1 — &) (5 — 1)1/260/(1-) ’

ABC,(G) >

ifa € (0,1/2], and:

S—1 a/25a2/(1—a) A —1)1-0)/2A2F(GY*R G)l—«
ase(G) s ©=D (a-1) (6 R_s/1-0)(G)' "
w(6—1)1/250/(1=2) 4 (1 — a)(A —1)1/2A0/(1-0)

ifa € (1/2,1). The equality in these bounds is attained if and only if G is reqular.
(3)If 6 =1, then:

pe (o) > 2B DA T YEGNR i (G) =)
«(G) 2 w(2A — 2)1/2A0/ (1=0) 4 (1 — )20/ (2-20)

ifa € (0,1/2], and:

2“2/(2—2"‘)A"‘(2A _ 2)(1_06)/2F(G)“(R,a/(lfa)(G) . mz)l—zx

ABCy(G) 2 a2/ (222) 4 (1 ) (2A — 2)1/2A"‘/(1_"‘)

ifo € (1/2,1).

Proof. Since ABC,(P2) = 0and Rg(P,) = 1, it suffices to prove the theorem for the case
my = 0, i.e,, when G is a graph without isolated edges. Hence, A > 2.
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Holder’s inequality gives:

d dy — 2\
ABC,(G) = uv;@ (%)
1/(1—a)\ 1-
< (WGX:E(G) ((du +dy z)a)l/a)“(uUGX:E(G) (W) « ) «
= ) —a/(1-a)\ 1%
B (quEE(G) (et 2)) (uveZE(@ () )

= F(G)"R_s/(1-a)(G)' ™",
If G is a regular or biregular graph with m edges, then:
F(G)*R_a/(1-)(G)1 ™% = (A +6 —2)m)" ((88) =/ (=)~

_(A+6-2)"

oM ABC4(G).

Assume that G is connected and that the equality in the first inequality is attained.
Holder’s inequality gives that there exists a constant ¢ with:

dy +dy —2 = c(dydy) /(=%

for every uv € E(G). Note that the function H : [1,00) x [1,00) — [0,00) given by
H(x,y) = (x +y — 2)(xy)*’ (1% is increasing in each variable. If uv, uw € E(G), then:

c=(dy+dy— 2)(dudv)"‘/(1—"‘) = (dy +dyp—2) (dudw)tx/(l—a)

implies dy, = dp. Thus, for each vertex u € V(G), every neighbor of 1 has the same degree.
Since G is a connected graph, this holds if and only if G is regular or biregular.

Assume now that § > 1. If « € (0,1/2], then:

K]/(x( 520&/ 1 IX) (ZA_Z)AZDC/(lfﬂc))
(1-a)/2 S—1\a/2/,5\a%/(1—a)
( ) (5) +a-a(5=5)" (3)
Oé )( )/2A1x< )tx/ZAlxz/(l ) (1_[X)((s_1)&/250@/(17&)(5_1)(174)()/2504

(A — 1)&/2Aa2/(170c) (6 — 1)(1,“)/25,,4
a(A = DV2A (=) 4 (1 — ) (5 — 1)1/25%/ (1-0)
(A _ 1)a/2Aa2/(1—a) (5 _ 1)(1—«)/2(51:(

If « € (1/2,1), then a similar computation gives:

Ki/a (26 —2)8%/ (170, (27 — 2) A2/ (170))
(6 —1)1/25%/ (1=0) 4 (1 — )(A — 1)1/2p%/ (1)
(56— 1)a/25a2/(17a)(A _ 1)(17a)/2Aa

Since:

dy +dy—2

- 20/ (1—a) _ a/(1-a) _ _Hu T %0 — 2
(25 2)5 < (du +dy 2)(dudv) (dudv)fﬂé/(lfﬂé)

S (ZA _ z)Ath/(lftX),
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Corollary 2 gives:

dy+dy, — 2\«
T
uv€E(G) urv

11—«

> (ZuveE(G) (du +dy — 2))a(zltveE(G) (dudv)*a/(lﬂx))

> Kya((26 —2)62¢/ (=), (27 — 2) A2/ (1-4))
B F(G)aRfuc/(lfuc)(G)lia
Ky ((20 —2)82%/(1-0), (27 — 2) A2/ (1=a)) ©

This gives the second and third inequalities.
If the graph is regular, then:

F(G)aRfa/(lfa)(G)l_“
Kia ((26 —2)020/(1=8), (2 — 2) A2/ (1-0))
B ((2(5—Z)m)“<5—2a/(l—a)m)l—a
 Kui/e((26 —2)020/ (70, (25 — 2)520/(1=a))
(20 —2)"

If we have the equality in the second or third inequality, then Corollary 2 gives
(26 — 2)0%¢/(1=0) = (2A — 2)A?*/(1=%) " Gince the function h(t) = (2t — 2)#2*/(1=2) jg

strictly increasing on [1,00), we conclude that 6 = A and G is regular.
Finally, assume that 6 = 1. If « € (0,1/2], then:

Kl/a (20{/(1—0(), (ZA _ 2)A21X/(1—IX))

= a(zA—Z)“*“)/Z(sz)“ +(1 —a)<2A —

A

1 )a/Z(zl/z)rxz/(lﬂx)

_ IX(ZA . 2)(1—0{)/2Aa(2A . 2)04/2Aa2/(1—zx) + (1 . a)zzxz/(2—2a)2¢x/2

(2A — 2)a/2A0%/ (1-a) /2
DC(ZA _ 2)1/2A0¢/(171X) + (1 _ D()zlx/(szDc)
20 (A —1)%/2p02/ (1-8) '

If « € (1/2,1), then a similar computation gives:

Kl/a (20(/(1—0(), (ZA _ Z)AZIX/(l—IX))

20/ (2720) 4 (1 — &) (28 — 2)1/2A%/ (1-2)
o a2 /(2—2a) A (2A — 2)(1—04)/2

Since:

20/(0-0) < (d,, + dy — 2) (dyedy)/(10) = Fut o2

S (ZA _ z)AZIX/(]—IX),

(dudv)fac/(lfac)
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Corollary 2 gives:

dy +dy —2\®
ABC,(G) = 2 dy Tdy — <
' uveE(G) dudv )
14
—a/(1—
(ZWGE(G) (d” +dy _2)) (ZuyeE(G) (dudv) v ‘X))
Ki/a (2“/(1”"), (2A — z)AZa/(lw))
B F(G)"‘R,M(lw)(c)lw
T Ky (2¢/0-0), (27 — 2) A2/ (1-0))

11—«

This gives the fourth and fifth inequalities. [

Theorem 4 has the following consequence.

Corollary 3. Let G be a graph with my isolated edges.
(1) Then:

ABC(G) < \/2F(G)(R1(G) — ma).

The equality in this bound is attained for the union of any regular or biregular graph and my
isolated edges; if G is the union of a connected graph and my isolated edges, then the equality in this
bound is attained if and only if G is the union of any regular or biregular connected graph and my
isolated edges.

(2)If 6 > 1, then:
2248 (A — 1)V4(5 — 1)V4F(G)V/2R _1(G)V/?
AVA—-1+6V5-1 '

The equality in this bound is attained if and only if G is reqular.
(3)If 6 =1, then:

ABC(G) >

2V2A (A — 1)VAF(G)V2(R_1(G) — mp) '/
AVA—1+1 '

Theorem 5. If G is a graph with m edges and my isolated edges and « € R, then:

ABC(G) >

ABC,(G)
ABC,(G)

(m—mp—1)*(R_a(G) —my), ifa>0,

<
> (m—1)*R_4(G), ifa <0andmy=0.

The equality in the first bound is attained if and only if G is the union of a star graph and my
isolated edges. The equality in the second bound is attained if and only if G is a star graph.

Proof. Since ABCy(P2) = 0 and Rg(P2) = 1, it suffices to prove the theorem for the case
my = 0, i.e.,, when G is a graph without isolated edges.
In any graph, the inequality d,, +d, < m + 1 holds for every uv € E(G). If « > 0, then:

dyt+dy—2\"
T dudy

1 4
dudv

o
dutdo =2\ 1) (ddy)
dudz;

ABCy(G) < (m —1)*"R_4(G).

= (dy+dy—2)" < (m—1)",

If « < 0, then we obtain the converse inequality.
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If G is a star graph, then d,, +d, = m + 1 for every uv € E(G), and the equality is
attained for every a.

If the equality is attained in some inequality, then the previous argument gives that
dy +dy, = m+1 for every uv € E(G). In particular, G is a connected graph. If m = 2,
then {d,, d,} = {1,2} for every uv € E(G), and so, G = P; = S3. Assume now m > 3.
Seeking for a contradiction, assume that {d,, d,} # {m,1} for some uv € E(G). Since
dy+dy, =m+1,wehave 2 < d,,d, < m—1, and so, there exist two different vertices
u', v € V(G) \ {u, v} with uu’,v0’ € E(G). Since vv' is not incident on u and u’, we have
dy +d,, < m+1,acontradiction. Hence, {d,, d,} = {m, 1} for every uv € E(G), and so,
Gis a star graph. 0O

Corollary 4. If G is a graph with m edges and mjy isolated edges, then:
ABC(G) < y/2(m —my —1) (R(G) — my),
and the equality is attained if and only if G is the union of a star graph and mj isolated edges.

Note that Theorem 5 (and Corollary 4) improves Items (1) and (2) in Theorems 1 and
2 for many graphs (when m < 2A —1).

3. Conclusions

Topological indices have become a useful tool for the study of theoretical and practical
problems in different areas of science. An important line of research associated with
topological indices is to find optimal bounds and relations between known topological
indices, in particular to obtain bounds for the topological indices associated with invariant
parameters of a graph (see [1]).

From the theoretical point of view in this research, a new type of Holder converse
inequality was proposed (Theorem 3 and Corollary 2). From the practical point of view,
this inequality was successfully applied to establish new relationships of the generaliza-
tions of the indexes ABC and R; in particular, it was applied to prove Theorem 4 and
Corollary 3. In addition, other new relationships were obtained between these indices
(Theorems 1, 2, and 5) that generalized and improved already known results.

Author Contributions: Investigation, P.B., E.D.M., JM.R. and ].M.S. All authors have read and
agreed to the published version of the manuscript.

Funding: This research was supported by a grant from Agencia Estatal de Investigaciéon (PID2019-
106433GBI00/ AEI/10.13039/501100011033), Spain. The research of José M. Rodriguez was supported
by the Madrid Government (Comunidad de Madrid-Spain) under the Multiannual Agreement with
UC3M in the line of the Excellence of University Professors (EPUC3M23) and in the context of the V
PRICIT (Regional Programme of Research and Technological Innovation).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Acknowledgments: We would like to thank the reviewers for their careful reading of the manuscript
and their suggestions, which have improved the presentation of this work.

Conflicts of Interest: The authors declare no conflict of interest.

1.  Molina, E.D,; Rodriguez, ].M.; Sanchez, J.L.; Sigarreta, ].M. Some Properties of the Arithmetic-Geometric Index. Symmetry 2021,

13, 857. [CrossRef]

2. Devillers, J.; Balaban, A.T. (Eds.) Topological Indices and Related Descriptors in QSAR and QSPR; Gordon and Breach: Amsterdam,

The Netherlands, 1999.

3. Karelson, M. Molecular Descriptors in QSAR/QSPR; Wiley-Interscience: New York, NY, USA, 2000.


http://doi.org/10.3390/sym13050857

Mathematics 2021, 9, 1151 17 of 17

N o O

10.

11.
12.
13.
14.

15.

16.
17.
18.
19.
20.
21.
22.

23.

24.

Todeschini, R.; Consonni, V. Handbook of Molecular Descriptors; Wiley-VCH: Weinheim, Germany, 2000.

Gutman, I; Furtula, B.; Katani¢, V. Randi¢ index and information. AKCE Int. |. Graphs Comb. 2018, 15, 307-312. [CrossRef]
Estrada, E. Quantifying network heterogeneity. Phys Rev. E 2010, 82, 066102. [CrossRef] [PubMed]

Pineda, J.; Martinez, C.; Mendez, A.; Mufios, ].; Sigarreta, ]. M. Application of Bipartite Networks to the Study of Water Quality.
Sustainability 2020, 12, 5143. [CrossRef]

Estrada, E.; Torres, L.; Rodriguez, L.; Gutman, I. An atom-bond connectivity index: Modelling the enthalpy of formation of
alkanes. Indian J. Chem. 1998, 37A, 849-855.

Furtula, B.; Graovac, A.; Vukicevi¢, D. Augmented Zagreb index. . Math. Chem. 2010, 48, 370-380. [CrossRef]

Chen, X.; Das, K.C. Solution to a conjecture on the maximum ABC index of graphs with given chromatic number.
Discr. Appl. Math. 2018, 251, 126-134. [CrossRef]

Chen, X.; Hao, G. Extremal graphs with respect to generalized ABC index. Discr. Appl. Math. 2018, 243, 115-124. [CrossRef]
Das, K.C.; Elumalai, S.; Gutman, I. On ABC Index of Graphs. MATCH Commun. Math. Comput. Chem. 2017, 78, 459-468.

Das, K.C.; Gutman, L; Furtula, B. On atom-bond connectivity index. Chem. Phys. Lett. 2011, 511, 452-454. [CrossRef]

Das, K.C.; Rodriguez, ].M.; Sigarreta, ].M. On the maximal general ABC index of graphs with given maximum degree.
Appl. Math. Comput. 2020, 386, 125531. [CrossRef]

Gutman, I; Furtula, B.; Ivanovi¢, M. Notes on Trees with Minimal Atom-Bond Connectivity Index. MATCH Commun. Math.
Comput. Chem. 2012, 67, 467-482.

Bollobas, B.; Erdés, P. Graphs of extremal weights. Ars Combin. 1998, 50, 225-233. [CrossRef]

Mili¢evié, A.; Nikoli¢, S. On variable Zagreb indices. Croat. Chem. Acta 2004, 77, 97-101.

Li, X.; Gutman, I. Mathematical Aspects of Randié¢ Type Molecular Structure Descriptors; Univ. Kragujevac: Kragujevac, Serbia, 2006.
Nikoli¢, S.; Kovacevi¢, G.; Mili¢evi¢, A.; Trinajsti¢, N. The Zagreb indices 30 years after. Croat. Chem. Acta 2003, 76, 113-124.
Randi¢, M. On characterization of molecular branching. J. Am. Chem. Soc. 1975, 97, 6609-6615. [CrossRef]

Hua, H.; Das, K.C.; Wang, H. On atom-bond connectivity index of graphs. . Math. Anal. Appl. 2019, 479, 1099-1114. [CrossRef]
Martinez-Pérez, A.; Rodriguez, ].M.; Sigarreta, ]. M. A new approximation to the geometric-arithmetic index. J. Math. Chem. 2018,
56, 1865-1883. [CrossRef]

Rodriguez, ].M.; Sanchez, ]J.L.; Sigarreta, ].M. Inequalities on the inverse degree index. J. Math. Chem. 2019, 57, 1524-1542.
[CrossRef]

Hollas, B. On the variance of topological indices that depend on the degree of a vertex. MATCH Commun. Math. Comput. Chem.
2005, 54, 341-350.


http://dx.doi.org/10.1016/j.akcej.2017.09.006
http://dx.doi.org/10.1103/PhysRevE.82.066102
http://www.ncbi.nlm.nih.gov/pubmed/21230700
http://dx.doi.org/10.3390/su12125143
http://dx.doi.org/10.1007/s10910-010-9677-3
http://dx.doi.org/10.1016/j.dam.2018.05.063
http://dx.doi.org/10.1016/j.dam.2018.01.013
http://dx.doi.org/10.1016/j.cplett.2011.06.049
http://dx.doi.org/10.1016/j.amc.2020.125531
http://dx.doi.org/10.1016/S0012-365X(98)00320-3
http://dx.doi.org/10.1021/ja00856a001
http://dx.doi.org/10.1016/j.jmaa.2019.06.069
http://dx.doi.org/10.1007/s10910-017-0811-3
http://dx.doi.org/10.1007/s10910-019-01022-3

	Introduction
	Inequalities Involving ABC
	Conclusions
	References

