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Abstract: In the present work, different algorithms for contact detection in multibody systems
based on smooth contact modelling approaches are presented. Beginning with the simplest ones,
some difficult interactions are subsequently introduced. In addition, a brief overview on the different
kinds of contact/impact modelling is provided and an underlining of the advantages and the
drawbacks of each of them is determined. Finally, some practical examples of each interaction are
presented and analyzed and an outline of the issues arisen during the design process and how they
have been solved in order to obtain stable and accurate results is given. The main goal of this paper
is to provide a resource for the early-stage researchers in the field that serves as an introduction to
the modelling of simple contact/impact events in the context of multibody system dynamics.

Keywords: multibody system dynamics; contact detection; smooth modelling; geometric algorithms

1. Introduction

Multibody System Dynamics MSD has its roots in the works carried out by Lagrange
who, based on the past studies by figures such as Newton, Euler and Kepler, developed his
well-known treatise on analytical mechanics and conceived to solve complex mechanical
systems [1]. However, it was not until the last decades when the rise of computers made
it possible to automate these calculations. The first researchers able to achieve good
results by applying these classical equations of mechanics on computers were Nikravesh,
Lankarani, Pfeiffer and Shabana [2–7], among others. Since then, these equations of
Multibody System Dynamics have been applied in countless areas of importance such
as the design of robots [8,9], testing of engineering components [10,11], optimization of
navigation [12–14] or medical research [15–17], including [18–20].

Briefly described, a multibody system is established as a “set of bodies whose relative
motion can be restricted by kinematic joints and that is subjected to the action of external
forces” [21]. Bodies are defined as rigid solids if their deformations are assumed to be small
enough so that they do not affect the global motion produced by the body or flexible enough
that they recover their original shape after the external force causing these deformations
cease to act. In order to restrict the degrees of freedom and relative motion between bodies,
kinematic joints are used since they determine the relative motion between bodies. Thus,
the motion between bodies is defined by the type of kinematic joint, the most commonly
used being the revolute and the translational joints [22]. The term forces covers a wide range
of loads from diverse origins (punctual/linear/surface/volume forces, momentums, etc.).

Impacts between bodies, which generate normal (impact/penetration) and tangential
(friction) forces, are present in almost any mechanical phenomenon [23–25]. These events
are responsible for different phenomena such as vibration propagation [26], damag-
ing waves [27], fatigue in elements [28], wear [29], defects and so on. These collision
phenomena between bodies produce swift forces of great magnitudes that dissipate large
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amounts of energy. This produces discontinuities in the kinematics and renders it very
difficult to model. For an accurate modelling of these events, not only the physical proper-
ties of the materials and the contact must be taken into account but also the mathematical
characteristics of the bodies [5,6,30].

The rest of the paper is structured as follows. In Section 2, an introduction to the
contact/impact event modelling is made and a discussion of the benefits and drawbacks of
the different existing approaches is in place. Subsequently, four simple contact detection
algorithms are developed in Section 3. Some practical examples and the results obtained
from them are shown and discussed in Section 4. Finally, the main conclusions are drawn
in Section 5.

2. Considerations about Contact Event Modelling in Multibody Systems

A contact/impact event between two bodies can be characterized using two different
approaches: the non-smooth method and the penalty models [31–33]. Three elements
distinguish these two methods: contact points location, the equations that define the forces
and the use of the value of indentation [34]. The principal features of both methods will be
described and discussed in the following sections.

2.1. Non-Smooth Methods

Non-smooth models, also known as piecewise methods [35], rigid approaches [36]
or momentum-based methods [37] make two assumptions: body deformations are small
compared to their geometry and, thus, they can be considered as rigid solids and contact is
considered as a process that is almost instantaneous [36]. Due to these assumptions, the po-
tential energy of the system kept constant and the rest of the external forces can be omitted.
The mechanical analysis is separated into two main stages (before and after the collision),
with additional secondary phases such as inverse motion or slippage [38]. Two coefficients
are used to model both energy transfer and energy dissipation phenomena: the coefficient
of restitution and the impulse ratio [39]. Likewise, two methods are usually utilized to
deal with this kind of systems: the linear complementarity problem (LCP, [6,40,41]) and
the differential variational inequality (DVI, [42–44]). The first kind of system is marked
by defining unilateral constraints when formulating the dynamic equations to obtain the
values of the normal forces and this occurs under the premise of avoiding penetration
from happening. Only a small value of indentation can occur in order to detect the initial
time of contact, which is not subsequently used to obtain the value of the impulse [45].
Nevertheless, these kinds of modelling often causes problems when dealing, for example,
with friction phenomena or, in some specific cases for instance, when characterizing perma-
nent or intermittent contacts [6,46,47]. On the other hand, methods based on the DVI stand
out for working reasonably well with multiple simultaneous contacts/impacts models [45].
However, their main handicap resides in the remarkable complexity of their algorithmic
procedures [43,48].

2.2. Penalty Methods

Compared to non-smooth approaches, contact-force-based models are proposed
and they are also known as penalty [49], compliant [50] or regularized [51] models.
Penalty methods are marked by their simplicity, computational efficiency and ease of
implementation [45,52]. In these models, contact forces are defined as continuous functions
of the relative indentation of the contacting bodies (which are assumed to be deformable
bodies) and its time derivatives [49,53]. Contact surfaces of each body are modelled as a set
of spring-damper elements scattered over them [54]. Most of the expressions that define
these models are comprise of two components, one related to the elastic component (spring)
and another associated to energy dissipation (damper). These equations depend on the
material properties of the bodies, the surface geometry, the relative velocity between them,
the value of the relative indentation and the coefficient of restitution, which quantifies the
energy dissipation of the process [45]. These forces are responsible for preventing penetra-
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tion between the bodies from occurring, rendering the definition of unilateral constraints
unnecessary. Nevertheless, these methods also have some handicaps, the principal one
being the right selection of the parameters related to the force expressions. The values of,
for example, the nonlinearity degree of the indentation or the equivalent stiffness have
a huge impact on the results. Another drawback is the inclusion of high frequencies in
the system is due to the definition of excessively stiff springs. This increases the degree of
discretization and causes the computing time to rise dramatically. A proper detection of
the initial instant of contact is critical when dealing with these models [50,55,56].

3. Contact Formulation in Penalty Models

A general method to obtain the indentation between bodies for its implementation
in multibody systems for which contact events are modelled by penalty approaches is
described in this section. Given the system shown in Figure 1a, where bodies i and
j move with absolute velocities

.
ri and

.
rj, respectively, Pi and Pj denote the potential

contact points. The contact evaluation at each instant of the dynamic analysis involves the
calculation of three elements [54]: the position of the potential points of contact in each

body, their Euclidean distance (vector
→
d) and the relative normal velocity. These three

quantities are used by almost all existing contact force models [45]. Positive values of this
distance represent a separation state, while negative values reflect penetration occurring
between the bodies. The change in sign indicates the transition from a separation state
to a contact one and vice-versa [55]. Likewise, positive normal velocities indicate that
bodies are closing together, while negative values reflect that the bodies are separating.
When friction phenomena are considered in contact processes, other variables such as
tangential or angular velocities must be taken into account [57].

The nomenclature defined by Flores and Machado in [30] and [54], respectively,

was chosen to name the variables used in this work. Vector
→
d, defined between the

potential contact points, is given by the expression:

→
d =

→
rP

j −
→
rP

i (1)

where
→
rP

j and
→
rP

i are described with respect to the global frame system [3] and:

→
rP

k =
→
rk +

→
sk

P =
→
rk + Ak·

→
s′kP (k = i, j) (2)

where
→

sk
P denotes position vector of the contact point with respect to the local reference

frame ξηζ, in global system coordinates xyz, Ak denotes the rotational transformation
matrix that describes the orientation of the local system of the body k with respect to the

global one and
→

s′kP denotes the position vector of the contact point with respect to the local
frame, in local system coordinates [3].

Alternatively, the normal unit vector n is defined in the direction normal to the contact
plane [45]:

→
n =

→
d
l

(3)

where l denotes the dot product of the two vectors.

l =
→
n ·
→
d (4)

Equation (2) gives the condition of minimum distance between the two bodies, but it
is not sufficient to define univocally the potential points of contact, being these the points
where the maximum indentation happens [30]. Two more equations should be established:
→
d must be collinear with

→
ni (vector normal to the contact plane, associated with body i)
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and
→
nj (vector normal to the contact plane, associated with body j) must be collinear with

→
ni, that is, with normal direction

→
d [30].

→
d ×→n i =


0
0
0

 (5)

→
n j ×

→
n i =


0
0
0

 (6)

Equations (2)–(4) give rise to a system of nonlinear equations that must be solved itera-
tively. Once the potential contact points are defined, the value of indentation, denoted as δ
(see Figure 1b), is calculated.

δ =

√
→
d ·
→
d (7)

Figure 1. (a) General bodies with respect to the global reference system; (b) same bodies, with relative
penetration. Both figures are presented in a 2D frame for ease of understanding.
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In the same manner, relative normal velocity is obtained as the projection of the contact
velocity onto the direction normal to the contact plane:

→
vN =

→.
δ =

→
n ·
( →.

rj
P −

→.
ri

P
)

(8)

where
→.
ri

P and
→.
rj

P are the time derivatives of the position vectors, in global-frame coordi-
nates, of the potential contact points [54,58].

The most common interactions in simple multibody systems will be presented here
along with their respective algorithms for the calculation of the potential contact points
and the value of indentation: sphere–plane, sphere–sphere, sphere–cylinder and sphere–
rectangular parallelepiped.

3.1. Sphere–Infinite Plane Interaction

Given a system that consists of a sphere i with a center on point C, with radius R and
an infinite plane with its mass center on point P (see Figure 2), the implicit function or
general equation is defined [59] as follows:

a·x + b·y + c·z + d = 0 (9)

where a, b and c are the components of the vector normal to the plane in x, y and z axis,
respectively. Considering the coordinates of the mass center, the value of d is obtained
as follows.

d = −a·rP
x − b·rP

y − c·rP
z (10)

Once the general equation is completely defined, the distance from the center of the
sphere to the plane, distij, is calculated (see Figure 3) as follows.

distij =
→
n j·
→
rC

i + d (11)

The projection of the center of mass of the sphere on the plane is defined using the
following value.

→
rC

j−sph =
→
rC

i − distij·
→
n j (12)

This vector must be converted into local-frame plane coordinates, as it will be subse-
quently required to obtain the value of the relative contact velocity.

→
sC

j−sph = A−1
j ·
(→

rC
j−sph −

→
rP

j

)
(13)

Then, the value of the indentation of the sphere into the plane, δ, is calculated.

δ = R− distij (14)

Negative values of this term indicate that there is no contact between the sphere and
the plane. The initial instance of contact takes place when δ = 0. Since this point, for each
time step, the value of relative normal velocity between the bodies is calculated.

The parameters that must be specified to obtain the value of indentation in a sphere–
infinite plane interaction according to the described algorithm are summarized in Table 1.

This algorithm has provided reasonably good and consistent results when performing
forward-dynamic analysis using the ODE integrators available in Matlab [60]. When dealing
with multiple-impact scenarios (as will be subsequently described in Section 4), ODE113 has
provided better outcomes at a minimal computing cost than the default ODE45 integrator.
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Figure 2. Simplified representation of a contact interaction between a sphere and an infinite plane.

Figure 3. Calculation of the projection of the center of the sphere on the plane,
→
rC

j−sph.

Table 1. Summary of the parameters required to calculate the indentation between a sphere and an
infinite plane.

Parameter Description
→
rC

i
Position vector of the mass center of the sphere, i, in global-frame coordinates

→
rP

j
Position vector of the mass center of the plane, j, in global-frame coordinates

→
n j

Unit vector normal to the plane, directed towards the sphere, in global-frame
coordinates

Aj Rotational transformation matrix of the plane

R Sphere radius

3.2. Sphere–Sphere Interaction

A system in which two spheres i and j with radii Ri and Rj, respectively, come into
contact is presented in Figure 4. In this case, two different interactions can take place
according to the arrangement of the bodies: an external contact (Figure 4a) or an internal
one (Figure 4b).

The algorithm for calculating the relative penetration between the bodies varies
minimally between both cases. For an external contact, the expression that defines δ is
as follows.

δ = Ri + Rj − ||
→
d || (15)
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The value of the indentation in an internal interaction is determined by the follow-
ing equation.

δ = Ri + Rj + ||
→
d || (16)

However, in this last case, the value of the largest radius is introduced with a negative
sign. For both interactions, as long as δ is negative no contact will be happening; the start
of the interaction occurs when δ = 0 (see Figure 5).

Figure 4. Simplified representation of the possible contact interactions between the two spheres: (a)
external contact; (b) internal contact.

Figure 5. Representation of the two possible interactions between two spheres: (a) external contact;
(b) internal contact.
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Likewise, the parameters that must be specified to obtain the value of relative penetra-
tion in a sphere–sphere interaction according to the described algorithm are summarized
in Table 2.

Table 2. Summary of the parameters required to calculate the indentation between two spheres.

Parameter Description
→
d Vector between the mass centers of the two spheres

Ri Sphere i radius

Rj Sphere j radius

Once again, ODE45 and ODE113 have proved to deliver consistent results when
carrying out dynamic analysis of systems with this kind of interactions and the latter is
recommended for those cases when either there is a large difference between the values
of the radii or the impact velocity is excessively large. In Section 4 further details and
examples will be presented and developed.

3.3. Sphere–Cylinder Internal Contact

In this case, the model consists of a cylinder i and a sphere j with radii Ri and Rj,
respectively. This interaction can be considered as a combination of the two previously
described, as the bases of the cylinder can be characterized as sphere–plane interactions,
while the contact between the lateral area of the cylinder and the sphere is defined by an
algorithm inspired in the sphere–sphere case (see Figure 6).

Figure 6. Simplified representation of the internal contact between a cylinder and a sphere.

For this latter contact, the projection of vector
→
d on the cylinder axis,

→
prjaxis must be

obtained in the first place, given the unit vector of the axis,
→
u axis.

→
prjaxis =

→
d ·→u axis

||
→
d ||
·→u axis (17)

The subtraction of vectors
→
d and

→
prjaxis provides vector

→
n v, which is normal to the

cylinder axis and joins it to the center of the sphere (see Figure 7).

→
n v =

→
d −

→
prjaxis (18)

Finally, the value of lateral indentation, δlat, is obtained.

δlat = Ri + Rj + ||
→
d || (19)
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Figure 7. Representation of the internal contact between the lateral surface of a cylinder and a sphere:
(a) xz plane; (b) yz plane; (c) specific case in which there is contact with one of the bases.

Then, it will be verified if there is any contact taking place between the sphere and
some of the bases of the cylinder. If contact is present, normal vectors will be directed
towards the inside of the cylinder. The indentation on the base will be calculated using
the algorithm developed in Section 3.1. In order to calculate the indentation on the base,
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the coordinates of the centers of both the sphere and the bases will have to be defined.
All these variables are summarized in Table 3.

Table 3. Parameters required to calculate the indentation between a cylinder and a sphere, according
to the described algorithm.

Parameter Description
→
d Vector between the mass centers of the cylinder and the sphere

→
u axis Unit vector in the direction of the cylinder axis

Ri Cylinder i radius

Rj Sphere j radius
→
rb1

i
Position vector of one of the bases of the cylinder, in global-frame coordinates

→
rb2

i
Position vector of the other base of the cylinder, in global-frame coordinates

→
rC

j
Position vector of the center of the sphere, in global-frame coordinates

This algorithm has also provided consistent outcomes when performing forward-
dynamic analysis using the ODE integrators available in Matlab (see Section 4), be-
ing ODE113 better for those models in which there is a large difference between the
values of the radii of the bodies.

3.4. Sphere–Rectangular Parallelepiped Interaction

This interaction was developed as an evolution of the algorithm described in Section 3.1.
Unlike the sphere–plane case, the planes here have finite extensions, so the complexity
related to defining contact interactions increases considerably. The model in Figure 8 shows
a sphere i with radius R and its center in C and a rectangular parallelepiped j with its mass
center defined by point P.

Figure 8. Simplified representation of the interaction between a sphere and a rectangular parallelepiped.

Beginning from the sphere–plane case, a decision is made to analyze the contact
detection for each face of the prism individually. In order to calculate the value of the
indentation when the sphere hits one of edges, it will be necessary to decompose the
contact direction into components normal to the faces that meet at that edge. In other
words, the vector normal to the contact surface will always be a sum of the components in
the normal directions to each one of the faces of the prism. However, to calculate all these
terms it will be required to take into account the whole parallelepiped and all the possible
contact cases that can happen between the sphere and the prism.
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Apart from the aforementioned data, the inertia matrix of the regular parallelepiped
must be provided:

JP,pln =
1
12
·mj·

 (
w2 + h2) 0 0

0
(
d2 + h2) 0

0 0
(
w2 + d2)

 (20)

where mj denotes the prism mass and d, w and h denotes its dimensions in the ξηζ
local-frame coordinates. This reference system has its origin in one of the corners of the
parallelepiped (see Figure 9). The above tensor must be defined as a function of these
dimensions and not numerically, as it will be subsequently used to calculate the coordinates
of the edges of the prism and determine accurately if the sphere is in contact or not.

Figure 9. Description of the dimensions of a rectangular parallelepiped and the location of its local
reference frame.

First, the values of d, w and h at each instant are calculated. They are denoted as
distancex, distancey and distancez, respectively.

distancex = d =

√√√√12·
(

JP,pln(2,2) − JP,pln(1,1) + JP,pln(3,3)

)
2·mj

(21)

distancey = w =

√√√√12·
(

JP,pln(1,1) − JP,pln(2,2) + JP,pln(3,3)

)
2·mj

(22)

distancez = h =

√√√√12·
(

JP,pln(1,1) + JP,pln(2,2) − JP,pln(3,3)

)
2·mj

(23)

Descriptively, the algorithm developed here is defined with respect to the positive ζ-
axis plane (the upper face of the prism in Figure 9). Nevertheless, the concept is similar for
the rest of faces of the parallelepiped. In the same manner as the sphere–plane interaction,
the distance from the center of the sphere to the plane is calculated in the first place.
In order to calculate this, a point of this plane and a vector normal to it must be defined
(see Figure 10). The second value is known in terms of local-frame coordinates (in the case
example, this will be (0, 0 ,1)), while in global-frame coordinates it will be given by the
following expression:

→
pnv = Aj·

 0
0
1

 (24)
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where Aj is the rotation matrix that describes the orientation of the local system of the
prism with respect to the global one, denoted as xyz. Regarding the point of the plane, PP,
its coordinates are defined as follows.

→
rPP

j =
→
rP

j + Aj·

 0
0

distancez/2

 (25)

Figure 10. Location of point PP and vector
→

pnv.

Once the plane is completely defined, the distance from the center of the sphere to the
plane (see Figure 11) is calculated using the general equation of a plane (see Equation (10))
and by obtaining the value of d.

distance =
→

pnv·
→

rPP
j + d (26)

At this point, the minimal distance between the sphere and the plane is a known
quantity. If this value is greater than the radius of the sphere, there is no possibility that
contact is happening. However, if this distance is less than the radius, it cannot be assured
that no contact is taking place. Thus, it is necessary to calculate the projection of the center

of the sphere on the plane coincident to the upper face of the prism,
→
rC

j−sph (see Figure 11).

→
rC

j−sph =
→
rC

i − distance· →pnv (27)

This projection, in local-frame coordinates of the parallelepiped, being defined by the
following expression.

→
sC

j−sph = A−1
j ·
(→

rC
j−sph −

→
rP

j

)
(28)

Then, it is verified if the projection of the sphere on the plane of the face of the
prism intersects it. It will be compared, in local-frame coordinates of the prism, to each

component of the projection of the center of the sphere on the plane,
→
sC

j−sph, ξ and
→
sC

j−sph, η ,
with the values of the edges of the prism (see Figure 11.). The value of the sphere radius, R,
will either be subtracted or added to this projection to consider any possible contact case
that can happen with the corners of the prism. Thus, there will be no contact if any of the
following conditions is met:
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→
sC

j−sph, ξ − R > distancex/2: orange-edged sphere in Figure 12.
→
sC

j−sph, ξ + R < −distancex/2: red-edged sphere in Figure 12.
→
sC

j−sph,η − R > distancey/2: purple-edged sphere in Figure 12.
→
sC

j−sph,η + R < −distancey/2: blue-edged sphere in Figure 12.

Figure 11. Projection of the center of the sphere on the plane coincident to the upper face of the parallelepiped.

Figure 12. Different projections of the sphere on the plane coincident to the upper face of the parallelepiped.

Apart from these conditions, if the distance from the center of the sphere to the
plane, in the normal direction relative to it, is greater than that of the sphere radius
(|distance| > |R|), there will be no contact occurring either. If any of these conditions are
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met, there will be a contact interaction taking place between the sphere and the plane and
the normal contact vector will have to be calculated. This vector, denoted by

→
p , joins the

potential contact point of the parallelepiped with the center of the sphere, permitting the
value of indentation to be obtained.

The system shown in Figure 13, in which the sphere is impacting with the paral-
lelepiped, is proposed. The local-frame components of vector

→
p will be calculated with the

same method as how the different contact scenarios were verified previously:

• In local ξ -axis, the value of the component of the normal contact vector will be

the projection of the sphere on the plane,
→
sC

j−sph, ξ , to which the value of half the
dimension in this direction will be subtracted.

→
pξ =

→
sC

j−sph, ξ −
distancex

2
·

 1
0
0

 (29)

• In local η -axis, the value of the component of the normal contact vector will be
→
sC

j−sph, η .

→
pη =

→
sC

j−sph, η −
distancey

2
·

 0
1
0

 (30)

• In the local ζ -axis the value of the component of the normal contact vector will be the
distance from the center of the sphere to the plane.

→
pζ = distance·

 0
0
1

 (31)

The module of vector
→
p will provide the value of the distance between the bodies in

the common normal direction of both bodies. This magnitude is denoted as distanceperp.
Thus, the value of penetration will be given by the following expression

δ = R− distanceperp (32)

To reiterate, as long as δ maintains a negative value there will be no contact occuring.
The interactions begins when δ becomes null. As in the previous sections, Table 4 summa-
rizes the parameters required to obtain the value of the relative penetration in a sphere–
regular parallelepiped interaction according to the described algorithm.

Figure 13. Cont.
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Figure 13. Case example in which there is contact happening between the sphere and the prism:
(a) local ξζ-axis view; (b) local ξη-axis view; (c) vector

→
p .

Table 4. Parameters required to calculate the indentation between a sphere and a regular parallelepiped.

Parameter Description
→
rC
i

Position vector of the mass center of the sphere i, in global-frame coordinates

→
rP

j

Position vector of the mass center of the parallelepiped j, in global-frame
coordinates

R Sphere i radius

mj Mass of the parallelepiped

JP,pln Inertia matrix of the parallelepiped, in local-frame coordinates

Aj Rotational transformation matrix of the prism
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The reader interested in other examples of contact detection algorithms for more
complex solids is referred to the works by Choi [50] or Ambrósio [61]. In order to delve
into the knowledge of contact force models, the authors recommend references [45,54].

In Section 4 the main issues arisen when modelling systems with this interaction are
presented through a practical example.

4. Examples and Discussion

In this section, some practical examples based on the described algorithms are pre-
sented and developed, paying attention to the different issues experienced when dealing
with contact scenarios and how these were overcome.

For the first two interactions, which are the sphere–infinite plane and the sphere–
sphere cases, a simple model of a billiard that is presented and developed by the authors
in [19] has been chosen (see Figure 14a). In this system, in which the balls can move freely
in all directions, two different scenarios were considered: a permanent contact (between
the balls and the cloth, as long as the ball is not hit and does not lift off the surface) and
an intermittent one (between the balls and the cushions). When calculating the value of
both friction and contact forces, the peculiarities of each interaction had to be taken into
account. For this reason, a Hertzian contact force was chosen to calculate the value of
normal force for the permanent contact, whereas the model proposed by Ambrósio proved
to be the best choice to account for the friction force. For the contact interaction between
the balls and the cushions, these being not-fully elastic, the model defined by Lankarani
and Nikravesh was the optimal option to obtain the value of the normal, with Ambrosio’s
model characterizing, once again, the friction phenomena. One of the problems associated
with a fully elastic, permanent contact in the context of smooth modelling is the inclusion of
vertical displacements of the balls due to the lack of energy dissipation, as can be observed
in Figure 14b,c. As the balls were arranged closer between each other, this phenomenon
increased, due to the fact that there was less time for energy dissipation associated with
friction to happen before the ball–ball contact. This confirmed the fact that all contact
events in the system were related to each other and had a decisive impact on the results.
The solution that proved the best to reduce this effect was to introduce some degree of
restitution in the permanent contact through a damping term.

Focusing on the sphere–sphere interaction, a primitive model of a bearing with no
axial loads is proposed (See Figure 15). In this case, there was a clear difference between
the outcome provided by ODE45 and ODE113 when the clearance of the balls was large
enough, i.e., the difference between the radii of the ball and the races. The reason for these
results is the stiffness of the problem. The integrator is required to reduce the time step
differential in order to detect the initial time of contact and it is required that the tolerances
are reduced below the limit values. In addition to this, the computing time skyrocketed.
In order to solve these problems, the ODE113 integrator was chosen and now obtains
physically reasonable results for a not-fully elastic contact.

An evolved version of this bearing model was developed with the sphere–cylinder
algorithm and, this time, permits the occurrence of axial loads. Keeping in mind the con-
clusions obtained from the previous tests, ODE113 was chosen by default as the integrator
to solve the equations of motion. The results obtained are shown in Figure 16. This time,
a shorter default time step was defined in order to obtain more accurate results.

Lastly, for the sphere–parallelepiped contact interaction, the model shown in Figure 17.
is proposed. In this case, the prisms are fixed bodies, while the ball can move freely. Some of
the prisms include friction phenomena and others do not, but all of them are modelled as
not-fully elastic impacts. As seen in Figure 17, the outcome is realistic from a physical point
of view. However, if the opposite model is proposed, i.e., a fixed ball with a free prism,
some tolerance problems arise even if ODE113 is used. A possible solution for this problem
could be the definition of an algorithm of pre-contact detection such that the time step is
adjusted when the initial instant of contact is going to happen. Given the stiffness of the
problem, other ODE integrators could be also considered.



Mathematics 2021, 9, 1359 17 of 22

Figure 14. Practical application example of the algorithms described in Sections 3.1 and 3.2: (a)
arrangement of the balls at t = 0 s; (b) evolution of z global coordinate of the cue ball as a function of
the ODE integrators; (c) evolution of z global coordinate of the cue ball depending on the spacing
between the balls of the rack.
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Figure 15. Practical application example of the algorithms described in Sections 3.1 and 3.2: (a) ar-
rangement of the bodies of the bearing; (b) evolution of vertical displacement of one of the balls,
when clearance is large enough, without considering the inner race.
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Figure 16. Evolution of the position of the balls inside the cylinder for the proposed model.

Figure 17. Evolution of the position of the ball rolling on a set of prisms arranged as stairs.

5. Concluding Remarks

The contact phenomena in the context of dynamics systems have been presented and
studied. The two main existing approaches have been presented, along with their most
distinctive features. Subsequently, a general algorithm for calculating the potential contact
points of a system with two convex-shaped solids is developed. Then, contact interactions
are introduced and described: sphere–infinite plane, sphere–sphere, sphere–cylinder and
sphere–regular parallelepiped. Subsequently, some practical examples are presented and
discussed and details are provided with respect to the issues arising during the design
process. The ODE integrators that provide the most accurate results at a reasonable
computing cost are defined and discussed. The default ODE45 integrator has proved to
work reasonably well with most of the tested models. However, when extreme accuracy
is required (for example, when defining the initial instant of contact) and the contact
interaction is at some point, complex, some tolerance problems arise and it must be
discarded in favour of stiffer algorithms.

Nevertheless, although this paper has focused on four simple interactions, the study
of contact detection as well as the calculation of the magnitudes of the forces and the quan-
tification of the phenomena associated to it is a research field under constant development,
with almost continuous innovations.
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