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1. Introduction
1.1. Variational Inclusion Problem

In a real Hilbert space H with inner product (-, -) and induced norm || - ||, we assume
that G : H — 2! is a set-valued mapping while F : H — H is a single-valued mapping.
We consider the following variational inclusion problem: find an element x* € H
such that
0 € Fx* 4+ Gx™. 1)

This problem has been studied by many scholars [1-9].

A classical algorithm to solve the problem (1) is the forward-backward splitting
algorithm put forward by Passty [2] and by Lions and Mercier [3]. In 2000, Tseng [4]
proposed a modified forward-backward splitting algorithm (Algorithm 1) about null
points of maximal monotone mappings. This algorithm is weakly convergent under
some conditions.

Algorithm 1: Modified forward—-backward splitting algorithm.

Yn = (I+72G) "1 (xn — yuFxn),
Xp41 = Yn — Yn(Fyn — Fxy).

In 2015, an algorithm named inertial forward-backward algorithm (Algorithm 2) was
proposed by Lorenz and Pock [5]. We notice that the algorithm is also weakly convergent.

Algorithm 2: Inertial forward-backward algorithm.

Yn = Xpn + lxn(xn - xnfl)/
Xn41 = (I+72G) " (yn — 1uFyn).
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In 2020, Tan et al. [6] introduced the inertial hybrid projection algorithm (Algorithm 3)
and inertial shrinking projection method (Algorithm 4) by combining the two algorithms
(Algorithms 1 and 2) with two classes of hybrid projection methods to solve the variational
inclusion problem in Hilbert spaces, as follows:

Algorithm 3: Inertial hybrid projection algorithm.

Wy = Xy + oy (Xy — X5-1),

yn = (I+9,G) (I — v, F)wy,

Zn = Yn — ')’n(F]/n - Fwn)/
2

Gy = {u € il —ul < s = ul? = (1= 122 ) o — I,
n+

Qu={ueH: {xy—ux,—x) <0},

Xu+1 = Pc,ng,Xo-

Algorithm 4: Inertial shrinking projection algorithm.

Wy = Xn +lxn(xn - xn—l)/
Yu = (I+7uG) (I — yuF)wy,
Zn = Yn *'Yn(Pyn *Fwn)r
2
Coin = {u€ Cu =l < s =l = (1122 ) o =,
Xn+1 = Pc, 1 Xo0.

They proved these two algorithms are strongly convergent under certain conditions.

1.2. Fixed Point Problem

Assume that D is a nonempty closed convex subset of H and that T : D — D isa
mapping. Let us recall that the fixed point problem is finding a point ¥ € D such that
Tx = x. We denote the set of fixed points of T by Fix(T).

In the field of fixed point problems, many fruitful achievements were introduced by
scholars [10-22]. One of the classic algorithms is the Krasnosel’skii-Mann algorithm [10,11],
which is defined as follows:

Xpa1 = (1= Ap)xn + AnTxy.

Under some certain conditions, the sequence {x, } converges weakly to a fixed point of
T. In 2019, Dong et al. [20] presented a multi-step inertial Krasnosel skii-Mann algorithm,
which is defined as Algorithm 5.

Algorithm 5: Multi-step inertial Krasnosel’skii-Mann algorithm.

Yn = Xn + Lies, ak,n(xnfk — Xp_k—1),
Zn = Xn + LkeS, bhn(Xn—k — Xu_k-1),
xn+1 - (1 - )\n)]/n + /\nTZn.

Under suitable conditions, the sequence {x, } converges weakly to a point in Fix(T).
In addition, Yao et al. [21] proposed a projected fixed point algorithm in real Hilbert spaces
in 2017, which is defined as Algorithm 6. The sequence {x,} converges strongly to the
unique fixed point of Pg; () f under some conditions.



Mathematics 2021, 9, 1548 30f13

Algorithm 6: Projected fixed point algorithm.
Yn = (1= An)xn + AnTxy,
Cu1 = {u € Cu: |(1 = an)xn + anTyn — ul| < [lxn —ull},
Xnt1 = PCn+]f<xn)'

Motivated by the results of [6,20,21], we construct two new algorithms to solve vari-
ational inclusion problems and obtain two strong convergence theorems. By using our
results, we can solve convex minimization problems in Hilbert spaces as applications.

2. Preliminaries

Now, we present some necessary definitions and lemmas in the following for our
convergence analysis.

Definition 1 ([23-27]). Let S : H — H be a nonlinear mapping.

(i) S is nonexpansive if
[Sx =Syl < llx—yl, YxyeH.

(ii) S is firmly nonexpansive if
(Sx — Sy, x —y) > ||Sx — Sy||*>, Vx,y € H.

It is obvious to see that a firmly nonexpansive mapping is nonexpansive.
(iif) S is contractive if
Isx—Syll <pllx—yl, VryeH,

where p € [0,1) is a real number.
(iv) S is Meir-Keeler contractive if, for any € > 0, there exists § > 0 such that

lx—y|| <e+d implies |Sx—Sy|| <e, Vxye€H.

It it obvious to see that a contractive mapping is Meir—Keeler contractive.
(v) S is L-Lipschitz continuous (L > 0) if

[Sx — Syl < L|lx—yll, Vxye€H.

(vi) S is monotone if
(Sx —Sy,x—y) >0, Vx,y€H.

Lemma 1 ([23,28-30]). A Meir—Keeler contractive mapping has a unique fixed point on a complete
metric space.

Lemma 2 ([31]). Let D be a convex subset of a Banach space E and S be a Meir—Keeler contractive
mapping on D. Then, there exists p € (0,1) for each € > 0, such that

lx =yl = e implies|[Sx = Sy|| < pllx —yll, Vx,yeD.
Recall the metric projection operator Pp, defined as follows:
Phx = i — ||, H.
DX argggg lx—yll, xe€

Lemma 3 ([32,33]). Given x € H and q € D, we have

(i) q = Ppx ifand only if
(x=qq9-y) 20, VyeD;
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(ii)  Pp is firmly nonexpansive, i.e.,
(Ppu — Ppv,u —v) > ||Ppu — Ppo|?>, Vu,v € H;
(i) |}x — Ppx|> < llx — yIP> — ly - Ppx| Wy € D.

Definition 2 ([34]). Let A : H — 28 be a set-valued mapping. Dom(A) = {x € H : Ax # @}
is the effective domain of A. The graph of A is denoted by Gra(A), i.e., Gra(A) = {(x,u) €
H x H :u € Ax}. A set-valued mapping A : H — 2H is called monotone if

(x—y,u—0) >0, Y(xu),(yv) e Gra(A).

A monotone set-valued mapping A is called maximal monotone if, for each (x,u) € H x H,
(x,u) € Gra(A) if and only if

(x —y,u—0v) >0, VY(yv)ecGra(A).

For a maximal monotone set-valued mapping A : H — 2H and r > 0, we can define a
mapping as
Jr=(I+rA)~L
It is worth noticing that J; is single-valued and firmly nonexpansive. The mapping J-
is called the resolvent of A for r.

Lemma 4 ([35]). Let A be a maximal monotone mapping on H into 2" and B : H — H be a
mapping. Then, for any r > 0, (A + B)~1(0) = Fix(J,(I — B)), where ], is the resolvent of A
forr.

Lemma 5 ([35,36]). Let A : H — 2 be a maximal monotone mapping. Forr,s > 0,

r—s
= el < o g, wre

where ], is the resolvent of A for r and Js is the resolvent of A for s.

Let {x,} C H be a sequence. We use x, — x and x, — x to indicate that {x,}
converges strongly and weakly to x, respectively.

Definition 3 ([21,37]). Let D, C H be a nonempty closed convex subsets, n = 1,2,---. We
define s-Liy, D;, and w-Ls;, D, as follows:

s-Liy Dy = {x € H: x, € Dy, xy — x},

w-Lsy Dy = {x € H: {Dy,} C {Du},xu, € Dy, X, — x}.

If there exists a set Dy C H such that Dy =s-Li, D, =w-Lsy, Dy, we say that {D,}
converges to Dy in the sense of Mosco and denote by M-limy,_,.o Dy, = Dy. It is obvious to prove
that, if { Dy, } is non-increasing with respect to inclusion, then {D,} converges to (\;_q Dy in the
sense of Mosco.

Lemma 6 ([21,38]). Let D, C H be a nonempty closed convex subsets, n = 1,2,---. If Dy =
M-1limy, ;0o Dy, exists and is nonempty, then Vx € H, Pp,x — Pp,x.

3. Algorithms

In this section, we present two algorithms to find the solutions to variational inclusion
problems in Hilbert spaces.
The following conditions are assumed to be true.
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(A1) F: H — H is L-Lipschitz continuous (L > 0) and monotone.
(A2) G : H — 2" is maximal monotone.

(A3) f : H — H is a Meir-Keeler contraction.

(A4) Q= (F+G)"}0) #.

We need the following lemma.

Lemma 7 ([6]). The sequence {<y,} generated by the algorithm is non-increasing and

lim v, = > min{')q,%}.

n—oo

4. Main Results
In this section, we analyze the strong convergence of Algorithms 7 and 8.

Algorithm 7: Multi-step inertial hybrid Tseng’s algorithm.

Initialization: Choose xg,x1 € H, 1 > 0, u € (0,1) arbitrarily. For each
i=1,2,---,s (where s is a chosen positive integer), choose a bounded sequence
{ai,} CR. Let {e,} be a nonnegative number sequence with lim;, €, = 0.

Iterative step: Compute x,,;1 via

min{s,n
Wy = Xy + Zizl{ }D‘i,n(xn—i—i—l — Xu_i),

Yn = ]’yn<1 - ')/nF)wn/
Zn = Yn — ')’n(F]/n - Fwn)/

2
C, = {u € H:||lzy—ul]® < ||wy —ul|®> - <1 —;42;2“1> lyn —wn||2+sn},
n—+

| H, ifn=1,
Qn = { {ue Quo:(xn—flxy_1),x,—uy <0}, ifn>2,
Xnt1 = Pc,ng, f(xn),
where
{ min{'yn M} if Fw, # Fy
Ynt+1 = ” |Fwn—Fynll §~ " . "
Yn, otherwise.

Algorithm 8: Multi-step inertial shrinking Tseng’s algorithm.
Initialization: Choose xy,x1 € H, y1 > 0, u € (0,1) arbitrarily. Let C; = H.
Foreachi=1,2, . ,s (where s is a chosen positive integer), choose a bounded
sequence {a;,} C R. Let {e,} be a nonnegative number sequence with
lim;, 0 &, = 0.

Iterative step: Compute x,,41 via

min{s,n
Wp = Xp + Zizl{ }D‘i,n(xn—i+l - Xu_i),

Yn = ]’yn(l - ')/nF)wn/
Zn = Yn — ')’n(F]/n - Fwn)/

2
Cost = { € Co llzw — ull? < fJaon — uf]2 (1 —yzz")||yn —wn||2+sn},

Tn+1
Xn+1 = PCan(xn)r

where the computation of ;41 is the same as in Algorithm 7.

Theorem 1. Assume that the conditions (A1)—(A4) are satisfied. Then, the sequence {x,} gener-
ated by Algorithm 7 converges strongly to x* € ), where x* is the unique fixed point of Pq f.
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Proof. The proof is divided into four steps.
Step 1. Vn € N, and C,; and Q;, are closed and convex.
Obviously, for each n € N, C;; is a half-space, so C;; is closed and convex.

Forn =1, Q1 = H is closed and convex. Suppose that x is given and that Q is
closed and convex for some k € N. Itis clear that {u € H : (x;,1 — f(x¢), xx —u) <0}isa
half-space, so it is closed and convex. Hence, Q1 is closed and convex. Vn € N, and Q

is closed and convex by induction.
Step 2. We prove that O C C, N Q, for eachn € N.
Let p € (). We see that

llzn — plI?
= [[(yn —p) — Yn(Fyn — Fwy)
= |lyn — PI* + 22 Fyn — Fwul|* — 294 (yn — p, Fyn — Fuon)
= lwn = p? + l[yn — wll* +2(wn — p,yn — W) + V2| Fyn — Fwu|>
=29u(Yn — p, Fyn — Fwn)

I

< Nlwn = pl? = lyn — wal® + 73| Fyn — Fuou|?
—2(yn — p,wn — Yn + yn(Fp — Fwn))
2
Y
< wn = pl* = lyn — wal* + V2Tn||yn — wy?
n+1

—2(yn — p,Wn — Yn + vn(Fp — Fwy))

_ 2= [1— 42 ’Y% o 2
= |Jwn —pl| Woa [yn — wa|
n+1

—2(Yn — P, wn — Yn + yu(Fp — Fwy)).
Since ¥ = J, (I — ynF)wn = (I 4+ 72 G) (I — v F)w,, we have
(I = ynF)wn € (I+71G)Yn.

Hence,
€
Tn
On the other hand, since p € Q = (F + G)~1(0), we have

(wn — ynFwy _yn) € Gyn-

0 (F+G)p.

Hence
—Fp € Gp.

From the maximal monotonicity of G, we deduce

1

<7(wn — YnFwy —yn) + Fp,yn — p> >0,

n

which means
(Wn = Yn +vu(Fp — Fwn),yn — p) > 0.
Substituting (5) into (2), we conclude

2
Y
lza = pl> < llwn = plI? - <1—u2 o >||yn—wn|2
’)/n-i-l

IN

2
[ewn = pl2 = (1= #2—2 )y — w | + €.
Y
n+1

@

®)

)

©)

(6)
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This means that p € C,,. Hence, () C C;, for each n € N.
Forn =1, Q; = H, which yields O C C; N Q.
Assume that x is given and that O C Cy N Qy for some k € N. From Lemma 3,
we obtain
(= Xpes1, f (k) = Xpey1) <0, VY € GeN Qg

Since Q) C C, N Qg, we have

(y — X1, f(x) = x51) <0, VyeQ. 7)

From the expression of Q,;, we obtain () C Q1. Hence, QO C Ciyq N Qp41.

Therefore, Vi € N, O C C,; N Q, by induction.

Step 3. We prove that {x, } converges strongly to z, where z is the unique fixed point
of Pﬂf,ozl an

From the expression of Q,, we know that @ # Q C N1 Qn = M-1lim; 0 Qp. Set
vy = Py, f(z). It follows from Lemma 6 that

on = P 0, f(2) =z 8)

Suppose the contrary, i.e., limsup,, ., ||x, — z|| > 0. One can choose a real number
€ > 0 such that limsup,,_,, ||x, — z|| > e. Continue to choose a real number ¢; such that
limsup, . [[xn —z|| > €+ J;. Since f is a Meir-Keeler contraction, there exists 5, > 0
such that ||x — y|| < € + J; implies, Vx,y € H, || f(x) — f(y)|| < €. Take 6 = min{dy,d,},

we have
limsup ||x, —z| >e+6 )
n—o00
and
lx—y|| <e+d implies |f(x)—f(y)|l <e Vx,ye€H. (10)

Since v;,, — z, there exists ng € N such that
lon —z|| <6, Vn>ng. (11)

The following two cases are considered now.

Case 1. There exists n; > ng such that ||x,, —z|| < e+ 9.

From the expression of Q, and Lemma 3, we can obviously see that x,, ;1 = Po, ., f(xx).
Thus, from (10) and (11), we conclude

||x7’ll+1 - Z”
1,1 = Ong sl 4 [ 0ny 41 — 2
1Py, 1 f (xuy) = Pay o f(2)l +6

£ (xny) = f(2)][ +0
€+9.

N IN AN CIA

By induction, we obtain
|Xn,4+m —z|| <€+, VmeN,

which implies that
limsup ||x, —z|| < e+6.

n—o0

This contradicts (9).
Case 2. ||x, —z|| > e+ d forall n > ny.
From Lemma 2, there exists p € (0,1) such that

1f(xn) = fF(2) < pllxn —2]-
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Thus, for n > ny, we obtain

X041 — 2|
< Alxnr = ongall + lonr — ||
< |IPg, . f(xn) = Pg, . f(2)]| +0
< lf(xn) = f(2)| +0
< pllxn—zl[+6
< PPl —zll + (1 +p)6
< T gy — 2] 4+ (T4 p+ -+ 0" )5

)
< Hx”()_ZH'i_m’

which means that limsup,,_, ., ||x, — z|| is a finite number. Therefore,
limsup ||x, — z|
n—oo
— timsup |1 — 2
n—oo
< limsup [[xp41 — O + nh_{l;lo [on+1 — 2|

n—oo

= limjup ||PQn+1f(xn) - PQan(Z)”
n—o0

< limsup [|f(xn) — f(2)]|
n—oo

< plimsup ||x, — z||
n—o0

< limsup ||x, — z||.

n—o0

This is a contradiction.

Hence, we obtain that {x, } converges strongly to z.

Step 4. We prove that {x, } converges strongly to x*.

From Step 3, it is sufficient to prove that z = x*. Since x, — z, we have

Xpy1—Xp — 0, 1 — oo, (12)
From the computation of w;, we deduce
|20 — wa|

s
Xn — Xn — Z“i,n(xnfz#l — Xp—i)
i=1

s
Z Xin (xnfiJrl - xnfi)
i=1

IN

s
Z |“z’,n | HxnfiJrl — Xn—i ” (13)
i=1

for n > s. From (12), (13), and the boundedness of {«; , }, we have
Xy —wy =0, n— oo (14)

Hence, w, — z. Therefore {wy,} is bounded, and so are {Fw, }, {(I — yF)w,}, and
{J,(I = ¥F)wy}, where -y appears in Lemma 7. Combining (12) and (14), we conclude

Xp41 — Wn — 0, n— oo (15)
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Since x,,+1 = Pc,no, f(xn), we know that x,,;1 € C,;. Hence,
2 2 2 T 2
20 = Xpa |7 < Jlwn — xpa[1° = | 1= "= | lyn — wnll” + &n. (16)
n+1

By Lemma 7, we know that 7, — 7 > 0. Therefore, 7:11 — 1. Combining this with
u € (0,1), we obtain

2
lim (1—;3 Z” ) =1-1%2€(0,1) (17)

n—oo
n+1
Combining (15)-(17) and the conditions of {¢, }, we deduce
Xpy1 —2n — 0, n— oo,

and hence
Yn—wy — 0, n— oo,

ie.,
Jyo(I = ynF)wy —wy —0, n — oo (18)

Since |, is nonexpansive, we conclude

[y (T = ynE)t0n = o, (I = YF)wwn||

< (I =7aF)wy — (I — yF)wy||
= |vn — Y[[Fwyl.
Hence,
Jyn (I = yuF)wy = ]y, (I = ¥yF)wy, — 0, n — oo. (19)

From Lemma 5, we have

H]w(l —yF)wn — ]7(1 — YF)wy||

< W;”Ha — YE)wn — Jo (I = yE)wa]|.

Hence,
Jyu (I = ¥F)wy — ], (I = ¥F)w, =0, n — oo. (20)

Combining (18)-(20), we obtain
wy — J,(I —yF)w, =0, n — oo. (21)

By w,, — z and the continuity of ], (I — yF), we conclude z = ], (I — yF)z. It follows
from Lemma 4 that z € Q). Since Q) C Q,,11, we see that

(Xn41 = f(xn), Xnp1 —y) <0, Vy e Q. (22)
Taking the limit in (22), we obtain
(z—f(z2),z2-y) <0, Wyeq. (23)

It follows from Lemma 3 that z = P f(z). Since Pq f has the unique fixed point x*,
we obtainz = x*. [

Theorem 2. Assume that the conditions (A1)-(A4) are satisfied. Let the sequence {x,} be gener-
ated by Algorithm 8. Then, {x, } converges strongly to x* € Q), where x* is the unique fixed point
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Proof. It is obvious that C, is a closed convex subset of H for each n € N by induction.
Using the same proof as in (2)-(6), we obtain that 3 C C, for each n € N. Denote the
unique fixed point of Py~ ¢, f by z. From the expression of C,,, we know that @ # Q) C
Nne1 Crn = M-limy, 0 Cyr. Set v, = P, f(z). It follows from Lemma 6 that vy, is as follows:

on = P ¢, f(2) =z
Using the similar proof of Theorem 1, we obtain x, — x*. O
Remark 1. Ifs=1,¢, =0, xg = x1, and [ = x1, then Algorithm 8 reduces to Algorithm 4.

5. Applications

In this section, some applications for solving the nonsmooth composite convex mini-
mization problems are introduced in Hilbert spaces.
Denote I'y(H) by

I'o(H) ={f: H— (—o0,00] : fis proper convex lower semi-continuous}.
Consider the following problem

min(g(x) + h(x), @

where g,h € Ty(H) and which satisfies the following conditions:

e  gis Gateaux differentiable, and its gradient Vg is Lipschitz continuous. & may not be
Gateaux differentiable.

e ¥ =argmin,cy(g(x)+h(x)) #D.
We need the following definitions and lemmas.

Definition 4 ([34]). Let h € To(H). The proximal operator of h of order A > 0 is defined by
— S BT
prox(x) = argmind 7 Iy I +h(y) }, v € B

Lemma 8 ([34]). Let h € To(H). Then, oh is maximal monotone and (I + Adh)~! = prox,,.
Lemma 9 ([34]). Let g,h € To(H). Then, £ € ¥ ifand only if 0 € (Vg + oh)(X).
Next, we apply our main results to solve problem (24).

Theorem 3. Assume that the condition (A3) is satisfied. Let the sequence {x,} be generated by
Algorithm 9. The {x, } converges strongly to x* € ¥, where x* is the unique fixed point of Py f.

Proof. Vg is monotone because g is convex. Let F = Vg and G = 0h in Theorem 4.1. We
can obtain the desired result using Lemmas 8 and 9. O

Theorem 4. Assume that the condition (A3) is satisfied. Let the sequence {x,} be generated by
Algorithm 10. Then, {x, } converges strongly to x* € ¥, where x* is the unique fixed point of Py f.

Proof. Vg is monotone because g is convex. Let F = Vg and G = dh in Theorem 4.2. We
can obtain the desired result by Lemmas 8 and 9. O



Mathematics 2021, 9, 1548 11 of 13

Algorithm 9:
Initialization: Choose x,x1 € H, 1 > 0, u € (0,1) arbitrarily. For each
i=1,2,--,s (where s is a chosen positive integer), choose a bounded sequence
{ai,} C R. Let {e,} be a nonnegative number sequence with lim;, . €, = 0.

Iterative step: Compute x,,41 via

min{s,n
Wn = Xp + Zizl{ }“i,n(xn—i-i-l — Xp—i),

Yn = prox, ,(I — 1 Vg)wy,
zn = Yn = 1(V8(yn) — Vg(wn)),

2
G = {u & Hllay =l < lww = ulP = (1 22 )l = wnl 44 |,
n+

0, = H, ifn=1,
" {u €Qn1: <xn _f(xn—l)/xn - u> < 0}/ ifn>2,
Xn+1 = Pe,ng, f(xXn),

where

Ynp1 = mm{% NECOERZIDI } if Vg(wn) # Vg(yn),
Yn, otherwise.

Algorithm 10:
Initialization: Choose x,x1 € H, v1 > 0, u € (0,1) arbitrarily. Let C; = H.
Foreachi=1,2,---,s (where s is a chosen positive integer), choose a bounded
sequence {#;,} C R. Let {€,} be a nonnegative number sequence with
lim; 400, =0

Iterative step: Compute x,,41 via
Wy = Xp + Z?;h;{s,n} D‘i,n(xnfiJrl — Xp—i),
Yn = prox, (I = 1uVg)wn,
zn = Yn — 1n(V8(yn) — Vg(wn)),

2

Cosr = {1 € o lzw = ulP < ow =P = (1= 220 ) Iy =l e},
n+

X1 = Pc,,, f(xn),

where the computation of ;41 is the same as in Algorithm 9.

6. Conclusions

As known, the variational inclusion problems have always been a topic discussed by
a large number of scholars. It not only plays an increasingly important role in the field
of modern mathematics but also is widely used in many other fields, such as mechanics,
optimization theory, nonlinear programming, etc. Tan et al. combined Tseng’s algorithm
and hybrid projection algorithm to obtain a new strongly convergent algorithm. Our
work in this paper is based on the work conducted by Tan et al. combined with the multi-
step inertial method and the Krasnosel’skii-Mann algorithm for solving the variational
inclusion problems in a real Hilbert space. Then, new strong convergence theorems are
obtained. By using our results, we can solve the related problems in a Hilbert space. Our
results extend and improve many recent correlative results of other authors [1-6,20,21]. For
example, our Algorithm 8 extends and improves Algorithm 4 in [6] in the following ways:

(i) One-step inertia is generalized to multi-step inertia.
(i) There is an €, in the definition of C,; 1.
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(iii) The anchor value xj is replaced with f(x,) for the last step of iteration, where f
is a Meir—Keeler contraction. This greatly expands the application scope of the
iterative algorithm.
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