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Abstract: In this paper, we first define soft u-open sets and soft s-open as two new classes of soft
sets on soft bitopological spaces. We show that the class of soft p-open sets lies strictly between
these classes, and we give several sufficient conditions for the equivalence between soft p-open
sets and each of the soft u-open sets and soft s-open sets, respectively. In addition to these, we
introduce the soft u-w-open, soft p-w-open, and soft s-w-open sets as three new classes of soft sets
in soft bitopological spaces, which contain soft u-open sets, soft p-open sets, and soft s-open sets,
respectively. Via soft u-open sets, we define two notions of Lindelofeness in SBTSs. We discuss the
relationship between these two notions, and we characterize them via other types of soft sets. We
define several types of soft local countability in soft bitopological spaces. We discuss relationships
between them, and via some of them, we give two results related to the discrete soft topological space.
According to our new concepts, the study deals with the correspondence between soft bitopological
spaces and their generated bitopological spaces.

Keywords: soft bitopological space; soft p-open sets; u-open sets; s-open sets; soft w-open sets; soft
Lindeldf; soft locally countable; generated soft topology

1. Introduction and Preliminaries

This paper follows the notions and terminologies that appeared in [1,2]. In this
paper, TS (resp. STS, BTS, SBTS) means topological space (resp. soft topological space,
bitopological space, and soft bitopological space). For the purpose of dealing with uncertain
objects, Molodtsov defined soft sets [3] in 1999. Let U be a universal set and E be a set
of parameters. A soft set over U relative to E is a function G : E — P(U), where P(U)
denotes the power set of U. SS(U, E) denotes the family of all soft sets over U relative to E.
The family {M € SS(U, E) : M(e) is countable for all e € E} and is denoted by CSS(U, E).
Or and 1g denotes the null soft set and the absolute soft set, respectively. The notion of
STSs was defined in [4] as follows: the triplet (U, T, E), where T C SS(U, E), is called a
STS if T contains O and 1g, T is closed under arbitrary soft union, and 7 is closed under
finite soft intersection. For a STS (U, 7, E), the members T are called soft open sets. Soft
topological concepts and their applications are still a hot area of research [1,2,5-22]. The
concept of w-open sets in TSs is defined in [23] as follows: let (U, ¥) bea TSand V C U,
then V is w-open set in (U, J) if for each x € V, there is W € 3 such that x € W and
W — V is countable, or equivalently, V is w-open set in (U, J) if and only if for each x € V,
there is W € S and a countable set C C U such that x € W —C C V. Denote the family of
all w-open sets in the TS (U, ) by . It is known that 3, forms a topology on U finer
than . Research via this concept is continued by several researchers (see [24-29]). Three
types of w-open sets were defined and studied in bitopological spaces in [30]. Recently,
soft w-open sets were defined and investigated in STSs in [2], and research via them was
continued in [5,31]. As a generalization of BTSs and as an extension of STSs, SBTSs were
defined and investigated in [32]. The area of research in SBTSs is still hot (see [33-35]).
The concept of soft pairwise open (soft p-open) sets in SBTSs was defined and studied
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in [36]. Via soft p-open sets, several soft bitopological concepts were introduced by various
researchers.

In this paper, we first define soft u-open sets and soft s-open as two new classes of soft
sets on soft bitopological spaces, and we show that the class of soft p-open sets lies strictly
between these classes. Then, we give several sufficient conditions for the equivalence
between soft p-open sets and each of the soft u-open sets and soft s-open sets, respectively.
In addition to these, we introduce the soft u-w-open, soft p-w-open, and soft s-w-open sets
as three new classes of soft sets in soft bitopological spaces, which contain soft u-open
sets, soft p-open sets, and soft s-open sets, respectively, and also represent generalizations
of the corresponding concepts in BTSs. Via soft u-open sets, we define two notions of
Lindelofeness in SBTSs. We discuss the relationship between these two notions, and we
characterize these notions via other types of soft sets. We define several types of soft local
countability in soft bitopological spaces. We discuss relationships between them, and via
some of them, we give two results related to the discrete soft topological space. According
to our new concepts, the study deals with the correspondence between soft bitopological
spaces and their generated bitopological spaces.

This paper not only can form the theoretical basis for further applications of soft
bitopology, such as soft u-mappings, soft s-mappings, u-w-mappings, soft p-w-mappings,
soft s-w-mappings, soft u-compactness, soft s-compactness, and so on, but also lead to the
development of information systems.

For any SBTS (X, 3, ), U € YU N is equivalent to (U € S or U € N).

The following definitions and results are used in the sequel:

Definition 1. Let (X, 3, R) be a BTS and let U C X. Then, U is said to be the following:

(@)  wu-openin (X,3,N)ifU € SUN[37].

(b)  Pairwise open (p-open) in (X, 3, N) if U = AU B, for some A € S and B € X [38].

(c)  s-open in (X, 3, W) if it is open in the least upper bound topology on X of S and N [38].
Equivalently, U is s-open in (X, 3, R) if and only if for every x € U, there exist A €  and
B € Nsuchthatx € ANB C U.

The family of all p-open sets (resp. u-open sets, s-open) in (X, J, X) is denoted by
p(S,R) (resp. u(S,N), (I, N)).

Theorem 1 ([30]). Forany BTS (X, 3, N), {@, X} Cu(I,N) C p(F,N) C (I, N).

Definition 2 ([30]). Let (X, 3, R) bea BTS and let U C X. Then, U is said to be the following:
(a)  wu-w-openin (X, 3, N)if U € Iy U N,

(b)  p-w-openin (X,3,N)if U= AUB, for some A € 3, and B € Rw.

(c) s-w-openin (X,,N)ifU € (Sw, Rw).

—

The family of all p-w-open sets (resp. u-w-open sets) in (X, S, R) is denoted by
pw (3, R) (resp. uw (S, N)).

Theorem 2 ([30]). For any BTS (X, 3, R) we have the following:
(@ u($N) Cuw(S,N).

(b))  p(S,N) C pw (S, RN).

(0 (3N) C (Sw, Ry).

(d)  uw($,RN) C pw(F,N) C (S, Ny).

(e) (3, N)w = (Sw,Now).

() The family pw(S3, N) is closed under arbitrary union.

Definition 3 ([39]). Let M, N € SS(X, A).

(a) M is a soft subset of N, denoted by MCN, if M(a) C N(a) for each a € A.
(b) M and N are said to be soft equal, denoted by F = G, if MCN and NC M.
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(c)  Soft union of M and N is denoted by MUN and defined to be the soft set MUN € SS(X, A)
where (MUON) (a) = M(a) U N(a) for each a € A.

(d)  The soft intersection of M and N is denoted by MNN and defined to be the soft set MNN €
SS(X, A) where (MNN) (a) = M(a) N N(a) for each a € A.

(e)  The difference of M and N is denoted by M — N and defined to be the soft set M — N €
SS(X, A), where
(M —N)(a) = M(a) — N(a) for eacha € A.

Definition 4 ([40]). Let A be an arbitrary indexed set and {G, : « € A} C SS(X, A).

(a)  The soft union of these soft sets is the soft set denoted by FAG‘X and defined by (FAG,X> (a) =
ne Qe
UAGa(a)for eacha € A.
we
(b)  The soft intersection of these soft sets is the soft set denoted by ,ﬁ;Ga and defined by
ne

(WGDC) (a) = D‘QAG,X(a)for eacha € A.

aEA

Definition 5 ([41]). Let G € SS(X, A). G is said to be a soft point over X relative to A if there
exist e € A and x € X such that the following holds:

G(a)—{ {g} Z:Z;i .

We denote G by ex. The family of all soft points over X relative to A is denoted by SP(X, A).

Definition 6 ([41]). Let G € SS(X,A) and ay € SP(X, A). Then, ay is said to belong to F
(notation: ax€G) if ayCG, or, equivalently, a,EG if and only if x € G(a).

Theorem 3 ([4]). Let (X, T, A) be a STS. Then, the collection {F(a) : F € T} defines a topology
on X for every a € A. This topology is denoted by 7, .

2. Soft u-Open Sets and Soft s-Open Sets in SBTSs

Definition 7 ([36]). Let (X, 7,0, A) bea SBTS and let F € SS(X, A). Then, F is said to be soft
pairwise open (soft p-open) in (X, T, 0, A) if for every ax€F there is G € T such that a,€ GCF
or H € o such that axy€HCF. Equivalently, F is soft p-open if and only if F = GUH, for some
Getand H € 0.

The family of all soft p-open sets in (X, 7,0, A) is denoted by p(7,0).
It is proved in [36] that p(T,0) is closed under arbitrary soft union but not closed
under finite soft intersection, in general.

Definition 8. Let (X, 7,0, A) bea SBTS and let F € SS(X, A). Then F is said to be the following:

(a) soft u-openin (X,t,0,A)if F € tUO.

(b)  soft s-openin (X, T,0,A) if it is soft open in the least upper bound soft topology on X relative
to A, of T and 0. Equivalently: F is soft s-open in (X, T, 0, A) if and only if for every a,€F,
there exist M € T and N € ¢ such that a,€ MOANCFE.

The family of all soft u-open sets (resp. soft s-open sets) in (X, 7,0, A) is denoted by
u(t, o) (resp. (t,0)).

Remark 1. Forany SBTS (X, 7T,0,A), {04,124} Cu(t,0) C p(7,0) C (1,0).

Proof. Straightforward. O

The following example shows that the inclusion of u(7, o) C p(7,0) in Remark 1 is
not an equality, in general.
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Example 1. Let X = R, A = Z. Let F,G € SS(X, A) defined by F(a) = (—o0,0) and
G(a) = (0,00) foralla € A. Let T = {04,14,F} and ¢ = {04,14,G}. Consider the SBTS
(X,7,0,A). Then FUG € p(t,0) —u(t,0).

Remark 2. Example 1 shows also that u(t, o) is not closed under soft union.

Theorem 4. For any SBTS (X, T, 0, A), the following are equivalent:
(@) u(t,o)=p(T,0).

(b)  u(t,0) is closed under arbitrary soft union.

Proof. (a) = (b): Since p(7,0) is closed under arbitrary soft union, then by (a), we obtain
the result.

(b) = (a): By Remark 1 we have u(7,0) C p(t,0). To see that p(t,0) C u(t
F € p(t,0). Then, F = GUH, for some G € Tand H € 0. Since G € T C u(7,
H e o Cu(t,0), thenby (b), we have F € u(t,0). O

,0), let
o) and

The following example shows that the inclusion p(t,0) C (7,0) in Remark 1 is not an
equality, in general.

Example 2. Let X =R, A =N,

T={04,14} U{F € SS(X,A) : foreverya € A, F(a) = (—o0,b) for some b € R},
and

0={04,14} U{F € SS(X, A) : for everya € A, F(a) = (b, o) for some b € R}.

Consider the SBTS (X, t,0,A). Let F,M,N € SS(X, A), where F(a) = (0,5), M(a) =
(—00,5) and N(a) = (0,00) foralla € A. Then, F = MNN € (t,0) — p(7,0).

Remark 3. Example 2 shows also that p(t, o) is not closed under finite soft intersection.

Theorem 5. For any SBTS (X, T,0, A), the following are equivalent:
(@) p(t,0)=/(t,0).

(b)  Forevery F,G € p(t,0), FNG € p(7,0).

(o (X,p(t,0),A)isaSTS.

Proof. (a) = (b): If p(t,0) = (7,0), then p(7,0) is a soft topology on X relative to A,
and then it is closed with respect to finite soft intersections.

(b) = (c): Follows from (b), Remark 1, and the fact that p(t,0) is closed under
arbitrary soft union.

(c) = (a): By Remark 1, we have p(t,0) C (1,0). To see that (7,0) C p(7,0), itis
sufficient to show that MNN € p(t,0) whenever M € Tand N € 0. Let M € Tand N € o,
then by Remark 1, M, N € p(t,0). Soby (c), MNN € p(t,0). O

Theorem 6. Let (X, 7,0, A) bea SBTS and let F € SS(X, A). Then, we have the following:

(@) IfF € u(t,0), then F(a) € u(t,,0,) foralla € A.
(b) IfF € p(t,0), then F(a) € p(ta,04) foralla € A.
(c) IfF € (t,0), then F(a) € (14, 04) foralla € A.
(d) (t,0), = (Ta,00) foralla € A.

Proof. (a) Suppose that F € u(7,0),andleta € A.Since F € u(7,0) =tUcandsoF € T
or F € 0. Thus, we have F(a) € 7, or F(a) € 0,4, and hence F(a) € 1, U0, = u(7,04).
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(b) Suppose that F € p(t,0) and leta € A. Since F € p(t,0), then F = MUN where
M e tand N € 0. So, F(a) = M(a) UN(a). Since M € Tand N € o, then M(a) € 1, and
N(a) € o,. This shows that F(a) € p(1,,04).

(c) Suppose that F € (1,0) and leta € A. To show that F(a) € (1,,0,) let x € F(a),
then a,EF. So, there exist M € T and N € ¢ such that a,E MANCF. This implies that
x € M(a) N N(a) C F(a) with M(a) € 1, and N(a) € 0,. Hence, F(a) € (1;,04).

(d) Let a € A. To see that (7,0), C (14,04), let W € (1,0),. Then, there exists
G € (t,0) such that G(a) = W. By (c), G(a) € (1;,04) and so W € (15, 0,). To see that
(ta,00) C (7,0), let W € (15,0,) — {@} and let x € W. Then, thereare U € 1, and V € oy
such thatx € UNV C W. Choose M € T and N € o such that U = M(a) and V = N(a).
Thus, we have MNN € (7,0) and so (M(NN)(a) = M(a) N\N(a) = UNV € (t,0),. This
shows that W € (t,0),. O

The following example shows that each of the three implications in Theorem 6 is not
reversible, in general.

Example 3. Let X =R, A = {a,b}. Let F,G € SS(X, A) defined by the following:

Fa) = {1}, F(b) =@
Ga) = {1}, G(b) =R

Consider the SBTS (X, T,0, A), where T = 0 = {04,14,F}. Then v, = 0, = {@, X, {1} } and
T, = 0y = {@, X}. Thus we have G(a) = {1} € 1, = 04 = u(Ta,00) = p(T,02) = (Ta, 0a)
and G(b) =R € 1, = 0y = u(1,0) = p(t,0p) = (T, 0p), while G ¢ T =0 = u(t,0) =
p(r,0) = (1,0,

3. Soft u-w-Openess, p-w-Openess and s-w-Openess in SBTSs
Definition 9. Let (X, 7,0, A) bea SBTS and let F € SS(X, A). Then F is said to be the following:

(a)  soft u-w-openin (X, t,0,A)if F € 1, U0. Equivalently, F is soft u-w-open in (X, 7,0, A)
ifand only if F € u(t,, 0w).

(b)  soft pairwise w-open (soft p-w-open) in (X, T,0, A) if for every ay€F there is G € T, such
that a,EGCF or H € 0y, such that a,EHCF. Equivalently, F is soft p-w-open if and only
if F € p(Tw, 0w)

(c)  soft s-w-open in (X, T,0, A) if it is soft open in the least upper bound soft topology on X
relative to A, of T, and o,. Equivalently, F is soft s-w-open in (X, T,0, A) ifand only if F €
(Tw, Ow)-

The family of all soft u-w-open (resp. p-w-open) sets in (X, 7,0, A) is denoted by
uw(t, o) (resp. pw(t,0)).

Theorem 7. For any SBTS (X, 7,0, A), we have the following:
(@) u(t,0) Cuw(t,o).

() p(t,0) Cpw(t, o).

(o (1,0) C{(Tw, 0w).

(d)  uw(t,0) Cpw(t,0) C (Tw, 0w)-

(e) <T/U>w = <Twr(7a1>-

(f)  The family pw(T, o) is closed under arbitrary soft union.

Proof. (a), (b) and (c) are obvious.
(d) By Remark 1, we have uw(7,0) = u(tw, 0w) € p(Tw, 0w) = pw(T,0) C (Tw, 0w).
(e) Let F € (1,0) and let ay€F, then there exist G € (1,0) and H € CSS(X, A) such
that a, €G — H CF. Since a,€G € (t,0), then there exist M € T and N € ¢ such that a, €
MANCG. So, we have M — H € 1, N — H € 0, and a;€(M — H)A\(N — H)C(MAN) —
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HCG — HCF. Hence, F € (Tw,0w). Conversely, let F € (1, 0) and let a,€F. Then, there
exist W € 1, and L € 0y, such that a,EWALCF. Since a,€WL, then there exist M € T,
N € ¢and H,K € CSS(X, A) such that ay €M — HCW and a, EN — KCL. Note that
MPAN € (1,0) and HAK € CSS(X, A). Additionally, a,&(MAN) — (HAK) € WAL C F.
Thus, F € (T,0).

(f) Since pw(t,0) = p(Tw,0w) and p(Tw, 0w) is closed under arbitrary soft union, we
obtain the result. [

The inclusions in parts (a), (b) and (c) of Theorem 7 are not equalities, in general.

Example 4. Let X = A =N, 7 =0 =1{04,14}, a = x = 1. Consider the SBTS (X, 7,0, A).
Then ay € uw(T,0) = pw(T,0) = (Tw, 0w) = Tw, but ay ¢ u(t,0) = p(t,0) = (1,0) = 7.

The inclusions in Theorem 7 (d) are not equalities, in general, as the following two
examples show:

Example 5. Let X = R, A = Z. Let F,G € SS(X, A) defined by F(a) = (—o0,0) and
G(a) = (0,00) foralla € A. Let T = {04,14,F} and 0 = {04,14,G}. Consider the SBTS
(X,t,0,A). Then FUG € pw(t,0) —uw(T,0).

Example 6. Let X =R, A =N,

T={04,14} U{F € SS(X,A) : foreverya € A, F(a) = (—oo,b) for some b € R},
and

0={04,14} U{F € SS(X, A) : foreverya € A, F(a) = (b, ) for some b € R}.

Consider the SBTS (X, t,0, A) and let F € SS(X, A), where F(a) = (0,5) forall a € A.
Then, F € (t,0) C (T,0), but F ¢ pw(t,0).

Remark 4. In Example 5, it is not difficult to check that F, G € uw(t,0) while FUG ¢ uw(t,0).
This shows that uw(t, o) is not closed under arbitrary soft union, in general.

Corollary 1. For any SBTS (X, t,0, A), the following are equivalent:
(a) uw(t,0)=pw(t,0).
(b)  uw(t,0) is closed under arbitrary soft union.

Proof. Follows directly from Theorem 4. [J

The next example shows that the soft intersection of two soft p-w-open sets is not soft
p-w-open in general. Therefore, for a given SBTS (X, 7,0, A), (X, pw(7,0), A) is not an
STS, in general.

Example 7. Consider the SBTS (X, 7,0, A) as in Example 6. Let F, G € SS(X, A), where F(a) =
(—00,5) and G(a) = (0,00) foralla € A. Then F,G € pw(t,0), while FNG ¢ pw(T,0).

Corollary 2. For any SBTS (X, 1,0, A), the following are equivalent:
(a) pw(t,0) = (Tw, 0w).

(b)  Forevery F,G € pw(t,0), FNG € pw(T,0).

(c) (X,pw(t,0),A)isaSTS.

Proof. Follows directly from Theorem 5. [

Theorem 8. Let (X, 7,0, A) bea SBTS and F € SS(X, A). Then, F € pw(7,0) if and only if for

each a,€F there exists G € u(t,0) and H € CSS(X, A) such that a, €G — HCF.
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Proof. Necessity: Let F € pw(t,0) and let ax€F. Then F = GUM for some G € 1, and
M € 0,,. Without loss of generality, we may assume that ayE€G. So, thereis L € T C u(t,0)
and H € CSS(X, A) such that a, €L — HCGCF.

Sufficiency: By assumption, for each a,E€F, there exists G,, € u(t,0) and H,, €
CSS(X,A) such that ay €G, — H,,CF. Put S = U{Gs —Hq, :G,, €71} and
W = U{G,, —H,, : Gs, €0}. Then S € 1,,W € 0,, and F = SUW. Hence, F €
pw(t,0). O

Theorem 9. Let (X, 7,0, A) bea SBTS and let F € SS(X, A). Then, the following holds.

(a) IfF € uw(t,0), then F(a) € uw(t,, o) foralla € A.
(b) IfF € pw(t,0), then F(a) € pw(ta,04) forall a € A.
() (t,0),),=(T,0),),foralla c A.

(d) IfF €(t,0),, then F(a) € ((7,0),), foralla € A.

Proof. (a) Suppose that F € uw(t,0) and leta € A. Since F € uw(t,0) = u(Tw,0w),
then by Theorem 6 (a), F(a) € u((tw), (0w),). Thus, by Theorem 7 of [2], F(a) €
u((Ta) o (0a) ) = uew(Ta, 0a).

(b) Suppose that F € pw(t,0) and leta € A. Since F € pw(7,0) = p(Tw,0w), then
by Theorem 6 (b), we have F(a) € p((tw),, (0w),) and by Theorem 7 of [2], it follows that
F(a) € () (00)y) = peo(Tas00):

(c) By Theorem 7 of [2], we have ((7,0),),, = ((1,0),), and by Theorem 7 (f) we
have (7,0),, = (Tw,0w). Thus, we have ((7,0),),, = (Tw,0w),- By Theorem 6 (d), we have
(tw,0w); = ((Tw)ar (0w),)- Therefore, by Theorem 7 (f) and Theorem 7 of [2], ({(7,07),),, =
(<T’ U)w)g

(d) Suppose that F € (1,0),, and let a € A. Then by parts (c) and (d) of Theorem 6,
F(a) € ((t,0),,),- Thus, by (c), we have F(a) € ((7,0),),,. O

The rest of this section focuses on two new types of soft Lindeltfeness SBTSs.

Definition 10. Let (X, 7,0, A) bea SBTS and let U C SS(X, A). Then U is called the following:

(a)  Asoft cover of (X, 7,0, A)if U{U: U € U} = 14.

(b) A soft u-open cover of (X, t,0,A) if U is a soft cover of (X, T,0,A) and U C u(t,0).

(c) A soft v-open cover of (X, T,0,A) if it is a soft u-open cover, and there are F € T and
G € osuchthat {F,G} CU—{04}.

Definition 11. A SBTS (X, t,0, A) is called the following:

(a)  Soft u-Lindelof if every soft u-open cover of (X, T, 0, A) has a countable subcover.
(b)  Soft v-Lindeldf if every soft v-open cover of (X, T, 0, A) has a countable subcover.

Theorem 10. Every soft u-Lindelof SBTS is soft v-Lindeldf.

Proof. Follows from the definition and Remark 1. [

The converse of Theorem 10 is not true in general, as can be seen from the following
example.

Example 8. Let X = R, A is any non-empty countable set of parameters, T = SS(X, A) and
0 ={04}U{F € SS(X,A) : X — F(a) is countable for all a € A}. Then

(1) (X, 7,0,A) is soft v-Lindelof: Let VW be soft u-open cover of (X,7,0,A). Let G €
WnN(o —{04}), then we have R — G(a) is countable for all a € A. For eacha € A and x €
(R—G(a)),  choose F,, € W such  that  ay€F,,. Let
Wi ={G}U{F, :a€ Aand x € (R — G(a))}, then Wy is a countable subcover of W.

(2) (X, T,0,A) is not soft u-Lindelof: let W =SS(X, A); then, W is a soft u-open cover of
(X, 7,0, A), which has no countable subcover.
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Lemma 1. Let (X, 7,0, A) bea SBTS such that A is countable, and let B ={F — H : F € u(t,0)
and H € CSS(X, A)}. Then (X, Tw, 0w, A) is soft u-Lindeldf if and only if every soft cover W of
(X, 7,0,A) with W C B has a countable subcover.

Proof. Necessity: Suppose (X, Tw, 0w, A) is soft u-Lindel6f and let W be a soft cover of
(X,t,0,A) with W C B. Since W C B C 1, U0y, then W is soft u-open cover of (X, 1,
0w, A), and thus, W has a countable subcover.

Sufficiency: Let M = {F, : « € A} be a soft u-open cover of (X, 7, 0w, A) with
F, # 04 for all « € A. For each o € A, there exists an indexed set (), such that F, =
U{Gg—Hg: p € Oy} where Gg € TUc and Hg € CSS(X,A), p € Q. Put W ={Gg —
Hg : B € U{Qy:a € A}}. Then W is a soft cover of (X,7,0,A) with W C B, and
by assumption it has a countable subcover. This implies that M has also a countable
subcover. [

Theorem 11. For any SBTS (X, 1,0, A) with A countable, the following are equivalent:

(a) (X,7,0,A) is soft u-Lindelof.

(b) (X, Tw, 0w, A) is soft u-Lindeldf.

(c)  Each soft cover of (X, T,0, A) consisting of members of pw(T, o) has a countable subcover.
(d)  Each soft cover of (X, T,0, A) consisting of members of p(T,0) has a countable subcover.

Proof. (a) = (b): Suppose that (X, 7,0, A) is soft u-Lindelof. We apply Lemma 1. Let

M = {Gy — Hy : 2« € A, where G, € u(t,0) and Hy € CSS5(X,A)} be a soft cover of

(X,t,0,A). Since L~JAG,X = 14, then by (a), there exists a countable set A’ C A such that
€

{Gy:a € A'} is a soft cover of 14. Put S = N{H, : « € A’} and for each a,€S, choose
g, € Asuch that ay€(Gy,, — Ha,, ). Thus, {Gy — Hy :« € A’} U {Gy,, — Ha,, : 0xES} is
a countable subcover of M.

(b) = (c) Suppose that (X, 7, 0w, A) is u-Lindelof. Let M = {F, : « € A} be a soft
cover of (X, 7,0, A) consisting of members of pw(T,0). For each & € A, there exist G, € T,
and K, € 0, such that Fy = Gu UK. Put A = {Gy:a € A} U{Ky:a € A}. Then A
is a soft u-open cover of (X, %,,0,,A). So by (b), there is a countable set A’ C A such
that {G, : w € A’} U {K, : « € A’} is a subcover of A. Thus, {F, : « € A’} is a countable
subcover of M.

(c) = (d) Follows because p(7,0) C pw(T,0).

(d) = (a) Follows because u(t,0) C p(t,0). O

ax

Theorem 12. For a SBTS (X, T,0, A) with A countable, the following are equivalent:

(a) (X, 7,0,A) is soft v-Lindeldf,
(b) (X, Tw, 0w, A) is soft v-Lindelof.

Proof. (a) = (b) Suppose that (X, 7,0, A) is soft v-Lindelof. Let M = {M, : « € A} be
a soft v-open cover of (X, Tw, 0w, A). Take a1, a5 € A such that My, € 7 — {04}, My, €

0w — {04}. For each a € A, there exists an indexed set ), such that M, = ﬂe% (Gg — Hp)

where {Hg: p € Oy} € CSS(X,A)and ({Gg: B €M} CTor {Gs:p e} C o). For

every i = 1,2, choose B; € (), such that Gg, € 1,Gg, € 0, and Gg, # 04. Therefore,

{Gﬁ 1B e UAQQ} is a soft v-open cover of (X, 7,0, A). Since (X, 7,0, A) is soft v-Lindelof,
2SS

there exists a countable set A’ C A such that for every & € A, there exists a countable

set I'y C O, such that {Gﬁ e U Fa} covers 14. Put S = ﬁ{Hﬁ :pe U T,X}. Then
aeN weN

S € CSS(X,A)and (14 — S)QO{G,; —Hg:Be UA Fa}. For each a,€S, choose a;, € A
xeN
such that ag, EM,, . Thus, {M, : &« € A} U {M,,_:ax€S} is a countable subcover of M.
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(b) = (a) Suppose that (X, 7, 0, A) is soft v-Lindelof. Let M be a soft v-open cover
of (X,7,0,A). Then M is a soft v-open cover of (X, T, 0w, A) and hence it has a countable
subcover. [J

4. Soft Local Countability

Recall that a TS (X, Q) is locally countable if for each x € X there exists U € 3 such
that U is a countable set and x € U.

Definition 12. A BTS (X, S, N) is called

(1) u-locally countable if for each x € X there exists U € u(, X) such that U is a countable set
and x € U.

(2)  p-locally countable if for each x € X there exists U € p(, N) such that U is a countable set
and x € U.

(3)  s-locally countable if the TS (X, (3, X)) is loally countable.

Theorem 13. A BTS (X, 3, W) is u-locally countable if and only if it is p-locally countable.

Proof. Necessity: Suppose that (X, ¥, R) is u-locally countable, and let x € X. Then, there
isU € u(Y,N) such that U is a Countable setand x € U. Since u(3, X)) C p(F, N), then
U € p(S3,R). Hence, (X, 3, R) is p- locally countable.

Sufficiency: Suppose that (X, J, X) is p-locally countable, and let x € X. Then, there
isU € p($,N) such that U is a countable setand x € U. Since U € p(S, N), there exist
A € & and B € N such that U = A U B. Therefore, we have A is a countable set with
x € Ae S Cu(3RN) or we have B is a countable set with x € B € X C u(3,N). Hence,
(X, 3, N) is u-locally countable. O

Theorem 14. Every p-locally countable BTS is s-locally countable.

Proof. Let (X, 3, N) be p-locally countable, and let x € X. Then there is U € p(S, X) such
that U is a countable set and x € U. Since p(J,R) C (F,N), then U € (I, X). Hence,
(X, 3, N) is s-locally countable. [J

The following example shows that the converse of Theorem 4.3 is not true, in general.

Example 9. Let X = R and let S and R be the topologies on R having respectively the families
{[a,b) :a,b e Randa < b} and {(a,b] : a,b € Rand a < b} as bases. Then

(1) (X, 3, R) is s-locally countable: let x € X, then x € [x,x+1) € S, x € (x —1,x] € X
and so x € [x x+1)N(x—1,x] = {x} € (3, N). Since {x} is countable, we are done.

(2) (X, 3, N) is not p- locally countable: by Theorem 4.2, we only need to see that (X,<, N) is
not u- locally countable If (X, 3, W) is u-locally countable, then there is W € u(S,N) = FUNRN
such that W is a countable set and 1 € W. Then, there is [a,b) such that 1 € [a,b) C W or there
is (a,b] such that 1 € (a,b] C W. Thus one of the sets [a,b) and (a,b] is countable, which is
impossible.

Remark 5. Ifat least one of the TSs (X, ¥) and (X, R) is locally countable, then the BTS (X, 3, X)
is u-locally countable.

Proof. Obvious. O

The following example shows that the implication in Remark 5 is not reversible, in
general.

Example 10. Let X = R, A={{x}:x¢€ (-0 0}}U {UCR:(0,00) CU} and
B={{x}:x€(0,00)}U {UCR:(—00,0] CU}. Let I and X be the topologies on R hav-
ing the families A and BB as bases, respectively. Then, we have the following:



Mathematics 2021, 9, 1781

10 of 14

(1) (X, S, N) is u-locally countable: let x € X, then either x € (—00,0] or x € (0,00).
If x € (—00,0], then we have x € {x} € AC ¥ C u(S3,N) with {x} is a countable set. If
x € (0,00), then we have x € {x} € B C X C u(<, W) with {x} is a countable set. It follows that
(X, 3, N) is u-locally countable.

(2) (X, ) is not locally countable: if (X, <) is locally countable, then there is W € < such
that W is a countable set and 1 € W. But by definition of  we must have (0,00) C W and so W
is uncountable. It follows that (X, <) is not locally countable.

(3) (X, R) is not locally countable: if (X,N) is locally countable, then there is W € X such
that W is a countable set and 0 € W. However, by the definition of X, we must have (—oo,0] C W
and so W is uncountable. It follows that (X, R) is not locally countable.

As defined in [2], a STS (X, T, A) is soft locally countable if for any a, € SP(X, A)
there exists H € CSS(X, A) N such that a,€H.

Definition 13. A SBTS (X, t,0, A) is called the following:

(1) Soft u-locally countable if for each a, € SP(X, A) there exists H € CSS(X, A) Nu(t,0)
such that a,€H.

(2)  Soft p-locally countable if for each ay € SP(X, A), there exists H € CSS(X, A) N p(t,0)
such that a,€H.

(3)  Soft s-locally countable if the STS (X, (t,0), A) is soft locally countable.

Theorem 15. A SBTS (X, 7,0, A) is soft u-locally countable if and only if it is soft p-locally
countable.

Proof. Necessity: Suppose that (X, 7,0, A) is soft u-locally countable, and leta, € SP(X, A).
Then, there is H € CSS(X, A) Nu(t,0) such that ay€H. Since u(t,0) C p(t,0), then
H € p(7,0). Hence, (X, 7,0, A) is soft p-locally countable.

Sufficiency: Suppose that (X, 7,0, A) is soft p-locally countable, and let a, € SP(X, A).
Then there is H € CSS(X, A) N p(t,0) such that ay€H. Since H € p(t,0), then there exist
M € tand N € ¢ such that H = MUN. Therefore, we have M € CSS(X, A) Nu(t,0) such
that a, €M or we have N € CSS(X, A) Nu(t, o) such that a,€N. Hence, (X, 7,0, A) is soft
u-locally countable. [J

Theorem 16. Every soft p-locally countable SBTS is soft s-locally countable.

Proof. Let (X, 7,0, A) be soft p-locally countable, and let a, € SP(X, A). Then, there is
H € CSS(X,A) N p(t,0) such that ay€H. Since p(t,0) C (1,0), then H € (t,0). Hence,
(X,T,0,A) is soft s-locally countable. [

The following example shows that the implication in Theorem 16 is not reversible, in
general.

Example 11. Let X = Rand A = N. Let 3 and X be the topologies on R having the families
{[a,b) :a,b € Randa < b} and {(a,b] : a,b € Rand a < b} as bases, respectively. Let T =
{FeSS(X,A):F(a) e Sforalla e A} and ¢ = {F € SS(X,A) : F(a) € X foralla € A}.
Then

(1) (X, 7,0, A) is soft s-locally countable: let a, € SP(X, A). Let H,K € SS(X, A) defined
by H(a) = [x,x+ 1) and K(a) = (x — 1,x] forall a € A, then (HNK)(a) = {x}. Thus, we
have HNK € CSS(X, A) N (t,0) with ax€HNK. It follows that (X, t,0, A) is soft s-locally
countable.

(2) (X,7t,0,A) is not soft p-locally countable: by Theorem 4.8, only we need to see that
(X,t,0,A) is not soft u-locally countable. If (X, t,0, A) is soft u-locally countable, then there
is H € CSS(X,A) Nu(t,o) such that 1,€H. Then, there is [a,b) such that 2 € [a,b) C H(1)
or there is (a,b] such that 2 € (a,b] € H(1). Thus, one of the sets [a,b) and (a, b] is countable,
which is impossible.
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Remark 6. If at least one of the STSs (X, 7, A) and (X, o, A) is soft locally countable, then the
SBTS (X, t,0, A) is soft u-locally countable.

Proof. Obvious. [

The following example shows that the implication in Remark 6 is not reversible, in
general.

Example 12. Let X = Rand A = Z. Let A ={{x} : x € (—00,0]}U{U C R : (0,00) C U}
and B ={{x} : x € (0,00)}U {U C R : (—o00,0] C U}. Let I and X be the topologies on R hav-
ing the families A and BB as bases, respectively. Let T = {F € SS(X, A) : F(a) € S foralla € A}
and o = {F € SS(X, A) : F(a) € X foralla € A}. Then, we have the following:

(1) (X, 7,0, A) is soft u-locally countable: let b, € SP(X, A). We have two cases on x:

Case 1. x € (—o0,0]. Let H € SS(X, A) defined by H(a) = {x} forall a € A. Then, we
have H € CSS(X, A) withax€H and H € T C u(t,0).

Case 2. x € (0,00). Let H € SS(X, A) defined by H(a) = {x} forall a € A. Then, we have
H € CSS(X, A) withay€H and H € 0 C u(t,0).

It follows that (X, T,0, A) is soft u-locally countable.

(2) (X, T, A) is not soft locally countable: if (X, T, A) is soft locally countable, then there is
H € CSS(X, A) Nt such that 1,€H. Then 2 € H(1) and H(1) is a countable set. However, by
the definition of T, we must have (0,00) C H(1) and hence H(1) is uncountable. It follows that
(X, T, A) is not soft locally countable.

(3) (X, o, A) is not soft locally countable: if (X, 0, A) is soft locally countable, then there is
H € CSS(X, A) N o such that 10€H. Then 0 € H(1) and H(1) is a countable set. However, by
the definition of o, we must have (—oo,0] C H(1) and hence H(1) is uncountable. It follows that
(X, T, A) is not soft locally countable.

Theorem 17. If (X, T, A) is soft locally countable, then (X, T,) is locally countable for all a € A.

Proof. Suppose that (X, T, A) is soft locally countable and let a € A. Let x € X, then
ay € SP(X, A). By the soft local countability of (X, T, A), there exists H € CSS(X, A)NT
such that ay€H. Then, we have x € H(a) € 1, and H(a) is a countable set. This shows that
(X, 1a) is locally countable. [J

Corollary 3. Let X be an initial universe and let A be a set of parameters. Let {3, :a € A} be an
indexed family of topologies on X. If (X, @& J,, A) is soft locally countable, then (X, ;) is locally
acA

countable for all a € A.
Proof. Suppose that (X, @& 3y, A) is soft locally countable and let a € A. Then by Theorem
acA

17, (X, < &) Sa> ). However, by Theorem 3.7 of [1], ( &) Sa) = ;. This ends the
acA a acA a

proof. O

Theorem 18. If A is countable and (X, 7,) is locally countable for all a € A, then (X, T, A) is
soft locally countable.

Proof. Suppose that (X, 7,) is locally countable for all 4 € A such that A is countable. Let

by € SP(X,A). For every a € A, by the local countability of (X, 7,), there exists H, € T

such that x € H,(a) € 1, and H,(a) is countable. Put H = OAHa; then, H € CSS(X,A)NT
€

and by€H. Therefore, (X, 1, A) is soft locally countable. [
Corollary 4. Let X be an initial universe and let A be a countable set of parameters. Let

{Su :a € A} be an indexed family of topologies on X. If (X,,) is locally countable for all
a € A, then (X, & S, A) is soft locally countable.
acA
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Proof. Suppose that (X, ;) is locally countable for all 2 € A. By Theorem 3.7 of [1],

( D Sa) = Q, and so by Theorem 18, we must have (X, & S, A) is soft locally count-
acA a acA

able. O

Theorem 19. If (X, 7,0, A) is soft u-locally countable, then (X, 1,,0,) is u-locally countable for
all a € A.

Proof. Suppose that (X, 7,0, A) is soft u-locally countable and leta € A. Let x € X, then
ay € SP(X, A). By soft u-local countability of (X, T,c, A), there exists H € CSS(X, A) N
u(t,0) such that ay€H. Then we have H(a) is a countable set, x € H(a), and by Theorem
6 (a) we have H(a) € u(1,, 04). Therefore, (X, 1,,05) is u-locally countable. [J

Corollary 5. Let X be an initial universe and A be a set of pammeters Let {35 :a € A} and
{R; :a € A} be indexed families of topologies on X. If (X, @ Sy, ea Na,A) is soft u-locally

acA
countable; then, (X, 3,4, R,) is u-locally countable for all a € A.

Proof. Suppose that (X, @& Sy, @ N, A) is soft u-locally countable and let 2 € A. Then,

acA acA
by Theorem 4.17, (X, < @ %,,) , ( ® N,Z) ) is u-locally countable. However, by Theorem
acA a \a€A a
3.7 of [1], ( @ %ﬂ> = G, and < ® Na) = N,. This ends the proof. O
acA a acA a

Theorem 20. If A is countable and (X, T,,0,) is p-locally countable for all a € A; then,
(X,t,0,A) is soft p-locally countable.

Proof. Suppose that (X, 15, 03) is p-locally countable for all 2 € A and let by € SP(X, A).
For every a € A, by p-local countability of (X, 1,,0;), there exists H, € p(7, ) such that
Hqa(a) € p(ta,0,) and H,(a) is countable. Put H = U{H, : a € A}; then H € CSS(X, A) N
p(t,0) and by€H. Therefore, (X, 7,0, A) is soft p-locally countable. [

Corollary 6. If A is countable and (X, T, 0,) is u-locally countable foralla € A, then (X, 1,0, A)
is soft u-locally countable.

Proof. This follows from Theorems 13, 15, and 20. O
Corollary 7. Let X be an initial universe and let A be a countable set of parameters. Let

{Su:ae Ayand {X, : a € A} be indexed families of topologies on X. If (X, s, V) is u-locally
countable for all a € A, then (X, & ., & NQ,A) is soft u-locally countable.
ac

aEA
Proof. Suppose that ( a, Na) is u-locally countable for all a € A. By Theorem 3.7 of [1],
( S5} \sa) = §, and ( @ N ) = N,. Soby Corollary 6, we must have (X, @ J,, @ NH,A)
acA "aeA ae

is soft u-locally Countable O
Theorem 21. A SBTS (X, t,0, A) is soft p-locally countable if and only if SP(X, A) C pw(t,0).

Proof. Necessity: Suppose that (X, 7,0, A) is soft p-locally countable. Let a, € SP(X, A).
Then by soft p-local countability of (X, 7,0, A), there exists H € CSS(X,A) N p(t,0)
such that a,€H. Since H € CSS(X, A), then H — a, € CSS(X, A). Thus, we have a, =
(H—(H—ay)) € pw(t,0).

Sufficiency: Suppose that SP(X, A) C pw(7,0). Letay € SP(X, A), thena, € pw(T,0).
So, there are M € 1, and N € ¢, such thata, = MUN. So,a, = M ora, = N. Hence, there
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isG € TUgand H € CSS(X, A) such that a,€G — HCa,. Hence, G € CSS(X, A) N p(t,0)
with ay€G. Therefore, (X, 7,0, A) is soft p-locally countable. [

Corollary 8. A SBTS (X, t,0, A) is soft p-locally countable if and only if (X, pw(t,0), A) isa
discrete STS.

Theorem 22. If (X, T, 0, A) is soft s-locally countable, then (X, T,, 0,) is s-locally countable for
alla € A.

Proof. Suppose that (X, 7,0, A) is soft s-locally countable and leta € A. Let x € X, then
ay € SP(X, A). By soft s-local countability of (X, 7,0, A), there exists H € CSS(X, A) N
(t,0) such that ay€H. Then, we have H(a) is a countable set, x € H(a), and by Theorem 6
(c) we have H(a) € (t,,04). Therefore, (X, 1, 0,) is s-locally countable. [

Theorem 23. If A is countable and (X, t,,0,) is is s-locally countable for all a € A, then
(X, 71,0,A) is soft s-locally countable.

Proof. Suppose (X, 1;,0;) is s-locally countable for all @ € A such that A is countable.

Let by € SP(X,A). For every a € A, by s-local countability of (X, 1,,0,), there exists

H, € {(t,0) such that H,(a) € (1;,0,) and H,(a) is countable. Put H = OAHa, then
ac

H € CSS(X, A) N {(t,0) and by€H. Therefore, (X, 7,0, A) is soft s-locally countable. [

Theorem 24. A SBTS (X, 7,0, A) is soft s-locally countable if and only if (X, (Tw,0w), A) isa
discrete STS.

Proof. (X, 7,0, A)if and only if (X, (1,0), A) is soft locally countable, and by Corollary 5
of [2] just this holds if and only if (X, (7,0),, A) is a discrete STS. So, by Theorem 7 (f), we
obtain the result. O

5. Conclusions

As modifications of soft p-open sets, five new classes of soft sets in SBTSs were
investigated, and via them, several types soft Lindel6feness and soft local countability in
SBTSs were defined and studied. Correspondence between SBTSs and their generated
BTSs were introduced. In future studies, the following topics could be considered: (1)
defining soft u-continuity, soft s-continuity, u-w-continuity, soft p-w-continuity, and soft
s-w-continuity; and (2) defining separation axioms via these new five classes of soft sets.
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