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Abstract: In this paper, we introduce a new class of harmonic univalent functions with respect
to k-symmetric points by using a newly-defined g-analog of the derivative operator for complex
harmonic functions. For this harmonic univalent function class, we derive a sufficient condition, a
representation theorem, and a distortion theorem. We also apply a generalized g-Bernardi-Libera—
Livingston integral operator to examine the closure properties and coefficient bounds. Furthermore,
we highlight some known consequences of our main results. In the concluding part of the article, we
have finally reiterated the well-demonstrated fact that the results presented in this article can easily be
rewritten as the so-called (p, q)-variations by making some straightforward simplifications, and it will
be an inconsequential exercise, simply because the additional parameter p is obviously unnecessary.

Keywords: univalent functions; harmonic functions; g-derivative (or g-difference) operator

MSC: Primary 30C45; 30C50; 30C80; Secondary 11B65; 47B38

1. Introduction, Definitions and Motivation

Let the complex-valued function f, given by

f(z) = u(x,y) + So(x,y),

be continuous and defined in a simply-connected complex domain D C C. Then, f is said
to be harmonic in D if both u(x, y) and v(x, y) are real harmonic functions in ). Suppose
that there exist functions #((z) and U(z), analytic in D, such that

u(x,y) = R(U(z)) o(x,y) = S(V(z2)).

and

Then, for

Mathematics 2021, 9, 1812. https://doi.org/10.3390/math9151812

https://www.mdpi.com/journal /mathematics


https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-9277-8092
https://orcid.org/0000-0003-1123-8578
https://orcid.org/0000-0003-0361-4887
https://orcid.org/0000-0001-8805-6452
https://orcid.org/0000-0003-2427-2003
https://doi.org/10.3390/math9151812
https://doi.org/10.3390/math9151812
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/math9151812
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math9151812?type=check_update&version=2

Mathematics 2021, 9, 1812

20f 14

the harmonic function f = h 4 g can be expressed as follows (see, for details, [1]; see
also [2-4]):

f(z2) =h(z) +g(2)  (z€D),
in which # is called the analytic part of f and g is called the co-analytic part of f. In fact, if
g is identically zero, the f reduces to the analytic case.
A necessary and sufficient condition for f to be locally univalent and sense-preserving
in D is that (see in [2])
W (z)| > |§'(z)] (zeD).

Thus, for f = h+ g € S*H, where S*H is the class of normalized starlike harmonic
functions in the open unit disk:

U={z:zeC and |z| <1},

we may write
hz)=z+) ay,z" and g(z)=) byz" (|| <1). (1)
n=2 n=1

We note that S*H reduces to the familiar class S* of normalized starlike univalent
functions in U if the co-analytic part of f = h + g is identically zero. We use the abbreviation
SH in our notation for the subclasses of S*H consisting of functions f that map the open
unit disk U onto a starlike domain.

A function f is said to be starlike of order & (0 < a < 1) in U denoted by SH () (see
in [5]) if

i rei@

_ m(zw(z) _Zgl(z)> >0 (jz]=r<1).
h(z) +8(z)

A normalized univalent analytic function f is said to be starlike with respect to
symmetrical points in U if it satisfies the following condition:

2f/(2) ]
rtpg) >0 o)

This function class was introduced and studied by Sakaguchi [6] in 1959. Some other
related function classes were also studied by Shanmugam et al. [7]. In 1979, Chand and
Singh [8] defined the class of starlike functions with respect to k-symmetric points of order
a (0= a < 1) (see also in [9]). Ahuja and Jahangiri [10] discussed the class SH(«) of
complex-valued and sense-preserving harmonic univalent functions f of the form (1) and
satisfying the following condition:

2 2 {£(re"))
Fre®) — F(—ret)

= 0=sa<1).
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Al-Shagsi and Darus [11] introduced the class SHy(«) of complex-valued and sense-
preserving harmonic univalent functions f of the form (1) as follows:

9 .
2o {f(re?)}
aefk(T'e) >0 (0Sa<1),
where - -
h(z) =z+ ) guanz" and  gi(z) = ) gubuz" (|b1] < 1) 2
n=2 n=1
and
1 k—1
pn=p L " (k21 e =), ©)
v=0

From the definition (3) of ¢,,, we have

1 (n=1k+1)
¢n:{
0 (n#1k+1),

wheren = 2and [,k = 1.
Next, for a function d, given by

d(z) =z+ ) 2" (Vzel),
n=2
and another function v, given by
v(z) =z+ ) bz  (Vzel),
the convolution (or the Hadamard product) of d and v is defined, as usual, by

d(z)*xv(z) = (d*v)(z) ==z + ianbnz” =: (vxd)(z).

The fractional g-calculus is the g-extension of the ordinary fractional calculus, which
dates back to early twentieth century. The theory of the g-calculus operators are used in
many diverse areas of science such as fractional g-calculus, optimal control, g-difference,
and g-integral equations. This also in the geometric function theory of complex analysis as
is described by Srivastava [12] in his recent survey-cum-expository review article [12].

Initially in 1908, Jackson [13] defined the g-analogs of the ordinary derivative and
integral operators, and presented some of their applications. More recently, Ismail et al. [14]
gave the idea of a g-extension of the familiar class of starlike functions in U. Historically,
however, Srivastava [15] studied the g-calculus in the context of the univalent function
theory in 1989 and also applied the generalized basic (or g-) hypergeometric functions in
the univalent function theory. Many researchers have since studied the g-calculus in the
context of Geometric Functions Theory.

The survey-cum-expository review article by Srivastava [12] is potentially useful
for those who are interested in Geometric Function Theory. Such various applications
of the fractional g-calculus as, for example, the fractional g-derivative operator and the
g-derivative operator in Geometric Function Theory were systematically highlighted in
Srivastava’s survey-cum-expository review article [12]. Moreover, the triviality of the
so-called (p, q)-calculus involving an obviously redundant and inconsequential additional
parameter p was revealed and exposed (see, for details, in [12] (p. 340)).
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In the development of Geometric Function Theory, a number of researchers have
been inspired by the aforementioned works [12,14]. Several convolution and fractional
g-operators, that have been already defined, were surveyed in the above-cited work [12].
For example, Kanas and Rdducanu [16] introduced the g-analog of the Ruscheweyh deriva-
tive operator and Zang et al. in [17] studied g-starlike functions related with a generalized
conic domain () ,. By using the concept of convolution, Srivastava et al. [18] introduced
the g-Noor integral operator and studied some of its applications. Furthermore, Srivas-
tava et al. published a series of articles in which they concentrated upon the class of
g-starlike functions from many different aspects and viewpoints (see in [18-22]). For some
more recent investigations about the g-calculus, we may refer the interested reader to the
recent works [23-37].

Recently, Jahangiri [38] applied certain g-operators to complex harmonic functions
and obtained sharp coefficient bounds, distortion theorems, and covering results. On the
other hand, Porwal and Gupta [39] discussed an application of the g-calculus to harmonic
univalent functions. In this article, we apply the g-calculus in order to define a g-analog
of the derivative operator which is applicable to complex harmonic functions, and to
introduce and investigate new classes of harmonic univalent functions with respect to
k-symmetric points.

For better understanding of this article, we recall some concept details and definitions
of the g-difference calculus. We suppose throughout this paper that 0 < g < 1 and that

N={1,23---} =No\ {0} ~ (No:={0,1,2,---}).

Definition 1. The g-number [t|, is defined by

T
- _qq (reC)
[t]q =
n—1
Y g (t=mneN).
k=0
Definition 2. The g-factorial [n],! is defined by
[T [k]q (n €N)
[n]g! == =
1 (n=0)

Definition 3. The generalized q-Pochhammer symbol [T|, 4 is defined by

y(t+n)
Iy(7)

1 (n=0).

= [Tyt +1y[v+2]5--- [T +n—1]; (n € N)
[Tlnq =

Furthermore, for T > 0, let the g-gamma function be defined as follows:
T(t+1) = [t],T4(7) and  Ty(1) =1,
where

00 _ n+l
Iy(t) = (1—01)”1—1(1_3,;)'

n=0
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Definition 4 (see, for example, in [13]). For g € (0,1), the g-derivative operator (or the gq-

difference operator) D4, when applied to a given function f normalized by

f(z):z+ian z" (ze ),
n=2

is defined as follows:
o) = LI g 21)
=1+ i)z[n]l7 ap 2" (zel),

so that, clearly, we have

provided that the ordinary derivative §*(z) exists.

4)

©)

Definition 5. We define the q-analog of the derivative operator for the harmonic function f = h+g

given by (1) as follows:

D75 ,f(2) = D35 h(z) + (=1)°DY5 18(2),

where N
Dgfmh(z) =z4+ 1;_2 ¥u(A,0,6,8,9)anz",
DK:Z,qg(z) = ’; Yn(A,0,6,8,9)byz"
and

Pu(A,0,6,5,9) = [n]; (%{1 +A([n), - 1)}) (A,8,0,5 € Np).
K

Remark 1. First of all, it is easy to see that, for

s=0=A and oc=1,

(6)

we have the q-Ruscheweyh derivative for harmonic functions (see in [38]). Second, for ¢ = 0, we

obtain the q-Sdligean operator for harmonic functions (see [38]). Third, if we take

s=0 and oc=1,

and let g — 1—, we obtain the operator for harmonic functions studied by Al-Shaqsi and Darus [40].

Definition 6. Let MHZ’; (A, 6, ) denote the class of complex-valued and sense-preserving har-

monic univalent functions f of the form (1) which satisfy the following condition:
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a 0,8 i
DT af (re) |
DY fi(re?)

[ FReDR ) — (F1)7D4DT ()
D75 g (z) + (—1)SDK:§,qgk(z)

&

v

@, @)

where ‘
z =rel? 0Sr<1;080<m0sa<),

DK(Sthk(Z) =z+ 22‘/’”()‘/‘7/5/5/’7)4’11 ay 2"
n=

and
(e}

U(ngk Z (A,0,8,5,q)¢n by 2" (8)

Furthermore, we denote by MHZ:;()\, J,a) the subclass of the class MHk,';()‘/ S5,a)
such that the functions  and g in f = h + g are of the following form:
h(z)=z—) |ay]z" and g(z E|bn|z (|b1] < 1) )
n=2 n=1

and the functions hy and gi in fx = hy + g are of the form given by
z)=z— ) _|an|pnz" and g(z Z\b lpnz"  (|b1] < 1). (10)
n=2

In this article, we obtain inclusion properties, sufficient conditions, and coefficient
bounds for functions in the the class M?—l,‘:; (A, 6, ). A representation theorem and distor-

tion bounds for the class M Z; (A, 8, a) are also established. We will examine the closure
properties for the class MHZ; (A, 8, a) under the generalized g-Bernardi-Libera-Livingston
integral operator L{(f).

2. A Set of Main Results
We begin by stating and proving Theorem 1 below.

Theorem 1. Let f € M’HZI’;(A, 0,a), where f is given by (1). Then, fy defined by (2) is in
MM (A, 8,0) =t MHT*(A, 0, ).

Proof. Let f € MHZ’;(/\, 5,&). Then, upon replacing re’ by e’re®, where €? = 1 (v =
0,1,2,--- ,k—1) in (7), we have

d ,
DT }
D5 ofe (evrei?)

v
8
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According to the definition of fy,andase’ =1 (v=0,1,2,--- ,k — 1), we know that

fi (e”rele) =€"fy (rei9> (v=0,12,---,k—1).
Thus, by summing up, we get

O [ 05 ;(0.ib 9 {os i0
(15 gl P ) ) (g { PR}
i5 & D fere) D5 fic(re?)

1\
&

thatis, fy € MHZ*(A,6,a). O

If we let § = 1—, in Theorem 1, we have the following result.

Corollary 1. Let f € MH*(A,6,a) where f is given by (1). Then, fi defined by (2) is in
the class
MHTH(A,6,a) =: MHT(A,6,a).

Theorem 2. Let f = h+ g given by (1) and f = hy + gy with hy and g given by (2). Suppose
also that

© [n]y, — agn [n]y + agn
2 )\U(Ssq)(i_lx |an|+7z_“ |bn|

<1- (5 el a

where ¢, and Py (A, 0,0,s,q) given by (3) and (6) with
ap=1,121 A20, (k=21) and 6,0,5 € Np.

Then, the function f is sense-preserving harmonic univalent in U and f € MH”(/\ 5, a).

Proof. To prove that f € MHZ; (A, 6, ), we only need to show that if (11) holds true, then
the required condition (7) is satisfied. From (7), we can write

(RO~ CUROTIE) g7y
D5 qhk(z) + (=1)°D5 18k (2)

where
T (z) = 29,D5 h(z) — (=1)°29, D5 8(2)

and
R(z) = D5, I (z) + (~1)°"DT5 84 (2).

Now, using the fact that
Rw)z2a <= [1-—at+w|21+a—w),
it suffices to show that

T(z)+ (1 =a)R(2)[ - |T(z) - (1 +a)R(z)| 2 0.
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Upon substituting for 7 (z) and R(z) into (11), we find that
T(z) + (1= )R(2)[ = [T(2) = (1 +a)R(z)|
> (2-a)fz| - an 2,0,8,5,q) ([, + (1= &) ) an 2"

- ;wnw,é,s,q)([n}q + (1= a)gn) ba]|2|" ~ a2
- Lo, 550) (i~ (1 ) o=

= L e 50) (I + (1 ) l=f

=2(1-)le [1 ~ Y iAo 550) (W) "

n=2

1] +ao,
=2(1-a)l4 [1 —1(L,,8,5,9) (W) b

© [n], — agn [n], + agn
_’;¢n(Alal5,s,q)<H|an|+1—{X|bn| .

The last expression is non-negative by (11), and therefore f € M} S(A o,). O

The next theorem gives a coefficient bound for functions in the class MH,‘:; (A, 0,a).

Theorem 3. The function f € M?—[Z,’;(A, d, ) if and only if

(D2 0w e (- L200)

(1-2z)(1~4q2) (1-2)
~(=1y (D‘Xéqg() A oa—a (i;r(ll)zqz) + DY gule) w120 _(1”22)“)2) #0,

where

IEl=1 (&€#-1) and  zeU.

Proof. From (7), f € M”H,Z’;(/\, 5,«) if and only if z = re? in U, we have

v

&,

| (4D55,) ~ (VT
D575 e (z) + (—1)°D775 18k (2)

which readily yields

1
8%(1—04

20,D75,h(z) = (-1'2D5 3()
D5 () + (—1)°DY5 ,8¢(2)
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Now, as
1 [ 294D%5 h(z) — (—1)°29,D75 g(z)
1 Gs”q e ] —a| =1atz=0,
—a D)\:g,qhk(z) +(-1) D)\:g,qgk(z)
the above-required condition is equivalent to
1 [ 29,D%5 h(z) — (=1)°20,DY5 ¢(z) 1
1—a ’ a/s\,(s,q s qu 2404 - 7& g_,_ 1’ (12)
Diys g (2) +(=1)"D}’5 ,8k(2)

where
IEl=1 (#-1) and 0<]|z| <1l

Thus, by a simple algebraic manipulation, the inequality (12) yields
04 (E+1) (z@c,DK:;,qh(z) - (—1)Sz©qu:§,qg(z))

—(E—1+2a) (D%,qhk(z) + (—1)SW>

0,3 ¢+1 7,8 (6_1_‘_2
= (PR g PR 5

which is the condition asserted in Theorem 3. [
Next, the condition (11) is also necessary for functions in the class MH,‘:';()L, 5,a),

which is clarified in Theorem 4 below.

Theorem 4. Let f = h+ 3 with h and g given by (9) and fi = hy + gy with hy and gy given
by (10). Then, f € MHZ';()"(S"") if and only if

S nly—agn )+ ag
L in(de:8,5,0) (m'“n' R pranl]

<1- (””‘g"l)wllbl, (13)

1—«
where ¢, and Py (A, 0,6,s,q) are given by (3) and (6) with
ap=1121 A20, (k=21) and 6,0,5 € Np.

Proof. The direct part of the proof follows from Theorem 2 by noting that if the analytic and
co-analytic partsof f =h+3 € M’HZ’;(A, J,a) are given in (9), then f € MHZ’;(/\, 5,a).

Let us prove the converse part by contradiction. We show that f ¢ MHZ; (A6, a)if
the condition (13) holds true. Thus, we can write

D - VR
D775 ghi(z) + (—1)SDK:§,qgk(z) -
which is equivalent to
[P - CUBPLE
D5, (=) + (—1)° D 84(2) =
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that is,

?R( [(1 — )z — izlpn(/\, 7,9,5,9) ([n]q - txgon) |an|z"

—<—1>silwn(mfs,s,q)([n],, +wn)|bn|zn|

o) ) -1
. [z — Z Wn(A,0,6,8,9)@nlan)z" + (—1)° Z wn(A,U,§,s,q)<pn|bn|Z”| ) .
n=1

Thus, clearly, the above-required condition holds true for all values of z (|z| =7 < 1).
Upon choosing the values of z on the non-negative real axis such that0 < z =r < 1, we
find that

R ( [(1 —u) — i Pu(A,0,6,s,9) ([n]q — a(pn) |gn|r7’*l

n=2

n=1

-1
| [1 = L pn(h o b5, q)palanlr™ T + ) wnu,a,(s,s,q)gonw"_l] )
n=2

= n=1

1\

0,

which can be written as follows:
Q(q) - |: = ¢H(A/a/ 515/ 17) (([n]q - 0690;1) |an| + ([n}q + lxq)n> bn|>:| 7’7‘71

14 Jbn| - ( £ 0n(1,0,6,5,0)¢uar + |bn|>)rr1
n=

n

where
Q(g) = (1 —a) = 1 (A,0,6,5,q) (1], + gn ) ba].

If the condition (13) does not hold true, then the numerator in (14) is negative for r
sufficiently close to 1. Therefore, there exists a zyp = ¢ in (0,1) for which the quotient in
(14) is negative. This contradicts the required condition for f € M’HZ; (A, 6, a). Our proof
of the converse part Theorem 4 by contradiction is thus completed. [

The following theorem gives the distortion bounds for functions in the class M ”HZ; (A6, a).

Theorem 5. If f € M’HZ/';(/\, S5,a), then

1 1—ua 1+« 5
> — _ _
F@)l = =il ¥2(A,0,9,5,9) ([Z]q g2 [z]q —ap2 |b1|>r 1
and
1 11—« 14+«
< _ 2
F@IS b+ ¥2(A,0,6,8,q) <[2]q —ap2 [2]q — a2 b1|> - e
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where ¢, and Pn (A, 0,8,s,q) are given by (3) and (6) with
ap=1,121 220, (k=21) and 6,0,5 € Np.

Proof. We will only prove the left-hand inequality of Theorem 5. The arguments for
proving the right-hand inequality are similar and so we omit the details involved.

Let f € MH;{T’;()\, J,a). Then, by taking the modulus of f(z), we obtain

f@nzuwﬂwiyw|umW"
2 (1 Iy X (ol + )2
-
v ey
-§2¢ﬂmm&2?gﬁqlwgu%-wm>ﬂ
= (b= ¢2(A,a,5,:q_)g[2]q ~ap2) <1 B izw)rz
=(1w””¢xkikﬁﬂ><miizwmifzm””>ﬁ'

which proves the inequality (15). O

The following covering result follows from the left-hand inequality in Theorem 5.
Corollary 2. If f € M’HZ,’;(A, ,a), then

{w:|w| <Qi(A,0,6,s,9) —Q2(A,0,0,5,q)|b1|} C f(U),

where
0u0,5,5,q) = 2¥2(A00,59) = 1= (Y2(N,0,6,5.9) — a
92(1,0,8,5,9) (2], — g2)
and
02 0,6,5,q) = ¥2 N0 8,59) =1 = (Y2(h,0,6,5,q) + D

¥2(h,0,0,5,q)([2), — ap2)

Finally, we will examine the closure properties of the class M?—[,‘Z; (A, 6, a) under the

generalized g-Bernardi-Libera-Livingston integral operator L{ (f) which is defined by

1 z
() = I e e (e )

Theorem 6. Let f € M’HZI’;(A, S,a). Then, L (f(z)) € MHZ,’;(/\, S,a).
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Proof. From the representation of L{(f(z)), it follows that

c 1 zZ
@) = o [0+ 300 4yt

[c+1]

z

e} z e}
/t“‘1 <t+ Y ant”>dqt+/tc—1 (Z bnt”> dgt
n=2 0 n=1

0

q

ZzC

[ee] 007
=z+ ZAnz"+ Zan”,

n=2 n=1
where . .
A, = e+ ]q an and B, = & b,.
[c+n], [c+n],
Therefore, we get
= (), — an) lc+1],
3%%“”@&”( A=ara, "
= (0], + wgn ) e+ 1,
+n;l/)n(/\,a,(5,s,q)( g |b|

1A
agk
<=

], +
n(/\,a,é,s,q)( = |an|+( q_“;p)bﬂ)

(1
T+ag:
<1—< >1l)1b1|-

1—na

Asf e MHZ,’;(A, 6, ), by Theorem (4), we have L{ (f(z)) € M’HZ’;(/\, 5,a), as asserted by
Theorem 6. [

3. Concluding Remarks and Observations

The theory of the basic (or g-) calculus has been applicable in many areas of math-
ematics and physics such as fractional calculus and quantum physics as described in
Srivastava’s recently-published survey-cum-expository review article [12]. However, re-
searches on the g-calculus in connection with geometric function theory and, especially,
harmonic univalent functions are fairly recent and not much has been published on this
topic. Motivated by the recent works [12,38,39], we have made use of the quantum or
basic (or g-) calculus to define and investigate new classes of harmonic univalent functions
with respect to k-symmetric points, which are associated with a g-analog of the ordinary
derivative operator. We have studied here such results as sufficient conditions, representa-
tion theorems, distortion theorems, integral operators, and sufficient coefficient bounds.
Furthermore, we have highlighted some known consequences of our main results.

Basic (or g-) series and basic (or g-) polynomials, especially the basic (or g-) hypergeo-
metric functions and basic (or g-) hypergeometric polynomials are applicable particularly
in several diverse areas of mathematical and physical sciences (see, for example, [41]
(pp. 350-351); see also [42-48]). Moreovert, as we remarked above and in the introductory
Section 1, in Srivastava’s recently-published survey-cum-expository review article [12],
the triviality of the so-called (p, g)-calculus was exposed and it also mentioned about
the trivial and inconsequential variation of the classical g-calculus to the so-called (p, q)-
calculus, the additional parameter p being redundant or superfluous (see, for details, [12]
(p- 340)). Indeed one can apply Srivastava’s observation in [12] to any attempt to produce
the rather inconsequential and straightforward (p, q)-variations of the g-results which we
have presented in this paper.
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