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Abstract: We consider a one-dimensional, isentropic, hydrodynamical model for a unipolar semicon-
ductor, with the mobility depending on the electric field. The mobility is related to the momentum
relaxation time, and field-dependent mobility models are commonly used to describe the occurrence
of saturation velocity, that is, a limit value for the electron mean velocity as the electric field increases.
For the steady state system, we prove the existence of smooth solutions in the subsonic case, with
a suitable assumption on the mobility function. Furthermore, we prove uniqueness of subsonic
solutions for sufficiently small currents.

check for . . . . . .

updates Keywords: subsonic solutions; unipolar semiconductor; saturation velocity; steady-state
hydrodynamical model

Citation: Alj, G.; Lamonaca, F,;

Scuro, C.; Torcicollo, I. On a

One-Dimensional Hydrodynamic
Model for Semiconductors with

Field-Dependent Mobility. 1. Introduction

Mathematics 2021, 9, 2152. The hydrodynamic model for semiconductors was first introduced by Blotekjeer in

https:/ /doi.org/10.3390/ 1970 [1]. It describes the dynamics of charged fluid particles, such as electrons and holes in

math9172152 semiconductor devices [2,3], and positively and negatively charged ions in plasmas [4]. The
ruling equations are the Euler—Poisson equations, which in their scaled one-dimensional

Academic Editor: Arturo Hidalgo form, for a unipolar semiconductor, are:

Received: 4 August 2021 ng+jx =0,

Accepted: 1 September 2021 5] .

Published: 3 September 2021 i+ <] + p(n)) = pyn — l, 1)

n x H
Publisher’s Note: MDPI stays neutral $xx =n—N (X )

with regard to jurisdictional claims in . . .
where n(x, t) is the electron number density, j(x, t) is the electron flux density, ¢(x,t) is

the electric potential, p(n) is the pressure and yu is mobility. The mobility is related to the
momentum relaxation time, and in (1) they coincide because of the scaling. The device
domain is the x-interval (0, v), where v is the device length measured in terms of the Debye
length, and N = N(x) is the number density of the background ions (doping profile), with
N(x) > 0.

The steady-state version of this one-dimensional model has been extensively studied,
starting from the existence result, and uniqueness for small currents, in the subsonic
case [5]. The existence of transonic solutions, with subsonic constant doping profile, was
conditions of the Creative Commons addressed in [6], with an approach based on the construction of the orbits of the system in
Attribution (CC BY) license (https://  the electron density-electric field phase plane. The same approach was later used in [7] for
creativecommons.org/licenses /by / a more general case. A different approach was used in [8] for the construction on transonic
4.0/). solutions with transonic shocks, by using the vanishing viscosity limit method. The same
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method was used in [9], with prescribed current and periodic boundary conditions. We
also refer to [10] for a non-isentropic case. More recently, the existence of supersonic
solutions was proven in [11], and the existence of solutions for sonic boundary conditions
was studied in a series of papers [12-14].

The hydrodynamic system for semiconductors has been studied also in higher di-
mension and in the time-dependent case. We can refer to [15] for potential flow in three
dimensions with a fully subsonic doping profile, and to [15-21] for more general analysis
of the subsonic case. For supersonic flows, the existence and uniqueness of supersonic
solutions in two and three dimensions was studied in [22,23]. The transonic solutions have
also been studied in relation to the formation of shock waves [24-28].

In all the above results, the mobility, or momentum relaxation time, is either assumed
constant or a function of n, j. In this paper, we consider the effect of an electric-field
dependent mobility, u = u(E), with E = ¢y. A preliminary discussion of this problem has
been given in [29], with a phase-plane approach. Here, we prove the existence of subsonic
solutions to the semiconductor hydrodynamic model with field-dependent mobility, for
sufficiently small currents. Moreover, we prove the uniqueness of solutions for small
currents. Both proofs are inspired by the classical results in [5], with some substantial
changes due to the particular nature of the source term considered in our case. In particular,
at variance with the standard case, it is not obvious how to relate the current with the
electric potential at the boundaries, so some additional introductory work is needed.

The plan of the paper is the following. After Section 2, where the steady-state semi-
conductor hydrodynamical model is introduced and the problem is stated, Section 3 is
devoted to proving the existence of subsonic solutions of the system. Section 4 shows a
uniqueness result for regular solutions of the problem, while Section 5 concludes the paper
with a short summary of the obtained findings.

2. Statement of the Problem

We consider the steady-state, one-dimensional semiconductor hydrodynamical model:

jx=0,

.2 ’
(]n + p(n)) =gun— 1, withx € (0.v) @)
Prx =1 — N(x)/

with the following boundary conditions:

n(0) =mng, n(v)=mny, ¢0)=0, ¢(v)=¢r. ®)

The pressure depends on the electron density by the constitutive relation p = p(n),
which satisfies the condition

n? p’(n) is strictly monotonically increasing from R onto R. 4)

A common choice for the pressure relation is p(n) = kn?, withy > 1,k > 0.
The mobility is of the form

:{ = aq(¢x), withq(E) > g9 >0, |¢'(E)| < ¢y forall E € R, (5)

with &, go, ¢; positive constants. The above condition holds for the most used high-field
mobility models, like the Caughey-Thomas [30] or the Canali model [31], which can be
written as:

(E) = Fo
(1+ (|EI/Ec)P)

&=
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with po low-field mobility, E. critical field value, related to the saturation velocity, and
B > 1 areal exponent. After scaling, for this specific model we get

1 9(E)(cq|E|)?
(E) = (1+(¢q[EDP)P, q'(E) = o et (6)
18N = GlED a8 = 20 Ep)
which satisfies (5).
The doping profile N(x) satisfies the condition:
N(-) € L*(0,v), N(x)>O0forallx € (0,v). (7)

The first equation in (2) gives j = constant. We are going to see whether we can
prescribe j instead of ¢, as in the case where the mobility—that is, the momentum relax-
ation time—is independent of the electric field. For regular solutions, we can expand the
derivative on the left-hand side of the second equation in (2), divide by n and obtain

F(n,j)x = ¢x _j“li(;lﬂr ®)
with
Vo ) = Ly
F(nj) = 2y +hn), 1 (n) = p'(n)
Integrating (8) over (0,v) and using the boundary conditions (3), we obtain
— F(ny i) — F(no, i)+ i [ 1&x(2))
¢1 = F(m,j) P(no,])+]1x/0 () dx. )

On the other hand, using the third equation in (2), we can represent ¢ and ¢, as
integral functionals of # — N, depending on the boundary data ¢;. The result is

#x) = e+ [ Ton()dy (10

Px(x) = %‘Pl"’Ian(x)r (11)

where the functional p(x) +— Z,(x) is defined by

7 Soeyda -2 [ [ p)dry ) d 12
x) = xp)dxg — = x1) dxq | dxp.
o(x) /OP(l)lV/O</OP(1) 1) 2 (12)
For a later use, it is simple to see that
1
1Zo(x)| < 2v2|lpll < 2v]lplleo, (13)
with || - || norm in L2(0,v), || - || norm in L®(0,v). Using (12), the relation (9) can be

written in the form

+ In—N<x))
n(x)

We can use the implicit function theorem to show that (14) defines implicitly ¢; as a
function of j. First of all, we observe that

dx = 0. (14)

vg(l
G ¢n) == F(nl,j)—F(nO,j)_¢1+ja/O 9,41

G(0, pp;) = 0, with ¢y := F(111,0) — F(n0,0), (15)
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which represents the so-called “built-in potential”. Then, we can compute

G (e d G+ Ten(x)) _
aqbl(o,gbbl)_( 14 V/O ) dx> L, =T1#0 a9
P1=0pi

It follows that (14) defines implicitly a function g : I — |, with I C R neighborhood of
0 and J C R neighborhood of ¢y;, such that G(j, g(j)) = 0 for all j € I. Moreover, we have

G oy — ([ 9Gn+TiN()
87](0/%1) - (7,1% 1’1%_'_“/0 n(x) dx j=0
P1=¢bi

= af 9(590i + Zun(x))
0 n

©

which implies

9 (0, i v (1.
gl(O) _ a]< ’(Pbl)) _ ‘X/O q(y‘l)bl_:l_zan(x)) dx > 0/ (17)

g?ﬁ (O/ (Pbi (x )
that is, the function ¢; = ¢(j) is locally increasing around j = 0.

If we know an a priori bound of the type 0 < n < n(x) < 7 for x € (0,v), using
assumption (5), for positive j we find

G . je v q (Go1+Zn-n(x))
—(j, = -1+ / v

3471(] ‘Pl) v Jo n(x)
which implies that the implicit function ¢; = g(j) can be extended to all positive values of
j such that

. Cq
dx < =1+ ja—,
n

1
<.
OCCq

S [~.

The constant aqu represents the saturation velocity, which is encoded in the field-
dependent mobility model.

The above discussion implies that (14) can be used to replace the boundary conditions
for ¢ with the assignment of the current j, when j is small enough. Then, we can differentiate
(8) and use the third equation in (2) (Poisson’s equation) to obtain

F(n,)xx —b—jtx(q(?)) —n=—N(x), (18)
X
with ¢, given by (11), and ¢, related to j by (14). Equation (18) is supplemented with
boundary conditions
n(0) =ng, n(v) =mn. (19)
In conclusion, the original problems (2) and (3) can be replaced by the integral-
differential Equation (18) with boundary conditions (19), where the current j is assigned.

The resulting solution will still depend on the boundary value ¢, which will be adjusted
so that (14) is satisfied.

3. Existence of Subsonic Solutions

In this section we prove an existence result for subsonic solutions of system (2). Before
stating the main theorem, we clarify the notion of subsonic solution. For regular solutions,
the higher order term in (18) is

(e = (St ),
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so the equation is uniformly elliptic if we can ensure that
aj(;a'):—£+1’(11)>0 (20)
on " " uf ’

that is, n?p’(n) > j2. Condition (4) implies that there exists a unique minimal value 7yin,
depending on j, such that condition (20) holds for all n > npi,. As a function of j, the
minimal value 7y is strictly decreasing, and for j = 0 we have 1y, = 0. Thus, we can
conclude that Equation (18) is uniformly elliptic for n > n* > npn, for some constant n* to
be determined. This bound on the electron density can be interpreted by saying that the

solution is subsonic, since it amounts to the condition |j/n| < (p'(n)) 2, with j/n mean

electron velocity and (p’ (n))% speed of sound.
As a last remark, we note that we can limit ourselves to study the case j > 0, because
the case j < 0 can be recovered from the same system (2) after a transformation x — v — x.

Theorem 1. Let us assume (4), (5) and (7), and let p’(n) and q'(E) be continuous functions of
their arguments. Let us denote

N= inf N(x), N= sup N(x),
xe(0,v) x€(0,v)

n = min{ng, ny, N}, 7 = max{ng,ny, N}.

For j > 0, under the assumption

. n
Nmin <1, ] < oc;cq' (21)

and for any ¢1, problems (18) and (19) have a solution which satisfies
n<n(x) <N. (22)
Moreover, ¢1 can be chosen so that (9) holds.

Proof. The proof is based on the construction of a fixed point map T which, to a function
it with
n<fa(x) <uforallx € (0,v), (23)

associates the solution n of the problem
oF 4 g g BN (. q(E)
(E)n (n,])nx)x jag (1 ja—— = 1—ju . N(x), (24)
n(0) =ng, n(v)=mny, (25)

with E(x) = 1¢; + Zy_n(x). We notice that (13) ensures that E is bounded, and so is q(E)
and ¢(E). Thanks to the first assumption in (21), Equation (24) is a linear, uniformly elliptic
equation, which admits a unique solution n = T(#) in H'(0,v). Moreover, thanks to the
second assumption in (21), we have

LA
1—jaq<AE) >1—j¢xc—q>0,
n n

so the maximum principle implies that n satisfies the bounds (22). Recalling the definition
(12), and (23), it is not difficult to use (24) and obtain H!-bounds for n independent of 7i. By
the compact imbedding of H'(0,v) into C°([0,v]), and by a standard continuity argument
we can use Schauder’s theorem to conclude the existence of a fixed point of the map T.
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All the steps of this proof can be followed if, in the definition of the map T, we choose
¢1 as the minimum value greater than ¢y; such that

F(ny,j) — F(no,j) — ¢1+ja | v 4’1+(i”) NCIVPNIY (26)

This concludes the proof. O
4. Uniqueness of Solutions

Theorem 2. Under the same assumptions of Theorem 1, there exists a constant jo > 0 such that
forany j < jo there exists at most one regular solution n of problems (18), (19), (9) and (11), which
satisfies the bound n(x) > n > nmin forall x € (0,v).

Proof. Let 7 and n; be two solutions of problems (18), (19), (9) and (11), such that n;(x) >
7> Hmin forall x € (0,v),i = 1,2. Thus, we have

. . E;
e, s+ i () —mi(x) = —N (), @)
Flnsj) — Flno,j) — ai+ jo [ 150 gy o, 28)
with i
Ei(x) = SPLi + Iy -N(x), i=12 (29)
Subtracting the Equation (27) and introducing the variable u(x) = ny(x) — n1(x),
we obtain (Ex(x)) (Ey(x)
. glEa(X B qlLy(x o
o+ i G - TEGH) -u=o0 0
with 1 5F
a(x) = [ 5 (m(x) +0(ma(x) = m(x)), ) de. Q)
Moreover, from (28) we find
_ o [V (4(E2(x)  q(Ea(x))
o =io [[ (105 - T ) e .
Multiplying (30) by a(x)u and integrating over (0, v), we find
2 ! q(E2) _ q(E1) Y 24, _
/ [(a(x)u)y] dx+]a/ (a (x)u)x<nz_n1> dx+/0 a(x)u~dx=0.  (33)

We can estimate

q(E2) _q(E)| _ 1 - q(E1)
‘7’12 e n2|‘1(52) q(E1)| + o |ul
1]/, q(E1)
= — E{+0(E> — E{))d8||E) — E{| + ~—=
n /0 q' (E1 +6(E2 — Eq)) ‘| » — Eq . |ul
¢ o
< n| LB+ HLI( )H lul.

On the other hand, from (29) and (13), we find

1 1 1
|Er — E1| < ;|¢1,2 — 11| +1Zu(x)| < ;|4’1,2 — 11| +2v2ul], (34)
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and using (32) we obtain
o [V 1E2(%) q(El(x))‘
- < uc/ - dx
e ul <o [| T - L5
.cl/” _ o Ja(ED) lleo /
gjaﬂ A |Ep — Ep|dx + jo 2 A |u| dx
e . E e 3
< il . Cq 19(E1 .
sJey 12 — 11 e (2+ e v |ull
Recalling the second assumption in (21), we get
jot lq(Ex)lle ) 2 N3
12~ gual < 77 (2 RN Jubul <ot 69
which, together with (34) yields
(B2 = Ea| < (2+ cp(7)v? [lu]. (36)
The constant ¢y (j) tends to 0 as j tends to zero. Finally, we can estimate
g a(E2) a(ED) | _ iE)_ o2
[ (152 = 15 ) ] < aems -
(E1) oo
< o)l (2 2+ cotie | +”“)“|u||)
cqv
< LC(})( D (a()u )l |l (37)

with

30) =2+ o) + 11 L () I,

- . C
cqnv 1—jat cqnv

The constant c;, (j) tends to a strictly positive value as j tends to zero. Moreover, we
can write

1@ () x[f]]

IN

2 la(u)sato b
< 5o (M@l + oot

). ©9)

with a = min,¢ g, a(x) > 0. Thus, using (37) and (38) in (33), we find

(1—' C;VC )(/ I(a |2dx+/ Yu dx) <0. (39)

It is possible to find a constant jo > 0 such that

_ gl V) ¢ (J)

o > 0forall0 <j <. (40)

For instance, if j < % we have cj(j) < 2¢;(0), so we can choose

. no_. 2a
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It follows that, for j < jp, we have

v v
/ |(a(x)u)x|2dx+/ a(x)u?dx = 0, 42)
0 0
which implies that u(x) = 0 and thus the thesis. [

5. Conclusions

The hydrodynamic model for semiconductors describing the dynamics of charged
fluid particles, such as electron and holes in semiconductor devices and ions in plasmas,
has attracted the attention of many scholars. In such studies the mobility, or momentum
relaxation time, is either assumed constant or a function of the electron number density and
the electron flux density. Here, we have considered the effect of an electric field dependent
mobility. This kind of mobility model was introduced in the literature after empirical
studies, to take into account the occurrence of a saturation velocity, that is, a maximum
electron mean velocity which is reached as the electric fields grows and tends to infinity in
modulus. The second condition in (21), which plays a key role in both the existence and the
uniqueness proof, expresses precisely the upper bound of the electron velocity given by the
saturation velocity. In our case, the saturation velocity vs can be recovered as the high-field
limit of the velocity £ = (¢ )¢x, which follows by equating to zero the right-hand side of
(1). We obtain

: . , 1
vs = fim p(B)E = lim “2E = AN ag (B T agy

This conclusion is accurate if we use the explicit form (6), while in general the condition
(5) only yields a lower bound txqu for vs, unless we add specific hypothesis on the behaviour
of ¢'(E) at infinity.

In this paper, we have examined a one-dimensional, isentropic, hydrodynamical
model for a unipolar semiconductor, with the relaxation time depending on the electric
field. In this framework, for the steady-state version of the problem, we have proved the
existence and uniqueness of smooth solutions in the subsonic case for sufficiently small
currents. This promising result can be considered as the basis for a further exploration of
the implication of a field-dependent mobility on the solutions of the hydrodynamic model
for semiconductors, not only in the subsonic case but also in the transonic and supersonic
case, addressing the stability of the steady-state solution and the asymptotic behaviour of
general solutions for long times. These will be the topics for subsequent papers.
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