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Abstract: By considering the new forms of the notions of lower semicontinuity, pseudomonotonicity,
hemicontinuity and monotonicity of the considered scalar multiple integral functional, in this paper
we study the well-posedness of a new class of variational problems with variational inequality con-
straints. More specifically, by defining the set of approximating solutions for the class of variational
problems under study, we establish several results on well-posedness.
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1. Introduction

The concept of well-posedness is a very useful mathematical tool in the study of
optimization problems. Thus, beginning with the work of Tykhonov [1], many types
of well-posedness associated with variational problems have been introduced (Levitin—
Polyak well-posedness [2-5], x-well-posedness [6,7], extended well-posedness [8-16], L-
well-posedness [17]). Additionally, this mathematical tool can be used to study some
related problems: variational inequality problems [18-20], complementary problems [21],
equilibrium problems [22,23], fixed point problems [24], hemivariational inequality prob-
lems [25], Nash equilibrium problems [26], and so on. The well-posedness of generalized
variational inequalities and the corresponding optimization problems have been analyzed
by Jayswal and Shalini [27]. Moreover, an interesting and important extension of varia-
tional inequality problem is the multidimensional variational inequality problem and the
associated multi-time optimization problems (see [28-33]). Recently, Treanta [30] inves-
tigated the well-posed isoperimetric-type constrained variational control problems. For
other different but connected ideas, the reader is directed to Dridi and Djebabla [34] and
Jana [35].

In this paper, motivated and inspired by the above research papers, we study the
well-posedness property for new constrained variational problems, implying second-order
multiple integral functionals and partial derivatives. In this regard, we formulate new
forms of monotonicity, lower semicontinuity, hemicontinuity, and pseudomonotonicity
for the considered multiple integral-type functional. Further, we introduce the set of ap-
proximating solutions for the constrained optimization problem under study and establish
several theorems on well-posedness. The previous research works in this scientific area
did not take into account the new form of the notions mentioned above. In essence, the
results derived here can be considered as dynamic generalizations of the corresponding
static results already existing in the literature. In this paper, the framework is based on
function spaces of infinite-dimension and multiple integral-type functionals. This element
is completely new for the well-posed optimization problems.

The present paper is structured as follows: In Section 2, we formulate the problem
under study and introduce the new forms of monotonicity, lower semicontinuity, hemi-
continuity, and pseudomonotonicity for the considered multiple integral-type functional.
Additionally, an auxiliary lemma is provided. In Section 3, we study the well-posedness
for the considered constrained variational problem. More precisely, we prove that well-
posedness is equivalent with the existence and uniqueness of a solution in the aforesaid
problem. Finally, Section 4 concludes the paper and provides further developments.
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2. Preliminaries and Problem Formulation

In this paper, we consider the following notations and mathematical tools: denote by
K a compact domain in R™ and consider the point K 3 = ({*), « = 1,m; let £ denote the
s 9%s
—, S‘B'}’ = —
aC* azkacY
partial speed and partial acceleration, respectively; consider E C £ as a nonempty, closed and
convex subset, with s|yx = given, equipped with the inner product

<s,z):/K[s(§) z( } /{isl }dé Vs,ze &

1=

space of state functions of C*-class s : K — R" and s, := denote the

and the induced norm, where d7 = dZ' - - - dZ" is the element of volume on R".

Let J*(R™,R") be the second-order jet bundle for R™ and R". By using the real-
valued continuously differentiable function f : J*(R™,R") — R, we define the multiple
integral-type functional:

F:£ =R, F(s /f ,5(2),5a(2),88,(2))dC.

By using the above mathematical framework, we formulate the constrained variational
problem (in short, CVP) ((75(3)) := (£,5(8),84(8), 851 (0)))):
(CVP) Minimize / F(rs(0))dg
K

subjectto s € (),
where () stands for the set of solutions for the variational inequality problem (in short, VIP):
find s € E such that

VP [ [ m(0)60) - 5(@) + g2 (m (@)D ~5()

1 of
—s dl >0, Vze€eE,
7B, 7) 35y, (O)Dy (D) = (@) |
where Dlzi“r := Dg(D,), and n(p, ) represents the multi-index notation (Saunders [36],
Treantd [33]).

More precisely, the set of all feasible solutions of (VIP) is defined as

fets [ [ ?,f(ns@))wa(z(c)—s<a>>%<m<g>>
of
+n(ﬁ Db G0 - (é))am(m(é’))]dgzo, vzeE}.

Definition 1. The functional F(s / f(7t5(2))dg is monotone on E if the inequality holds:

[ (6@ - =@n (@ - Lim@n)
+Da(s() - 2(2) (jsi(ns(@)) - ;’Sa(nz(@))
Tl

forV¥s,z € E.



Mathematics 2021, 9, 2478

30f12

Definition 2. The functional F(s) = / f(1t5(2))dg is pseudomonotone on E if the implica-
K
tion holds:

[ [65@) = 200 E (@) + Duts(@) ~ 200 3 (0

1 of
gy P (e 2O - (@) |d 2 0
= [ [0 =05 (ﬂs(C))+Da(S(C)*Z(C))é(m(é))
1 of
+ oty D (0 =20 52— (m(0) g 2 0

for¥s,z € E.
Example 1. Consider m =2, n =1, and K = [0,3]%. Additionally, we define
f(rs(2)) = 2sins(0) + S(g)es(g),

The functional F(s) = / f(7s(2))d is pseudomonotone on E = C*(K, [—1,1]),
K

[ 6560 =260 ZE (ra(0) + Dul610) —20) 3 (e (0))

1 2

gy Db

= [ [65(0) = 2(0)) 2cos2(2) + O + 2(0)@) | g = 0
Vs,z € E

n(gy) e

= [ [(s(0) =2(0)) 2coss(@) + @ +5(0)e")]dg > 0
Vs,z € E.

By direct computation, we obtain

= [ [(5(0) = 2(2)) (coss(2) — cos2(2)) + (D)@ + &€ — 2(0)e) — O] ag £,
Vs,z € E,
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which implies that the functional F(s / f(715(0))dC is not monotone on E (in the sense of

Definition 1).
By considering the work of Usman and Khan [37], we provide the following definition.

Definition 3. The functional F(s / f(7t5(0))dC is hemicontinuous on E if the application

oF
(55)\

A <s<¢> (), <€>>, 0<A<1

is continuous at 07, for ¥s,z € E, where

5= F @) - DegL (1, @)+ s Dbyt (@) <

sy:=As+ (1—A)z

Lemma 1. Consider the functional F(s) = / f(75())dC as hemicontinuous and pseudomono-

tone on E. Then, the function s € E solves (VIP) if and only if it solves the variational inequality

[ [@@ —se) ZE (ra(0)) + Du((@) ~ 50 3= (e (0))

L1
n(B,v)

Proof. Firstly, let us consider that the function s € E solves (VIP). In consequence, it follows

[ [0 =) E (@) + Dula(@ -0 2 (ret6)

of
Dy (2(0) = s(0) g, - (n=(0)]dC 2 0, vz € E.

of
e ,Y)Dz (z <@>—s<@>>@<m<@>>}déza vz € E.

By using the pseudomonotonicity property of F(s / f(7t5(0))dg, the previous

inequality involves
[ [6@ - s@ L (m@) + Da0) 50 3 (@)

%)
g Ph 0 —s @)L (re@]as 20, vaeE

Conversely, assume that

[ 160 -5 L (@) + ata(0) - 500 2 (me(0))
oy Db @) (r@)]ar 20, veeE

Forz € Eand A € (0,1], we define

zy=(1—-A)s+ Az € E.
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Therefore, the above inequality can be rewritten as follows

[ [ = 5@) Z 0 (@) + Dalea @ — 50 2L (2, )

14

1 of

_|._
aﬁw

703, (2(0) = 5(0)) 5o~ (e, (€)] 46 > 0, =€

n(B,y

By considering A — 0 (and the hemicontinuity property of F(s / f(15(2))dQ),
it results that

[ (@@ ~ @) ZE(re()) + Dala(@) — 50 3 ()

1 af
—I—mDév(z(g) —s(g))@(ﬂs(@)}dg >0, Vz€eE,

which shows that s is solution for (VIP). The proof of this lemma is now complete. [

Definition 4. The functional F(s / f(75(0))dC is lower semicontinuous at sy € E if

[ F(rsy(@)dg < Jim inf [ f(me(0))d

3. Well-Posedness Associated with (CVP)

In this section, we analyze the well-posedness property for the constrained variational
problem (CVP). To this aim, we provide the following mathematical tools.
Let us denote by S the set of all solutions for (CVP), that is,

S={seE| [ fm(@4e < inf [ f(.(6))dg and
/=@ - SO L (m:(0) + Dula@) ~ 5(0) o (ms(0))

o

1 )
gy D@ O (@] d 20, v2 € B}

Additionally, for 8, ¢ > 0, we define the set of approximating solutions for (CVP) as
S(6,8) = seE\/fns )dg < mf/f 0))d +6 and

(0)
S (2@ = @) FE () + Da(a(@) —5(0) 3= (0

" WDEW(Z(Q - 5(5))@(7&(@))}%4- 9>0,Vze E}.
Remark 1. For (§,8) = (0,0), we have S = S(6,9) and, for (6,8) > (0,0), we obtain
S C8(0,9).

Definition 5. If there exists a sequence of positive real numbers 8, — 0as n — oo, such that the
following inequalities

lim sup/Kf(rcsn( )iz < mf/f(nz(g))dg

n—o00 ze()

and

[ @) = 0@ & 70,(0)) + Du(2(0) — 50(0)) 3 (7, (0))

o
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57D (0 — (@) 3 (e @)L + 6, 20, vz

By

(ﬁ 7
are fulfilled, then the sequence {sy } is called an approximating sequence of (CVP).

Definition 6. The problem (CVP) is called well-posed if:

(i) It has a unique solution sy;
(ii)  Each approximating sequence of (CVP) will converge to this unique solution s.

Further, the symbol "diam B” stands for the diameter of B. Moreover, it is defined by

diam B = sup ||x —y||.
x,yE€B

Theorem 1. Consider the functional F(s) = / f(75(0))dC as lower semicontinuous, hemicon-
K

tinuous and monotone on E. Then, the probleni (CVP) is well-posed if and only if
S(0,0) # ©,¥0,0 > 0and diam S(0,9) — 0as (6,9) — (0,0).

Proof. Let us consider the case that (CVP) is well-posed. Therefore, it admits a unique
solution 5 € §. Since S C §(6,9), V6,9 > 0, we obtain S(6,9) # @, V6,9 > 0. Contrary
to the result, let us suppose that diam S(6,9) - 0 as (6,9) — (0,0). Then, there exists
r > 0, a positive integer m, 0,9, > 0 with 6,9, — 0,and s, s;, € S(0, ¥) such that

llsn — syl >r, VYn>m. (1)

Since sy, s), € S(0n, ¥n), we obtain

[ S, (@) < inf [ F(())dE -+,

[ [0 = 0@ & 7,00) + Du(2(0) — 50(0)) 32 (7, (0))

o

L D3 (2(0) — sn(0) gl (s, (00)] 5+ 6,20, Ve e

aB ) P 56y

and

[ g @)z < inf [ F(r(@)dg + 6,
[ 1@ =@ L (14 @) + Dal(@) — 510 52 (74,4))

1 2 !
—_— — ——(7Ty > .
+ap 7y Ph O — s (©) 5 ()| dg + 80 20, vzeE
It results that {s, } and {s),} are approximating sequences of (CVP) which tend to §
(the problem (CVP) is well-posed, by hypothesis). By direct computation, it follows that
Isn = sull = llsn =5 +5 — s
< llsn =5l + 115 —sull <9,

which contradicts (1) for some ¢ = r. In consequence, diam S(0,¢) — 0as (6,9) — (0,0).
Conversely, let us consider that {s, } is an approximating sequence of (CVP). Then
there exists a sequence of positive real numbers ¢, — 0 as n — oo such that the inequalities

lim sup [ f(s,(0))dC < inf [ f(m(0))de, (2)

n—o0 zeQ)
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J (@) = 50(6) Z- 072, 00) + Da(2@) = 50(0)) 5 (7, (2)

ORGA ‘S"<€>>@<nsn<é>>]d§+ﬂn >0, VzeE 3)

hold, including s, € S(6,, ¢,), for a sequence of positive real numbers 6,, — 0 as n — 0.
Since diam S(6,,9,,) — 0as (6,,9,) — (0,0), {s,} is a Cauchy sequence which converges
tosome 3 € E as E is a closed set.

By hypothesis, the multiple integral functional /K f(7s(Z))dC is monotone on E. There-

fore, by Definition 1, for 5,z € E, we have

[ 5@ =0 (Z ms@) - L)

1 2
n (B b

or, equivalently,

+

1 i of
+ oty D 80) ~20) g~ (@) ¢
> [ [60) 2@ L (@) + Dus1@) — 20 2L (7:(6))
1 i of
oy D O - <é>>@<m<@>}d§ (4)

Taking limit in inequality (3), we have

[ [65@) = 200 E (00 + ul6(0) 200 3 (rst6)

7 D (5(0) = 2@ 52 (@) ]z < 0 -

On combining (4) and (5), we obtain

4oy Dy (D) (0 g2 (me() g = 0

Further, taking into account Lemma 1, it follows that
J
[ (@@ =560 ZE (rs()) + Dal2(0) —5(0)) 3 (:(2)

1
————D3% (2(0) —5(0)) =
n(B) P 35,
which implies that 5 € Q).

+
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Since the functional / f(715(0))dC is lower semicontinuous, it results that
K
[ fre(@)dg < liminf [ f(m,(€)d < lim sup [ £(ms, ().
By using (2), the above inequality reduces to
- < 1 .
[ fors(@)dg < inf [ fle=(0))dc )

Thus, from (6) and (7), we conclude that 5 solves (CVP).
Now, let us prove that 5 is the unique solution of (CVP). Suppose that s1, s, are two
distinct solutions of (CVP). Then,

0 < |s1 —s2]| < diam S§(0,8) — 0as (6,9) — (0,0),

and the proof is complete. [

Theorem 2. Consider the functional F(s) = [ f(75())d{ as lower semicontinuous, hemicon-

tinuous and monotone on E. Then, the problem (CVP) is well-posed if and only if it has a unique
solution.

Proof. Let us consider that (CVP) is well-posed. Thus, it possesses a unique solution sp.
Conversely, let us consider that (CVP) has a unique solution s, that is,

[ Fry(@)de < inf [ flm@)az,

/K {(z(@) — So(é))%(ﬂso(g)) + Dy (z(0) — so(g))%(%@)
ot D 0 — @) g ~(my(@)]dc 20, vz € E, )

but it is not well-posed. Therefore, by Definition 6, there exists an approximating sequence
{sn} of (CVP), which does not converge to sy, such that the following inequalities

lim sup [ f(, (€)dE < inf [ f(m=(£))dg

and

[ [0 = (@) Z 072, + Dute() — 50(0) 5L (7, (2))

1 of
I - - >

+ ) D 0 — (@) - (s, @) 0+ 6,20, Wz e E (9)

are fulfilled. Further, we proceed by contradiction to prove the boundedness of {s,}.

Contrary to the result, we suppose that {s, } is not bounded; consequently, |[s| — +oco

as n — +oco. We define §,, = and s, = o + du[sy — So]. We observe that {s, } is

s = soll
bounded in E. Therefore, if necessary, passing to a subsequence, we may consider that

sn — s weakly in E # (sp).

It is not difficult to see that s # so due to ||du[sn — so]|| = 1, for all n € N. Since sy is a
solution of (CVP), the inequalities (8) are verified. By using Lemma 1, it follows that

[ Fra(@)de < inf [ F(a(0))d,

ze()
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1 d
+MD’%V(Z(€) o SO(g))i(HZ(g))}dé >0, VzeE. (10)

By considering the monotonicity property of the functional / f(rts(Z))dg, fors,, z € E,

we obtain

o of
[ 60 200 (L (@) - L)
+Du(snl0) = 2(0) (32 (@) = 0

e )Déﬂsn@)—z(@))(af( 7 () - L <@>>>]dgzo,

n(p,y 03, 035,

or, equivalently,

+——D — —
n(B,7) P asﬁ'y
Combining with (9) and (11), we have

J 1@ =@ L (:(00) + Dale(0) =50 @) 3 (0

1 of
+———D2 (2(0) —5n(0)) ==—
n(B,7) D (#(8) — sl ))asﬁ,y
Next, we can take 19 € N be large enough such that 6, < 1, for all n > ng (because of
6p — 0 as n — o). Multiplying the above inequality and (10) by 6, > 0Oand 1 -, > O,
respectively, we obtain

(7:(0))]dg > ~b,, VzeEE.

/K (@)~ @) L (.0)) + Dalz(@) — 500 2L (7:(6))

of
(ﬁ Db (@) —sn@))@(m(c»]dé > —8,, Vz€E, Vn>n

By using's, — s # sp and s, = sp + Su[sy — Sp], we obtain

J[6© =@ L (@) + Dae(0) -6 5 (@)

i) P 0 —s(@) 5 ()| a¢
= tim [ [0 ~ 5@ L (1) + DaCe(0) — (@) 3 (7:(6))
gy D0 — (@) 5 o]
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> —lim9,=0, VzeE.

n—oo

Taking into account Lemma 1 and by using the lower semicontinuity property, we obtain

[ Frs(@)ig < inf [ flr())de,

ze()

S (@)~ @) Z07u(0) + Da(2(0) (052 (ms(4))

1 af
———Dj3 —s(0)) 5 > E. 12
oty D 0 —s@) 5 (@] g 20, vz (12)
This involves that s solves (CVP), contradiction with the uniqueness of sy. Therefore,
{sn} is a bounded sequence having a convergent subsequence {s;, }, which converges to
§ € Eask — . Now, for s,z € E, we obtain (see (11))

S (@ = 5u @) S (10, (6 + Dule(@) = 50,0 2L (s, (20)
5y DR () - snk<5>>a§;<mnk<§>>}d€

< [ (@) = snle) 07216 + Dulz(@) - 50 @) 2L (7.(2)
Faia D) - snk@)ai;(nz(z;))]d@. (13)

Additionally, by (9), we can write

tim [ [(2(0) = su ()% (7, (0)) + Da(2() — 50y () 5 (s, (2))

k—o0
1 of
+ 5y DB (0 - (€))7 ©)]dg =0 10
By (13) and (14), we have
Jim [ [(2(0) = 50 (€) & (2:00) + Da(2() = 50, (0) - (7:(0))
1 af
+n(‘B,fy) DIZW(Z@) - Snk(é)) 3557 (sz(é))] az >0
= /K [(z(g) —S(O)a*f(nZ(C)) + D (2(2) _g(g))%(nz(g))
1 o af
g P <@>>@<m<a>>}d§ >0,
Using Lemma 1 and the lower semicontinuity property of the considered functional,
we obtain

[ fom@)dz < inf [ f(m(@)z,

ze()

[ [@@ - 5@ (20 + Duz(6) - 5(0)) 5 ()
1
g

which shows that 5 is a solution of (CVP). Hence, s, — §, thatis, s;,, — s, involving
sy — sp and the proof is complete. [
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Example 2. We consider n = 1 and K = [0,2]?> = [0,2] x [0,2]. Let us minimize the mass of K
having the density (that depends on the current point) f(Z,5(2),54(),5,(0)) = @) —5(7),
such that the following behavior (positivity property)

J] @0 =s(0)@@ = natag? = o,

Vz € E = CY(K,[-15,15]), s|sx = 0,

is satisfied.
To solve the previous practical problem, we consider the following constrained optimiza-
tion problem:

(CVP1)  Minimize /Z([es@ — s(0)]dgdg?

subject to s€Q),
where ) is the solution set of the following inequality problem

J] @@ =s@)@@ - actag? = o,

Vz € E = CY(K,[~15,15]), s|ox = 0.

Clearly, S = {0} and the functional / 9 — 5(7))d{ is hemicontinuous, monotone and
K

lower semicontinuous on E. Thus, all the hypotheses of Theorem 2 hold and, in consequence, the
problem (CVP1) is well-posed. Additionally, S(6,9) = {0} and, therefore, S(0,9) # @ and
diam S(0,9) — 0as (6,8) — (0,0). In conclusion, by Theorem 1, the variational problem (CVP1)
is well-posed.

4. Conclusions

In this paper, we have studied the well-posedness property of new constrained varia-
tional problems governed by second-order partial derivatives. More precisely, by using the
concepts of lower semicontinuity, monotonicity, hemicontinuity and pseudomonotonicity
of considered multiple integral-type functional, we have proved that the well-posedness
property of the problem under study is described in terms of existence and uniqueness
of solution.
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