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Abstract: This paper presents a third order iterative method for obtaining the Moore-Penrose and
Drazin inverses with a computational cost of O(n?), where n € N. The performance of the new
approach is compared with other methods discussed in the literature. The results show that the
algorithm is remarkably efficient and accurate. Furthermore, sufficient criteria in the fractional
sense are presented, both for smooth and non-smooth solutions. The fractional elliptic Poisson and
fractional sub-diffusion equations in the Caputo sense are considered as prototype examples. The
results can be extended to other scientific areas involving numerical linear algebra.
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1. Introduction

Computing the inverse matrix, particularly for a high dimension, has been a time
consuming task. Therefore, numerical methods are important for the calculation of the
inverse of a matrix, and numerical iterative algorithms have a special role among the
available techniques.

The Moore-Penrose inverse of a matrix A € C"™*", denoted by At € ¢ s the
unique matrix X that obeys the four conditions [1]
AXA=A, XAX =X,

(AX)* = AX, (XA)* = XA, 1)

where A* is the conjugate transpose of A. If rank(A) = min{m, n}, then

(A*A)"1A*, m>n,
At=¢ a1, m=n, 2)
A (AA")L, m <.

We find in the published literature a number of different iterative methods for comput-
ing the Moore-Penrose inverse. The most common approach for the approximate inverse,
A~ is the Newton’s iterative method (NM):

Viy1 =Vo(2I - AV,), r=0,12,---, (©)]
where [ is the identity matrix. For more details, interested readers can see [2,3].

Li et al. [4] investigated the following third-order method, known as Chebyshev’s
iterative method:

Wr = A‘/I’/

Vi1 =V, (31 — W, (31 — Wy)). 4)
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In addition, Toutounian and Soleymani [5] proposed another iterative method to find
A~ of the fourth order given by

Wr = A‘/I’/

©)
Vigr = 05V, (91 — W, (161 — W, (141 = W, (61 — W) ),

Pan et al. [6] investigated the following eighteenth-order scheme:

W,=AV,, Z,=1-W, P =22 U =P?
M, = (I+ 1P+ U)(I+ P+ Uy),

T, = M, +c3P,, S, = M, + d1 P, + doU,,
Vil = V,((I + Z) (TS, + uPy + ¢u,)),

(6)

where
_1

4

(1— /27 —/93),
—93 —5v/93), @)

(V27 —2v/93 1), ¢
1

c3 = &(5\/%—93), dy =
- % 3 _ 321
2= F=g ¥ qosa

Esmaieli et al. [7] proposed the second-order method

NI~

Cl g
1

> ‘
\O
—~

6

®)

W, = AV,,
Virr = V,(5.51 — W, (81 — 3.5W,)),

which is superior in terms of computational efficiency.

To initialize these algorithms, an initial matrix Vj was introduced by Pan et al. [8]

1

RS 9
TAT: AT ®

Vo = aA*, where a =

In 1958, a different kind of generalized inverse was introduced by Drazin [9]. This
definition does not have flexibility in the rings and semi-groups of associations but com-
mutes with the element. The importance of this type of inverse and its calculation was later
discussed by Wilkinson [10], and several researchers proposed direct or iterative methods
for calculating the solution of this problem [11-14]. In this paper, a characterization of the
Drazin inverse in the scope of fractional calculus is investigated.

The paper is organized as follows. Section 2 introduces the essential concepts, fun-
damental definitions, and properties of fractional calculus. Sections 3 and 4 analyse the
performance of a novel iterative method for obtaining the Moore-Penrose and Drazin
inverses. Section 5 introduces the error measurement. Section 6 compares the numerical
results of the proposed approach with other available schemes, especially for high dimen-
sional values. Section 7 highlights several applications of the new method and provides a
numerical assessment of their effectiveness in a fractional sense. Finally, Section 8 presents
the main conclusions.

Table 1 lists the abbreviations and acronyms used in the follow-up.



Mathematics 2021, 9, 2501

30f23

Table 1. List of abbreviations and acronyms used in the paper.

The Abbreviations Description

NM Newton’s method (3)

CH Chebyshev method (4)

TS Method (5)

E1l Method (6)

E2 Method (8)

E3 Method (22)

CoO Convergence order of method

MM Number of operations for Qx,.Ruxn
PM Number of operations for Qyx, + Ryuxn
SM Number of operations for BQxx

IM Number of operations for yI;;xn + Quxn
CpPU CPU time spent

PDE Partial differential equation

FDE Fractional differential equation

2. Fractional Calculus

In recent decades, fractional calculus and fractional differential equations (FDE)
have had a significant impact in science, with particular emphases in system dynamical
modelling [15-24]. This mathematical tool generalises the standard calculus, and several
definitions of fractional derivatives and integrals have been proposed.

Let ¢(x) be defined as a function on the interval [a, b]. The Riemann-Liouville integral
is defined by

1 x _
o / F()(x — 1) 1dt, (10)

where I' is the gamma function, and 7 is an arbitrary but fixed base point. The yth order
(m—1 < v < m) left and right sided Riemann-Liouville fractional derivatives of &(x) are
defined as

R _ 1 dm e é(7)

ang(x) - r(m_,)/) dxm A (X—T)77m+1d’r, (11)
(=pm™ am b (1)

ngg(x) - ['(n—-y)dxm /x (x —T)r—m+1 aT. (12)

The Riemann-Liouville fractional derivative and integral played an important role in
the development of theoretical problems of fractional calculus. However, since the solution
of FDE requires initial conditions with fractional derivatives, they pose difficulties in their
application. In 1967, the Caputo fractional derivative was formulated [17]:

IE(x,t) 1 t 1 a"&(x,T)
o T T(m=7) /0 = o dt, ye (m—1,m), m € N. (13)

This definition simplifies the initial condition problem. The relationship between the
Riemann-Liouville and Caputo fractional derivatives is as follows:

(k) (a) (t=a)*=

RLyY _CpnY
FEDYE(x) =¢ DYE(x 2 Fsioyy molsT<m (14)
Nonetheless, during the discretization of the FDE, we obtain a matrix, and therefore,

a problem of linear algebra has a relationship with the solution of FDE.

3. New Iterative Method

Iterative methods for solving nonlinear equations are pervasive in applied mathe-
matics, and many researchers have studied a variety of algorithms [25-28], keeping in
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mind that the efficiency of the method is of key importance. The existence of a function
derivative in the algorithm often poses constraints and increases the computational cost.
Therefore, the use of function high derivatives is usually avoided. We suppose that the
function F(x) has a simple root at a4 and that o is an initial guess sufficiently close to a.
To solve the equation F(x) = 0, we consider the iterative algorithm

_ Fxr) (14 F')FGo)y _ FO)® (F ()
Xrt1 =Xr = Fi(y,) (1+ 2F (xr)? )- 4F' (xr)* <2F’(Xr)
o )y

In the following, the convergence analysis of this method is investigated.

Theorem 1. Suppose that F : D C R — R is sufficiently differentiable in a neighbourhood of
a € D and that a is a simple zero of F(x) = 0. The iterative method (15) converges to a with
convergence order three. The error equation is given by

e =2 (2B ) (@) + O(e), (16)

1 F(a)

where [; = fl 7 {a)

fori>2.

Proof. Based on the Taylor expansion for F about a, we can write

F(x») = F(a)ler+ 267 + J3€7 + Jae} + J5€7 + Joer + O(€])],
F(xy)  =F(a)[1+2]26r +3J3¢7 +4/se] +5J5¢} + 6J6e7 + O(e7)], a7
F"'(xy) = F'(a)[24]4 + 120]5€, + 360]s€2 + O(€3)].
From the above relations, we have
F
I — 6 o+ 203~ el + Olel),
18)
FlO0)F(r) 2 4 a2 1 (el (
—FE - Joer + (—3J5 +3J3)e + O(€7)],
Fx)* 1 5 oo 5
4F/(Xr)4 - 4F’({1) [er 5her + O(Er)]r
F//(X )2
ZF'();) = F’(a)[2]22 — 4(]23 — 3]2]3)67 + (’)(ef)], (19)
F//// F
FROF00) 545 (0) a6, — (JaJa — 5J5)é3 + O(E).
F'(xr)
Then, according to (15), we can write
3
€1 =5 (28— )&l +O(ef). (20)
Let F(V) = V~! — A. Then, the following iterative method is obtained from (15):
Vit = in (371 — 111AV, + 151(AV;)? — 97(AV,)® + 24(AV,)4), (21)
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or
0, = AV,

& = 193,1 (22)
Vi1 = 3V (371 — 1118, + & (1511 — 979, + 24@,)).

Note: It is pointed out that in the body of this paper, methods (6), (8) and (22) are
represented by the acronyms E1, E2, and E3, respectively. O

Theorem 2. Suppose that A € C"*" is a nonsingular matrix and that the initial approximation
W satisfies
Il — AV < 1. (23)

Then, the iterative method (22) converges to A~ with third order.
Proof. The proof is similar to that of Theorem 2.1 in [29]. O

Now, consider t, = ||Ae,|| and s, = || E;||. In the following, we show the convergence
properties of the iterative method, namely the behaviour of the sequences t, and s,.

Corollary 1. Assume that the conditions of (9) hold. If lim, ;o tr = 0 and lim; 00 5y = 0, then,
for the iterative method (22), it yields

t 3
lim 5 = lim 2L = 2, (24)
r—oo  f3 r—oo g7 4

Proof. From Theorem 2, we have

3 23
Ae, = = (Ae,)® — Z(A.sr)4 + 6(Ae,)°. (25)

4
Consequently,

3 23 3 23
tn = Aeril 2 Jlde | - Flacl volael = (- Fnred), @9

or

3 23 3 23
tn = Aeriall < Glde |+ lacl +olael® =2 (§+ T red), @

which implies that

3 23 o _ty1 323 5 . bty 3

- < <-4+ = i S

11 ty+ 6t < g =1 + 1 t, +6t;, or rlggo o 1 (28)
Again, by an argument similar to Theorem 2, we have

3 23 > _S+1 3 23 2 . S41 3

1 Zsr + 65z < 3 < 7 + Zsr + 655, or rlggo 2 =7 (29)

a
Theorem 3. Suppose that A is a nonsingular matrix. If AVy = Vo A, then for the sequence (22),
we have

AV, =ViA, i=1,2,---. (30)

Proof. The proof is similar to the proofs presented in [30]. [J
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Lemma 1. For the sequence {Vk}’,g:“, generated by the iterative method (22), it holds that

(VA" = VA, (A = AV, VLAAT =V, ATAV, =V, (31)
Proof. The proof is similar to Lemma 2.1in [31]. O

Theorem 4. According to the same assumptions as in Theorem 2, the iterative method (22) is
asymptotically stable.

Proof. This theorem is similar to those adopted for a general family of methods in [32].
Thus, the proof is omitted. O

Lemma 2. [33] For M € C"*" and any given & > 0, there is at least one matrix norm || - ||
such that
p(M) < M| <p(M)+¢, (32)

where p(M) = max|\;| and A; are eigenvalues of matrix M.
Lemma 3 ([34]). For P,S € C"*", such that P = P? and PS = SP, it holds that
p(PS) < p(S). (33)

Theorem 5. Let A € C!"*" and let us consider that oy > 09 > --- > 0, > 0 are the singular
values of A. Then, (22) converges to the Moore-Penrose inverse A™ in the third order, provided that
Vo= A%, where C > (712 is a constant.

Proof. According to Lemma 1, we have
Vi1 = AT = Vi1 AAT — ATAAT|| < ||V,i0A = ATA] AT, (34)

and if E, = V, — A, then AYAE,A = E,A. From the conditions of the Moore-Penrose
inverse, E,, and from (22), we have

(I-ATAY =T1—-ATA, t=2,3, (I-ATA)E,LA=0, E.A(I-ATA) =0, (35)
and

1
E A = [Evr (371 — 1114V, + 151(AV,)? — 97(AV,)3 + 24(AVr)4) - A*] A

=—(I— vrA)3(ZI - 2473(1 —V,A)+6(1— V,A)2> +I1-A*A
= —(I-AtA - EyA)3<ZI - %(1 —AtA—EA)+6(1—AtA - E,A)2)
+1—AtA (36)

= —((I— ATA) = 3(I — A'A)E, A +3(I — ATA)(E,A) — (E,A)3)
x (21 - 2473(1 —AtA) + 24—3(ErA) +6(I— AtA)

—12(1 - ATA)(E;A) + 6(E,AR) +1 - ATA.

So, it is proved that

E 1A= (21 + 24—3(EYA) + 6(E7A)2) (E,A). (37)

Now, consider P = A*A and S = VA — I, so that P2 = P and

PS = AtA(VyA—1) = AtAV A — ATA = (ATA) VyA — AtA

(38)
= WA - ATA=V)AATA - ATA = (VA —T)ATA = SP.
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Therefore, according to Lemma 3

o((Vo—AHA) = ((? —aha) < p(%*A —1) = max |1~ /\l-(%*A) 9
Since C > 07, we have
mex[1-a( )| <1 @)
and from Lemma 2, N
|(vo—ah)a| <p((v—-aha) +e<1. (41)

Consequently, according to (34) and (37), we obtain limy_,, || Vx — AT|| = 0 with the
third order. [

Theorem 6. The sequence V, produced by (22) and with (9) satisfies
R(V;) = R(AY), N(V;) =N(A%), (42)
forr > 0, where R(-) and N (-) denote the range and the null space of the matrix, respectively.

Proof. Since Vj = a A*, the theorem obviously holds for r = 0. Suppose thaty € N'(V;) is
an arbitrary vector. According to the method (22), we have

1
Vi = 5 (37V,y — 111V, AVyy + 151V, (AV,)2y — 97(V, AV, )Py + 24V,(AV,)4y) =0. (493

As we know y € N (V,;1), we can conclude that N'(V;) C N (V,,1). Similarly we
have R(V;) O R(V,41). Therefore, by mathematical induction we can write

N(V) 2N (W) = N(AY), R(V;) € R(W) = R(AY). (44)
To prove the equality, let
N={JNW). (45)
reNy

Suppose that y € N. Then, y € N (V,,) for ry € Ny. Since y € N (V;) for every r > ry,
then V,y = 0, and according to Theorem 2,

Vy = VBTOO Viy=0. (46)

Finally, y € N(V) = N(A*) and N C N (A*). On the other hand, it comes to be that
N(A") CN(V;) CN CN(AY), (47)
and so NV (V) = N(A*).

Now, according to the relation
dim R(V;) =m—dim N (V;) =m —dim N(A*) =dim R(A"), (48)
and R(V;) C R(A*), we conclude that R(V;) = R(A*). O
Theorem 7. Let {V,}$>  generated by method (22), for all Vi, such that

Vi = Vi + Ay, (49)
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where Ay is a numerical perturbation of the k-th exact iterate Vi having a sufficiently small norm,
we can ignore quadratic and higher order terms in O(A2), and one has

A < IACITATVill + Ol A])- (50)
Proof. Let Ek =1- AVk. Then,
BN = I (Ex — Ade) || < |[Ex — AAKl < (IIEll + | AA )Y =, j=1,2,3,  (51)

where Cy = ||Ex|| + ||AAk]| = ||Exl| + O(||Ak||). Furthermore,

IE = Bl = (B — Ade) = BRIl < (1 Eell + 1ADI) = [|Eell -
_ j—1 J i j—1—i
= 1anel (25 (; ] _ Jhasuliledi=),
meaning ‘ ‘
1B = Ell < TillAAKl, (53)
where -
= ; . . . .
=Y (1 Y IAAFIE ™ = I + O, (54)
=N 1—1i
and we have
Apyr = ‘I/kJrl = Vit
= (371 —111AV; + 151(AV,)? — 97(AV;)® + 24(Ax7k)4)
1
- % (371 — 111AV; + 151(AV)2 — 97(AV;)3 + 24(AVk)4)
1~ ~ ~ ~ ~
= Vi (41 + 4B + 4B} + B} + 24E}) (55)
1
— Vi (41 + 4B, + 4B} + B} + 24E})
~ 1 —~
= A(I+ Eg+ B¢+ B+ 6ED)
-~ 1 -~
+ Vi (I+ (B — E) + (B2 — ) + (B — E) + 6(Ef — EY) ).
Therefore,
-~ 1 -
Akl < 1A+ IEl + I1EZI + g IERI + 6l EEI
N N 1 - N
+ [Vl (1 + 1B = Eill + 12 — B[l + 71} — Bl + 61IE — EZ)
(56)

1
= (1Al (1 + Co + CF + 5 G + 6CF)
HIABIVRl| (1 + Ty + T + T + 6Ty )
< NATATVill + O Akl

This expression yields the claimed estimates (50) for the numerical perturbation at iteration
loopk+1. O

Proof. The proof is straightforward. [
Corollary 2. The computational cost of the iterative method (22) is O (n?).

Proof. To calculate the computational cost of the suggested method, the following facts
hold. Suppose that Q,x, and Ry« are given matrices. Then, we verify that n> operations
are needed to compute Qyxn.Ryxn, n? operations are needed for Q xn + Ruxn and BQrxx,
and n operations for yl;x, + Quxn. Consequently, the sum of all required operations in
(22) is 4n® + 6n% + 21, and we have O(n3). O
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Table 2 lists the convergence order (CO), the number of operations for QyxuRyuxxn
(MM), Quxn + Ruxn (PM), BQuxn (SM), YLixn + Quxn (IM), and the computational cost
(CQC) in every iteration of the methods E1 and E3.

Table 2. Computational cost for every iteration of the methods.

Method Cco MM PM SM IM CC
NM 2 2 0 0 1 213 +2n
CH 3 3 0 0 2 313 +2n
TS 4 5 0 1 4 5n% + n? + 4n
E1l 18 7 7 7 4 7n3 + 14n2 + 4n
E2 2 3 0 1 2 3n3 +n?+2n
E3 3 4 2 4 2 4n3 + 6n% +2n

4. Application in Finding the Drazin Inverse

Drazin inverses were first introduced and used by Drazin himself in the study of
abstract ring theory in finite dimensional algebra. Later, the definition of Drazin inverses
was generalized to bounded linear operators in Banach spaces and was used to study
linear abstract differential equations in Banach spaces [9,35]. Some of the most important
applications of the Drazin inverse are Markov chains, control theory, singular differential
and difference equations, and iterative methods in numerical linear algebra [36-38].

Definition 1. The smallest non-negative integer k = ind(-) that holds
rank( A1) = rank(AY), (57)
is called the index of matrix A.

Definition 2. Suppose that A € C"*". Then, the Drazin inverse of A, denoted by AP, is the
matrix V, which holds in the following equations:

AVA = AK, VAV =V, AV = VA, (58)
where k = ind(A).

Li and Wei [39] proved that NM can be used to find the Drazin inverse of square
matrices, and they proposed the initial matrix

Vo =Wy =BA!, 1>ind(A) =k, (59)

where B must satisfy the condition ||[I — AVy|| < 1.

We now consider the iterative method (22) for finding the Drazin inverse, with the

initial matrix )

tr(Ak+1)

where fr(-) stands for the trace of the matrix.

VO = W() - Ak/ (60)

Proposition 1 ([40]). Let P; a1 be the projector on a space L along a space M. Then,
AHPLmQ=Q& R(Q)CL,
(i) QPLMQ = Q & N(Q) 2 M.
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Theorem 8. Suppose that A is a singular square matrix. Additionally, let the initial matrix be
chosen by (60). Then, for W, generated by the iterative method (22), the following asymptotic error
estimate holds to find the Drazin inverse

142~ Wl < O(IAP o], o
where Fy = I — AW,.

Proof. Let Fy = I — AW,. Then, F, = I — AW,. Thus, we have

Froq =1— AW, = (I — AW,)? (21 - 243'(1 — AW,) +6(I — AWr)Z) o
= %Ff’ — ijp;l + 6F>. 62
Using an arbitrary matrix norm of (62) results in
IFriall < SIRIR + 2R + 6l . 63
Here, since || Fy|| < 1, from relation (63), we have
1B < 1R I° + 2R + 6l BlI* < O(IFIP). (64
By continuing this process, we arrive at
1Bl < SIEIP + 2B+ 61EIP < O(IRI). (65)
Thus, ||F41]] < O(||F)|| for every r > 0. Therefore, we obtain
IEI® < O(IRI™), r>o0. (66)

According to relation (59), we have R(Wy) C R(AF). In addition, the use of this result
together with (21) implies that R(W;) C R(W,_1), and we can write

R(W,) C R(A%), r>o. (67)
On the other hand, we have
Wyiq = iw, (371 — 111AW, + 151(AW,)2 — 97(AW,)® + 24(Awr)4). (68)
It is straightforward to verify that
N(W,) DN (4K, r>o0. (69)
According to Ben-Israel et al. [41], one can readily show that
AAP = AP A = Pp 4y pr(atys (70)
and from Proposition 1 and expressions (67) and (69), we have
W,AAP =W, = APAW,, r>o0. (71)
Therefore, if the error matrix is 6, = AP — W,, then it follows that

5, = AP — W, = AP — AP AW, = AP (1 — AW,) = APF, (72)
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and from (72) and (66), we have
16/l = IAPIEAL < OIAPTIES 1), (73)
which completes the proof. O

Corollary 3. Assume that the condition of Theorem 8 and the following stabilization condition
[Foll < [IT = AWl <1 (74)
are satisfied. Then, expression (22) converges to AD,

Theorem 9. (Stability) Suppose the same assumptions as in Theorem 8 hold. Then, the iterative
method (22) has asymptotic stability for finding the Drazin inverse.

Proof. The proof of asymptotic stability of the iterative method (22) is similar to that in [32].
Thus, the proof is omitted. [

5. Error Measurement

If the quantity V is viewed as an approximation to V, then the absolute (e4) and
relative (egr) errors in the approximation are defined as

eA:|V—V|, (75)
and —
oo = IV VI
R = /
Vi
respectively. However, the absolute error is not useful for large sets, and the relative error

can sometimes be misleading when |V| is small. To avoid the need to choose between the
absolute and relative errors, the following mixed error measure is often used in practice:

(76)

L_lv-7
1+ |V

(77)

The value of e in (77) is similar to the absolute error ¢4 when |V| < 1 and to the
relative error eg when |V| > 1 [42].

6. Numerical Results

In this section, we compare the results of the proposed approach with other schemes
available in the literature. Since the comparison of the method E2 reported in [7] shows
that it has better performance than others, we only compare our proposed method E3 with
E2, NM, CH, TS, and E1. According to (77), the stop criterion is

Vi1 = Velleo

<1019, 78
A 78)

We denote by CPU the required calculation time using Mathematica and by MM the
number of matrix-matrix products. Furthermore for computing the inverse of a matrix and
based on Method (22), the producers is presented in Algorithm 1.
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Algorithm 1 Method (22) for computing the inverse of a matrix
Step 1: Input matrix A € C"™*",

Step 2: Take the initial matrix Vp = MA* and the tolerance ¢ > 0. Set r := 0.
1 =]
Step 3: Let
197' - A‘/I’/
& =02, (79)

Vit = V(371 1116, + & (1511 - 976, + 245;) ).

Vi1 = Villeo

Step 4: Stop if
PEPT T4 Vil

< e. Otherwise, r := r + 1, and go to Step 3.

Example 1. Consider a real-valued tri-diagonal matrix with dimension 1000 x 1000, where the
diagonals are as follows:

(1,360) = —2.35, (1,1) = —2.35, (700,1) = 1.85. (80)

Example 2. Consider the complex-valued tri-diagonal matrix with dimension 1000 x 1000, where
the diagonals are as follows:

(1,280) = 0.9 — 0.45i, (1,1) = —1.25+0.14i, (850,1) = —2.25+0.6i.  (81)

Example 3. Consider the complex-valued tri-diagonal matrix with dimension 2000 x 2000, where
the diagonals are as follows:

(1,420) = —65+0.25i, (1,1) = —1.54225i, (1650,1) = 2.5 — 2i. (82)

The results of Examples 1-3 are presented in Tables 3-5 and Figures 1-3.

200 - 200 200

800 - -1800 800

1000 | ) ) ) ) 1000 1000 1,
1 200 400 600 800 1000

I I I I
200 400 600 800 1000

(@) (b)

Figure 1. Representation of the (a) matrix and (b) inverse matrix for Example (1).
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200 400 600 800 1000 1 200 400 600 800 1000

200 —200 200

800 |- 800 800 800
1000 \-'H'\ ) ) ) ) 51000 1000 k ) & \\ L - 1000
1 200 400 600 800 1000 1 200 400 600 800 1000
(@) (b)

Figure 2. Representation of the (a) matrix and (b) inverse matrix for Example (2), respectively.

1 500 1000 1500 2000 1 500 1000 1500 2000
T T T T T
=1

1F T T 1 1F T \

500 - Hs00 500 \ \

1000 — 1000 1000 - \ \ — 1000
N, ~

1500 |- 1500 1500 \ \ 1500
2000 ) 2000 2000}, ‘ ‘ \ \ {2000

500 10‘00 1 5‘00 2000 1 500 1000 1500 2000
(@) (b)

Figure 3. Representation of the (a) matrix and (b) inverse matrix for Example (3), respectively.

Table 3. Results of Example (1).

Method NM CH TS E1 E2 E3
MM 32 33 40 35 33 28
Cru 0.1089 0.1102 0.1590 0.1423 0.1124 0.0936

Table 4. Results of Example (2).

Method NM CH TS E1 E2 E3
MM 24 24 30 28 27 20
CPU 0.6092 0.6105 0.6701 0.6421 0.6122 0.5436

Table 5. Results of Example (3).

Method NM CH TS E1 E2 E3
MM 36 33 40 35 30 28
CPU 0.9082 1.1301 1.1625 1.1421 1.0122 0.8336

Example 4. To evaluate the efficiency of the proposed method, we consider several real and complex
random matrices with different dimensions. For each of sizes n x n and n x (n +20), n =
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{200,400, 600,800, 1000}, we perform 5 random tests and compare average values of matrix
multiplications. The results are presented in Figures 4 and 5.

oS oS
6ol m M m NM
mCH mCH
o Et 1 E1
“r mE2 mE2
mEs mEs
20+
0 200 400 600 800 1000 400 600 800 1000
(a) (b)

Figure 4. The average MM for computing the Moore-Penrose inverse of real matrices (a) (n x n) and
(b) (n x n+ 20) by the methods {TS, NM, CH, E1, E2, E3}.

MM MM
70
80+ 60
oS o7
6ol m NM | NM
mCH W CH
0 Et O Et
or mE2 mE2
W E3 mE3
20+
o 200 400 600 800 1000 400 600 800 1000
(a) (b)

Figure 5. The average MM for computing the Moore-Penrose inverse of complex matrices (a) (1 x 1)

and (b) (n x n + 20) by the methods.

Example 5 ([43]). Consider tri-diagonal matrices, where the diagonals are as follows:

(1r2) =1,

(1/ 1) =0,

2,1) = —1.

(83)

The dimension of the matrices is an odd number, and the matrices are singular with ind(A) =
1. The results for computing the Drazin inverse matrices for n = 109,299,499 are presented in

Table 6 and Figure 6.

- 100 100

-200 200 |-

299 200

299

I I
1 100 200 299 1

@)

I
100

I
200

(b)

I
299

Figure 6. Representation of the (a) matrix and (b) Drazin inverse matrix for Example (5) with n = 299,

respectively.
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Table 6. Results of Example (5).

n Method NM CH TS E1 E2 E3
MM 42 39 50 42 39 32

109 CPU 1.2149 1.8952 1.3025 1.2235 1.1988 1.0102
MM 50 48 60 49 42 40

299 CPU 3.1258 3.1181 4.102 3.1021 2.7022 2.5789
MM 54 54 65 56 42 40

499 CPU 6.9082 7.012 8.1541 7.1421 5.81228 5.3552

7. Application

The proposed method can be used to compute the approximate inverse (i.e., the itera-
tive algorithm (22)) when dealing with large sparse matrices arising from the discretization
of linear partial differential equations (PDE) or FDE. Therefore, we consider the following
PDE and FDE discussed previously in [44,45], using the iterative method (22). The com-
putational performance of the suggested iterative method confirms the applicability and
validity of the proposed strategy.

Example 6 ([46]). Consider the fractional elliptic Poisson equation

Me(xy) | 9TE(xy)
ox7 oy

E0y) = pi(y), E(Ly) = daly), (34
¢(x,0) =¢1(x), ¢(x,1) =¢a(x),
where 0 < x,y < 1, and two cases:
(@) g(x,y) =T(y+1)(x7"+y7),for0 <y < 2and
P1(y) =p1(x) =0, ¢o(y) =y7, ¢a(x) =27, (85)
(b) g(x,y) = sin(mtx) cos(mty), for v = 2, and
$1(y) = ¢2(y) = P1(x) = Pa(x) =0, (86)

where the fractional derivative mgé’;’y) of order <y is formulated in the Caputo sense. For solving

v ¥

Equation (84), we use the centre finite difference for J gg;’ y) and I ga‘f;;’ y) . Therefore, for case
(a) we have

V& (x,y) _MMGiv1 = Ci1y)  97E(x,y) M8 — Gij-1) 87)

9xY  I(xy)) - 2h7 ’ T Hxiy)) - 2kY .
For case (b), we have
¢ (x,y) L Gim1j =280+ G, 97E(xy)  Gij—1 = 26ij +Gij (88)
0x2  (xy) h? ' ay? ) k2 '

Furthermore, the values h = % and k = % are adopted for the step size along the space x and y
coordinates, respectively.

The results of Example 6 are presented in Tables 7 and 8 and Figures 7 and 8.
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Table 7. Results of Example (6) case (a).

%P Method NM CH TS E1 E2 E3

12,12 MM 30 33 40 35 30 28
CPU 9.0082 10.1201 11.2511 10.1421 9.9122 7.1336

1.8,17 MM 34 36 45 35 36 28
CpPU 11.0082 13.2589 19.9812 12.1421 11.0422 9.8336

Table 8. Results of Example (6) case (b).

Method NM CH TS E1 E2 E3
MM 42 42 55 42 39 32
CPU 19.9082 20.1589 31.2589 22.1421 16.0122 14.8336

S
8
8
i
5
8

3 R
:

/\\\ 5 :
Lt

A

T
R

100

COX

200 - —200

VAL
S

289 - —289

8
N
st
N
sk

(b)

Figure 7. Representation of the (a) matrix
p=g=17and vy =18.

100 —100

200 —200

400 [, | | | 11400

1 100 200 300 400
()

Figure 8. Representation of the (a) matrix and (b) inverse matrix for Example (6) (b) when p = g = 20.
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Example 7 ([47]). Consider the fractional sub-diffusion equation
E(x, 1) 9%E(x,t)
ot oz S
Z0,t)=¢(L,t)=0, 0<t<1, 0<y<1, (89)

¢(x,00=0, 0<x<1,

mgf(f’t) of order «y is formulated in the Caputo sense. According
9VE(x,t) . 02¢(x, t)
oty axz '

where the fractional derivative

to [47], we use the finite difference for approximating the derivatives
so that

97¢(x, 1)

M8 — Gi)
aﬂ (Xi,t]')

LS (90)
and

i+1 j i+1 j+1 j+1
M@ ) om0+

- ,
kY 12 +of/ " +(1-0)f],

+(1-9)

& —2el vl
% (91)

where d = ¢(x;,tj) and fl.j = f(xi tj). k= % and h = % are the step sizes along time t and space
x, respectively. In this example, we examine two cases:

@ flxt) =

277 sin(27x) + 4722 sin(27x),

2
r3—17)

b)) f(x,t) = ZF(%)tx‘*(x —1) — 4x?(5x — 3)% with non-smooth solution at t = 0
for v =0.5.

The results of Example 7 are presented in Tables 9 and 10 and Figures 9 and 10.

1 100 200 300 400 1 100 200 300 400

= : : : = = : : : =
nl-=
"l &
L1 B
L1 B
100 1100 100} bl B {100
wl &
L1 B
il »
L1 B
200} 1200 200} bl B 4200
L1l B
"l &
ul &
L1 B
3001 1300 300} = 4300
wl &
L1 B
-

1 ]
400F, ‘ ‘ ‘ 11400 400}, ‘ ‘ ‘ = a0o

I 100 200 300 400 1 100 200 300 400

(a) (b)

Figure 9. Representation of the (a) matrix and (b) inverse matrix for Example (7) case (a), when
p = q = 20, respectively.
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1 50 100 150 200 225 1 50 100 150 200 225
o ‘ : : — r : : : —
o
..
»
50+ 150 50 & 150
100 - 1100 100 100
150 - 1150 150 1150
200 1200 200 4200
25t ‘ ‘ ‘ . M4ms 2sp ‘ ‘ ‘ L qs
1 50 100 150 200 225 1 50 100 150 200 225
(a) (b)

Figure 10. Representation of the (a) matrix and (b) inverse matrix for Example (7) case (b), when
p = q = 15, respectively.

Table 9. Results of Example (7) (a) for v = 6 = 0.2.

Method NM CH TS E1l E2 E3
MM 50 51 65 49 45 40
CPU 16.9082 17.1562 28.1256 16.1421 14.2122 13.0336

Table 10. Results of Example (7) case (b) for v = 0.5 and 6 = 0.3.

Method NM CH TS E1 E2 E3
MM 100 75 95 91 75 68
CPU 21.9182 17.1158 20.1589 19.1821 17.2122 16.0036

As we know, the fractional-order derivatives in the partial differential equations are
non-local. This means that the discretized matrix of approximating the spatial fractional-
order derivatives should be dense and often Toeplitz-like [48-51]. In Examples 6 and 7,
we adopted a very simple numerical approximation to the fractional operators, and the
discretized matrices are sparse. In the follow-up, we give an example using a more
elaborated approximation that leads to the dense matrix. The obtained results imply an
elegant superiority of our proposed iterative scheme.

Example 8. Consider the Riesz fractional diffusion equation [50]

) a7
g(a?t) = Ky aﬁiT;t) +f(xt), (xt) €(0,1) x (0,1], xy >0

&(x,0) = 15(1 + %)x3(1 —x)B, xel01],

¢(0,t) =¢(L,t) =0, t € [0,1].

(92)
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1
The Riesz fractional derivative e (x, 1) is defined by [52]

a|x|r
w _ 1 1 ifbﬁdg
alx|7 2cos(ﬂ).r(2—fy)'ax2 a |x—g|“r—1
N (93)
= _ZC()s(n,Y)(ﬂng(x, t) 4= Dgcf(x, t)), v €(1,2),

in which ;DY and XDZ are (11) and (12) for m = 2.
According to [50], the first-order time derivative at the point t = t; is approximated by the
second-order backward difference formula:

1
-] .
x| _ ko ' (94)
R N S S
2k c =S
and also for any function &(x) € L(R), we have
1 (x;a)
ME(x) == ) wVE(x—1h), x€eR, (95)
I=—[%7]
where the y-dependent weight coefficient is defined as
p__ 0Tty
= , € Z. 96
T+ I-Dra+ I+ )
Then, for a fixed h, the fractional centred difference operator in (95) holds:
I1E(x) _ oy 2
a|x|7 - AhC(X) + O(h )/ (97)
where K,YAZd can be written into the matrix-vector product form A& as
w(()v) w(:r) w(]) o wéz)N wé’l)N
N
v g v 7 7
K, | w w w e wey Wy
Aol L o
s ol s )
Wyl wyly wyly @ wy

In [53], it was proven that Ty is a symmetric positive definite Toeplitz matrix. The matrix-
vector for solving the model problem (92) can be formulated as follows:

A,

3¢ — 481 4 @2
2k

(99)
~Auw =fI, 1<j<N.

The results of Example 8 are presented in Table 11 and Figure 11.
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Table 11. Results of Example (8).

Y. P9 Method NM CH TS E1 E2 E3
1.3,10,10 MM 30 30 40 35 30 28

Cru 0.0030 0.0031 0.0043 0.0037 0.0032 0.0027
1.5, 20, 20 MM 34 33 45 35 30 28

Cru 0.0047 0.0045 0.0063 0.0049 0.0042 0.0036
1.8, 40, 40 MM 38 39 40 42 33 32

CPU 0.0214 0.0221 0.0235 0.0251 0.0201 0.0185

I I
1 10 20 30 40 1 10 20 40

(@) (b)

Figure 11. Representation of the (a) matrix and (b) inverse matrix for Example (8) when p = g = 40,
respectively.

Finally, as seen from Tables 3-11 and Figures 4 and 5, we can find that the proposed
method is faster than other numerical methods in terms of the number of matrix-matrix
products and the elapsed CPU time.

8. Concluding Remarks

The inverse matrix calculation poses computational challenges in the solution of many
problems due to its high computational cost. Therefore, avoiding a direct calculation
and using efficient iterative methods are key aspects in mathematical modelling. In this
paper, we presented a novel iterative method for solving nonlinear equations. The algo-
rithm has good performance in terms of computational efficiency in the calculation of the
Moore-Penrose and Drazin inverses. The key performance aspects of the method can be
outlined as:

*  Exhibits adequate results for specific real and complex matrices;

*  Provides optimal results for real and complex square and rectangular random matrices
of different dimensions;

¢ Shows a good feasibility for different dimensions when computing the Drazin inverse;

®  The solution of the fractional elliptic Poisson equation shows superior results to
other schemes;

*  Yields good results for the solution of the fractional sub-diffusion equation for smooth
and non-smooth solutions.

In synthesis, the results show that the theoretical findings are in accordance with
numerical experiments, and we verified that the proposed algorithm is superior to others
available in the literature. Finally, we point out that this new strategy has its own limitations
and should be generalized and verified for more complicated linear and nonlinear problems.
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In other words, the present paper is only an introduction to the topic, and there remains
much work to do.
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