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Abstract: In this paper, the concept of a k-(quasi) pseudo metric is generalized to the L-fuzzy case, called
a pointwise k-(quasi) pseudo metric, which is considered to be a map d : J(LX) x J(LX) — [0, )
satisfying some conditions. What is more, it is proved that the category of pointwise k-pseudo metric
spaces is isomorphic to the category of symmetric pointwise k-remote neighborhood ball spaces. Besides,
some L-topological structures induced by a pointwise k-quasi-pseudo metric are obtained, including
an L-quasi neighborhood system, an L-topology, an L-closure operator, an L-interior operator, and a
pointwise quasi-uniformity.
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1. Introduction

Metric spaces play an important role in the research and applications of mathematics.
Since Zadeh introduced fuzzy set theory, there have been many interesting and creative
works in which different approaches to the concept of a fuzzy metric were introduced and
corresponding theories were developed and used for various applications [1-18].

In 1979, Erceg [1] constructed the theory of fuzzy metrics by considering the Hausdorff
distance function between L-subsets and studied their topological properties. Subsequently,
Erceg’s fuzzy metric was widely studied, in particular, Deng [19], Liang [20], and Peng [21]
greatly contributed to its development. However, Erceg failed to build the distance function
between L-fuzzy points and his approach does not directly reflect the relationships between
a fuzzy point and its quasi-neighborhood. Besides, the topologies induced by Erceg’s fuzzy
metrics are not first countable that can be considered as a certain deficiency of this theory.

In order to solve these defects, Shi [11] introduced a new theory of pointwise metrics
by treating a fuzzy metric as a mapping d : J(LX) x J(LX) — [0,00), where the set J(LX)
is the set of all L-fuzzy points on X. The theory of Shi’s pointwise metrics is different
from Erceg’s fuzzy metric and has many advantages. Shi’s pointwise metrics are well
coordinated with the corresponding pointwise topology. Besides, his methods seem more
simpler and more immediate. Moreover, Shi’s pointwise metrics also solved the problem
that the pointwise metric topology is first countable and showed that a Shi’s pointwise
metric can induce an Erceg’s metric on LX.

As a generalization of metric spaces, the notion of metric-type spaces was introduced
by Bakhtin [22] in 1989, and later was rediscovered by Czerwik [23] under the name of
b-metric space in 1993. In order to describe the concept more vividly, Sostak [24] used the
name “k-metric space” to replace metric-type spaces and b-metric spaces, which makes the
triangle inequality to a more general axiom: d(x,z) < k(d(x,y) +d(y,z)), wherek > lisa
fixed constant.

Recently, Hussain [25] and Nddaban [26] introduced the concept of a fuzzy b-metric and
discussed the corresponding fixed point theorem. A similar concept under the name of a
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fuzzy k-pseudo metric was independently introduced and some topological properties of fuzzy
k-pseudo metric spaces were studied in [24]. Although definitions of (fuzzy) b-metric and
(fuzzy) k-metric are very similar, there is a fundamental difference if we consider the categories
of such spaces. For example, while countable products exist in the category of (fuzzy) b-metric
spaces, the product of two (fuzzy) k-metric spaces may fail to be (fuzzy) k-metric.

By modifying the definition of a fuzzy k-pseudo metric in [24], Zhong and Sostak [27]
proposed an alternative definition of a fuzzy k-pseudo metric, which is treated as a map
M : X x X x [0,00) — [0, 1] satisfying some modified conditions. Actually, a fuzzy
k-pseudo metric can be viewed as a generalization of the fuzzifying case of a crisp k-pseudo
metric. However, this approach prevents defining the distance function between L-fuzzy
points and cannot induce any L-structures. Until now, researches about fuzzy k-pseudo
metrics lack the L-fuzzy case of crisp k-pseudo metric; that is to say, there is no author that
gives a definition of a pointwise k-pseudo metric and considers its induced L-topological
structures. Therefore, these are our starting points for writing this paper.

The main aims of this paper are to introduce the concept of a pointwise k-(quasi)
pseudo metric and to discuss its characterizations by a pointwise k-remote neighborhood
ball system. Besides, we show that many L-topological structures can be induced by a
pointwise k-quasi-pseudo metric.

This paper is organized as follows. In Section 2, some necessary definitions and
results about k-pseudo metric spaces and L-topological spaces are recalled. In Section 3, the
definitions of a pointwise k-(quasi) pseudo metric and a pointwise k-remote neighborhood
ball system are introduced. Moreover, relationships between pointwise k-(quasi) pseudo
metrics and pointwise k-remote neighborhood ball systems are discussed. In Section 4,
some L-structures induced by a pointwise k-quasi-pseudo metric are constructed, including
an L-quasi neighborhood system, an L-topology, an L-closure operator, an L-interior
operator, and a pointwise quasi-uniformity.

2. Preliminaries

Throughout this paper, (L, V, A, <,)) denotes a complete, completely distributive De
Morgan algebra, i.e., a completely distributive lattice with an order-reserving involution .
Moreover, L} and T, be its smallest and largest elements, respectively. Let X be a non-
empty set. LX denotes the set of all L-fuzzy subsets on X and L¥ is also a completely
distributive De Morgan algebra when it inherits the structure of the lattice L in a natural
way, by defining A, V, < and ' pointwisely. The smallest element and the largest element in
LX are denoted by L, x and T x, respectively.

We say that a is wedge-below b in L, in symbols, a < b, if for every subset D C L,
VD > bimpliesa < d for some d € D. The wedge below relation in a completely
distributive lattice has the interpolation property, i.e., if 2 < b, then there exists ¢ € L such
that a < ¢ < b. Moreover, it is easy to see that a < A;c;b; impliesa < b; for any 7 € I,
whereas a < \/;c1 b; implies a < b; for some i € I [28].

An element g in L is called a co-prime element if bV ¢ > a implies b > a or ¢ > a for
any b, ¢ € L [28]. The set of all nonzero co-prime elements of L is denoted by J(L), such
as, if L = [0,1], then J(L) = (0,1]. And the set of all nonzero co-prime elements of LX is
denoted by J(LX). It is easy to see that J(LX) is exactly the set of all L-fuzzy points x,,
namely J(LX) = {x, € LX | x € X,A € J(L)}, where x, is an L-fuzzy set from X to L such
that x,(x) = A, and = L otherwise . Let f : X — Y be a map. Define f;* : LX — LY
and ff~ : LY < LXby VA € L%, fi7(A)(y) = Af(x)=y A(x) and VB € LY, f{~(B) = Bo f.

First, we recall the definition of k-metric as it was introduced in [24].

Definition 1 ([24]). Let k > 1 be a fixed constant and let d : X x X — [0, c0) be a mapping
such that Vx,y,z € X,

(D1) d(x,x) =0;

(D2) d(x,z) < k(d(x,y) +d(y,z2)).
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Then, d is called a k-pseudo-quasi metric. A k-quasi-pseudo metric is called a k-pseudo metric if it
is symmetric,

(D3) d(x,y) =d(y,x);

If the axiom (D1) is replaced by a stronger axiom:

(D1)*d(x,y) =0 x =y,

then d is called a k-metric and the pair (X, d) is called a k-metric space.

Example 1. Let R be the set of real numbers and let d : R x R — [0, 00) be a mapping defined
by d(x,y) = |x —y|?* forall x,y € R. Then, d is a 2-metric. Similarly, let (X, || ||) be a normed
space. There also exists 2-metric on X defined by d(x,y) = ||x — y||? forall x,y € X.

Example 2. Let X be the set of Lebesgue measurable functions on [a, b] such that | ab |f(x)|?dx < oo

Defined : X x X — [0,00) by d(f,g) = fab |f(x) — g(x)|?dx forany f,g € X. Then, d is
also a 2-metric.

The concept of neighborhood systems is very important and fundamental in topology.
However, the situation is more complicated when it is generalized to the L-fuzzy case.
The important work of Pu and Liu [29], in which they generalized crisp neighborhood
systems to quasi neighborhood systems, has drive to a great development of the theory of
L-topological spaces.

Chang [30] first introduced fuzzy theory into topology. The notion of Chang’s fuzzy
topology was generalized to L-fuzzy setting by J.A. Goguen [31,32], which is now called
an L-topology.

In what follows, the notions of an L-topology, an L-quasi neighborhood system, an
L-closure operator and an L-interior operator are recalled.

Definition 2 ([31,32]). An L-topology T on X is a subset of LX satisfying:
(LT1) L;x, T;x €T;

(LT2)VA,B€T = AANBET;

(LT3) V{A]‘}jej - T = ijI A]' eT.

A continuous mapping from an L-topological space (X, 7%) to an L-topological
space (Y, TY) is a mapping f : X — Y such that VB € TY, f{~(B) € TX, where
fi (B)(x) = B(f(x)) for any x € X. The category of L-topological spaces and their
continuous mappings is denoted by L-Top.

We say that a fuzzy point x) quasi-coincides with A if A £ A’(x) or equivalently
x) & A’[29,33]. Incase L = [0,1], x; is quasi-coincident with A if and only if A(x) > 1 — A.
Then, we have the following definition.

Definition 3 ([33]). An L-quasi neighborhood system on X is a family of Q@ = {Qy, C LX |
x) € J(LX)} satisfying the following conditions:

(LQ1) Tix € Qx,, Lix & Qxy;

(LQ2)VU € Qy, = x) £ U';

(LQ3)VU € Qx,, ULV =V e Qy;

(LOQH VU,V € Qy = UAV € Oy

(LQ5) VU € Qy,, thereexists V € LX such that x, £ V > U’ and V' € Qy,- forally, L V.

A continuous mapping from an L-quasi neighborhood space (X, Q%) to an L-quasi
neighborhood space (Y,QY) is a mapping f : X — Y such that Vx, € J(L%),
VU e Q}((x)y fi(U) € QF . The category of L-quasi neighborhood spaces and their
continuous mappings is denoted by L-QNS.
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Remark 1. In [33,34], it is shown that the category L-Top is isomorphic to the category of L-QNS.
Specifically speaking, if T is an L-topology, then QT = {Q;r)\ | xp € J(LX)} is an L-quasi
neighborhood system, where Q] = {U € LX | 3V € T,s.t, xy £ V' > U'}. Conversely, if
Q = {Qy, | x) € J(LX)} is an L-quasi neighborhood system, then T< = {U € LX | Vx, £ U/,
U € Qy, } is an L-topology. In addition, 79 — T, QTQ = Q0.

It is well known that the closure operator and the interior operator are convenient
alternative approaches to characterize a topology. In the following, we recall the definitions
of an L-closure operator and an L-interior operator.

Definition 4 ([33,35]). An L-closure operator on X is a mapping cl : LX — LX satisfying the
following conditions:

(LCI) Cl(LLx) = LLx,'

(LC2) A < cl(A);

(LC3) cl(AV B) =cl(A) V cl(B);

(LC4) cl(cl(A)) = cl(A).

Definition 5 ([35]). An L-interior operator on X is a mapping int : LX — LX satisfying the
following conditions:

(LI]) int(TLx> = TLX;

(L12) int(A) < A;

(LI3) int(A A B) = int(A) Nint(B);

(L14) int(int(A)) = int(A).

Remark 2. In [33-35], it is shown that there is a one-to-one correspondence between L-topologies
and L-closure operators. That is, if T is an L-topology, then cl’ (A) = \{x, € J(LX) |
Vxy £ U > AU ¢ T} is an L-closure operator. Conversely, if cl is an L-closure operator,
then T = {A € LX | Vx) £ A',x) £ cl(A")} is an L-topology. In addition, VA € L%,
cl(A) = (int(A")), int(A) = (cl(A"))".

3. Pointwise k-Pseudo Metric Space

In this section, first, we will introduce the definition of a pointwise k-pseudo metric
which is inspired by the idea of Shi’s pointwise pseudo metric. Second, we will prove
that there is a bijection between pointwise k-pseudo metrics and pointwise k-remote
neighborhood ball systems.

Definition 6. Let k > 1 be a fixed constant. A pointwise k-quasi-pseudo metric on LX is a
mapd : J(LX) x J(LX) — [0, c0) satisfying the following conditions: Vx),yyu,zy € J(L¥)
(LKD1) d(X)\, X)\) =0;

(LKD2) d(x,zy) < k(d(x/\,yy) + d(yy,zv));

(LKD3) d(x, yu) = Ay<pd(xp,y0);

(LKD4) Vy < A, d(xq,yu) < d(xp,yp).

A pointwise k-quasi-pseudo metric d is called a pointwise k-pseudo metric if it is symmetric,
i.e., it satisfies

(LKD5) Ay gpr d(x9,yu) = Ao d(Yv, x2)

Remark 3. If L = {0, 1}, then each fuzzy condition reduces to the corresponding condition of a
crisp k-pseudo metric. To be specific, (LKD1) and (LKD2) correspond to (D1) and (D2), respectively.
(LKD3) and (LKD4) are naturally hold when d is a crisp k-metric, which are essential in the
later research content of this paper. (LKDS) is a generalization of fuzzy symmetry, since it will
be reduced to the symmetry of a crisp k-metric when L = {0,1}. That is to say, the condition

Ny d(xy,yu) = Nosgpr d(yy, x) reduces to d(xq1,y1) = d(y1,x1).



Mathematics 2021, 9, 2505

50f15

Example 3. Let X beanysetand L = [0,1]. Then, J(L) = (0,1]. Defined : J(LX) x J(LX) — [0, )
byvx/\/y}l S ](LX)/

A—ul?, A>u;
d(x)\/y]l) _{ |0 ]/l‘ /\<;j

Then, d is a pointwise 2-pseudo metric and d is not a pointwise pseudo metric.

Proof. Step 1: we shall check d satisfies (LKD1)-(LKD5).

(LKD1) d(x,,x,) = 0is trivial.

(LKD?2) It suffices to consider the case when d(x,,z,) > 0, ie., d(x),z,) = |A — v|?> and
A > v. If one of d(x,,y,) and d(y,, zy) equals 0, say d(x,y,) = 0, then A < p. Thus,
v < . Therefore, d(yy,z,) = | —v[% As [A —v|? < |[u—v[> < 2|u —v|?, it follows that
d(xp,zv) < 2(d(xp, ypu) +d(yp,zv)). Hd(xp,yu) = [A — > A > pand Ay, zp) = [ — v[?,
> v, then [A —v]> < |(A—p)+ (= v)]> < (JA—pl+[p—v])> <2(A = > + [ —v[?).
This shows d(xx,zy) < 2(d(xx, yu) +d(yu, zv)).

(LKD3) Suppose d(x), yy) = 0,i.e, A < p. I A = p, then Ay, d(xp,0) = Nyyy [A = v[* =
0. If A < p, then there exists v such that A < v < p. Therefore, d(x,,y,) = 0. Thus,
/\1/<]/l d(x/\, yv) = 0. This shows d(x/\, y#) = /\v<y d(x/\/ ]/v)'

Suppose d(x),yyu) > 0,ie., d(x),y,) = |A — /> and A > p. Forany v < p, we have A > v
and /\v<y d(x)wyv) = /\v<y A= 1/|2 =[A— V‘z' This shows d(x)wy]/l) = /\v<;4 d(xy, yv)‘
(LKD#4) The proof is similar to that of (LKD3) and omitted here.

(LKD?5) It need to prove that As~1_y d(xs, yu) = Ays1- d(yv, x2). 1 — A —p > 0, then
s>1—A>puv>1—pu> A Therefore, Ago1 2 d(Xs,yu) = Ass1a s —pl> =[1—A—
ul?

and /\1/>17]/l d(yv,xp) = /\v>1f;t v — /\|2 = [1—-pu- Alz' Thus, /\s>17)\d(x5'y}4> =
Avs1—pd(yv,x2). 11— A —p < 0, then there exists > 1 — A and v > 1 — p such that
1-A<s<pand1l—p <v <A Therefore, Ago1-1 d(xs,yu) = 0and A1y, d(yv, x2) =
0. Thus, As>1-2 d(xSr]/H) = /\V>1*]/l d(yv, x)).

Step 2: we shall show that d is not a pointwise pseudo metric.

Let A = %,‘u = % and v = %. Then,

1 5 3p_ 1 3 1p_ 1
16’

5 1
d(xp,2v) = |§ - §|2 Y d(xy,yu) = ’g —3 T 1% d(Yu, zv) = \g ~3

Therefore, d(xp,zv) < 2(d(xp, yu) +d(yu,zv)) and d(xp, z0) £ d(xp, yu) +d(Yu,zv). O

Definition 7. A mapping f : X — Y between pointwise k-quasi-pseudo metric spaces (X, dx )
and (Y, dy) is called non-expansive if Vx,,y, € J(LX),

dy (f (), f(W)) < dx(xr,yp)-

It is easy to check that pointwise k-quasi-pseudo metric spaces and their non-expansive
mappings form a category, denoted by L-KPQMS.
By Definition 6, it is not hard to get the following properties.

Proposition 1. Let d be a pointwise k-quasi-pseudo metric on X. Then, the following statements
hold.

(LKDD* VA <, d(x;,x,) = 0.
(LKD3)* Vv <, d(xp,yv) > d(xr,Yu)-

In order to discuss some L-topological type structures induced by a pointwise k-pseudo
metric, we need to introduce the concept of a pointwise k-remote neighborhood ball sys-
tem, which is a generalization of the opposite of the crisp spherical neighborhood system
R(x,r) = (B(x,1)) ={y € X |d(x,y) > r}.
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Definition 8. Let k > 1 be a fixed constant. A pointwise k-remote neighborhood ball
system on X is defined to be a set R = {R, | r € (0,00)} of maps {R, : J(LX) — LX}
satisfying Vx, yu, zv € J(LX), Vr,s > 0,

(LKR1) A5 Rr(xp) = Lpx;

(LKR2) x) & Ry(x,);

(LKR3) Rs © Ry > Ry(y ), where (Rs © Ry)(xa) = AM{Rs(yp) lyp & Re(xa) };
(LKR3)R;(x)) = Ns<y Rs(x2);

(LKRAVy < A, Ry(xq) < Rp(xy).

The pair (X, R) is called a pointwise k-remote neighborhood ball space. R is called symmetric, if
it satisfies

(LKR6) vy & Aystn Re(xy) € 20 & Ay Re(yo)-

Definition 9. A mapping f : X — Y between pointwise k-remote neighborhood ball spaces
(X, RX) and (Y, RY) is called continuous if Vr > 0, Vx, € J(LX),

fi (RYF()0) < RE()):

It is easy to check that pointwise k-remote neighborhood ball spaces and their continu-
ous mappings form a category, denoted by L-KRNBS.

Proposition 2. Let (X, R) be a pointwise k-remote neighborhood ball space. Then, for any
x) € J(LX) and for all r,s € (0,00),
(LKR4)* s <7 = Ry(x)) < Rs(xy).

In the following, the relationships between pointwise k-pseudo metrics and pointwise
k-remote neighborhood ball systems are discussed.

Let d be a pointwise k-quasi-pseudo metric on X. For any r € (0, o), define a mapping
R4 : J(LX) — LX by Vx, € J(LX),

Rf(x,\) = \/{yy € ](LX) | d(xr, yu) > 1}

Before proving that R = {R? | r € (0,00)} is a pointwise k-remote neighborhood
ball system, we need the following useful lemma.

Lemma 1. Let d be a pointwise k-quasi-pseudo metric on X. For any r € (0,00) and for all
X
x/\/ ]/y E ](L )/

Yu < R‘,i(x,\) e d(xyyu) =1, ie, yu £ R‘,i(x/\) S d(xy,y) <.

Proof. From the definition of R, it is obvious that d(x,,y,) > r implies y, < R%(x,). On
the other hand, suppose that 7, < R?(x,). For any y, < yy, as

yv < RE() = \Vyu € J(LX) [ d(x, ) 27},

there exists yr € J(L¥X) such that d(x,,y:) > r and y, < y:. By (LKD3)*, we know
d(xy,yv) 2 d(xp,yt) = 1. Thus, d(xx, yu) = Av<pd(xp,y0) 2 7. O

Theorem 1. Let d be a pointwise k-quasi-pseudo metric on X. Then, R* = {R% | r € (0,00)} isa
pointwise k-remote neighborhood ball system, where R% (x,) = \/{y, € J(LX) | d(x,yu) > r}.

Proof. We need to check (LKR1)-(LKR5) in Definition 8.



Mathematics 2021, 9, 2505

7 of 15

(LKR1) Assume that A,~oR%(x)) = B # L, x. For each y, < B, we have y,, < R¥(x,) for
all 7 > 0. By Lemma 1, we get d(x,,y,) > r for any r > 0, which contradicts with the fact
that d(x),y,) € [0,00). Therefore, A,~oR%(x)) = L;x.

(LKR?2) It follows from Lemma 1 and (LKD1).

(LKR3) Let x) € J(LX).

Take any y, € J(LX) with

yu £ (REORT) (x2) = A{RE(z0) | 20 £ RY (x2)}-

Then, there exists some z;, € J(LX) such that z, £ Ré(x,) and y, £ R%(zy). By Lemma 1,
we have d(x),zy) < rand d(zy,y,) < s. It follows that

d(xp,yu) < k(d(xp, zw) +d(zw,yu)) < k(r +s).

Therefore, y, £ Rg(r +S)(xA). By the arbitrariness of y,, we obtain (R? ® RY)(x,) >

R, o(x2) e, REORY > RY

(LKR4) It can be obtained from the following equivalences:

(r+s)"

Yu < Rf(x/\) = d(x/\,yy) >re Vs < r,d(x/\,yy) >

& Vs <ry <RI &y < AR,
s<r

(LKR5) For any v < A, we have d(x,,y,) < d(x),yy). Thus,

- R (xy) = \/{yp | d(xy,y0) 2 7} < Ny [ dGos ) 2 1) = RE(x).

Theorem 2. If f : (X,dx) — (Y, dy) is non-expansive between pointwise k-quasi-pseudo metric
spaces, then f : (X, R9x) — (Y, R%) is continuous between pointwise k-remote neighborhood
ball spaces.

Proof. It needs to check that ff(RfY (f(x)r)) < fo(x)\) for all x, € J(LX) and for any
r>0.
By the definition of RY, the inequality can be proved from the following:

fERY(F) = fi (Vizr € 1) [dy(F(0r,2) > 1})
= V{f @) e JW) [y (F(x)az) > 1}
V{F @) € (%) Ldx (e £ 20) > 1)
V{yw € 1% L dx(onyu) = 1} = R (x).

IN

IN

O

Now, we shall consider the opposite problem: whether a pointwise k-quasi-pseudo
metric can be induced by a pointwise k-remote neighborhood ball system? The answer is
positive and its construction is defined as follows.

Let R = {R; | r € (0,00)} be a pointwise k-remote neighborhood ball system. Define
amap d® : J(LX) x J(LX) — [0,00) by Vx,,y, € J(LX),

d®(xp,yp) = \r € (0,00) [y £ Re(x2)}-

Before proving that d® is a pointwise k-quasi-pseudo metric, we need the following
meaningful lemma.
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Lemma 2. Let R be a pointwise k-remote neighborhood ball system. For any r € (0,00) and for
all x), yu € J(LX),

dR(xp,yu) <7y £ Re(xy) e, d¥(xp,yu) > 1 yu < Re(x)).
Proof. It can be obtained by the following implication:

d%(x,yu) <7< 3s < rsuchthaty, £ Rs(xy) < yu £ A\ Rs(x2) = Re(xy).

s<r

O

Theorem 3. Let R = {R, | r € (0,00)} be a pointwise k-remote neighborhood ball system. Then,
d® is a pointwise k-quasi-pseudo metric.

Proof. Step 1: We show d* is well-defined, namely, % (x,, y,) € [0,0). If x, # y,, then
there exists some r > 0 such that y, £ R,(x,). By Lemma 2, we have d?* (x5, y,) < r. If
x) = yu, then d®(xy, x)) = Arsor = 0. Thus, d% (x5, y,) € [0, ).

Step 2: we check d” satisfies (LKD1)-(LKD4).

(LKD1) dR(x),x)) = AMr € (0,00) | xp £ Re(xp)} = Ayugr = 0.

(LKD2) Let s,t € (0,00) such that dR(x)L,y},) < s and dR(yy,zv) < t. By Lemma 2, we
know y, £ Rs(xp) and z, £ R;(y,), which implies

zv £ VARt (p) | Y £ Rs(x2)} = (Re © Rs) (xp).

It follows from Ry © Rs > Ry(s4y) that
zy & Ri(syr)(Xa), ice., dR(x),zy) < k(s +t).

Thus, d%(x),z,) <k(d®(xa,yu) + d%(yy, zv)) by the arbitrariness of s and ¢.
(LKD3) Take any v < p with y, £ Ry(x,). Then, y, & Rr(xy) and d®(xp,y0) > d®(xp, yp).
This shows A, -, d®(x),yv) > d%(xx,y4). On the other hand, suppose that % (x), y,) < r.
Then y, % R,(x;), which implies there exists some v < p such that y, £ R,(x,). This
means d”(x,,y,) < r. Further Nv=<p d®(x,yy) < r. By the arbitrariness of r, we deduce
Nv<p dR(xp, yv) < dR(x;\,yy).
(LKD4) Tt is easy to be proved from (LKR5) and the Definition of ™.

O

Theorem 4. If f : (X, RX) — (Y, RY) is continuous between pointwise k-remote neighborhood
ball spaces, then f : (X, dRX) — (Y, dRy) is non-expansive between pointwise k-quasi-pseudo
metric spaces.

Proof. It needs to prove that Vx,,y, € J(LX), dR" (fr f)) < dRX(x,\,yy). By the
definition of d® and the continuity of pointwise k-remote neighborhood ball systems, the
inequality can be proved from the following:

% (eny) = N{r> 01y, £ R¥ () }
A{r>0lu 2 i (RVGF00) )
A{r>01Fy)u £ RY(F)0) = d® (Fon F)i)

v

%
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By Lemmas 1 and 2, it is easy to see that R = R and dR" = d. Therefore, we can
get the following theorem.

Theorem 5. The category L-KPQMS is isomorphic to the category L-KRNBS.

Finally, we shall study the relationship between symmetric versions of pointwise
k-quasi-pseudo metric spaces and pointwise k-remote neighborhood ball spaces.

Theorem 6. Let (X,d) be a pointwise k-pseudo metric space. Then, RY is symmetric.
Proof. The symmetry of R can be derived from the following.

vt N\ Rixy) &3y £ A,y £ R (xy) & Iy £ A, d(xy,y0) <71

rEN
& Ndxpy)= N dyx) <reIvg W, d(yy,xy) <1
7EN viy
& g ]/llrx)\ y Rl () & x, y /\ R (y).

vy
O

Theorem 7. Let (X, R) be a pointwise k-remote neighborhood ball space. If R is symmetric, then
d® is symmetric.

Proof. The symmetry of d™ can be deduced by the following implications.

/\ dR(xy,y;,): /\ /\ r= /\ r

TEN TEN YpERr(x2)  yuEA L Re(xa)

_ /\ r= /\ /\ r = /\ d(yv, x))

x}‘i/\v;{;zl Ry (yv) Uf;l/ A £Rr(yv) Ufyl
O
In Figure 1, we present a diagram visualizing the obtained relations between the

concepts considered here.

d RI(x)=V{y, e J(L)|d(x,.p,) =7}
d*(x,,y,)=A{re(0,o)| y, £R (x,)}

Key point: y,, £ R(x,) & d(x,,»,) <r
sympmetry sympmetry

R

Figure 1. The relationship between d and R.
4. L-Structures Induced by a Pointwise k-Quasi-Pseudo Metric

In this section, we shall give some L-structures induced by a pointwise k-quasi-

pseudo metric.

At first, let us recall some facts about crisp k-metric spaces. Let (X, d) be a k-metric
c

d
M | x e X}

space. Define B(x,r) = {y € X | d(x,y) < r}. Then, the set N
A}. Moreover,

is a neighborhood system, where N = {AC X |3r>0, B(x,r)

T¢={ACX|Vx€ A, Ir>0, B(x,r) C A} is a topology.
However, S? = {A C X | A = Uie; B(xj, ;) } is not a topology, is only a supratopol-

ogy (or called a pre-topology) and 7% C S%. The reason is that every open ball B(x, ) need
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not to be an open set in 7 because of the violation of triangle inequality in a k-metric
space. Readers can refer to the following counterexample.

Example 4 ([24]). Let X = {a} U [b,c] and the length of [b,c] is s. Let dy € [b,c] withd; —b =t
forany t € (0,s). The distance on [b,c] is the usual Euclidean metric and define d(a,b) = s,
d(a,c) = 2s,d(a,dy) = 25 — t. Then, d is a 2-metric. However, B(b,5) ¢ B(a,s + ¢€) for any
e>0and o > 0.

Through the relationships between pointwise k-quasi-pseudo metrics and pointwise
k-remote neighborhood ball systems (see Figure 1), we would like to generalize crisp
conclusions to L-fuzzy cases.

First, we introduce an L-quasi neighborhood system induced by a pointwise k-remote
neighborhood ball system in the following theorem.

Theorem 8. Let (X, R) be a pointwise k-remote neighborhood ball space. For any x, € J(L%),
define QXR/\ C LX as follows:

QF ={AecL¥|3re(0,0), A <R (x))}.
Then, Q% = {QF | x) € J(LX)} is an L-quasi neighborhood system.

Proof. We need to check that QF satisfies (LQ1)-(LQ5) in Definition 3.

(LQ1)—(LQ3) hold obviously.

(LQ4) For any A, B € QxRA, there exist  and s such that A’ < R,(x,) and B’ < Rs(x,).
Lett = rAs. Then R.(x)) < Ri(xy) and Rs(xy) < Ri(xy). It follows that (A A B) =
A"V B" < Ry(x,). This shows AN B € QF

(LQ5) Forany A € QR there existr > 0 such that A’ < R,(x,). Let

B = A{R;(z) | Re(x1) < Re(z)}.

Then, it is not difficult to get y, < B < VR/(x)) < Rs(zy), yu < Rﬁ (zy).
Next, we shall show x) £ B> A’ and Vy, £ B, B’ € Qy,-

G Asx, & R (x3), it follows that x, £ B. Take any y, € J(LX) withy, < A/, we have
Yu < Re(xy) < Rﬁ(x,\). Therefore, y, < B. This implies A’ < B. Thus, x, £ B > A’

(i) For any y, £ B, there exists 5 > 0 and z, € J(LX) such that y, % Ri(zv) and
Ry(x)) < Rs(zy). Note that

Ry () > MRy (@) |0 £ Ry (2)} = (Rg © Ry ) (=)
> Ry k(5 + 7)( zv) = Rs(zv) = Ry(xy).

S
2k

This showsR (yy) € {R; (z) | Re(xa) < R(z)}. Then, B < R, (]/]4) Thus,
= Qy,- Combmmg @) and (ii), (LQ5) holds.
O

Theorem 9. If f : (X, RX) — (Y, RY) is continuous between pointwise k-remote neighborhood
ball spaces, then f : (X, QR*) — (Y, QR") is continuous between L-quasi neighborhood spaces.

Proof. It needs to check that Vx, € J(LX), VU € Qf(x ) e . Forany U €
Q}-"&)A, there exists 7 > 0 such that U’ < RY (f(x),).
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By the continuity of pointwise k-remote neighborhood ball spaces and the order-
preserving property of f;~, we have

(fi (W) = fi- (W) < fi (RV(F(x)) < RE(x2):

This shows f;~(U) € QZ}AX. O

As the category L-Top is isomorphic to the category of L-QNS [33,306], it is easy to
obtain an L-topology induced by R, that is,

TR={AcLX|Vxy £ A, Ir>0, A <R(x))}.

Further, we can get an L-topology induced by a pointwise k-pseudo-quasi metric through
Figure 1 as a link,

Tl ={AecLX|Vxy £ A, Ir>0,Vy, <A, d(xy, yu) > 1}

In [33,36], it is also shown that there is a one-to-one correspondence between L-quasi
neighborhood systems and L-closure operators. Precisely speaking, if Q is an L-quasi
neighborhood system, then

2(A) = \/{xr € J(LX) | A' ¢ Qx)

is an L-closure operator induced by Q. Conversely, if c/ is an L-closure operator, then
Qo = {chlA | xp € J(L¥)} is an L-quasi neighborhood system induced by c/, in which
0 = (A€ LX|x; £al(A)).

As we have already gotten QZ}A ={AcLX|3re(0,0), A’ <R,(x,)}in Theorem 8,
we have the following conclusions.

Theorem 10. Let (X, R) bea pointwise k-remote neighborhood ball space. Define cI™ : LX — LX by
AR (A) = \/{xr € J(L*) | Vr > 0,A £ Ry(x))}-
Then, cI® is an L-closure operator.

By Figure 1, we know that an L-closure operator induced by a pointwise k-pseudo
metric d can be expressed by

cl?(A) = \/{xy € J(LX) | V¥r > 0,3y, < A, d(xp, yu) < 7}
In the following, we shall give a formula of int™.
Theorem 11. Let (X, R) bea pointwise k-remote neighborhood ball space. Define int™ : LX — LX by
int®(A) = \/{xA e J(LX) | 3r > 0,Vyu £ A xx < Reyu)}-
Then int™ is an L-interior operator.

Proof. We need to check (LI1)-(LI4) in Definition 5.

(LI1), (LI2) are obvious.

(LI3) Tt is clear that int™* (A A B) < int®(A) A int™(B), since int® : LX — L¥X is order-
preserving. What remains is to prove int® (A A B) > intR(A) A int™(B).

Take any x, € J(LX) with x, < intR(A) Aint®(B), we have x; < int®(A) and x, <
int®(B). Then there exist r > 0,s > 0 such that xy < R,(yy) for any y, £ A and
x) < Rs(zy) forany z, £ B.
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Lett = r As. Suppose that w; £ AAB (i.e., w; ¢« Aorw; £« B). If w, £ A, then
xy < Ry(w;) < Re(wy). f w; £ B, then x; < Ry(w;) < Ry(w;). Hence x) < R(w;) for
any w; £ A A B. This shows x, < int®(A A B). From the arbitrariness of x,, we obtain
intR(A) NintR(B) < int™®(A A B).

(LI4) Tt suffices to prove that int™(A) < int®(int®(A)).

Take any x, € J(LX) with x, < int*(A), there exist r > 0 such that x) < R,(y,) for
any y, £ A. In order to show x, < int®(int™(A)), we need to prove whether there exists
7 > 0 such that x) < Rj(zy) for any z, £ int*(A).

Let 7 = 5. Forany z, £ int®(A), there exists Yu £ Asuch thatz, £ Rs(y),) for all
s > 0. Fixs = 5z > 0. Then, z, £ Ry (yu) and x) < Ry(yy). As

(Ry ©R)F) = MRy (20) | 20 £ Ry (7))
and (LKR3), it follows that
A S Re(yp) < (Rp ©R 1) (Yu) < Ry (z0).

Thus, x) < R (zy). Therefore, x, < int(int(A)). From the arbitrariness of x,, we obtain
int®(A) < int®(int®(A)). O

By Figure 1, we know that an L-interior operator induced by a pointwise k-pseudo
metric d can be expressed by

int(A) = \/{x;\ | 3Ir>0,Vyu £ A d(yu,xpr) >}

Finally, we shall discuss whether a pointwise k-remote neighborhood ball system can
induce a pointwise quasi-uniformity or not. Before answering this question, some concepts
related to a pointwise quasi-uniformity introduced in [37] are recalled.

Let F = {f : J(LX) — LX|f is order-preserving} such that x, £ f(x,). For any
f,g € F,define

(1) f<ge V€ (LX), f(xa) < glxn);
@) (fVvg)lxn) = f(xa) vVe(xa);
@) (fog)ln) =Afyu) lyu £8(xa)}

It is not difficult to prove that f V ¢ € F, f © ¢ € F and the operators VV and © satisfy
the associativity law.

Definition 10 ([37]). A mapping f € F is said to be symmetric if it satisfies the following condition:

vt N\ fl) et N flw).

TEN vy

Definition 11 ([37]). A non-empty subset U C F is called a pointwise quasi-uniformity on LX if
it satisfies
(LUDYf e F,¥gel, f < gimplies f € U;
(LU2)Vf,g € U implies fV g € U;
(LU3)Vf € U implies 3g € U such that g© g > f.

A subset A C U is called a basis of U if Vf € U, 3g € A such that f < g, namely,
U={feF|3ge Ast f<g} Apointwise quasi-uniformity is called a pointwise uniformity
if it has a symmetric basis.
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Definition 12 ([37]). An order homomorphism F : X — Y is said to be pointwise quasi-
uniformly continuous with respect to pointwise quasi-uniformities Ux and Uy if for each g € Uy,
there exists f € Ux such that

Y,y € J(LX),yu £ f(xa) = Fi' (yu) £ g(FL7 (x2)).

Theorem 12 ([37]). Let F : X — Y be an order homomorphism. Then, F : (X,Ux) — (Y, Uy)
is quasi-uniformly continuous if and only if Vg € Uy, 3f € Ux such that F{~ ogo F;7 < f.

By the conditions in Definition 8 and Proposition 2, it is easy to know that a (symmetric)
pointwise k-remote neighborhood ball system R = {R, : J(LX) — LX | r > 0} isa
(symmetric) basis of a pointwise uniformity. Then, we have the following theorems.

Theorem 13. Let (X, R) be a (symmetric) pointwise k-remote neighborhood ball space. Define
UR C Fby
UR ={feF|3r>0, f <R/}

Then, U is a pointwise quasi-uniformity (pointwise uniformity).

By Figure 1, we know that a pointwise (quasi)-uniformity induced by a pointwise
k-(quasi) pseudo metric d can be expressed by

UL ={f € F|3Ir>0,Yy, < f(xp), d(xr,yu) >}

Theorem 14. If F : (X,RX) — (Y, RY) is continuous between pointwise k-remote neigh-

borhood ball spaces, then F : (X,UR") — (Y, UR"Y is quasi-uniformly continuous between
pointwise quasi-uniform spaces.

Proof. Forany g € U RY there exists r > 0 such that ¢ < RY. By the continuity of pointwise
k-remote neighborhood ball spaces and the order-preserving property of F;~, we have

(Ff ogoF ) (xa) = Ffi og(F(x)a) < Ff (RV(F(x)a))
< RN(Ff (F(x)a)) = RX(xy)

AsRX¥ el R¥ it follows that F is quasi-uniformly continuous between pointwise uniform
spaces (X,UR") and (Y,UR"). O

At the end of the paper, we present a diagram illustrating the obtained here results
about L-structures induced by k-quasi-pseudo metrics (see Figure 2).

Qi ={delL” ‘ Ir>0, Vy, <4, d(x,,y,)zr}

/ cl’(A)=V{x, |Vr>0, v, <4, d(x;,p,)<r} \
/ \ Td
t int?(4) = \V{x, | 3r >0, ¥, £ A,d(y,.x,) > 7} 7

U'={f e F|3r>0, ¥y, < f(x,),d(x,,y,)2r}

d—TR

T'={del"|Vx, £4', Ir>0,Vy, <4d(x,,y,)2r} S

Figure 2. L-structures induced by 4.
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5. Conclusions

In this paper, the definition of a pointwise k-(quasi) pseudo metric and a pointwise
k-remote neighborhood ball system were introduced. We showed that the category of
pointwise k-pseudo metric spaces is isomorphic to the category of symmetric pointwise
k-remote neighborhood ball spaces. Besides, we discussed some L-topological structures
induced by a pointwise k-quasi-pseudo metric and investigated their properties.

Some research works about the concept of an (L, M)-fuzzy k-metric and its induced
(L, M)-fuzzy structures would be our interest in the future. Furthermore, we plan to
generalize an (L, M)-fuzzy k-metric to an (L, M)-fuzzy partial k-metric and study its
properties.
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