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Abstract: A generalization of fractional vector calculus (FVC) as a self-consistent mathematical theory
is proposed to take into account a general form of non-locality in kernels of fractional vector differ-
ential and integral operators. Self-consistency involves proving generalizations of all fundamental
theorems of vector calculus for generalized kernels of operators. In the generalization of FVC from
power-law nonlocality to the general form of nonlocality in space, we use the general fractional calcu-
lus (GFC) in the Luchko approach, which was published in 2021. This paper proposed the following:
(I) Self-consistent definitions of general fractional differential vector operators: the regional and line
general fractional gradients, the regional and surface general fractional curl operators, the general
fractional divergence are proposed. (II) Self-consistent definitions of general fractional integral vector
operators: the general fractional circulation, general fractional flux and general fractional volume
integral are proposed. (III) The general fractional gradient, Green’s, Stokes” and Gauss’s theorems
as fundamental theorems of general fractional vector calculus are proved for simple and complex
regions. The fundamental theorems (Gradient, Green, Stokes, Gauss theorems) of the proposed
general FVC are proved for a wider class of domains, surfaces and curves. All these three parts allow
us to state that we proposed a calculus, which is a general fractional vector calculus (General FVC).
The difficulties and problems of defining general fractional integral and differential vector operators
are discussed to the nonlocal case, caused by the violation of standard product rule (Leibniz rule),
chain rule (rule of differentiation of function composition) and semigroup property. General FVC
for orthogonal curvilinear coordinates, which includes general fractional vector operators for the
spherical and cylindrical coordinates, is also proposed.

Keywords: vector calculus; fractional calculus; fractional dynamics

1. Introduction

Vector differential and integral operators are important in various fields of mechanics
and physics. In standard vector calculus, integrals and derivatives of integer order are
used, and therefore this mathematical tool cannot be used to describe systems, media and
fields with nonlocality in space. In this regard, it is important to generalize the vector
calculus for applications to the description of non-local media and systems. Nonlocality in
space means a dependence of the process, states and variable at the current point of space
on the changes on other points of the space.

To describe nonlocality in space, we can use derivatives and integrals of non-integer
orders. There operators form a calculus if these operators of non-integer orders satisfy non-
local analogs of fundamental theorems of standard calculus. These theorems connect the
integral and differential operators of non-integer orders. Such calculus is called fractional
calculus (FC), and operators are called fractional derivatives (FD) and fractional integrals
(FI) [1-7]. The FD and FI have different nonstandard properties. For example, the standard
product rule, the standard chain rule, and standard semigroup rule are violated for FD of
non-integer order [8-10]. Fractional derivatives and integrals are actively used to describe
non-standard properties of systems, media and fields with nonlocality in space and time in
varios subjects of mechanics and physics [11-15], economics [16,17], and biology [18].
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Attempts to generalize some differential operators of vector calculus have been made
since the beginning of the 21st century. The history of the development of fractional vector
calculus can be conditionally divided into three stages.

(1) At the first stage, definitions of various fractional generalizations of differential vector
operators (gradient, divergence, rotor, Laplace operator) were constructed. This stage
began with the work of Riesz published in 1949 [19-21] (see also [22,23]). The defini-
tion of fractional generalizations of the gradient was proposed in the works of Adda
in 1998 [24], which is actually based on the Sonin-Letnikov fractional derivative [25],
and the works by Tarasov in 2005 [26,27], which are based on the Caputo fractional
derivative. The definition of a fractional curl operators was proposed by Engheta in
1998 [28,29] and Meerschaert, Mortensen and Wheatcraft in 2006 [30]. The definition
of a fractional divergence was proposed by Meerschaert, Mortensen and Wheatcraft
in 2006 [30].

At the first stage, the proposed definitions of fractional vector differential operators
were usually not consistent with each other. Fractional generalizations of integral vector
operators (fractional circulation, fractional flux and fractional volume integral) have not
been proposed. Fractional generalizations of fundamental theorems of vector calculus
(such as the Green’s, Stokes” and Gauss’s theorems) have not been suggested.

(2) Atthesecond stage, definitions of fractional generalizations of differential and integral
vector operators, which are consistent with each other, were suggested. Fractional
generalizations of fundamental theorems of vector calculus were proved. This phase
began with the work of Tarasov published in 2008 [31] and book [13], pp. 241-264,
where the power-law spatial non-locality is considered by using the Caputo fractional
derivatives and Riemann-Liouville fractional integrals. The fractional generalizations
of the Green’s, Stokes” and Gauss’s theorems are formulated and proved in [13,31].

After 2008, other articles began to appear, in which special aspects of self-consistent
formulations of the fractional vector calculus are discussed. Let us note these aspects:
(a) the product rule for FVC is discussed by Bolster, Meerschaert and Sikorskii in 2012 [32];
(b) applications of fractional gradient to the fractional advection are considered by D’Ovidio,
and Garra in 2014 [33]; (c) the discrete fractional vector calculus on lattices is proposed
by Tarasov in 2014 [34]; (d) fractional generalizations of the Helmholtz decomposition are
proposed by Ortigueira, Rivero and Trujillo in 2015 [35]; (e) the fractional vector operators
are considered on convex domain by Agrawal and Xu in 2015 [36]; (f) the fractional vector
calculus that is based on the Grunwald-Letnikov derivatives is discussed by Tarasov in
2015 [37], and then by Ortigueira and Machado in 2018 [38]; (g) the fractional Green and
Gauss formulas are considered by Cheng and Dai in 2018 [39].

(3) The third stages of the development of fractional vector calculus actually began in
2021. At this stage, the fractional vector calculus as a self-consistent mathematical
theory is generalized for general form of non-locality and general form of kernels
of fractional vector differential and integral operators. Self-consistent mathematical
theory involves proving generalizations of all fundamental theorems of vector cal-
culus for generalized kernels of operators. This stage began with the work of D’Elia,
Gulian, Olson and Karniadakis [40] published in 2021 and based on the generalization
of the Meerschaert, Mortensen and Wheatcraft approach to FVC [30]. We can also
state that this stage began with our proposed work, which generalizes the approach
to formulation of FVC that is proposed in basic paper [31] (see also Chapter 11 in
book [13], pp. 241-264) and gave first self-consistent formulation of FVC. In the
generalization of FVC from power-law nonlocality to the general form of nonlocality
in space, we proposed to use the general fractional calculus (GFC) in the Luchko
approach [41-43]. In our paper, we proposed the following:

(A)  Self-consistent definitions of general fractional differential vector operators:
the regional and line general fractional gradients, the regional and surface gen-
eral fractional curl operators, the general fractional divergence are proposed.
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(B)  Self-consistent definitions of general fractional integral vector operators: the
general fractional circulation, general fractional flux and general fractional
volume integral are proposed.

(C)  The general fractional gradient, Green’s, Stokes’ and Gauss’s theorems as
fundamental theorems of general fractional vector calculus are proved for
simple and complex regions. The fundamental theorems (Gradient, Green,
Stokes, Gauss theorems) of the proposed general FVC are proved for a wider
class of domains, surfaces and curves.

All these three parts allow us to state that in this paper, for the first time, a calculus is
proposed, which is a general fractional vector calculus (General FVC).

Below we describe the approach used in this paper.

In fractional calculus, nonlocality is described by the kernel of the operators, which
are fractional integrals (FI) and fractional derivatives (FD) of non-integer orders. To take
into account various types of nonlocality in space, we can use operators with various types
of kernels. It is important to have a general fractional calculus that allows us to describe
nonlocality in the most general form. We proposed [44,45] to use general fractional calculus
(GFC) to describe systems, media and fields with general form of nonlocality in space.

In this paper, we proposed to use the general fractional calculus (GFC) to formulate
a general fractional vector calculus (General FVC). The term “general fractional calcu-
lus” (GFC) was proposed by Kochubei in work [46] in 2011 (see also [47-49]). In the
papers [46,47], the general fractional derivatives (GFDs) and general fractional integral
(GFls) are defined, and the fundamental theorems of the GFC are proved. The GFC is
based on the concept of kernel pairs, which was proposed by N.Ya. Sonin (1849-1915) in
1884 article [50] (see also [51]). (“Sonin” is more correct name of the Russian sientist [52]
instead of “Sonine” that is use in French [50]). The very important form of the GFC was
proposed by Luchko in 2021 [41-43]. In works [41,42], GFD and GFI of arbitrary order
are suggested, and the general fundamental theorems for the GFI and GFDs are proved.
Operational calculus for equations with general fractional derivatives is proposed in [43].
The GFC is also developed and applied in physics in works [44,45,53-68].

In this paper, we use general fractional derivatives (GFDs), general fractional integrals
(GFIs) and fundamental theorems of GFC as mathematical tools to formulate General
FVC. The proposed General FVC is built on the basis of the results in the GFC obtained in
Luchko’s works in 2021 [41-43].

In this paper, the proofs are detailed. This is due to the fact that many standard rules
are violated for fractional integrals and derivatives, including Leibniz’s rule, the chain rule
and the semigroup rule. These rules are often used in standard vector analysis to prove
theorems. For example, the Stokes’ theorem is usually proved by using the chain rule,
which cannot be applied to fractional derivatives and general fractional derivatives. More-
over, vector differential operators in fractional calculus become nonlocal, which creates
additional difficulties for the accurate formulation and proof of theorems. Nonlocality also
leads to the possibility of defining different vector differential operators, instead of one
operator in the standard vector calculus. For example, we can define Regional GF Gradient,
the Surface GF Gradient and Line GF Gradient. The situation is similar for GF Divergence
and GF curl operators. Moreover, fractional vector analogs of fundamental theorems are
not fulfilled for all these general fractional vector operations. In the general case, the
general fractional (GF) gradient theorem should be considered for the line GF Gradient,
the FG Stockes theorem should be considered for the surface GF Curl operator, and the
GF Green theorem should be considered for the regional GF Divergence. This is due to
violation of the chain rule for general fractional derivatives. In addition, violation of the
chain rule leads to the fact that operators defined in different coordinate systems (Cartesian,
cylindrical and spherical) are not related to each other by coordinate transformations.

In Section 2, we consider and proposed general fractional integrals and derivatives. In
Section 3, we consider and proposed general fractional integral and derivative for [, b]. In
Section 4, we consider and proposed line general fractional integral (Line GFI). In Section 5,
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we give formulation and proof for general fractional gradient theorem. In Section 6, we
proof general fractional Green theorem. In Section 7, we proposed double and surface
general fractional integral, and flux. In Section 8, we give formulation and proof general
fractional Stokes theorem. In Section 9, the general fractional Gauss theorem is formulated
and proved. In Section 10, the equalities for general fractional differential vector operators
are proposed. Basic interpretations of general fractional differential vector operators are
described. In Section 11, we consider and proposed General FVC for orthogonal curvilinear
coordinates (OCC), which includes general fractional vector operators for the spherical
and cylindrical coordinates.

2. General Fractional Integrals and Derivatives
2.1. Definitions of GFI and GFD

Let us assume that the functions M(x) belongs to the space C_; (0, ), and sup-
pose that there exists a function K(x) € C_1((0,00), such that the Laplace convolution
of these functions is equal to one for all x € (0,c0). The function f(x) belongs to the
space C_1 (0, c0), if this function can be represented in the form f(x) = x” g(x), where
—1<p<0,and g(x) € C[0, c0).

Definition 1. Let the functions (M(x), K(x)) satisfy the following conditions.
(1)  The Sonin condition for the kernels M(x) and K(x) requires that the equation

/OXM(x—x/)K(x’)dx’zl 1)

holds for all x € (0,0).
(2)  The functions M(x), K(x) belong to the space C_1 (0, 0),
M(x), K(x) € C_14(0,00), 2
where
Co10(0,00) = {f(x): f(x) =x"g(x), x>0, =1 <p <0, g(x) € C[0,0)}. (3)

The set of the pairs (M(x), K(x)) that satisfy condition (1) is called the Sonin set and is
denoted by S.

The set of the pairs (M(x), K(x)) that satisfy conditions (1) and (2) is called the Luchko set
and is denoted by L.

The definition of the set I. was proposed in [41] to build a self-consistent formulation
of a calculus of general fractional integrals and derivatives.

To define GFI and GFD, we use the Luchko’s approach to general fractional calculus,
which is proposed in [41,42].

Definition 2. Let M(x) € L and f(x) € C_1(0,00) = C_1(0,00). The general fractional
integral (GFI) with the kernel M(x) € C_1(0,00) is the operator on the space C_1(0, 00):

IECM) : Cfl(0,00) - C,l(0,00), (4)

that is defined by the equation
I ¥IF() = M+ X)(x) = [ dx' M(x =) f(2) ©)

If the functions M(x) and K(x) belong to the Luchko set, then we can define general

. . . x X, . . x
fractional derivatives D s and D (K) that are associated with GFI (M)
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Definition 3. Let M(x),K(x) € L and f(x) € C',(0,00), i, f(x) € C_1(0,00). The
general fractional derivatives (GFD) with kernel K(x) € C_1,(0, 00), which is associated with
GFI (5), is defined as
X
D IIF() = (K () () = [Mdn' Kx ) fO() ©
0

for x € (0,00). The GFD Dy is defined by the equation

D WIF() = 2K s F) ) = 2 [* v/ Kx =) £(x) @)
for x € (0,00).

Operator (6) is called the GFD of the Caputo type, and operator (7) is called the GFD of the
Riemann-Liouville type.

Remark 1. If the kernel pair (M(x), K(x)) belongs to the Luchko set IL [42], the kernel K(x) is
called associated kernel to M(x). Note that if K(x) is associated kernel to M(x), then M(x) is
associated kernel to K(x). Therefore, if (M(x),K(x)) belongs to the set L, then both IECM) [x'],

DE(K) [x] and IE‘K) [x], DE‘M) [x] can be used as the general fractional integrals (GFI) and general

fractional derivatives (GFD).

Remark 2. As proved in [41,42], operators (6) and (7) are connected (see Equation (47) in Defini-
tion 4 of ([41], p. 8)) by the equation

D [K1f(x') = D [¥'If (') — K(x) £(0). ®)

The GFI and GFD are connected by the fundamental theorems of general fractional
calculus (FT of GFC).

Theorem 1. (Firts fundamental theorem of GFC). If a pair of kernels (M(x), K(x)) belongs to the
Luchko set 1L, then the equality

I (X IDRG [ () = f(x) = £(0) ©)
holds for f(t) € C_y (k) (0, 00), where
Cor00) == {f: flx) = [ [¥]g(x), g(x) € C_1(0,00)}.
Proof. This theorem is proved as Theorem 3 in [41], p. 9, (see also Theorem 1 in [42], p. 6). O

Theorem 2. (Second fundamental theorem of GFC). If a pair of kernels (M(x), K(x)) belongs to
the Luchko set 1L, then the equality

T WIDFG ¥ f(") = f(x) = £(0) (10)
holds for f(x) € C1,(0, %), where
CLi(0,00) i= {f: f(x) € C1(0,00)}.
Proof. This theorem is proved as Theorem 4 in [41], p. 11, (see also Theorem 2 in [42], p. 7). O

2.2. Notations for GFI and GED Operators

To define fractional vector operations, we introduce the operators that correspond to
the fractional differentiation and general fractional integration.
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The general fractional integral operator (GFI operator) is
X
Iyl = /0 dx' M(x — x'). (11)
The operator (11) acts on functions f(x) € C_1(0, %) by
X
1A = [ Mlx =) (). 12)

We define the general fractional differential operator (GFD operator) in the form

X, % / X / / d
D(f<) [x] := ./0 dx" K(x —x") FE (13)
The Caputo operator (13) acts on functions on f(x) € C!,(0, ) by
DG WIF() =[x’ K(x =) fO(). (14)

We note that operator (13) can be represented in the form

DE‘I';) [x] = I [x'] D' [x"].

The proposed notations of GFI and GFD are more convenient, since they allow us to
take into account the variables of integration and differentiations, the range of change for
these variables.

2.3. Examples of Kernel Pairs from Sonin Set and Luchko Set

Let us give examples of the pair of kernels that belongs to the Sonin set S and the
Luchko set S.

Note that if the kernel M(t) is associated to kernel K(t), then the kernel K(t) is
associated to M(t). Therefore, if we have the operators

Iy [TX(7) = (M X)(t), D, []X(7) = (K« XW)(8), (15)

(K)

where the kernel pair (M(t),K(t)) belong to the Sonin set S, then we can use the operators
I [11X(1) = (K % X)(8), Dy [t]X(7) = (M + X)(1). (16)
A similar situation with the kernel pairs (M(t), K(t)) that belong to the Luchko set L.

Example 1. The pair of the operator kernel

M(t) = hy(t) = ;“(al) (17)
K(t) = hy_o(t) = r(i__a) (18)

where 0 < a < 1, belongs to the Sonin set S and the Luchko set IL. These kernels define the
well-known Riemann-Liouville fractional integral and the Caputo fractional derivative [4].

Example 2. The pair of the kernels [59], p. 3628:

M(t) = hyp(t) = e M (19)
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K() = h-ap(8) + =gy 11— 0,0, 20)

r(1—

belongs to the Sonin set S and the Luchko set L, where 0 < o < 1,and A >0, t > 0, and y(B, t)
is the incomplete gamma function

t
v(B, t) = / P 1le T dr. (21)
0
Example 3. The pair of kernels
M(t) = (VO Jaa (2V1), (22)
K(t) = (VD™ La(2V1), (23)
belongs to the Sonin set S and the Luchko set IL (see [50,51], ([59], p. 3627)), if 0 < a < 1, where
B 00 (_1)k(t/2)2k+v 0 t/2)2k+v
Iu(t)—k:() kT(k+v+1)”’ Z:k'I’ (k+v+1) @4
are the Bessel and the modified Bessel functions, respectively.
For o = 0.5, kernels (22) and (23), takes the form
cos(2v/1)
M(t) = ———, 25
(=22 25
cosh(2v/t)
K(t) = ————. 26
(=" 20
Example 4. The pair of the kernels (see Equation (7.15) in ([59], p. 3629)):
M(t) = t* 1o (B, 0, —A 1), 27)
K(t) = w FAO(—B,1—a;—AL), (28)

belongs to the Sonin set S and the Luchko set L, if 0 < o < 1, and ® (B, w; z) is the Kummer function

(B, ;z) = ; (5 i (29)
Example 5. The pair of the kernels (see Equations (7.16) and (7.18) in ([59], p. 3629))
M) =1+ —2 (30)
B T(a)vt
K(t) = \/17; — At erfe(A (1)), 31)

belongs to the Sonin set S and the Luchko set L, if A > 0, and erfc(z) is the complementary
error function

erfe(z) =1 —erf(z) =1— — Ot e % dz. (32)

Example 6. The pair of the kernels (see Equations (7.17) and (7.19) in ([59], pp. 3629-3630)):

M(t) =1 — 1_,();)15“_1

K(t) = At Er_g1_o[A Y], (34)

(33)
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belongs to the Sonin set S and the Luchko set LL, where A > 0.

Example 7. Animportant subset H of the Sonine set was proposed by Andrzej Hanyga in work [63].
In this paper, it was proved that any singular (unbounded in a neighborhood of the point zero)
locally integrable completely monotone function is a Sonine kernel. If M(x) belongs to the set H
then its associate kernel K(x) also does belong to H. As an example of a kernel pair from H, we can
give the kernel pair [63]

M(t) = h1-pa(t) + h1-p(t), (35)
K(t) = P71 E, g[—1"], (36)

that belongs to the Sonin set S, if 0 < a < B < 1, and E, g|z| is the two-parameters Mittag-
Leffler function

[e9)

Zl"ock—l—ﬁ 37)

where & > 0, and B,z € C. The function (35) is a singular locally integrable completely mono-
tone function.

Example 8. Some functions with the power-logarithmic singularities at the origin can belongs to the
Sonin set S [59], pp. 3627-3630. An example of such pair of the kernels (see Equations (7.22)—(7.24)
in ([59], p. 3630)) with the power-logarithmic singularities are the following

A— h’l(f) tocfl

M) = S5 (38)
2 phz
K = mosl) = | 5ot =y (39)
where , j, (t) is the Volterra function with
()
h= Tw) A.

Such kernels do not belong to the set C_1(0, o).

Example 9. An important subset K of the Sonine set was proposed by Anatoly N. Kochubei in
works [46,47]. The kernels, which belong to the subset X, were defined in terms of their Laplace
transforms and using the Sonine condition in the Laplace domain.

3. General Fractional Integral and Derivative for [a, b]
3.1. Definition of GFI and GFD for [a, b]

Let us define the general fractional integration and differentiation on [a,b] with
0<a<hb.

Definition 4. Let function F(x") belongs to the function space C_1(0, c0) and (M(x), K(x)) € L.
Then, the general fractional integration on [a, x| with 0 < a < x is defined by the equation

™) [x] F(x) := {IE(M) [TE() = IEIM) [X'1F(x") x>a>0,

[a,x] IZ(M [x'] F(x") x>a=0.

For b > a > 0 and functions F(x) € C_1(0,00), we define the general fractional
integration on |4, b] by the equation
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1[(Mb]> ¥ F(x) == Ity [x] F(x) — Iy [x] F(x) =
b a

/O dx M(b — x) F(x) — /0 dx M(a — x) F(x).

Ifa=0and b > 0, then

1[%]) ] B(x) 1= Iy [x] F(x).

The FGD for [a, b] are defined similarly.

Definition 5. Let function F(x) belongs to the funtion space C* ;(0,00) and (M(x), K(x)) € L.
Then the general fractional differentiation on [a, x] with 0 < a < x is defined by the equation

p(®)

[a,x]

[x] F(x) = {Dz{k*) (x| F(x") — D?E) [X|F(x') x>a>0,

Dz‘?)[x’]F(x’) x>a=0.

For b > a > 0 and functions F(x) € Cll(O,oo), we define the general fractional
derivative on [a, b] by the equation

D) [x] F(x) == DIy [x] F(x) — D% [x] F(x) =

b a
/ dxK(b— x) FV(x) — / dx M(a — x) FU (x).
0 0
Ifa=0andb > 0, then

p(K)

ap (X1 F(x) == DY [x] F(x),

(K)

where F((x) = dF(x)/dx.
The GFI operators are the map

I[(ujtg]) [x] : C_1(0,00) — C_1(0,00).

Remark 3. For arbitrary a,b > 0, we can define the GFI operator as

1) [ F(x) := sgn(b—a) 011, [x] F(x)

D[gfg} [x] E(x) := sgn(b —a) D“ﬁ{/ [x] F(x)

with the signum function

-1 (x<0),
sgn(x) := 0 =0),
1 x >0),
and
[a,b] (b>a),
wla bl = { {a} (b=a),
[b,a] (b<a)

We will use the notation

RY = {(x1,...,x4): x1>0,...,x, >0},
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where Rl = (0, ).

3.2. Properties of GFI and GFD on [a, D]
Let us prove the additive property of the proposed GFI and GFD on [g, b].

Theorem 3. Let f(x) belongs to the space C_1(0,00) and ¢ > b > a > 0. Then, the property
is satisfied
I ] £(x) + 10 3] £(x) = 100 (] £(x). (40)

Let f(x) belongs to the space C1 ;(0,00) and ¢ > b > a > 0. Then. the equations is satisfied
D[] £(x) + D [x] f(x) = D) [x] f(x). (41)

Proof. If f(x) € C_1(0,00), then there are I[(a]tg}) [x] f(x) and I[(lff]) [x] f(x).

For ¢ > b > a > 0, using the definition, we get
M M
1 [ () + 15 3] £(x) =

(] £(6) = T (3 £)) + (Lopg) 3] £(2) = T[] () =
I ] F(x) = T[] £(x) = 109 (] £ ().
For ¢ > b > a = 0, using the definition, we have

Lo [ £(2) + 150 3] F(x) =

a6 £(0) + (T [3] £(x) = T[] () =
I 3] £(x) = 100 3] £(x).

If f(x) € C1,(0, ), then there are D[(HK;] [x] f(x) and D[(Ifc)]

additivity of the operators is proved in a similar way. O

[x] f(x). The proof of the

3.3. Fundamental Theorems for GFI and GFD on [a, b]

Let us formulate the second FT of GFC for the operator I (M% [s].

(a,x

Theorem 4. Let f(x) belongs to the space C* | (0, c0), and the pair of kernels (M(t), K(t)) belongs
to the Luchko set L. Then

L[5 D ¥ (') = f(x) = fla), @)
where x > a > 0.
Proof. Let us assume that f(s) € Cll(O,oo) and

F(s) = DY

ol 1f(+) € C1(0,00).

Then using the second fundamental theorem GFC in the form

) ls D ) () = £(x) — £(0),
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which holds for all x > 0, we obtain
IS D[] £(5) i= T [s] DY [¥] F(x') = Loy [s] D [¥] () =

(fx) = £(0) = (fl@) = £(0) = f(x) = f(a).
O

Corollary 1. For x = b, Equation (42) takes the form
1% [ D[] £ (') = £(b) — f(a)

Let us formulate the first FT of GFC for the operator I [(xﬁ [s].
Theorem 5. Let us assume that the conditions of the first FT of GFC for the operators I Z(M) and
GFD DZ‘I’Z) are satisfied. Then

DR ls) 1 1| F() = F(x),

where we use

Proof. Then

D s It ¥ F(x') = DI [s] By [ F(x') = DI [s] Iy [ F(x') =

where we use

D ls]1 = 0.

O

For functions F(x) € C!,(0, ), we define the general fractional derivative on [, b]
by the equation

p(K)

[a,x]

[x']F(x") := D?I?)[x']F(x’) — D?E‘)[x’]l-“(x’).

) and GFI I¥

For the operator D[(f M

] ) the first fundamental theorem GFC is satisfied in

the following form.

Theorem 6. Let us assume that the conditions of the second FT of GFC for the operators IECM) and
GFD DZ‘I?‘) are satisfied. Let us assume that f(s) € C_1(0,00) and
E(s) = I(SM) [X']f(x') € C11(0,00).
Then ®
D) [s] Ity [¥) F(x') = f(x) — Fla).

Proof. Using the first fundamental theorem GFC in the form

/

Dig 1 Iy sl f(s) = f(x),
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which holds for all x > 0, we obtain

DL 18] By Y] F(') = DI [s] Bpg ') (') = D ) Eipgy [¥] (') =
f(x) = fla),

wherex > a > 0. O

Remark 4. The second fundamental theorem GFC does not hold for the operator D[(fj)(] witha > 0,
since Ity [x]1 # 0.

4. Line General Fractional Integral (Line GFI)
4.1. Simple Line in RS |

Let us define concept of simple line in ]R%, 4 of the XY-plane.

Definition 6. Let a line L C R%/ - be described by the function
y=y(x)>0, x€lablCRp, (43)

which is a continuously differentiable function for all x € (a,b) C Rg ., ie., y(x) € Cl(a,b).
Then the line L will be called Y-simple line on the XY plane.

Remark 5. It is possible to weaken the condition of continuous differentiability of the function
y(x) at all points of the interval (a,b), i.e., yV) (x) € C(a,b). We can consider the Y-simple lines,
for which

vV (e —0) # yW(x +0)

for finite number of points x;. € [a, b] with y(xx —0) = y(xx + 0). For example, these conditions
can be used for broken lines (polygonal chains).

If L is Y-simple line, then every line, which is parallel to the y-axis, intersects the line
L at most once for x € [a,b].
Similarly, line L C R%, 4 is called X-simple line on the XY plane, if L can be described
by the function
x = x(y) >0, (44)

which is a continuously differentiable function for y € (c,d) C Rg 4, x(y) € C'(c,d).

Definition 7. The line L in Rg, + 0of the XY plane is called simple line in R%, 4 of the XY plane, if
L is X-simple and Y-simple line.

LetL C R%/ 4 is X-simple line on the XY plane that is described by the single valued
functiony = y(x) for x € [a, b]. If the functions has inverse function, then L is simple line
on the XY plane. It is known that if the function y = f(x) has the derivative f(1)(x) =
df(x)/dx for x € [a,b] such that f(V)(x) > 0 (or f(V(x) < 0) for all x € [a,b], then there
exists an inverse function x = f~1(y) for y € [c,d], where ¢ = y(a) and d = y(b).

Therefore we can formulate the following theorem.

Theorem 7. Let L C Rf , is Y-simple line on the XY plane, where y = y(x) € C'(a,b) and
yW(x) > 0(oryM(x) < 0)forall x € [a,b].

Then there is an inverse function x = x(y) € Cl(c,d), the line L is X-simple line with
y € [c,d], and L is simple line.

Remark 6. In general FVC, we can consider smooth lines on Ry  that consist of lines, which are
simple lines with respect to one of the axes and lines parallel to one of the axes (X, Y, Z).
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4.2. Simple Line in R |

Let us define concepts of simple line in Rg, Iy

Definition 8. Let L C RS/ + be a line that is described by the functions
y=y(x)>0, z=2z(x)>0, x€lab] CRy4, (45)

which are continuously differentiable functions for x € (a,b) C Rg 4, i.e., y(x), z(x) € Cl(a,b).
Then this line will be called Y Z-simple line.

If L is YZ-simple line, then every plane, which is parallel to the YZ-plane, intersects
the line L at most once for [a, b].

Definition 9. The line L is called simple line in Rg, 4 if Lis XY~ , XZ-and Y Z-simple line.

If the derivatives yg(cl) (x)and zg(cl) (x) are nonzero and do not change sign on the interval
x € [a, b], then there exist the inverse functions x = x(y) € C!(c,d) and x = x(z) € Cl(e, f).

The derivatives of the functions x(y) and x(z) are defined by the equations

xy) = % : xﬁl)(y) = <(1)1 ) .
Yx Yx (x) x=x(y)

It is obvious that these derivatives of the functions are nonzero and do not change
sign also.
We can also state that there exist the functions

y=y(z) = y(x(z)) €C'le,f), z=2(y)=z(x(y)) € C'(c,d),

and the derivatives of these functions that are are nonzero and do not change sign.
As a result, we proved the following theorem.

Theorem 8. The Y Z-simple line L C Rg, ., for which the derivatives of the functions y = y(x) and

z = z(x) are nonzero and do not change sign on the interval x € [a, b], is XY-simple, X Z-simple
line, and therefore simple line in Rg, 4

Let L be a simple line in Rg/ " and the lines Lyy, Ly, and Ly, are projections of L on the
XY-, XZ-,YZ planes. Then Ly, Ly, and L, are simple lines in ]R%lJr of the XY-, XZ-,
YZ planes.

Remark 7. The simple line L C Rg/ ., Which connects the points A(a,c,e) and B(b,d, f), can be
defined by three equivalent forms

L={(xyz): x€clab, y=uy(x)ecClab, z==z(x)cClabl}, (46)

L=A{(xyz): yeld, x=x(y)eCled, z=zyecCld} @)

L=A{(xyz): z€lefl, x=x@)eClfl, y=y@eClfl}, (8
wherey(x =a) =c,y(x =b) =d, z(x =a) =e¢,z(x =b) = f.

Remark 8. We can also consider the simple lines, for which the function that are not differentiable
at a finite number of points. These conditions allows us to use for broken lines (polygonal chains).
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4.3. Problems with Definition of Line GFI of Vector Field

Let us consider the Y-simple line L; C R(Z), 4 in the XY-plane that is described by
the equation
y = y(x) €Cla,b],

and the vector field
F(x,y) = exFx(x,y) + eyFy(x,y),

where (x,y) € R%, - Then the standard line (curve) integral of second kind can be defined
by the equation

Al (Px(x,y) dx + Fy(x,y) dy) = '/ab (Fx(x,y(x)) dx + Fy(x,y(x))y(l)(x) dx). (49)
If the X-simple line L, C R , in the XY-plane is described by the equation
x = x(y) € Clc,d,
then the line integral can be defined by the equation
/Lz (Bxyydx + B(xy)dy) = [ ‘ (Eex(), ) x V() dy + B (x(y),y)dy).  (50)
Ify = y(x) € C'(a,b) and y(x) > 0 (or yV(x) < 0) for all x € [a,b]. Then

there is an inverse function x = x(y) € C!(c,d), and the Y-simple line L; is X-simple line.
Therefore the line integral (49) can be represented as (50), and we have the equality

b
| (Bt y) dx + E(x,y(0) v () dx) =

) 1)
| (B =V ) dy + Ey(x(w),y) dy).
This equality is based on the property
d b 1
| Ry = [ R Gy0) v ) ax 2
b d
| Ewydr = [ Eeel), ) 20 ) ay. 53)

Equations (49) and (50) cannot be used to define the line general fractional integral
(line GFI) since property (52) and (53) does not hold for general fractional integrals. In
general fractional calculus, we have the inequality

W B (x)y) # 1 7] (B ey (x) y ™ ()

that has the form
d c
| M@ =) Bx(w),p)dy = [ Male—y) By (x(v), ) dy #

[ M6 =2 By y0) v () [ M) By )y ()

To solve this problem of definition of line GFI, we can use the fact that the line integral
of second kind over simple line can be defined by the equation

/(F(x dx + (v y)dy) = [ F d "F dy. (54
(B + Bloy)dy) = [0 ECoy(dr + [ Ry ydy. 69
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Therefore the line GFl in Ré, - can be defined by the following definition.

Definition 10. Let L be a simple line in Rz 4 of the XY-plane. Let the functions fy(x) :=

Fe(x,y(x)) and gy(y) := F,(x(y),y) belong to thefunctzon space C_1(0,00).
Then line GFI for the line L is defined by the equation

(1", F) = 101 Fe(ry(x) + 108 W) Fy(x(y),y) =
/ob M (b — x) Fy(x,y(x)) dx — /O” My (a — x) Fe(x,y(x)) dx +

/Od My (d —y) Fy(x(y),y)dy — /O M (c —y) Fy(x(y),y) dy.

This line GFI exists, if the kernels (M (x), K1(x)) and (Ma(y), K2(y)) belong to the Luchko
set L.

The proposed approach to define line GFI for lines in ]R%l 4 can be used to define line

GHI for lines in ]Rg, Let L be a simple line in R3 _, which is defined in form (46)-(48), and

the vector field

0+

F(x,y,z) = exFe(x,y,2) + ey Fy(x,y,2z) + e; F:(x,y,2),

where (x,y,z) € ]Rg, +- The standard line integral of second kind over a simple line L in

R?)

0. can be defined by the equation

/L<Fx(x,y,z) dx + Fy(x,y,z)dy + F:(x,y,2) dz) =

b d f (55)
| Bz + [0 Ry z)dy + [ E(xE),y),2)d
The line GFI over a simple line L in ]Rg, 4 can be defined by the equation
(M) _ (M)
I F [x] Ex (x, y (x), 2(x)) +
(. 8) .

(a,b
IR B (), 0, 2() + 107 (¥ Ea(x(2),y(2), 2).

This line GFI exists, if the kernels (M1 (x), K1(x)), (M2(y), K2(y)) and (M3(z), K3(z)) be
long to the Luchko set IL,, and the functions F; (x) := Fy(x,y(x),z(x)) F2(y) := F,(x(v),y,z(y ))
and F53(z) := F.(x(z),y(z),z) belong to the function space C_1(0, c0).

Remark 9. The line integral can also be defined for wide class of lines in Rg, o that are not simple

lines, if the lines L can be split into finite number of simple lines in Rg, - These lines will be called
piecewise simple lines.

4.4. Definition of Line GFI for Vector Field in Rg, "
Let us define some conditions on the vector field. We will assume that the vector field

F = F(x,y,z) = exFe(x,y,2) + eyFy(x,y,z) + e;FE(x,y,2)

on the simple line L C ]RS’ 4 is described by the following functions that belong to the space
C,1 (0, OO)I
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If these conditions are satisfied, then we will write F(x,y,z) € F_1(L).

In the case F € F_;(IR3)), the line general fractional integral for the vector field F
and the line L = AB with endpoints A(ay,ay,a3) and B(by, by, b3) with all by > a; > 0is
defined by the equation

N

E
N
Mw

akb] (k] Fie(xx) =

v WAL () + I[(ff,ii] WE(y) + 1) [2]Fs(z) =
(164 91 = TEhg 1) Pl 0, 2(0) +
(1% ) — 122, 1) Eolxy),y,2(0) +
(121 2] = 1031 2) Eo(x(2), (2), 2) =

/Obl dx My (b — x) Fe(x,y(x),z(x)) — /0011 dx My (ay — x) Fe(x,y(x),z(x)) +
[y Mo ) By ), .200) — [y Mol — ) B x(9),2(0) +

/Obs dz M3(bs — z) F.(x(z),y(z2),z) — /Oa3 dz M3 (a3 — z) F(x(z),y(2), z).

For the proposed definition of a line general fractional integral, the kernels of the
integral operator remain dependent on the difference of variables

My = Mi(by — xi), M = Mi(a — xy),

and the line GFI itself is expressed through the Laplace convolution as a product in the
ring R_;. Using the Laplace convolution, the line GFI can be written as

3

(I(LM)' F) = Z((Mk * Fie) (D) — (Mg Fk)(ﬂk)),

k=1

where by > a; > 0, and
(Mg * Fy)(cx) / dx M(cx — xi) Fe(xx),

where ¢, = ag or ¢ = by with My (xx) € C_10(0,00) and Fi(x;) € C_1(0,00). Using the
property of GFI, we have (Mj * Fy)(cx) € C_1(0,0).
We can consider the variables x; > a; instead of the numbers b;. Then

(1, ) = 3 (M = R (x) — (M = Bo)(an)),

k=1
where x; > a; > 0.
Remark 10. In general FVC, we can consider lines that consist of lines, which are simple lines

and lines parallel to one of the axes (X, Y, Z). As an example of this type of lines, we can consider
polygonal chains (broken lines).

4.5. Line General Fractional Integral for Polygonal Chains

Let us define a line GFI for the polygonal chains. A polygonal chain (broken line)
is a geometric figure consisting of line segments connected in series by their endpoints.
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A polygonal chain L is a sequence of points Ay, Ay, ... , A, that forms the successively
connected line segments [A1, Az], [A2, A3, ..., [Ay—1, Au). The points Ay, Ay, ... , A, are
called the vertices of polygonal chain.

Let us consider the polygonal chain

n—1

L:= J[Ax Acial, (57)
k=1

where the vertices Ay have coordinates (xy, ¥k, zx), such that xi, yi,zx > 0 for all k =
1,2,...,n—1.
For polygonal chain (57), the line GFI is defined by the equations

n—1
M M
1M(x,y,2] = k_zl i, vzl (58)
where ) (M)
(30 ows) = senlon — ) e 0, )+
M M
sgn(vie1 — ye) ey [, [yl + sgn(zien — 2 e 10, [2],
with the signum function
-1 (x<0),
sgn(x) := 0 (x=0), (59)
1 (x>0),

and
(X, Xk1] (X1 > xx),
wWlxg, Xea] = 9 {x} (Xpr1 = Xg), (60)
k1, Xk (g < xp)-
If xp < Xpt1, Yk < Y1, 2k < Zk41, then

(M)

Lagag oy 2 = e I x] + e IS W]+ e M) 1),

(X% Xkt1 Y yeyke 2k zk+1]

If the opposite inequality holds, then a minus sign is put in front of the integral, and
in the interval the numbers are set in ascending order. If equality (x; = Xt41 OF Vi = Yik41
or zx = zp41) holds, then the integral is considered equal to zero.

Let vector field F be defined by the equation

F = F(x,y,z) = exFx(x,y,2) + e,Fy)(x,y,2) + e:F(x,y,2),
where

Fe(x, yx(x), zk(x)), Fy(xx(y), v, zk(y)), Fy(xx(y), v, 2x(y)) € C-1(0,00)

forallk=1,...,n.
Then the line GH for the polygonal chain (broken line) is defined by Equation (58), where

(I%?Akﬂ][x,y,Z]F(x,y,2)> = sgn (i — 1) 10N 3] Bl e (), 2()) +

Xk Xk41
sgn(ier — ye) Lo, W] By (xy), v, 26(y)) +

sgn(zie1 — z¢) [0, 12 Ea(xk(2), v (2), 2),

w(zg 211
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where the functions y = yi(x), x = x¢(y), z = zx(x), x = x¢(2), z = z(y), y = yx(x) are
defined by the equations

X=X _ Y=Y _  Z—Z

- 7
Xk4+1 — Xk Y41 — Yk Zk4+1 — 2k

if the denominators are not zero. For example,

Y41 — Yk (x_xk)

y = + Yk,
Xk+1 — Xk
zZ —Z

z = Hlik(x—xk)ank.
Xk4+1 — Xk

Here "
I 1] Fe(,y(x), 2(x)) =

/f dx My (b — x) Fe(x, y(x), 2(x)) — /O dx My (b — x) Fe(x, y(x), 2(x)),

whereb > a > 0,

1 [ By (x(y), 9, 2(y) =

[y M0 By (), 20)) — [ dy Mot~ x) B x(1),5,2(0),

whered > ¢ > 0,

/OfdzMg(f—x) E(x(2),y(2),2) — /OedzMg(e—x) E(x(2),y(2),2),
where f > ¢ > 0.

4.6. Line GFI for Piecewise Simple Lines

Similarly to the case of a broken line (the polygonal chains), we can define line GFI for
line, which consists of simple lines and lines parallel to the axes.

Let us consider a line L C Rg, 4, which can be divided into several lines L; =
L¢[Ak, Ags1], k =1,...,n that are simple lines or lines parallel to one of the axes:

n—1

L:= (J Li[Ak, Agsa], (61)
k=1

where the line L connects the points Ay (xx, Yk, z¢), and A1 (Xg11, Vi1, Zer1) With xg, v,
zx > 0forallk =1,2,...,n — 1. Lines of this kind will be called the piecewise simple lines.

For piecewise simple line (61) in Rg, ., and the vector field F € F_;(L), the line GFI is
defined by the equation

n—1
(IgM) [x,y, Z] F(x, y,Z)) = Z (IEQ/I{?APA] [x/ y/ Z] F(x/y/ Z))/

where

(M)

(IEX?AI(H][x,y,z] F(x,y,z)) = sgn(xgq — xx) Iw[xk,xkﬂ][x] Fe(x, yi(x), zx(x)) +

s (Wi = Y) Loy ] B Ceew), v, 2(y)) +

sgn(zin — 2) L, 12 B (x(2), wi(2), 2),

wlzgzk 41
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where the functions y = yi(x), x = x¢(y), z = zx(x), x = x¢(2), z = 2x(y), y = yx(x) define
the lines Ly that are simple or parallel to one of the axes.

4.7. General Fractional Circulation for Rectangle

Let us define concepts of general fractional circulation by using the GFC. Note that
these concepts for the kernels
X1
T'(an)’

were proposed in [31] (see also [13], pp. 241-264).
We will consider the piecewise simple line (61), where A, (ay, cn,en) = A1(ag, c1,e1),
i.e., Lis closed line. Let L be the piecewise simple line

My (xy) = hg,(x4n) = (foralln =1,2,3) (62)

n—1
= U L (63)
k=1

where the lines Ly = (Ay, Agy1) with points Ag(ag, c, dy) (agr1 = by, ckr1 = di, exr1 = fx)
are simple that are described as

Ly = {(xy2): xe€lpbl y=ux)eC(0®), z=z(x)eC(0x)}

where the derivatives of the functions y(x), zx(x) are nonzero and do not change sign on
the interval [ag, by] foeallk =1,...,n

The last requirement for derivatives of the functions vy (x), z¢(x) allows us to represent
the line in the form

L= {2 yeladl x=x)ec0w), z=z() e Oo)

Ly = {(x,y,2): z€l[ex fr], x = x(z) €CH0,0), vy = yp(z) € C1(0,00)},

where yi(ax) = ck, yi(b) = di, 2k (ar) = ek, 2k (be) = fi-
Then, we can define the general fractional circulation in the following form

E(LM)(F) = (I(LM)[x,y,z]F(x,y,z)) =

n—1

L (1 ey Fry2) =
2 1) (] Fy (), 2 (x ; [IF, (vely), v, 2(y)) + ”
21&43)[2}5@,{( Z akbk x] Fx (%, yi (%), 25 (%)) +

n—

Zlff;my]a(ka v,2(y)) + zzgk ) [2)E (%(2), v (2), 2).

If you include segments parallel to some axes, then for such segments the integrals
are equal to zero.
As a result, we can formulate the following definition.

Definition 11. A general fractional circulation is a general fractional line integral of the vector
field F € F_1(L) along a piecewise simple closed line L that is defined by
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EMF) = (1 y 2 B y2) = zfj,fzg] B (x, (), 26 (%)) +
(65)

ZI% yIE (xe(v), v, 24(v)) + Zlek ) [EIE: (1(2), e (2), 2),

where a, = ay, by = by, cp = c1,dy = dy, 0 =1, fu = fi.

Example 10. Let us consider the piecewise simple closed line L C ]R%, 4 in XY-plane, which
consists of the simple lines AB, BC, CD, and D A, with the coordinates of the points

Ala,y1(a)),  B(xi(c),c), Cloyi(b)), D(x(d),d),

where
yi(a) = y2(a), y1(b) = y2(b), x1(c) = x2(c), x1(d) = x2(d).
The lines ABC and ADC are Y-simple lines
ABC := {(xv,y): 0<a<x<b, vy =y(x) >0}, (66)
ADC = {(x,y): 0<a<x<b, y=y(x) >0}, (67)

where the functions y1(x) and y,(x) belong to the space C'(a,b), whose derivatives are nonzero
and do not change sign on the interval [a, b).
The lines BAD and BCD are X-simple lines

BAD := {(x,y): 0<c<y<d, x=x(y) >0}, (68)

BCD = {(x,y): 0<c<y<c¢ x=x(y) >0}, (69)

where the functions x1(x) and x5 (x) belong to the space C1(c, d), whose derivatives do not change
sign on the interval [c, d|.
Let us assume that the functions Fy(x,y) and F,(x,y) satisfy the condition

Fe(x,y1(x)), Fx(x,y2(x)) € C_1(0,0), (70)
Fy(x1(y),y), Fy(x(y),y) € C-1(0,00), (71)

Then general fractional circulation along the piecewise simple closed line
L = AB|JBC|JCD| DA
is defined by the equation
M M M M
E(L )(F) = (I(L )[x,y,z] F(x,y,z)) = I£ 1)[x] F + I£ 2)[y] F, =
M M
15 ) Felx 1 () = Tipe ] Fe( ya(x) + 72)
Mp)

I Y1 By (2 (), y) — I8 Iy] Fy (21 (y), y)-

Example 11. Let us consider the piecewise simple line (61), where A, = Ay, i.e., L is closed line.
For example, we consider the line GFI for the rectangle on R3 . with vertices at the points

A(0,0), B(a,0), C(ab), D(0,b). (73)

The sides AB, BC, CD, DA of the rectangle form the line L. For closed line L = ABCD, the

(M)

line GFI operator 1} ™ is written as
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(M) (My) (Mz) (My) (Mz)

7 = exlyp'[x] + eylpc® [y] + exlep [x] + eylp,[y] = 74)
exliy[x] + ey 5 [y] — exlbeV[x] — ey 151 ),
where we used that
16970 = 15 I, Ipgl) = ~ 1 Iyl
For the vector field
F(x,y) = exFx(x,y) + eyFy(x,y),
the line GFI has the form
) -
1M e+ 1My, — 18 (6 B — 102 1y] By,
1) (2] Eo(x,0) + 1042 ] Fy (a,y) - 75)

I[(Ou])[ | Fe(x,b) — [(Oh])[ [F(0y) =
ol 0 (Fe0) = ) + TP b (Blay) — FiOw)).

Example 12. The general fractional circulation for the line L that is rectangle with sides AB, BC,
CD, DA, where the points have coordinates (73), is written as

EM(E) = (1M,F) = 10 1F + 12 ), — 100 [IE — 152 E =
I{yy) [x] e (x,0) + Isz)[y]Fy(ﬂr]/) = Ifyy [x] Fx(x, b) — ( vy W (0,y) = (76)
Iy [¥] (Fx(x, 0) — Fx(x,b)) + 1y, [yl (Fy(a,y) - Fy(O,y)),

As a resul, we get

EME) = [MdxeMi(a ) (F(x,0) - F(xb)) +

b (77)
| avmao =) (Fy(ay) - RO).
For kernels (62), the general fractional circulation (77) has the form
_ IX] 1
EM (B / P Gl (F(x,0) = E(x,b)) +
(78)

/Ob dy% (Fy(a,y) - K0.),

which was proposed in [31] (see also [13], pp. 241-264), where the Riemann-Liuoville fractional
integrals are used. For a1 = ap = 1, we get the standard circulation.

5. General Fractional Gradient Theorem
5.1. General Fractional Gradient

Let us give definitions of a set of scalar fields and a general fractional gradient for Rg, i
Definition 12. Let U(x,y,z) be a scalar field that satisfies the conditions
ka*l) [XTU(x',y,z) € C_1(R3),

Dy WU(x,y,z) € C1(RY),
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D?gs)[z’]ll(x,y,z’) €C_1(R%).
Then the set of such scalar fields will be denoted as C1 | (R3.).

Definition 13. Let U(x,y, z) be a scalar field that belongs to the set C* | (R3.).
Then the general fractional gradient GraclI(/\I,< ) for the region W = RS, o is defined as

(Grad%,l\,() U) (x,y,z) =

€x DE‘IZ)[x/]U(x’,y,z) Tey D?;z)[y’]u(x,y/,z) +e: D (K )[ ZU(x,y,2").
This operator will be called the regional general fractional gradient (regional GF gradient).

Remark 11. The formula defining the operator can be written in compact form. If the scalar field
U(x,y,z) belongs to the function space C1 | (R ), then the general fractional gradient for the

region W = R, is defined as

(Gradg\,() LI) (x,y,z) = (Dl(,{f) ) x,Y,2) ZekD [x"i] F,

where X
Dy = e DI [¥] + e, Dl | ly'] + e DY [2'].

Remark 12. The general fractional gradients can be defined not only for W = R3
regions W C RO ., surfaces S C R3 4 and line L C R3

The gmdzent theorem is very 1mportant for the vector calculus and its generalizations, since
this theorem is actually a fundamental theorem for standard vector calculus for line integral and
gradient, and their generalizations.

In the following sections, we will analyze the differences between regional and line general
fractional gradients to formulate general gradient theorems.

Note that the general fractional gradient for line L C Rg, . allows us to prove the general

vactional gradient theorem for a wider class of lines R3 | and R2
8 0,+ 0,4+

0, but also for

5.2. Difficulties in Generalization of Gradient Theorem

Let L be simple line in R | that is described by the equations y = y(x) and z = z(x)
for x € [a,b]. Since the line is simple, the derivatives of the functions y = y(x) and z = z(x)
are not equal to zero and do not change sign on the interval [g, b]. By definition, the linear
integral of a vector field F € C!(R3)) for the simple line L can be given by the equation

b
‘/L(F,dl‘) = /a Fe(x,y(x),z(x)) dx +

[ By + [ EaG)Lye),2)

The standard gradient theorem is proved by using this definition of the line integral
and the standard chain rule.
For the vector field F = grad U, we have

b
/L(gradu,dr) :/a U,(Cl)(x,y(x),z(x))dx—b—

[ Uy + [ U (e, ),7) b =
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/u“) v,2(y) dy+/ Ul (x(2), y(2),2) dz =
[ (U ey, 200) + U0 ), 20 8 () + U0 (0,200 2 )

Using the standard chain rule

U(x,y(x),z(x)) _ (au(x,y,Z)) N
dx 0x y=y(x),z=2(x)

(BU(x,y,z)> dy(x) n <8U(x,y,z)> dz(x)
dy y=y(x)z=2(x) dx 0z y=y(x)z=2(x) dx

_ [rau(xy(x),z(x)) _
/L(grad u,dr) = /a Ir =

U(b,y(b),z(b)) — U(a,y(a),z(a)) = U(b,d, f) — Ula,ce).

In the fractional calculus and GFC, the standard chain rule is violated.
The line GFI for the simple line of the vector field F is defined by the equation

we get

(12", F) = 103 Wl Fe(y (), 2(2) +
IR (W), y,20) + [ FE(x(2),y(2),2).
For the vector field F = Grad{A) U, where
Fe(x,y,2) = (Gradyy U)x(x,y,2) = D [¥]U(x,y,2),
Fy(x,y,2) = (Gradly) U),(x,y,2) = Dl [y U(x,y,2),

Fy(x,y,z) = (Gradl(,{f) U)y(x,y,z) = Df;s)[z’] U(x,y,7'),

we have
(M) _ (M) Xx 1y !
(6" F) = 1o W (Of WU y) o+
(My) - , , (M3) Z,% !
Lo ) (Dl W UG,y 'Z))x:x<y),z:z<y> + 1oy B (D ) (x'y’Z))":"(z)'y:y(z).

In this case, we should be emphasized that the fundamental theorem of GFC cannot
be used. This fact is based on the following inequalities

(My) % %
Tox) 1 (D 1 UGy, 2) # Loy WD W (UGw2)

y=y(x),z=z(x)

(My) Xk Tt / (M) Xk [t /
w1 (Of WU y2) A (T WD UGy )

which are satisfied if the functions y = y(x), z = z(x) depend on the coordinate x. Similarly,
the fundamental theorem does not hold for other variables.

As aresult, for the regional GF gradient Grad( ) with W = RO ., the general fractional
theorem can be proved only if the line consists of sections parallel to the axes.

5.3. General Fractional Gradient Theorem for Regional GF Gradient

The gradient theorem can be considered as a fundamental theorem of standard calcu-
lus for line integrals and gradients.

Let us consider a line L that consists of line segments that are parallel to the axes. To
prove the general gradient theorem for such a broken line (polygonal chain), it is convenient
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to use the concept of an elementary broken line. We can state that any continuous line L
that consists only of lines parallel to the axes can be represented as a sequence of elementary
lines L.

An elementary broken line is a line consisting of three (no more than three) segments
parallel to different axes. There are 48 such elementary lines, eight of which differ in the
directions of the segments along the axis or against the axis and six different different orders.

I(L],\CA) [x,v,2] := sgn(xpiq1 — xx) ex I(E;A[/:Ichkﬂ] [x] + 79)
M M
sgn(vie1 — ye) ey [, (V] + sgn(zien —z) e 101, [2],

where w]x, x¢, 1] is defined by (60) and sgn(x) is defined by Equation (59).
Let us prove the following general gradient theorem for the regional GF gradient
Grad{y with W = R} ,.

Theorem 9. (General Gradient Theorem for Regional GF Gradient)

Let L be continuous line in Rg, . that consists only of lines parallel to the axes can be represented
as a sequence of elementary lines, for which Ay (a,c,e) is the initial point and D(b,d, f) is the
final point.

Let U(x,y,z) be a scalar field that belongs to the set C' | (R3).

Then the line GFI for the vector field Gradg\/( ) U with W = ]RS, |, satisfies the equation

(I(LM), Gradi(,\[,o U) = U(b,d,f) — U(a,ce).

Proof. For simplicity, we will consider only an elementary line Ly, when moving along
which from the initial point Ay (ay, ¢k, ex) to the final point Dy (by, dy, fi) coordinate values
do not decrease, and with order XYZ. Let the line Ly be represented by the points

Ax(ag, croer),  Bi(brcrex),  Cr(by,disex),  D(by,dx, fr)-
For the vector field F € ]F(ll,L(Ri), for which
Fx(x,ck ex), Fy(bk,y, ex), Fz(by, dy,z) € C_1(0,00),

the line GFI for the elementary line Ly = AyBxCy Dy is defined by the equation

(1", 7) =

I ) Fe(x e er) + Iy @ ) By (b v o) + 1850 2) Eo (b, i, 2) =
) [ Ee(x, e ) + 102D ] By by ) + 100 [2] Ea (b, di, 2).

Let us condider the vector field
F = Gradg,{,o U,
where W = RS, ,,and
F(x,y,z) = DE{I’;) [ U(x,y,z),

Fy(x,y,2) = D{ lyVIU(x,y,2),
E(x,y,z) = Df;s)[z’]ll(x,y,z’).
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Then line GFI for the elementary line Ly = AyB;Cy D is given as

(I(L]}\{A), Gradyv() U) I[(uk bi] [x] DE‘I’;) [xXTU (X, cx, ex) +

1) [y DY [y 1U (b ex) + 10 [2] D 121U (b, i ).

Using the fundamental theorem fo GFC, we obtain
M K
(I(Lk ), GradI(N) U) = (U(bk,ck,ek) — U(ay, ck,ek)) +

U(bg, dy o) — Ulbgcper)) + (Ulbgdy, fi) — Ulbg dyer) ) =

U (b, dr, fr) — U(ak, ck, )

Equations for other elementary lines are proved in a similar way.

Using that any continuous line L that consists only of lines parallel to the axes can
be represented as a sequence of elementary lines Ly, we have that general gradient theo-
rem holds. O

Corollary 2. The line GFI of the vector field F is independent on the path, which is described by the
lines L that consist only of line segments parallel to the axes, if the vector field F can be represented
as the regional GF gradient of a function U(x,y,z) € CL(R3).

5.4. Line General Fractional Gradient in R%, n

The general fractional gradients can be defined not only for the region W = Rg/ +
Using the fact that GFD is integro-differential operator, we can define general fractional
gradients for line L C R3 ,and L C ]R3

Let us define a general fractional gradlent for a simple line on the XY-plane. In this
definition of line general fractional gradient (line GF Gradienr), we can use the fact that
GFD can be represented as a sequential action of a first-order derivative and a general
fractional integral:

]
X% X, % /
Diiey ] = Tiig) ¥] 3

The general fractional vector operators can also be defined as a sequential action of

first-order derivatives and general fractional integrals.

Definition 14. Let L be a simple line in Rf | of the XY-plane, and U(x,y) € FL,  (R3)

which means . )
U (x,y(x) € Ca(0,00), U (x(y),y) € C-a(0,09).
Then the line general fractional gradient for the line L is defined by the equation

Grad® U(x,y) = DX U(x,y) =

ex [ %] ui%)<x’,y<x’>>+ey1{ )[ v ;)<x< Ny =
Xk [ ou(x',y) ou
€x I(Kl)[x] (T)y:y(x’) ( )x x(y)

where the kernels (M (x), K1 (x)) and (M(y), Kz2(y)) belong to the Luchko set L.

We can use the definitions of the line GFI and line GF Gradient to prove the follow-
ing theorem.

Theorem 10. (General Fractional Gradient Theorem for line GF Gradient)
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Let L be a simple line in R, of the XY-plane, which connects the points A(a,b) and B(c,d),

and the scalar field U (x,y) belongs to the set F' | | (R?).
Then, the equality

(I(LM), Grad(LK) U) = U(c,d) — U(a,b)
holds.

Proof. Using that the line GFI of a vector field F for the simple line L C R%, n of the
XY-plane is defined by the equation

(9, F) = 00 Be(y() + 115 By (x(y) ),

we can consider the line GFI of the vector field that is defined by the line general frac-
tional gradient

Ex(xy(x) == (Gradi Ulxy)) = I UL (¢ (),

B (x(y)v) = (Grad Ulxy)) = 1 V1) )y,

Therefore, we can get the line GFI of the line FG Gradient

(I(LM), Grad(LK) U) =

I B WUl (¢ y() + 102 T [y UL (x(r'), o).

Then, we can use the fact that the kernels (M; (x), K1 (x)) and (M2(y), K2(y)) belong
to the Luchko set L. In this case, we have the property

1M 15 W () = (My # (Ko * F)(B) — (M % (K = £)(a) =
((My % K1) % £)(b) = (M % Ky) * f)(a) = ({1} % £)(b) = ({1}  f)(a) =

/Obf(x)dx— /Ouf(x)dx = /abf(x)dx

Similarly, we obtain the equation

1] 12 )5(6) = (1) = (@) — (1}« £)(e) = [ sy

Therefore, we get

T B I UL (6 y () + 0 W 1 1 Uy (), ) =
ux'y) BU (x, y) )
/a ( ox/ )y =y(x') e +/ >x:x(y’) W =

d , bou(x’, oy (x’
[, et [0 i

bdU(x,y(x) ,
/a de = U(c,d) — U(a,b),

where we use the standard gradient theorem.
As a result, we proved the general fractional gradient theorem for the line GF Gradient
with the simple line in R3 . [
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5.5. Line General Fractional Gradient in R(BJ, "

The proposed approach to define line GF Gradien for lines in R%’ ., can be used to
define line GF Gradient for lines in Rg, 4 LetL be a simple line in Rg, L which is defined in
form (46)—(48), and the vector field F(x, y, z) belongs to the sset F* | (L). Then, the line GFI
over a simple line L in ]RS, 4 can be defined by Equation (56). The standard line integral of

second kind over a simple line L in R%I . can be defined by the Equation (55).

Definition 15. Let L be a simple line in Rg/ ., Which is defined in form (46)—(48), and a scalar field
U(x,y, z) satisfies the conditions

oUu(x,y,z)

Uy (x) = U (x,y(x),z(x)) = ( - € C",(0,00),

>y:y<x>,z:z<x>
oUu(x,y,z) )
Y x=x(y),z=z(y)

U3(Z) = ugl)(x(z)/y(z)’z) = (W)x—x(z),y—y(z)

Then the set of such scalar fields U(x, y, z) will be denoted as U(x,y,z) € F",(L).

ta(y) = Uy () v, 2() = ( € C"1(0,%0),

Definition 16. Let L be a simple line in Rg/ ., Which is defined in form (46)—(48), and a scalar field
U(x,y,z) belongs to the set F* | (L).
Then the line general fractional gradient for the line L € RS/ o is defined by the equation

(Grad(®) U)(x,y,2) = (DI U) (x,y,2) = 10U (3, y(x), 2(x)) +

IR (), y,20) + 107 F U (x(2),9(2), 2).

where the pairs of the kernels (M (x),Ki(x)), (Ma(y), K2(y)) and (M3(z), K3(z)) belong to the
Luchko set L.

(80)

Let us prove the general fractional gradient theorem for line GF Gradient with sim-
ple lines.

Theorem 11. (General Fractional Gradient Theorem for Line GF Gradient)

Let L be a simple line in Rg/ ., Which is defined in form (46)—(48), and connects the points
A(a,c,e)and B(b,d, f).

Let U(x,y,z) be a scalar filed that belongs to the set IFELL (R3).

Then, the equality

(I(LM), Grad(LK) U) = Ua,ce) — U(b,d, f)
holds.

Proof. Using that the line GFI of a vector field F for the simple line L C Rg, + is defined by
the equation

(I(LM)’ F) — 1[(%)[3(] Fe(x,y(x),z(x)) +

1 By (x(),y2() + 1R E(x(2),(2), 2),

we can consider the line GFI of the vector field that is defined by the line general frac-
tional gradient

Fe(x,y(x),z(x)) := (Grad(LK) U(x,y,z))x = Izcg)[x’] Ui})(x',y(x’),z(x/)),



Mathematics 2021, 9, 2816 28 of 87

B (x()y2(w)) = (Gradi Ulvy2)) = 10 VU, ),y 2(6))

E(x(z),y(z),z) := (Grad(LK) U(x,y,z))z = I(Zf<*3) 2] Uz(,l)(x(z/),y(z'),z’).
Therefore, we can get the line GFI of the line FG Gradient
(1, Gradi u) = 10 17 UL (), 2(2) +

I U (x (), v 2 () +

I[(A;]S)[ ] 182;)[2’] uz(/l)(x(zl),y(z’),z’).

Then, we can use the fact that the kernels (M (x), Ky (x)), (Ma(y), K2(y)) and (M3(x),
K3(x)) belong to the Luchko set L. In this case, we have the property

1M 2 (] F(x) = (Mg * (Ky * £))(b) — (M * (Ky * f))(a) =

[a,] (Ky)

(My + Ky) # f)(b) = (M1 + Ky) % f)(a) = ({1} * f)(b) — ({1} * f)(a) =

/Obf(x)dx — /Oaf(x)dx = /ahf(x)dx

Similarly, we obtain the equations
d
RV W180) = (1}« 9)@) — (1} x9)(0) = [ s)dy,

MR I TR = ({1} ) (f) = ({1} = h)(e) = /ef h(z) dz.

Therefore, we get

b oU(x',y,z) Bny z) /
oL Y,z) dx' + / LY.z dy’ +
/a ( ox’ )y y(x') z=2(x") ay’ )x:x(y/),z:z(y’) Y

froU(x,y,z) ;L
/e ( oz/ )x:x(z’).y:y(z’) dz =

brou(x',y,z) / brou(x,y',z) ay(x)
/( ox’ )y:y<x'),z:z<x'>dx +/( ay’ >y:y<x'>,z:z<x'> ax T

/Zb<au(x,y,z’))y az(x') gy —

0z’ =y(x'),z=z(x") ox’

bdu(x,y(x)z(x) ,
/a dx dx = U(b,d, f) — U(a,c,e),

where we use the standard gradient theorem.
As a result, we proved the general fractional gradient theorem for the line GF Gradient

with the simple line in ]RS, Lo
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Corollary 3. The line GFI of the vector field F is independent on the path, which is described by the
lines L that consist of simple lines, if the vector field F can be represented as the line GF Gradient of
a function U(x,y,z) € F*,(L).

Remark 13. The general fractional gradient theorem for line GF Gradient can be proves for the
YZ-simple line, which can be considered as a union of XZ-simple lines and XY -simple lines.

6. General Fractional Green Theorem

It is known that the standard Green’s theorem gives the relationship between a line
integral around a simple closed curve dS and a double integral over the plane region S
bounded by 9S. Let us formulate a generalization of the Green’s theorem for the general
fractional vector calculus.

6.1. General Fractional Green Theorem for X and Y Simple Regions
Let us define a simple region on the plane.

Definition 17. Let S be a region in ]R%l 4 of the XY-plane that is bounded above and below by
smooth lines Ly x, Ly,x, and lines Ly y, Ly ,,, which are parallel to the y-axis. We will assume that
the lines Ly x, Ly » are Y-simple lines, which are described by the equations

Lix={(xy): xelabl, y=y(x) =0}

Ly ={(xy): x€labl, y=y(x)=0}

where the functions y1(x) and y3(x) belong to the function space C'(a,b) in the closed domain
[a, b] that is a projection of the region S onto the x-axis, and y(x) > y1(x) forall x € [a, b].
The lines Ly, and Ly y parallel to the Y axis are described as

Liyy={(vy): x=a2>0, 0<yi(a) <y<y(a)},

Ly ={(xy): x=b>0 0<y(b)<y<y(b)}

If the conditions yy(a) = ya(a), y1(b) = ya(b) are satisfied, then the lines Ly, and Ly,
are absent.

Then, such regions S on the plane will be called the Y-simple region (simple area along the
y-axis).

Definition 18. Let S be a region in R%’ - of the XY-plane. The region S € ]R%, o s called simple, if

S is simple along X and Y axes. The region S € ]R%, . is called piecewise simple, if S can be divided
into a finite number of simple regions with respect to these two axes.

Let us consider the vector field

F(x,y) = exe(x,y) + eyFy(x,y),

for the simple region S, where the functions Fy = Fy(x,y) and F, = F,(x,y) satisfy
the conditions

Fe(x,y1(x)), Fx(x,y2(x)) € C_1(0,0), (81)
Fy(x1(y),y), Fy(x2(y),y) € C-1(0,0), (82)

and
Fi(&y), Fy(x,&) € C11(0,00) foreach ¢ € [0,00). (83)

In this case, we will use notation F(x,y) € F' | (S) for S C R3.

Theorem 12. (General Fractional Green’s Theorem for X and Y Simple Region)
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Let S be a Y-simple region in ]R%, . of the XY-plane that can be described as
S={(xy): 0<a<x<b, 0<yi(x)<y<y(x)}, (84)

where y1(x) and y,(x) belong to the space C(a, b).
Let also region S be represented by the union of the finite number of X-simple regions

S= 1 S (85)
k=1
of a finite number X-simple regions
Ski=A{lvy) s 0<xply) Sx<xuy), 0<g<y<d)} (86)

where x1 ;(y) and x; i (y) belong to the space C(a,b) forallk =1,...n.
Let the vector field
F(x,y) = €y Fx(x,y) + ey Fy(x,y),

satisfy the conditions

Fe(x,y1(x)), Fe(x,y2(x)) € C1(0, 00), (87)
Fy(x16(y), y), Fy(x2k(y),y) € C_1(0,00), (88)
and
F(Cy), Fy(x,¢) € Cl,(0,00) foreach ¢ € [0,00). (89)
Then, the equation
15" ) EeCoy) + 15 Ry () = o)
1] (D 1 Ry (xy) — Dl Iy ()
holds.
Proof. Let us consider the Y-simple region S on the XY-plane that is described as
S={(xy): 0<a<x<b 0<yi(x)<y<uy(x)}, (91)

where y1(x) and y,(x) are continuous functions on [a,b]. The boundary L = 9S of this
area can be divided into the lines AB, BC, CD, DA, where the coordinates of the points are
the following:

Ala,y1(a)),  B(b,y1()), C(b,y2(b)), D(a,ya(a)).

The lines AB and CD are Y-simple lines (L1, = AB, Ly, = CD), and BC, DA are lines
parallel to the y-axis
Let us consider the vector field F as a sum of two vectors Fy and F, in the form

F(x,y) = Fx(x,y) + Fy(x,y): Fr = exFe(x,y), Fy = ey Fy(x,y),

where the functions Fx(x, y) and F.(x, y) satisfy conditions (87)—(89).

(1) The line GFI for the vector field F, = ey Fx(x,y) and the line L = 9S is given by

the equation

(11 v Bulow) = G571 B () +

1M (3] Fo(b,y) + 199 (3] Fy(x,y2(x)) + 194 5] Fe(a,y) =

I ] Py, 11 (%)) — T [x] Fe(x, ya () =
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)

®)

O

1 1] (Feen (0) = Fl(xpa(x)),

where we use N (
1M Fe(b,y) = 0, 194V [x] Fe(a,y) =

sincedx = 0forx =band x = a.
Using the second fundamental theorem of GFC in the form

F(xyi(x) = F(xya(x) = =12y Dl ] Ee(x,y),
where we assume that conditions (87) and (89) are satisfied. Then, we obtain
(1 ly) (o)) = —1030 W10 ] Dl ] el y).
As a result, we obtain
(1" v Fa(xy)) = =18 [y) DY, [y] Ex (),

where we use the definition of double GFI by the iterated (repeated) GFI

) (M) (M)
I y] = Tl e Ty ) o ey Y-

Let us consider the vector field F, = e, F;(x,y) and the Y-simple region S on the
XY-plane, which can be described by (85) and (86). Using the similar transformations
and equations for the line GFI for L = 95, we obtain

(12" v, Fy(xy) ) = 3 i(I(Lkz)[x'V]'Fy(x'V)) B

ooy (M) (M) _ (M)
L X Nt W )t B (5¥) = 157 o] D [ By (),

where we use the definition of double GFI by the iterated (repeated) GFI

(M) v M) My)
I y] = k;lglsm [x Y] Z ; ek, dkz [x1k1( )Xz,kz(y)][x}'

Therefore, the Green formula for the vector field F = F; + F, takes the form

(1 vl Feow)) = 181 y] (D W Byoy) = Dig vl Felxy),

if conditions (87)—(89) are satisfied.

Remark 14. Using the proof of the theorem, we see that it is not required to use an approach similar
to the approach that is proposed for the linearly general fractional gradient. WE should also note
that this approach should be used for the general fractional Sokes theorem.

Remark 15. Using the proof, we can see that the general fractional Green’s theorem can be proved
for the region S that is union of finite number of Y-simple regions S; (j = 1,...,m), each of which
can be represented as a union of a finite number of simple regions Si, k =1,...,n.
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6.2. General Fractional Green Theorem for Simple Region
Let us consider a simple region S C R%, . of the XY-plane that can be described as

S:={lxy): 0<a<x<b 0<y(x)<y<py(x)} (92)

S={(xy): 0<xm(y) <x<xm(y), 0<c<y<d)} (93)

where y1(x) and y(x) belong to the space C!(a, b), the derivatives of these functions are
nonzero and do not change sign on the interval [, b]. Then the functions x; (y) and x»(y)
exit, belong to the space C!(c,d), where ¢ = x1(a) = x(a) and d = x1(b) = x,(b). In this
case, we will use notation S € G! (R%/ )

The boundary of the simple region S € G! (R%/ . ) is a piecewise simple closed line dS
in the XY-plane that can be described as the union of two Y-simple lines

08 = {(xy): x€lab], y=pn}U{xy): xelad, y=nx} ©9
or as the union of two X-simple lines:
S :={(x,y): yeled, x=xw}U{xy): veled, x=xy)} 95
For S € G'(R} ), we will consider the vector field
F(x,y) = exFx(x,y) + ey Fy(x,y),

where the functions F, = Fy(x,y) and F, = F,(x, y) satisfy the conditions

Fx(x,y1(x)), Fx(x,y2(x)) € C_1(0,00), (96)
Fy(x1(y),y), Fy(x2(y),y) € C_1(0,00), 97)

and
Fe(&y), Fy(x,&) € CL1(0,00) foreach ¢ € [0,00). (98)

In this case, we will use notation F(x,y) € F_1(S) for S C R3.

Theorem 13. (General Fractional Green’s Theorem for Simple Region)
Let S be a simple region in R%, . of the XY-plane such that S € G! (R%/ ), and the vector field

F[x, y] belongs to the set F1 | (R%).
Then, the equation

1V [ Fe(,y) + L IFy () =
1] (D 1 Ry(xy) — Dl Iy Ee(x, ) (99)
are satisfied.

Proof. Let us consider the piecewise simple closed line 95 C Ré, 4 in XY-plane, which
consists of the simple lines AB, BC, CD and DA,

dS = AB| JBC|JCD| JDA
with the coordinates of the points
A(a/yl(a))r B(xl(c),c), C(b/yl(b))r D(X1(d),d),

where

vi(a) = y2(a), y1(b) = ya(b), x1(c) = x2(c), x1(d) = x2(d).
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The lines ABC and ADC are Y-simple lines
ABC = {(v,y): 0<a<x<b, y=y(x) >0}, (100)

ADC = {(x,y): 0<a<x<b, y=yy(x) >0}, (101)

where the functions y1(x) and y»(x) belong to the space C!(a, b), and derivatives of these
functions are nonzero and do not change sign on the interval [a, b].
The lines BAD and BCD are X-simple lines

BAD := {(x,y): 0<c<y<d, x=x(y) >0}, (102)

BCD = {(x,y): 0<c<y<c¢ x=x(y) >0}, (103)

where the functions x1(x) and x;(x) belong to the space C!(c,d), and derivatives of these
functions do not change sign on the interval [c, d].
Using that the functions Fy(x,y) and F,(x,y) satisfy the condition

Fe(x,y1(x)), Fx(x,y2(x)) € C-1(0, 00), (104)

Fy(x1(y),y), Fy(x(y),y) € C_1(0,0), (105)

the general fractional circulation along the piecewise simple closed line 95 is described by
the equation

(I Fy) = (106)
100 3] Fo(x, 1 () + 19000 [x] Fi (3, y2 (%)) +

1) [y Ey (2 (y),y) + Ioga v By (21 (y),y) =

I ) Pl () — 1002 1] el ya(x) +
s W B ),y) — TAB ] Ry (xay), y) =
T ) FeCeyn () — 10 3] Fe(x,ya () +
IR R(a)y) — 12 W E(ay),y) =

Loy ] (Fe(x i () = Felxpa(x))) +

1091y] (B (o)) — F(a)y) =

(My) (M %
= Tianf 1 (T oy 1 Dl ) B =

1 (
(Ma) 1 ( 1(My) _
10 W) (80 n 1 DI BT B () ) =

M * %
15" y) (D 1R+, y) = Dl Y1 Be(xy),
where we used the second fundamental theorem of general fractional calculus. O

6.3. General Fractional Green Theorem for Rectangle

Let us formulate the general fractional Green’s theorem for the region in the form of
a rectangle.

Theorem 14. (General Fractional Green’s Theorem for Rectangle)
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Let functions F, = Fy(x,y) and F, = F,(x,y) belong to the function space S' | (R?.), and S
is the rectangle
S:={(xy): x€lab], yeld} (107)

and the boundary of S be the closed line 9S. Then

IM B (xy) + I YIF,(xy) =

M ok ,
1%, y) (Dl [y B ') = Dig K1 R (). (108)
Proof. (1) To prove Equation (108), the double fractional integral I éM) [x,y] is written as

the iterated (repeated) fractional integrals and then the fundamental theorems of general
fractional calculus is used.
Let S be the rectangular domain (107) with vertexes in the points

A(a,c), B(bc), C(bd), D(ad).

The sides AB, BC, CD, DA of the rectangular domain (107) form the boundary 95 of S.
For the rectangular region S defined by a < x < b, and ¢ < y < d, the iterated (repeated)
integral is

[ y] = 1y 10 ], (109)
where M) )
I[u,b]l [x] = Ing)[x} - IfMl)[x], I[C,d}z ] = I(sz)[l/] - I(CMZ)M-

(2) To prove the general fractional Green’s formula, we realize the following transfor-
mations

I + LY IE, =

1! B+ IV Ee + L )Ry + 1532 ]y = (110)
fgs! W1F (€)= Ty o) + e WIEb.y) — T (e, y) =

1o 2] (Fel,0) = Bl d)) + 108 [y (Fy (b, y)dy — Fy(ay)).

Let us use the second fundamental theorem of GFC in the from

Fulwe) = Eeld) = = 1 ] DY ) Ex (o), 1)
Fy(by) = Fyay) = 10y [ DE ) Ey (). (112)

Then, expression (110) can be written as

Toa) 1) (10 0 D W ) ) =+ 157 1 (= Ty B D 1 R ) =
I W 1 ] (Dl W B y) = DI ¥ B ) = (113)
18 y) (Dl W1 (e y') = DI K1 R(x,) ),

where we use (109) for the operator I éM) [x,y]. As a result, we obtain the right-hand side of

Equation (108). O
Remark 16. For the kernels

My (x) = hay (x), Ma(y) = hay(y), Ki(x) =h1o,(x), Ka(y) = h1-0,(),
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a general fractional Green’s theorem was proved in [31], where the Riemann-Liuoville fractional
integrals and the Caputo fractional derivatives are used. For a1 = ay = 1, we get the standard
Green'’s theorem.

7. Double and Surface General Fractional Integral, and Flux
7.1. Definition of Double GFI by Iterated (Repeated) GFI

Let us consider a region S in the first quarter of the coordinate plane R?, and assume
that the area S is bounded such that

S:={(xy): 0<a<x<b 0<y(x)<y<wy(x)} (114)

where y = y1(x) and y = y»(x) are continuous functions, and the following two require-
ments are satisfied: (1) the projection of S onto the x-axis is bounded by the two values
x = a and x = b; (2) any line parallel to the Y-axis that passes between these two values
x = a and x = b intersects the line y = y1(x) (and y = y»(x) in the interval (a,b) at no
more than one point. Then the region S will be called the Y-simple domain.

Let us define the double GFI through the iterated (repeated) GFI.

Definition 19. If the function f = f(x,y) € C_1(R2 ) satisfies the condition

J(x) == 150 Wf () € Ca(0,00),

where (My) ) (*
Lo oy W Gy) = IR W f (o) — 1,0 W f (),

and S is the Y-simple domain (114), then the iterated (repeated) GFI of the form

" y] = 1R (115)

is called the double GFI, where
(Mi)rg _ b
Ty ) = T[] = gy [
Using the function
y
F(ry) = By, W1 (y) = [ Moy =y) flxy)ay,

Equation (115) can be written in the form

00yl fey) = [ M=) (Flopa() — Fo () dx -

(116)
| Mia =) (Fea(x) = Fry(x))) d
Example 13. For the rectangular area
S={(xvy): 0<a<x<b, 0<c<y<d} (117)

double GFI (115) has the form

1M y) = 1 10 ). (118)
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If the function f = f(x,y) € C_1(R%,) and a = ¢ = 0, then

My fxy) = Loy 3 1 ) Flxy) =

bl . e (119)
a0 =) Mad —y) fxy) dxay.
Example 14. For the area
S={(xy): 0<x<bh 0<y<gx)} (120)
and the function f = f(x,y) € C_1(IR%,), the double GFI has the form
1y f(vy) = Ty W I W f (v y) =
(121)

borg(x)
/0/0 My (b —x) Ma(g(x) —y) f(x,y) dx dy.

Remark 17. Let us consider double GFI (115) for the function
. y
fxny) = DI WIEy) = [ dy Kaly—v) By,

where D% }<*2) [y'] is the GFD with respect to the variable y with kernel Ky (y) that is associated to the

kernel M (y). Then

" y] () = Ty [ B3 9] DY [V 1Fe ().

For area (120), we obtain

g(x)

Ml y) DY I B, y') = Ty 6 By [ Dl Y] Fe( ') =

I

Iy 5] (Ru(x8(x) — F(x,0)),

where the second fundamental theorem of GFC is used. In the general case, we obtain

M) (Mz) Y,

M) ) _ 1l _
[x, Y] D%Kz)[y] Fe(x,y) = I[a,b] [x] I[yl(x),yz(x)} [y]D(Kz)[y/] Fx(x,y’) =

I
I 2] (Fe(xya(x) = Eelxya(x))),
b
| Mo =) (Felrya(x) = Felrn(x) -
./Oﬂ dx My (a —x) <Fx(X,yz(x)) — Fx(x,yl(X)))/
where y(x) > y1(x) > 0 forall 0 < x < b (instead of a < x < b). Here we assume that
Fe(&,y) € CL1(0,00) forall § € (0,00),

Fe(x,y1(x)), Fe(x,y2(x)) € C_1(0,0).

7.2. Surface General Fractional Integral

The standard surface integral of integer order is a generalization of double integrals to
integration over surfaces. This integral can be considered as the double integral analogue
of the line integral.
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The surface general fractional integral over the surface S in R} . can be defined
through the double general fractional integrals over areas Syz, Sxz, Sxy 1n theYZ, XZ, XY
planes, where these areas are projections of the surface S onto these planes.

Let us consider a two-sided smooth surface S, and fix one of its two sides, which is
equivalent to choosing a certain orientation on the surface. We also assume that the surface
is given by the equation

x = x(y,z) >0,

where the point (y,z) changes in area Sy, in the YZ-plane, bounded by smooth contour
BSyz, and

S:={(vy,z): x=2x(y2)>0 (yz2) € Syz C ]R%,Jr}.

Let us first consider a vector field of the form
Fy := ex Fx(x,y,2). (122)

If the function Fx(x, ¥, z) on the surface S belongs to the function space C_1(R2 ) that is

Fe(x(y,2),y,2) € C_1(R%), (123)

then the surface general fractional integral is defined by the equation

M
(18", F) = 1001y, 2] Ee(x(,2),,2). (124)
Remark 18. If the area S, in the Y Z-plane is given as

Sy: = {(yz): 0<c<y<d 0<z(y)<z<znl)l}

where z = z1(y) and z = z(y) are continuous functions, then the double GFI in Equation (124)
is defined as

160y, 2 Be(x(y,2),y,2) = 107 VI L o W) B (x(0,2), 9, 2).

Similar to vector field (122), we can obtain the surface GFIs for the other two pro-
jections of the surface S on the XZ and YZ planes, and functions Fy(x,y,z), F:(x,y,z) on
the surface S. If, instead of the YZ-plane, we project the surface S onto the XZ-plane or
YZ-plane, then we get two other surface GFI of the second type:

<1§M), Fy) - Iéi\f) [ 2] By (%, y(x,2), 2),

(IéM), Fz) = Iéif) [x, y] E-(x,y,z(x,y)),
where
Fy(x,y(x,2),2) € C_1(Ri), F.(x,y,z(x,y)) € C_l(Ri). (125)

In this case, the surface GFI is defined by projections onto all three planes (YZ, XZ,
XY) in the form

(18, F) = 18y, 2] Fex(r,2),3,2) +

I 2] Fy (0, y(x,2),2) + 100 6y E(x,y,2(x,y),

where conditions (123) and (125) are satisfied.
Let us define a set of piecewise simple surfaces, a set of vector fields on these surfaces
and the surface GFIL.
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Definition 20. Let S be an oriented compact smooth surface in the region
R8/+ ={(x,yz): x>0 y>0, z>0}

Let us choose a side of the surface S.

Let the surface S be represented as the union of a finite number of X-simple surfaces Sx ;, as
well as a finite number of Y-simple surfaces Sx j, and Z-simple surfaces Sz, wherei =1,...,ny,
j=1.nyk=1,...,n;:

Ny y nz
S = U SX,i = U Sy/]‘ = U SZ,k'
k=1 j=1 k=1

Let S;yz, Sjxz/ Sk xy be projections of the surfaces Sx i, Sy,j, Sz x onto the YZ, XZ, XY planes,
which can be described by continuous functions

SX,i = {x = xi(ylz) >0 lf (y,Z) € Si,yz - R(Z)Hr}r

v

Svj = v = vi(n2) 2 0 i (v2) € Sje C BEL),

SZ,k = {Z = Zk(x/y) >0 lf (x/y) € Sk,xy - R%,+}'

Such surfaces S will be called piecewise simple surfaces. The set of such surfaces will be denoted
by P(R3 ).

vV

Definition 21. Let S be a piecewise simple surface (S € P(Rgl +))- Let the vector field
F := ey F(x,y,2) + e, F(x,y,2) + e F:(x,y,2) (126)

on the surface S satisfy the conditions

Fe(xi(y,2),y,2) € C_1(RY), (127)
Fy(x,yi(x,2),2) € C_1(R?%), (128)
E:(x,y,2k(x,y)) € C_1(R?) (129)

foralli=1,...,ny,j=1,...,ny,k=1,..., 1.
The set of such vector fields F on piecewise simple surface S will be denoted by Fg (Rg, L)

Definition 22. Let S be a piecewise simple surface (S € P(Rg/ ) and a vector fields F on this

surface S belongs to the set Fg (Rngr),
Then the surface general fractional vector integral (surface GFI) of the second kind

(M)
Sy=

ny s
M M M
r Ll + ey LI ] + e 11

v, z] + ey Iéi\f) [z,x] + e, Iéi\j) [x,y] =
(130)

for the vector fiels F € Fg (]Rg/ ) is defined by the equation

(M) (M)
(1, F) = Y180 2] il 2) i) +

Y10 2l By (xyi(x,2),2) + Y0 107 5, y] Ea(x,,20(x, ).
k=1 "



Mathematics 2021, 9, 2816

39 of 87

7.3. General Fractional Flux

Let us consider the general fractional flux for simple surfaces.

Definition 23. Let S be an oriented compact smooth simple surface in the region R} . such that
Syz, Sxz, Sxy are the projections of the surface S onto the YZ, XZ, XY planes, which can be
described by continuous functions

={x=x(y2) >0 if (y,2)€S.CRj,},
S={y=y(xz) >0 if (x,z)€5:C R%,Jr},

S={z=z(xy) >0 if (xy)€ Sy CR%,JF}.

Then a general fractional flux of the vector field F € IFS(Rg, ) across the simple surface S is
the surface general fractional integral of the form

q>gM)(F) = (IéM),F) = Iéi\f)[y,z]Fx(x(y,z),y,z)—l— 131)
I 2Ry (2, y(x,2),2) + 100 [y Ea(x,y,2(x,y),

where
Fe(x(y,2),9,2), Fy(x,y(x,2),2), F:(x,y,2(x,y)) € C_1(R3).

Example 15. Let us consider a surface S in the form of the rectangle
S=5,:={(yz): x=0, 0<c<y<d 0<e<z<f}
The general fractional flux of the vector field F across this surface is written as

oM (F) = 18"y, 2] Fe(0,y,2) = 12 ) 10 (2] (0., 2).
Example 16. Let us consider a surface S in the form of boundary OW of the parallelepiped area
W:={{(xy,z): 0<a<x<b 0<c<y<d 0<e<z<f}
The general fractional flux of the vector field
F = e Fi(x,y,2) + e, F)(x,y,z) + e;F(x,y,z)

across the surface S = W is written as

100y, 2 Fe(x,y,2) + 180 [ 2] By (x,y,2) + 10 [y Ex,y,2) =

T W T 1) Fe(b,,2) = T ] T 2] el g, 2) +
T B ) B 2) = ) W I B e d 2) +
ton W b B ) = 0 B 0 ) B,
where M b
Tanhy ] = g ) = Iy bl
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Example 17. For the rectangular area
S:={0<x<a 0<y<b, z=0}, (132)
the general fractional flux of the vector field F across surface (132) is written as

o (F) = 1 [x,y] F.(x,,0) =

11 1Y) [y Fo(x,,0) =
(133)

IEZMl) [x] I?Mz) [y] FZ(x/ y/ O) -

a b
/0 dx/o dy My (a —x) Ma(b —y) F.(x,y,0).
For kernels (62), the general fractional flux (133) for surface (132) has the form
(M) _ /“ /b (a—x)a=1 (b—y)r?

o} F) = d d E.(x,1,0). 134
s (F) o o [(a) T(a) (x,,0) (134)

For wq = ap =1, the general fractional flux (134) for surface (132) is the standard flux

a b
ds(F) = /0 dx/O dy F.(x,y,0). (135)

8. General Fractional Stokes Theorem

The Stokes theorem connects the surface integral with the line integral. The Stokes
theorem generalizes Green theorem from R? to R3. If the surface is a flat region lying in
the plane, then the Stokes equation gives the Green equation.

8.1. Simple Domain on XY-Plane
We recall the definitions of simple domains.

Definition 24. The closed domain Dyy C R%, - on the XY-plane will be called Y-simple domain,
if Dxy can be represented in the form

Dy == {(xy): 0<a<x<b 0<y(x)<y<y(x)},
where y = y1(x), y = ya(x) are continuous functions for x € [a, b].

Similarly, the closed domain Dy, on the XY-plane is called X-simple domain, if Dy,
can be represented as

Dy = {(xy): 0<x(y) <¥<mly), 0<c<y<d),
where x = x1(y), x = x(y) are continuous functions for y € [c, d].

Definition 25. If Dy, is X-simple and Y-simple domain, then Dy, is called the simple domain on
the XY-plane.
The simple domain Dy, C R%, . on the XY-plane can be represented in the form

Dyy == {(x,y): 0<a<x<b, 0<y(x)<y<y(x)},

Dy :=={(xy): 0<xm(y) <x<x(y) 0<c<y<d}

where y1(x), y2(x) € Cla,b] and x1(y), x2(y) € Clc,d], and y1(a) = ya2(a) = ¢, y1(b) =
y2(b) =d, x1(c) = x2(c) = a, x1(d) = x2(d) = b.
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The boundary of a Y-simple closed domain Dy, in R%/ . can be represented as a closed
line Ly, = dDyy consisting of the lines

Lp={(xy): 0<a<x<b, y=y(x) >0},

yl - —

Ly := {(x,y): 0<a<x<b, y=yy(x)>0},
Ly ={(xy): x=a>0 0<y(a) <y<yAa)},
Ly ={(xy): x=b>0 0<y1(b) <y<y(b)}.

To simplify the proofs, we can sometimes use the case, when there are no straight lines
B, By thatis, when y1(a) = y(a) and y1(b) = ya(b).
Similarly, we obtain a representation of the boundary for a X-simple domian D.

~—

8.2. Simple Surface

Let us give a definition of Z-simple surface.

Definition 26. Let S be a smooth oriented surface in R} . that the surface S is described by

the equation
z = z(x,y) >0,

where the function z(x, y) is continuous in the closed domain Dyy (z(x,y) € C(Dxy)), which is a
projection of the surface S onto the XY-plane.

We will assume that is bounded by an oriented closed smooth line L = 9S. The boundary
dDyy, of the domain Dyy is a projection of the line L = dS onto the XY-plane.

Then the surface S will be called the Z-simple surface, if the domain Dy is simple on the

XY-plane.
Definition 27. The surface S will be called the simple surface in ]RS’ 4, if S is simple with respect
tothe X, Y and Z axes.

The simple surface S can be described by the continuous functions

S:={(xyz): x=x(yz2)c€ C(Rﬁ_), (y,z) € Dy, C R%,+}, (136)
S ={(xyz): y=yxz)e C(Ri), (x,2z) € Dy, C R%,+}, (137)
S={{(xyz): z=z(xy)c€ C(Ri), (x,y) € Dyy C Ré,+}, (138)

where the domains Dy, Dxz, Dxy are simple domains in R%/ ., which are projections of the
surface S onto the YZ, XZ, XY planes.

Remark 19. We can consider the Z-simple surfaces S in R}  that can be described as a union of
X-simple surfaces, as well as a union of Y-simple regions.

8.3. Vector Field on Surface

Let us define the properties of the scalar and vector fields in simple domains in R3 4

Definition 28. Let Dy, C R(z),  be a simple closed domain on the XY-plane that can be described
in the forms

Dy = {(x,y): 0<a<x<b 0<yi(x)<y<w(x)},

Dy :={(x,y): 0<x(y) <x<x(y) 0<c<y<d}
where y1(x), y2(x) € Cla, b] and x1(y), x2(y) € Clc,d] .
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Let f(x,y) be a scalar field, which is defined in the simple domain Dy, C ]R%, . on the
XY-plane such that the following conditions are satisfied

fxy(x)), f(x y2(x)) € C24(0, 00),

faly),x), f(x2(y),y) € CL4(0, 00).
Then this property of the field f(x,y) will be denoted as f(x,y) € F";(Dxy).
Let us consider the vector field
F(x,y) = exFe(x,y) + eyFy(x,y)
which is defined in the simple domain Dy, C R%/ - The fact that the field F(x,y) satisfies

the conditions
Fx(x/yl(x))/ Fx(x/yZ(x)) € Czl(0,00),

Fy(x1(y),y),  Fy(x(y),y) € CL4(0,00),
will be denoted as F(x,y) € F"(Dyy).

Let us define the properties of the scalar and vector fields on simple surfaces in R} n

Definition 29. Let S be a simple surface in ]Rg, o that is described by Equations (136)—(138),
and Dyz, Dy, Dyy are simple domains, which are projections of the surface S onto the YZ, XZ,
XY planes.

Let us consider the field f(x,y,z) that is defined on the simple surface S C ]Ra - The fact
that the field f(x,y,z) satisfies the conditions

f(xy,2(x,y)) € FL1(Dyy),

f(x(y,2),y,2) € FL1(Dyz),
fuy(x,2),2) € F24 (Dxz),
will be denoted as f(x,y,z) € F",(S).
Definition 30. Let S be a simple surface in R} . that is described by Equations (136)—(138), and
Dyz, Dxz, Dxy are projections of the surface S onto the YZ, XZ, XY planes.
Let us consider the vector field

F(x,y,z) = exFx(x,y,2z) + eyFy(x,y,2) + e:F.(x,y,z2)

that is defined on the simple surface S C R
The fact that the field F(x,y,z) satzsﬁes the conditions

Ec(x,y,2(x, ), Fy(xy,2(xy)) € FL1(Dy),

Fe(x,y(x,2),2),  E(x,y(x,2),2) € FL;(Dx),
Fy(x(y,2),y,2), E(x(y,2),y,2) € FL1(Dy2),
will be denoted as F(x,y,z) € F"(S).

8.4. General Fractional Vector Integrals over Surface
Let us consider a smooth oriented surface S in RO i which is bounded by an oriented

closed smooth line L = dS. We will assume that S is the simple surface in Ra "y and D,
Dyz, Dyy are simple domains, which are projections of the surface S onto the YZ, XZ,
XY planes.
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Definition 31. The surface GFI opereator over the simple surface S € RS, . 18 defined by the equation

(M)

=)+t 4+l =

D\'Z

where the vectors ny, ny, n; are the normal vector to surfaces Dyz, Dyz, Dyy that are related with
orientation of the closed lines Ly, = 0Dy, Ly = 0Dxz, Lyy = 0Dy, bounding its.

We can use the vectors ey, ey, e; instead of ny, ny, n, if all orientation of the closed
lines Ly; = dDy;, Ly = dDxz, Lyy = 9Dy is positive.

(M )

For the simple domain Dy, the vector operator I}, ’ is defined by the equation

I(D]\f) — e, I(Dj,\f) I(Ml)[ ] (M>) - _ I(MZ)[X] 7(M1)

o] My ) = 78 ea) W ey () o))

where 0 < y1(x) < ya(x) for x € [a,b], and 0 < x1(y) < x2(y) for y € [c,d]. The minus
sign in front of the last expression is due to the relationship between the normal vector of
the surface Dy, and the orientation of the closed contours Ly, = dDyy.

Similarly, we obtain expressions for the simple domains Dy, Dy..

Definition 32. The surface GFI of the vector field F(x,y,z) € F°(S) over the simple surface
Se Rg, . is defined by the equation

(5, F) = 1501y, 2) Fe(x(,2),9,2) +

152 [, 2] By (x,y(x,2),2) + 1o [ y) E(x,y,2(x,0)),
ifny = ey, n, = e, n; = e,

Definition 33. Let S € RS, . be a Z-simple surface that surface can be represented as the union of
X-simple surfaces Sx . and Y-simple surfaces Sy j such that

n m
= JSxx = USvu
k=1 =1

and Dy, x, Dy are projections of Sx x and Sy, on the YZ and XZ planes.
The surface GFI of the vector field F(x,y,z) € FO(S) over this surface S € R | is defined
by the equation

(18", F) = ZI 2 Fe(xe(y,2),y,2) +

8.5. General Fractional Curl Operators
8.5.1. Regional General Fractional Curl Operator

Let us give the definition of general fractional curl operator for R3 n

Definition 34. Let F(x,y,z) be a vector field that belongs to the set C* | (R3.).
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Then the regional general fractional curl (Regional GF Curl) for the region W = RS, 418
defined as

Curl](/{,() F = ey (Curl](/s) F)x + ey (Curl%,{/() F)y + e, (Curl%,\lf) F) ,

A
where

(Curtiy¥) (xy,2) = DI, V1 E-(x.y/.2) = D, 21 Fy(xy.2),

(Curlyy) ¥) (xw,2) = Dig, [F) By, 2') = D W] (' 9,2)

K * %
(Curll(/\/) F>Z(x/ylz) = DEC[,(]) [X/] Fy(x//]/rz) - D;(VKZ) []/] Fx(x/ylrz)
withx, y,z > 0.
Remark 20. If the vector field
3
F(x,y,z) = Y e F(x,y,2)

k=1

belongs to the function space C* | (RS’ ), then the regional general fractional curl operator for the
region W = R3, can be written in the compact form

(Curl%) F)(x,y,z) = {DI(,{,Q,F} = enfumk D?}é’:)[x/n]l:k,
where B
D%/V) = ey D?z)[x’] + ey D{I’(Z)[y’] + e D?};;)[Zl]f

and €1, is Levi-Civita symbol, i.e., it is 1, if (i, ], k) is an even permutation of (1,2,3), 0 if any
index is repeated, and (—1) if it is an odd permutation, and 0 if any index is repeated.

Remark 21. The general fractional curl operator can be defined not only for W = R3, but
also for regions W C R3,, surfaces S C R3 and line L C R3. Note that the surface general
fractional curl operator is used in the general fractional Stokes theorem to be given and proved in
the following sections.

Definition 35. Let F(x,y, z) belong to the space C1 | (R3.).
Then the regional general fractional curl (the regional GF Curl) for the region

W:={(x,y,z): x>a>0, y>c>0, z>e>0}

is defined as

CurlI(/g) F = e, (Curli(/g) F)x + ey (Curl%,\lf) F)y + e, (Curl%,\lf) F) ,

e Curl{) F — D™y F(xy,2) - D[ F,
(Curlly! F) (x,y,2) = DLy E(xy,2) = DL 2] By (20,2,
(Curll(/g) F) (x,y,z) = D[(fj]) (2] Fy(x,y,7') — D[(f;]) [x']F(x',y,2),
(Curl( )F) (x,y,2z) = D(K3)[x’]F (x,y,2z) — D(Kl)[ N1F(x,v,2)
W /y/ [u,x] Yy /]/, [C,]/] ]/ X /]/ /Z

withx, y, z > 0.
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8.5.2. Surface General Fractional Curl Operator
We have given the definition of the regional GF Curl operator. Let us now define the
surface GF operator. In this definition we will use the notations

(i) atemn) = () (o) sy = (B

(DIF,) (2 ) = (22 _ ()

| (D;Fy)(x(y,Z),yIZ): 0z )z:z(x,y)/
(Dalch)(x/y(x,z),z) = (M

p )y:y(x,z), (D;Fz) (x(y,2),y,2) = (aFZ(;;y’Z))x_x(y,z)'

)z:z<x,y>

Let us give a definition of the set F: (R3 ) of vector fields F that are used to define

the surface GF Curl operator (compare with Definition 21 of the set F% (IR3 ) thatis used
in definition of the surface GFI).

Definition 36. Let S be a piecewise simple surface (S € P(R3 ).
Let the vector field

F := exF(x,y,2) + ey Fy(x,y,z) + e FE(x,y,z2). (139)

on the surface S satisfy the conditions
(DIE) (vyj(x,2),2) € Ca(BR),  (DyF:)(x,y,2(x,y)) € C1(R2),

(DLE,) (9, 2(x,y) € Ca(R2), (DIR,)(x(y,2),y,2) € C1(R3),

(D}CFZ)(x,y(x,z),z) € C_1(R?%), (D;FZ)(x(y,z),y,z) € C_1(R?).

foralli=1,...,ny,j=1,...,n,k=1,...,n;
The set of such vector fields F on piecewise simple surface S will be denoted by IF% (Rg, )

Then the surface general fractional curl is defined in the following form. The piecewise
simple surface is defined in Definition 20.

Definition 37. Let S be a piecewise simple surface (S € IP’(RS’ ) and a vector fields F on this

surface S belongs to the set FL (R ).
Then the surface general fractional curl (surface GF Curl) of the vector field F(x,y, z) for the
piecewise simple surface S is defined as

CurléK) F = ey (Curng) F)x + ey (CurléK) F)y + e, (CurléK) F) ,

zZ

where

Ny
(Curng) F)x = ;I(ykz)[y’] (D;,FZ) (xi(v,2),v,2) — I(Zk’;)[z/} (D;Fy)(xi(y,z’),y,z’),

(Curl ) ZIZ* ( Fx)(x,yj(x,z’),z’) - Ig‘k*l)[x’] (D}C,Fz) (x',yj(x',2),2),

(CurtgF) = 21“ 1 (DVE) @y zd ) = 15 ] (DyE) (v o 2 y)

withx, y, z > 0.
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8.6. Difficulties in Generalization of Stokes Theorem
In the standard Stokes theorem, the following equality should be satisfied

B oP(x,y,z) _ 9P(x,y,z2)
/as P(x,y,z)dx = /5<T dx dz dedy). (140)

Equation (140) can be regarded as the Stokes formula for the vector field F = e, P(x, y.z).

Ifs C Rg, , is Z-simple and Y-simple surface that is described by the equation z = z(x, y)
for (x,y) € Dyy C R, and the equation y = y(x, z) for (x,z) € Dy, C Rj |, then

/SQZ(x,y,z)dxdy = /D Q(x,y,z(x,y)) dxdy,

Xy

/SQy(x,y,z) dxdz = /sz Qy(x,y(x,z),z) dx dz,

where Dy, and Dy are the projections of the surface S on the XY and XZ-planes.
The values of the function P(x,y,z) on the line L C ]Rg’ o are equal to the values of the

function P(x,y,z(x,y)) on the line Ly, C Rj |, which is the projection of the line L onto
the XY-plane

fipeaiar = [ Pyt

xy
where L = dS and Ly, = 9dDyy.
Therefore, equality (140) means that

P 7 7 7 d ==
f, Plw )

/ (X, Y,2(%,Y)) 4 r —
s %y

oP(x,y, aP(x, v, ’
/xz(((g;m)z—z(x,y) + (%y'z))z_z(x,y),z(;y}/)) dxdz =

ap(x,y, aP(x,y,
Jo.( % Z))yy<x,z> ez = /Dy( P(i’;yy Z))zzoc,y) ey

Equality (140) is based on the standard chain rule

Q% y,z(xy) _ (BQ(x,yrZ)) n (BQ(XJ/,Z)> 9z(x,y)
ay dy z=z(xy) 0z z=z(xy) ay

(141)

For the fractional derivatives and GFD, the standard chain is violated [3], pp. 97-98.
For the general fractional Stokes theorem, we should have the equality

Lpn W Py, 2) = 30 [ (DR 1Py 2))
’ (142)
M %
oy eyl (DG W 1P(Y.2))

which is a fractional analog of Equation (141), where S is the Z-simple and Y-simple surface.
Identity (142) does not hold in the general case, due to the inequalities

(O WRes) 4 (LD Py a)

z=z(x,Y) z=z(xy)

and

I[(C]/\;I]Z) [v] (Dy’* WP (x, ]/'Z))z:z(x,y) 7 I[(CIE;I]Z) Iyl (P(x, y/'Z))z:z(x,y).
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We can state that we have the equality only if Z-simple surface S is described by
equation z = z(x) for all (x,y) € Dyy. Then the equalities have the form

I[(c],\gf)[]/} (Dy'*[]//}P(x,]//,z>)z:z(x) - (I[(C]};I]Z)MD%*[yl}P(x’yl'Z))z:z(x) N
P(x,d,z(x)) = P(x,¢,z(x)).
and

R0 WP y.) =

z=z(x) N

I[(CZ,\;I}Z)[y}Dyr*[y/] (P(x,y/,z)) e P(x,d,z(x)) — P(x,c,z(x)).

z=z(x

A similar situation for Y-simple surface that is described by the equation y = y(x, z)
with x,z € Dy,.

As a result, for the regional GF curl Curlg,{f ) with W = Rg, - the general fractional

theorem can be proved only if the surface consists of faces parallel to the XY, XZ, YZ planes.

8.7. General Fractional Stokes Theorem for Box without Bottom

Let us consider a box-shaped surface S without a bottom, i.e., a parallelepiped surface
without a bottom face (base). The parallelepiped can be described as

W:={(x,yz): 0<a<x<b 0<c<y<d, 0<e<z<f} (143)
The vertices of the parallelepiped have the coordinates
A(a,ce), Ala,c,f),
B(b,c,e), B'(b,c,f),
C(b,d,e), C'(bd,f),
D(a,d,e), D'(ad,f).
The boundary of this parallelepiped is
oW = S| J ABCD,

where the surface ABCD is a bottom face of the parallelepiped region, the surface S consists
of the following faces

S = Dxy |J Dxz | Dyzs (144)
where
Dy, = A'B'C'D/, (145)
D.. = ABB'A’ | J CDD'C, (146)
D,. = ADD'A’ | J BCC'B’ (147)
without the face ABCD.

The closed line L = 9S, which is the boundary of the surface S in the form of rectangle
ABCD, consists of the segments

L = ABCD = AB|JBC|JCD |J DA. (148)
The surface GFI operator is desribed as

(M)

Ig" = exIp '[y,z] + ey I(DI:? [x,z] + e I(DM) [xy]-

(M) [
Dy. xy
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Then

(18, F) = 1301y, 2) B 2) + 150 (%2 By (xy,2) + 100 [0, ] Eo(x, 1, 2).

To calculate the expression (IgM), CurléK) F), we should consider the following sur-
face GFIs

(IgM),CurléK) F) =
151,21 (Dl W1E: - Dig [Z1F,) +

19" [x, 2] (ng) [2']F - D [xqu) +

Ty b} (D 1Fy = Dl )F ).

Theorem 15. (General fractional Stokes theorem for parallelepiped surface without bottom) Let
S is a smooth oriented surface (144) in RO ., Which is bounded by an oriented closed smooth line
= 0§ that is given by (148), and Dz, Dy, Dy, are domains (145)—(147), which are projections
of the surface S onto the YZ, XZ, XY planes.
Then, for the vector field F(x,y,z) € F' | (S), we have the equation

(15", F) = (", curl(F),

which is the general fractional Stokes equation.
For the surface S in the form of the parallelepiped without a bottom face, the general fractional
Stokes equation has the form

M M; M M
T[] Fe — Tpe' ] Fe + Iéc”[y] B = 1 W B
Proof. (YZ) Let us consider the GFI operator I ,(3]\;?. The surface D, consists of two X-simple
surfaces BCC'B’ and ADD’A’. Therefore, we get

19002 = 12— 1.2,

where we took into account the direction of the normals to the outer surface with respect to
the direction of the basis vector ey.
(YZ1) For the first X-simple surface BCC'B'.

Ieoplv,2) (Dl [y 1E: — Di [Z1E,) =

ooy 2 Dl W1E(b,Y,2) — Itk 2 D [ F by, 2) =

o 1P W] DY ' B b,y 2) = 10 ) 105 (2 D B By by, 2') =
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112 (Eb,d,2) = E(be2) = 1021 (B by, f) = Fby,e) =

lof e Fe(b,d,2) — 108 2 E(b,e,2) — B By, f) + 1 W Fy(by,e) =

I A E(x,y,2) — 1) 2 E(x,y,2) — I9@) [y Fy(x,y,2) + T2 [y Fy(x,9,2).
(YZ2) For the second X-simple surface ADD’A’.

~Lipbaly (D 1R — D [21R) =

I/(QD)D'Af[yr ]D%K )[yl] E:(ay,z) + I%)D,A,[y, ]Df;)[ Z'1F/(a,y,7) =

g L W D W Feay' ) + 1R W 12 D [ By, 2') =

— 120 (E(a,d2) - Eaez) + 10 W (Fay f) - Blaye) =

10 B RGed,2) + 10 RaGaez) + 10 By ) — 15 W Fay,e) =

—Ig\g%)[ |E(x,y,2z) + I&A?)[z] E(x,y,z) + 11(4’132’) Wl Fy(x,y,2) — 1(4% )[y] Fy(x,y,2).

(XZ) Let us consider the GFI operator I, (M )[x z|. The surface Dy, consists of two
Y-simple surfaces ABB’A’ and CDD'C’. Therefore we get

Ig\i) [X,Z] = _II(AABA;/A/ [xlz} + I((j]\[/)?j/c/ [X,Z].

Here we took into account the direction of the normals to the outer surface with

respect to the direction of the basis vector ey. The minus in front of the operator 11(4]\;2;, w

is due to the fact that the normal to the surface is directed in the opposite direction with
respect to the vector e,,.

(XZ1) For the first Y-simple surface ABB'A’.

~ 1wl 2) (D (1P = DI [XIE) =

— Iy w02 DB + i [, 2] DY [XE.) =

— IV I DR [ Ee(x e, 2) + 10 1 [ D R (e 2) =

—I[%]l)[ ] (Fx(x,c,f) - Fx(x,c,e)> + I[( f]) (Fz(b,c,z) - Pz(a,c,z)> =

I Fe(x,y,2) + TV Fe(x,y,2) + I [ Eex,y,2) — 1o [2] Fo(x,, 2).
(XZ2) For the second Y-simple surface CDD'C’.

(M) ,* » B
1 el 2] (D 2R — DI WIE:) =

1ol 2l i 2R = 1800 [ 2 DI [W)E) =

T 109 2 DR ) Ee (v, 7)) — 109 ) T 13 D [+ d,2) ) =

[a,] le.f] (K3) le.f] [a,0]
1 () — i) — ) (02) — i) =

100 [x] Fe(x,y,2) — I90V (] Fe(x,y,2) — I8V 2] E(x,y,2) + 108 [2] Eo(x,y, 2).
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(XY) Let us consider the GFI operator I, (M )[ ,y]. The surface Dy, consists of one
Z-simple surface A'B'C'D’.

50 y] = I9pep oyl
Therefore, we get
Lgoo eyl (D) W1F, = DI 1E:) =
I 108 1) (D VR (¥, y, f) = Dl IRy, ) =
IR 1 13 DY KRy, £) = Ty K 10 ] DY Iy By ) =

12w (By ) = By D) = 1) (B d f) = B(xe f)) =

1M1y By (x,y,2) — T2 ] Fy(x,y,2) — 190 6] Fe(x,y,2) + 100 (] Ee(x,v,2).
(XYZ) As a result, we get

(IgM), CurléK) F) =

IR F - I B — 102y Fy + 102 [y] By +

1Y+ 1M 4 102y R, — 1My E, +

(M3) (M3)

— 1M B+ I B+ 1002 E — 109 [2] F +

A'B!

100 Fe — IS0V ) Fe — IS Ee + T [2] Fo+

102 Fy = 102 Ey — 1903 Fe + 109 (2] F.

Bringing down similar terms, we obtain
(IgM), CurléK) F) =

1M Fe — 1M F + Iy E — 1My F, =
P E o+ 1R = (17, F),

where L = ABCD is the closed line in the XY-plane, which is the boundary L = 95 of the
surface S. O

8.8. General Fractional Stokes Theorem for Surface GF Curl

Let us prove the general fractional Stokes theorem for surface general fractional gradi-
ent, where surface consist of simple surfaces or surfaces parallel to the coordinate planes.

Theorem 16. (General Fractional Stokes Theorem for Surface GF Curl)
LetS C R3 be a simple surface (or a piecewise simple surface S € P(R3 . )), and the vector

field F belongs to the set FL(RG ).
Then, the equation
(15", F) = (™, curl(F)

holds. where Curng) is the surface GF Curl.
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Proof. Let us prove the general Stokes theorem for the vector field F, = eyP(x,y,z). The
general Stokes equations for the vector fields F, = e,F,(x,y,z) and F, = e.F.(x,y,z) are
proved similarly.

LetS C R3 be a Z-simple and Y-simple surface that is described by the equation
z = z(x,y) for (x y) € Dy C RO +,and the equation y = y(x, z) for (x,z) € Dy, C R%,Jr

The values of the function P(x,y, z) on the line L C Rg, , are equal to the values of the
function P(x,y,z(x,y)) on the line Ly, C ]RO 4, which is a projection of the line L onto the
XY-plane,

M M
Iigs 1) [x] P(x,y,2z) = Ingly) [x]P(x,y,z(x,y)),
where L = dS and Ly, = dDyy.
Let us assume that Ly, consists of two Y-simple lines Ly and Lyy2 that are described
by equations y = y1(x) > 0and y = y,(x), where y,(x) > y1(x) > 0. Then
M M M
PGy, 2(xy) = PGy, 2(x) + 10 [P(xy, 2(xy)) =

xy2

ot P,y (60, 25,1 (2))) = 1oy [¥IP (v (3), (2, 2(%)) = (149)
I B (P ya (), 20,1 () = P, ya(%), 2(x,92(x)) ).

Using the fundamental theorem of general fractional calculus, expression (149) can be
written as

1M1 (P, (1), 2631 (3))) = P, ya(x), 2(x,92(x)) ) =
(Ma)

; ) (150)
¥] Ly, (a3 YD iy W1 P2, 23,

(M
i)

Then using the definition of the general fractional derivative and the standard chain
rule for the first-order derivative, we get

— IR M) DY ) Py 2 y)) =

(My) [ (M) ve 1 POy, 2(0y)
=gl My oo W i) ] =5 =

(M) g (M) r dP(x,y,z2) dP(x,y,2) oz(x,y')\
I[ab][]Im(x),yz(x)][y]I(Kz>[y](( 3y ). A Jﬁ( PE )z:z(x,yq ay )~

(M) [ 7 7(M2) v 1 (OPEY)2) _
= Togf B Ty 91 iy Y 3y )Z:Z(x,y,) (151)
_ r(My) (Ma) yx [ M 9z(x,y")
Toa B I o W G W1 (%5 )Z:Z(W,) T (152)

Let us use the property

Ifff Zy)z] Y] iy W IU(Y) = (M2 * (Kp * U))(y2) — (M2 * (Kp * U))(11) =

(Mg * Kp) » U)(y2) — (M2 * Ko) * U)(y1) =
Y2

({1} = U)(ya) — ({1} * U)(w) = /y U(y) dy

1
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for the expression of term (152) in the form

(My) yx o (OP(x, Y, 2) oz(x,y')

T e W e ) (=5, )ZZZW) o 55
/yz(x)(aP(x,y’,z)> 9z(x,y') dy’ (153)
n() 9z Jz=x(vy) Y

Then we can use the equation, which is used in the standard Stokes theorem, ({1} *
U)(z) = (M3 * Kz * U)(z), and the fundamental theorem of GFC in the form

/Fz(x) (BP(x,y’,z)> 0z(x,y")
y1(x) 9z Jz=z(xy) oY
_/Zz(")(ap(x/}/,Z’))

z1(x) 9z Jy=y(xe)

(Ms) 2+ o (OP(x,y,2')
~ 1O B ) (T3 )y:yw/)‘

dy =

iz = (154)

Using (154), expression (152) can be written in the form

_ My [y (M) v o (OP(x,Y,2) oz(x,y') _
Tt B G oo W ) W) (55 Ly o = 59
(M1) (M3) 2x o (OP(x,y,2')
Tagl B 2y 1) B (255 ey
Therefore, for two terms (151) and (152), we obtain the equations
(M) [ 7 7(Ma) v 1o (OP(xY,2) _ (M) (K)
= Tl W B oo W ) ) (=557 ) Ly = To byl (Curld ) (156)
(MO (M) (M) = 1My 2 (Curl(K)F ) (157)
lab] Pz (), 22(0)] ) (Ka) 32 Jyeyewy  Di % s Fx)

for the vector field Fy = eyP(x,y,z).
As a result, we proved the general Stokes theorem for the surface FG Curl and the
vector field Fy = e, P(x,y,z).

(15", Bo) = (18, cun(VE,).

Equations for the remaining components of the vector field F, = e,F,(x,y,z) and
F. = e;F.(x,y,z) are proved similarly. [J

9. General Fractional Gauss Theorem
9.1. Definition of Triple GFI by Iterated GFI

Let us define concept of the Z-simple region W in Rg, 4

Definition 38. Let W be region in R}  that is bounded above and below by smooth surfaces Sy xy,
S1,xy and a lateral surface S, whose generatrices are parallel to the Z-axis. Let surfaces S1,xy, Sz,xy
be described by the equations

z =z1(x,y) >0, z=2z(xy) >0, (158)

where the functions are continuous in the closed domain Wy, that is a projection of the region W
onto the XY-plane, and zy(x,y) > z1(x,y) for all (x,y) € Wy,

Then, the region W will be called the Z-simple region (simple area along the Z-axis). The
region W is called simple, if W is simple along three axes (X, Y, Z). If W can be divided into a finite
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number of such regions with respect to all three axes, then W will be called piecewise simple region
in R3
0,+

Definition 39. Let W C ]R3 be Z-simple domain that is that is bounded above and below by
smooth surfaces Sz vy, S1,xy descrzbed by Equation (158).
Let scalar field f(x,y,z) be satisfy the condition

Fo(xy) = 1) E f(xy,2) € Ca(R2). (159)

Then the triple general fractional integral (triple GFI) is defined by the equation
(M) — M) (M3)
Iy [x,y,2] f(x,y,2) := way [x, Y] I[zl(sx,y),zz(x,y)] 2] f(x,y,2),
where I, (M )[x y] is double GFL

Definition 40. Let W C Rg, + be Z-simple domain that is that is bounded above and below by
smooth surfaces Sy xy, S1,xy described by Equation (158). Let Wy, C ]Ra 4 be projection of W on
the XY-plane such that Wy, is Y-simple region in XY-plane that is bounded by the lines y = y»(x)
and y = y1(x), where y = yo(x) and y = y1(x) are continuous functions on the interval [a, b],
b>a>0andyy(x) > yi(x) >0forall x € [a,b].

Let scalar fiels f(x,y,z) satisfy condition (159) and

(Mz

1) = T an I gy e [ F92) € Coa(0,00). (160)

Then the triple general fractional integral (triple GFI) is defined in the form

M M M M
" e 2) [y 2) = T R ) T e 21 (0 2)

A volume general fractional integral (volume GFI) of a scalar field is a triple general
fractional integral for the Z-simple region W C Ra n

Example 18. Using the parallelepiped
W:={0<x<4 0<y<b 0<z<c},

the volume general fractional integral can be written as

a b c
IévM)[x,y,z]f(x,y,z) = /0 dx./o dy./o dzMj(a—x) Ma(b—y) M3(c—z) f(x,y,2). (161)
For the kernels (62), the general fractional flux (161) has the form
(M) u_x le 1 (b y)az 1 (C_Z)txg—l
102 flxz) = [ dx / dy [z o Ty [ (162)

Forog =ap =a3 =1, Equatzon (162) is gives as

IIEVM)[x,y, f(x,y,2) /// dv f(x,y,z) = /Oadx/obdy/ocdzf(x,y,z), (163)

which is the standard volume integral for the function f(x,y,z).

9.2. General Fractional Divergence

In this section, we give the definition of general fractional divergence for R3 "
Let us define sets of vector fields that will be used in the definition of the regional
general fractional divergence.
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Definition 41. Let F(x,y,z) be a vector field that satisfies the conditions
Dy €C(R}), D) W1E(xy,2) € Ca(RY), Dy [Z]E(xy,2) € Ca(RY).

(K

WIE( )

Then the set of such vector fields will be denoted as Fl—l,Div(Ri)'

We can also consider vector fields F(x, y, z) that belong to the function space C ; (R3).
Definition 42. Let F(x,y, z) be a vector field that satisfies the conditions
Fe(x,y,2), Fy(x,y,2), F.(x,y,2) € Cll(Ri).

Then the set of such vector fields will be denoted as C' | (R3.).

In other words, the condition F(x,v,z) € C!,(R3 ) means that all general fractional
derivatives of all components of the vector field F(x, y,z) with respect to all coordinated
belong to space C_1(R3,).

Let us define the general fractional divergence.

Definition 43. Let F(x,y, z) be a vector field that belongs to the set F{LDZ.U (R%) or F(x,y,z) €
CLL (R,
Then the general fractional divergence Div%,l\; ) for the region W = RS’ o is defined as

Divyy'F = (D{y, F) =

Dl B, 3,2) + D I (xy',2) + D (e y,2).

Remark 22. The formula defining the operator can be written in compact form. If the vector field

3
F(x,y,z) = Y e F(x,y,2)
k=1

belongs to the function space C' | (R3.), then the general fractional divergence for the region
W = R3 is defined as

3
(Divyy F)(x,y,2) = (D, F) = Y D [¥E,
k=1

where )
Dy, = ex D) [x'] + ey D [y'] + ez Dy [2']

Remark 23. The general fractional divergence can be defined not only for W = Rg, L

for regions W C Rg/ 4, surfaces S C Rg/ yand line L C RS/ - Note that the general fractional
divergence for regions W C R3  is used in the general fractional Gausss theorem to be given and

proved in the following sections.

but also

Definition 44. Let F(x,y, z) be a vector field that belongs to the set C1 | (R3.), and the region W
be defined in the form

W:={(x,y,z): x>a>0, y>c>0, z>e>0}.
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Then the general fractional divergence Div%,l\]( ) for the region W is defined as

Diviy'F = (Dfy, F) =

Dyt ¥1E(¥,y,2) + DI IR (x, v, 2) + DY IR (x,y,2),,

9.3. General Fractional Gauss Theorem for Z-Simple Region

The standard Gauss theorem (the Gauss-Ostrogradsky theorem) relates the flux of a
vector field through a closed surface to the divergence of the field in the region enclosed.
The Gauss theorem states that the surface integral of a vector field over a closed surface,
which is the flux through the surface, is equal to the volume integral of the divergence over
the region inside the surface.

Let us define a set of vector field, for which general fractional Gauss theorem will
be formulated.

Definition 45. Let W in ]RS’ 4 be Z-simple region such that W is a piecewise Y-simple and X-
simple region
n m
W= |JWxr = UWy,
k=1 j=1

where Wy . are the X-simple regions that is described by x = xx1(y,2z), x = xk2(y,z) for
Y,z € Dyz, and Wy ; are the Y-simple regions that are described by the functions y = y;1(x,z),

y= yjlz(x,z)for (x,2) € Dys.
Let vector field ¥(x,y, z) satisfy the conditions

Fe(xk2(y,2),9,2), Fe(xk1(y,2),9,2) € C_1(RY),
Fy(x,ng(x,z),z), Fy(x,yjll(x,z),z) € C_l(Ri),
E(x,y,21(x,9)), E:(x,y,22(x,y)) € C_1(RY).

Then the set of such vector fields F will be denoted as F(x,y,z) € F_1(0W).

felx,y,2) = DI W] Eeldy,2) € Ca(RE),

folx,y,2) = D{ Y1 Fy(x,2) € Ca(RE),

fz(x,y,2z) == D‘(Z}:B)[z’] E(x,y,7') € C_1(RE).

Then the set of such vector fields F will be denoted as F(x,y,z) € FL | (R3).
Theorem 17. (General fractional Gauss theorem for Z-simple region)

Let Win Rg, 1 be Z-simple region such that W is a piecewise Y -simple and X-simple region. Let
W is bounded above and below by smooth surfaces Sy vy, S1,xy, which is described by Equation (158),
and a lateral surface S,, whose generatrices are parallel to the Z-axis.

Let the vector field F(x,y, z) belongs to the sets F_1 (W) and F* | (R3.).
Then the general fractional Gauss equation has the from

1" 1% y,2] (Divig F) = (Tow, F)
that can be written as
W,z (D ) (¥, y,2) + Dl 1Ry (x,y,2) + D [ E(x,y,2)) =

180y, 2 Fe(x,,2) + I [yl Fy (v y,2) + 18 [ y] F(x,,2).
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Proof. Let us consider the triple GFI

Iév )[x,]/,Z] = xfy) [x, y] I[(le(Sx),y),zz(x,y)][Z]

for the function
fa(x,y,z) = Df}g)[z’] E(x,y,7') € C_1(0,0),

where F;(x,y,z') € C1,(0,00) for each point (x,y) € Dx.
Using the second fundamental theorem of GFC, we get

(M3) Z,% / AN
Ly o) () A Py F 1 B (3,9, 2) =

2R D 2 E(xy,2) — [ 12 D[] E(xy,7) =

(Exyzxy) - Exy0) - (EEyniy) - Exy,0) =
E(x,y,22(x,y)) — E(x,y,21(x,y)).
If we assume that
E(xy,21(x,y)), E:(x,y,22(x,y)) € C1(RY),
then we get

I‘(NM) [x,v,2] ng)[zl] E(x,y,7) = IévAfy) [x, ] (Fz(x,y,zz(x,y)) - Pz(x,y,zl(x,y))).

Therefore, the triple GFI can be represented through the surface GFIs in the form

1M vy, 2D%, [ Eo(x,y,2') = Iéi‘fcl[x,y]Fz(x,y,z) + Iéfl‘/f) [x, y|F:(x,,2),

XY
where the surface GFIs are represented by the definition in the form

(M) (M)

1 [y E(vy2) = 10y Gy, (),

) [ yE(ny,2) = 1)) ] By, z(xw).

Then, taking into account that the surface GFI oves the surface S, is equati to zero

[y E(x,y,2) = 0,
we obtain ) o
199 1x,y,2 D[] B, 2) = 18 x,] Ex(x,y,2),
where dW = S = 53y, U Sz,xy US: is closed surface that contains the region W inside the
surface dW.

If W is piecewise Y-simple and X-simple region, such that

n m
W= [JWxr = UWy
k=1 j=1
where Wy y are the X-simple regions, and Wy; are the Y-simple regions. Then, we have

n m
Wyz = U Wyz,kz Wy, = U sz,j/
k=1 j=1
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where Wy, and W, are projections of the region W into YZ and XZ planes, Wy,  are pro-
jections of the X-simple region Wx x, and W, ; are projections of the Y-simple region Wy ;.
Then the following equations are proved similarly

Wy 2 DY W B y,2) = Y B [y2] (Be(ia(0,2),,2) = Ex(xia(v,2),0,2)),
k=1 ’

II(NM) [le/zz] D%}(Z)[y/] Fy(x/ylxz) = Z%II(/VA;IZ)’]-[JC/Z] (F]/(x/yj,Z(x/Z)/Z) - Fy(xr]/j,l(xrz)rz)>-
]:

Therefore, we get
M * M
II(N )%, 2] DECI'Q) X' Fe (X, y,z) = Ié My, 2] Fe(x,v,2),
M % M
1yl y, 2] DY [y By (e, 2) = 18 [ y] Fy (1, 2).
Using that general fractional divercence is defined as

Divyv()F = DE‘IZ)[x’] Ee(x,y,z) + D(y};;)[y’] F(x,y,2) + ngs)[z’] E(x,y,7),

we can get the general fractional Gauss equation.
As a result, we derive the equation

1M [x,y,2] (Div%() F) - (Iaw, F)
that can be written as
1 1%, y,2) (D X E(x,,2) + DY W1 B (xy,2) + D [ E(x,y,2)) =

180y, 2] Fe(x,,2) + I [y Fy (v, y,2) + 180 [ y] Fa(x,,2).

O

Remark 24. The general fractional Gauss theorem is proved similarly for region W C R3 o that
can be represented as unions of the Z-simple regions Wy, which are piecewise Y-simple and X-simple
regions in Ry | .

9.4. General Fractional Gauss Theorem for Parallelepiped

The standard Gauss theorem (the Gauss-Ostrogradsky theorem) states the folllwing.
Let W be a region in Rg, . with boundary dW. Then the volume integral of the divergence
of vector field F over W and the surface integral of F over the boundary oW are related by

(. F) = Ly divF. (164)

For the parallelepiped region, a general fractional Gauss theorem can be formulated
in the following form.

Theorem 18. (Fractional Gauss’s Theorem for a Parallelepiped)
Let Fy(x,y,2), Fy(x,y), F:(x,y,z) belong to the function space F* | (R3.), and the region
W C ]Rg’ . has the form of the parallelepiped

W:={(xyz): 0<a<x<b 0<c<y<d 0<e<z<f} (165)



Mathematics 2021, 9, 2816

58 of 87

If the boundary of W be a closed surface S = OW, then
(15 F) = 13" Divyy . (166)

Proof. For Cartesian coordinates, we have the vector field F = Frey + F e, + F;e;, and the
GFI operators

II(NM) = IIEVM) [x,y,2], Ié%) = exla(%) v, z] + eyl(.%) [x,z] + ezl(—%) [x, y]. (167)
Th
. ( M F) I(M) Fe + IM[x,z]E, + 1M [x,y]E 168
oW 7 - []// ] X + sz [x/z] y + Sxy [x/]/] zZr ( )
and 10 Dy — () O E 4 pOLE + pEIE .
WV W [x,y,z]( s [x]Fx + Dg " [y]Fy + Dg[z] z)/ (169)

where S Xy Syz, SyZ are projections of S = dW into XY, XZ, YZ planes.
If W is parallelepiped (165), then GFI operators (167) are

ey z) = 10 10 ) 10, (170)
and
w2l = 11, (171)
w2 = 1Y [ 102, (172)
1 ] = 1 1 ). (173)

Using the fundanental theorem of GFC, we can realize the following transformations

(5w B) = 130 2P+ Igg 2 0By + Igg Lo y)E: =

W E {Fe(by,2) = Beay2)} +
I R 12 { B (xd 2) - Bxez)}h+
I W {E () = E(xye)} =

1M 18] 1M 2] { D [WE( y,2) +

D(yj?z)[y]Fy(x y Z) + D(K )[ ,]Fz(x,y,z’)} =

1" (DR, F) = 1" Diviy F.

This ends the proof of the fractional Gauss’s formula for parallelepiped region. [

10. Equalities for General Fractional Vector Operators and Interpretations
10.1. Equalities for General Fractional Differential Vector Operators

Let us give the basic relations for the differential vector operators of general frac-
tional calculus.

1. For the scalar field U = U(x, y, x), we have

3
. (K *,X 7 *,X
Diviy Gradfy U = Y D) [ D

: )j[x”]-] u. (174)
=1
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5.

Curll® Curl F(x,y,2) = e1ermm D (Kun) (X' m] €npq D ¥y (x,y,2) =

In the general case,

[ "Iu # D u. (175)

(K/) (K; *K)[

This is due to the fact that the general fractional integral and the first-order derivative
(in definitions of GFDs) do not commute

D] = oWl OW) # SR W F() = Dy l¥). 76

For example, in the case of power-law kernels K(x) = hj_,(x), we have [31] the
inequality
(DEos)” # DEoy (177)
As a result, we have the definition of the “scalar” general fractional Laplacian
AU =, Divi®) Gradg, UL (178)
For the vector field F = F(x, y, x), we have

Grady, Divly F = 2 ZemD*x’” m] Dy I [x" ] E. (179)
m=1j=1

The second relation for the scalar field U = U(x, y, z) is

Curlll) Grad ¥ U = e &1 Dii™ [x] D" [x,]U = 0, (180)

where ¢},,,,, is Levi-Civita symbol, i.e., itis 1 if (i, j, k) is an even permutation of (1,2, 3),
(—1) if it is an odd permutation, and 0 if any index is repeated. The fulfillment of
equality (180) is due to the properties of the Levi-Civita symbol.

For the vector field F = e, Fy, it is easy to prove the relation

3 3

DIVE,V) Curl( )F Fx,y,z) = Y ) ngkk) (%" €xim DEkKJf;”) [x"m]Fn(x,y,2) =
k=1m=1 (181)
2 2 exim D xk] Dfxm)[x mlEn(x,y,2) =0,

=1m=1

where we use antisymmetry of ¢y, with respect to [ and m. Equality (181) is also
satisfied by the properties of the Levi-Civita symbol.
There exists a relation for the double curl operator in the form

*,X, ! *Xp .0 (182)
€€ 1mnEnpg D™ (Ko ) [ ] D(Kp)[x plFq(x, Y, 2).
Using the relation
Elmn€lpg = 5mp(5nq - 5mq5np/ (183)
btai
weovm 0 cur® F — crad® Do (K)
Curly,” Curly,” F = Grady,’ Divy,” F — A}’F. (184)

As a result, we have the definition of the “vector” general fractional Laplacian
A( )F = Grad(K) Divl(,{f) F — Curll(,{f) Curl](/Iv() F (185)

that is a generalization of the standard vector Laplacian [69,70].
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In the general case,

D [¥](F()3(x)) # (DI ¥1f(x)) g(x) + £(x) (D ['13(x)).  (186)

For example (see Theorem 15.1 of [1]), if f(x) and g(x) are analytic functions on [a, b]
and the kernel K(x) = h1_,(x), then product rule for the Riemann-Liouville fractional
deirvative has the form

Dhuo+ ¥](£(¥)3(x)) = Lalw ) (Dich €1 () (7(0)),  18)

\MS

where
a(a, ) = F(a+1)
DS T+ D=+ 1)
As a result, we have
Gradyy'(fg) # (Gradiy’ f) g + f (Gradiy'g), (188)
Diviy! (UF) # (Gradjy U) F + U DivjyF. (189)
Curl{®) (UF) " (Grad(K) )F + U CurllVF. (190)

These relations state that we cannot use the standard Leibniz rule (the product rule)
in the general fractional vector calculus.

10.2. Physical Interpretations of General Fractional Differential Vector Operators

The general fractional Grad, Curl, and Div operators (in the Regional, Surface and

Line form) are nonlocal characteristics of scalar and vector fields in non-local media and
continua. Therefore, these characteristics depend on the region, surface and line that are
used in considerations in models of non-local media and systems.

Let us give some basic interpretations of general fractional divergence, gradient and

curl operators.

@

)]

®)

The general fractional gradient specifies the direction of the fastest increase in the
scalar field U(x, y, z) in a nonlocal medium. The length of the vector of the line general
fractional gradient is equal to the rate of increase of this field in this direction, where
this increase takes into account changes in this field at the previous points of the line.
In other words, the general fractional gradient describes the increase of scalar field,
that takes into account all values of all velocities of the highest integer orders (jet)
with some weights [71].

The general fractional curl operators can be interpreted in the following representation.
If the velocity field of a non-local medium is used as a vector field in a region, on
a surface or a line, the Curl operators characterize the rotational component of this
vector field. The regional, surface and line operators Curl characterize the degree
(measure) of non-potentiality of a vector field in nonlocal media and systems. The
equality to zero of the general fractional curl of a vector field in a certain region,
surface or line means the potentiality of the vector field in a nonlocal medium.

The general fractional divergence characterizes the degree (measure) of non-solenoidality
of a vector field in a nonlocal media and systems. The general fractional divergence
in a certain area of space characterizes the amount of a nonlocal medium that arises
or disappears within the considered area per unit time. We can say that the general
fractional divergence of the vector field describes the power of sources and sinks in
a nonlocal medium. The equality to zero of the general fractional divergence in a
certain region of space means the absence of sources and sinks of the vector field in
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a nonlocal medium. In other words, the media or fields in the considered region of
space do not disappear and does not arise.

11. General FVC for Orthogonal Curvilinear Coordinates
11.1. Orthogonal Curvilinear Coordinates (OCC)

Curvilinear system of coordinates, or curvilinear coordinates, is a coordinate system
in the Euclidean space. In standard vector calculus. the curvilinear coordinates are usually
used on a plane (n = 2) and in space (n = 3). For such systems, the coordinate lines may
be curved.

In Euclidean space, the use of orthogonal curvilinear coordinates (OCC) is of particular
importance, since the formulas related look simpler in orthogonal coordinates than in the
general case. The orthogonality can simplify the calculations. The well-known examples of
such curvilinear coordinate systems in three-dimensional Euclidean space are cylindrical
and spherical coordinates.

The curvilinear coordinates (41,42, 43) may be derived from a set of Cartesian coor-
dinates (x, y,z) by using nonlinear coordinate transformations. It should be emphasized
that the violation of the standard chain rule leads to the fact that general fractional vector
operators defined in different coordinate systems (Cartesian, cylindrical and spherical) are
not related to each other by coordinate transformations. Due to this, it is impossible to ob-
tain general fractional vector integral and differential operators in spherical and cylindrical
coordinates by using the coordinate transformation. Therefore, the definitions of general
fractional vector operators should be formulated separately.

The specific form of standard vector differential operators may differ, but these forms
will be equivalent due to the Leibniz (product) rule. For fractional and generalized frac-
tional calculus, the standard Leibniz rule does not hold. Due to this, such forms of notation
cannot be equivalent. In this case, the specific form of the cylindrical and spherical general
fractional operators must be such that the theorems of Green, Stock and Gauss hold.

It is known that the expressions for the gradient, divergence, curl and line, surface
and volume integrals can be directly expressed. For orthogonal curvilinear coordinates
(OCCQ), these integral and differential operators of the vector calculus can be expressed
through the functions:

i = () + (1) + ()’

The positive values H; = H;(q) = H;(q1,92,43), which depend on a point in R , are
called the Lame coefficients or scale factors.
For the cylindrical coordinates g1 = 7, g2 = ¢, 43 = z, the Lame coefficients are

Hi=H =1 Hy=Hy=r, Hy=H, =1,

wherer € [0,00), ¢ € [0,271],z € R.
For the spherical coordinates g1 = 7, g2 = 6, g3 = ¢, the Lame coefficients are

Hy=H, =1 Hy =Hy =r, Hs = Hyp = rsin6,
where r € [0,00), 0 € [0, 7], ¢ € [0,271].

11.2. General Fractional Vector Differential Operators in OCC

In this section, we give only equations that will be used in definitions of the general
fractional gradient, divergence and curl operators in OCC, and their examples for spherical
and cylindrical coordinates. Complete definitions of these operators with function sets for
which these operators are defined will be given in the following sections. In this section,
formulas will be given only for regional GF vector differential operators. Definitions of
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line and surface general fractional gradient, divergence and curl operators in OCC will be
given in the following sections.

11.2.1. General Fractional Grad, Div, Curl in OCC

The regional general fractional gradient for orthogonal curvilinear coordinates (the
GF Gradient in OCC) is expressed in the form

Gradl(,l\f) U=e; (Grady\,() U>1 + e (Gradl(,\lf) U)z + e3 (Gradg,{,q U)3

where .
(Gradyy'u) = () Pl 11U (03,42, 43),
1 *
(Grady\f) U)z = WD?%)[QHU(%‘/Z%)/
1
(Gradyy' ) = iy (0) Dk 31U (@1, 92,93),

where Hy = Hi(q) = Hi(q1,92,93), and e; = eg,, €2 = e,, €3 = e,;, and the function U(q)
belongs to the set C! | (R3).

The regional general fractional divergence in orthogonal curvilinear coordinates (the
GF Divergence in OCC) is expressed in the form

Divyy F = (Diviy'F) + (Divyy F) + (Diviy'F) ,

where
1

- (K) — 1%
(DIVW F)1 = H H3D( (Fl Hj H3 971142/%

1

.. (K) -+ fh*
(wa F)3 = H H3D( (Fs Hi Hp ‘11/’72r‘73

if F(q) = F1(q)e1 + F2(q)ex + F3(9)e3 belong to the space C! | (R3).
The regional general fractional curl in orthogonal curvilinear coordinates (the GF Curl
in OCC) is expressed by the eqations

)
(Divy\/() F)2 = ﬁD?l* (Fz Hq 2) ‘71/’12/‘73
I

Curl%o F=¢e (Curl%) F)l + e (Curli(fv() F>2 + e3 (Curl%) F) ¥

where

(CurllyF) = H21H3 (D% 5] (R Hs ) — D 5] (R ) ),
(Curlly'F)_ = Hst (D sl (R ) — Dl ) (R s ) ),

(Curliy'F) = HllHZ (Dix 5] (B Ha ) — D [ah) (Fu Fy) )-

11.2.2. General Fractional Grad, Div, Curl in Spherical Coorditates

The Cartesian coordinates (x,y,z) and spherical coordinates (r, 6, ¢) are connected by
the equations

= r sin@ cos ¢,
= r sinf sin ¢, (191)
z = rcosb,
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where r € [0, 00) is the length of the radial vector connecting the origin to the point P(x, y, z),
6 € [0, 7] is the polar angle, ¢ € [0,27] is the azimuthal angle. The basic vectors of these
coordinate systems

ex = e sinb cosp + ey cost cosp — ey sing
e, = e sinb sing + ey cost sing + e, cos ¢
e, = e, cosf — egsinf.

Let us emphasize that the violation of the standard chain rule leads to the fact that
general fractional vector operators defined in Cartesian, and spherical coordinate are not
related to each other by coordinate transformations. Because of this, it is impossible to
obtain the fractional vector integral and differential operators in spherical coordinated
by using coordinate transformation (191). Therefore, the definitions of general fractional
vector operators should be formulated separately.

Let us define the regions

Balll = {(r,6,9): re(0,0), 6 (0,7, ¢c(02n]},

BallSHr ={(r,0,9): rel0,00), 6€][0,], ¢ec][02m]}.
We can see that
Ball} ¢ R%+, Ballj, CR},.

We will consider the vector field
F =eF(r,0,¢) + eF(rb ¢) + ey Fy(r,0,¢)

that belongs to F! | (R3).

The general fractional gradient, divergence and curl operators in spherical coordinates
are defined in the following form. For simplicity, we only present the definitions of regional
operators. Linear and surface general fractional operators in spherical coordinates are
defined similarly.

Definition 46. IfF(r,0, ) € C*,(R3.), then the regional general fractional gradient in spherical
coordinates for the region W = Ballgl . is defined as

GradI(/IVQ F(r,0,9) = e, (Grad%) F)r + e (Grad%q F>9 + ey (Grad%) F) J

where X
(Gradg,\,) F)r(r, 0,9) = ng)[r/] E(,0,9)

1 .
(Gradyy’ F) (r,6,9) = — D [01F(r,,9),
(K) _ L @'y /
(Gradw F)q)(r,@,(p) = —— DI 91E(r6,9).

Definition 47. IfF(r,0,¢) € CL|(IR3)), then the regional general fractional divergence in spheri-
cal coordinates for the region W = Ballgl . is defined as

Diviy F = (Divyy F) + (Diviy F) + (Div}y F) K

where

. Loors
(DIVE/\I/Q F)r(rr 9r 90) = ﬁ D(,[(r) [7’/] ((1,/)2 FT (1’/, 9/ (P))
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. 1 * .
(DIV](/I\E) F)e(r, 0,p) = o D?kg)[(?’] (Fg(i’, 0, ) s1n6’),
. (K 1 =
(DIVEN) F) (P(r, 0,p) = P DEPqu) (@] Fp(r,6, ¢").

Let us note the violations of the standard product (Leibniz) rule. For example, we
have the inequality

Dl 6] (Pg(r, 0, ) sin 9’) £

(D?k*g) 0] Fy(r, ¢, (p)) sin® + (Fg(r, o', 9) D |16'] sin 9’).
As a second example
1 s
2001 (0PR(.0.9) #
D' [Y1E(r,0,9) + = Fo(r,6,9)
(Kr) r 7 rq) r o\’ /47 .

Definition 48. If F(r,0,¢) € C,(R3), then the regional general fractional curl operator in
spherical coordinates for the region W = Ballgl  is defined as

Curl](/{,() F = ¢ (Curl%,{f) F)r + ey (Curll(/l\/() F)G + ey (Curll(,l\;) F) ,

9
where
(K) _ 1 0 g / AN 1 Qx 1 /
(Curlw F)r(r,G, 9) = —— D |16 (F(P(V,G,(p) sin ) — DI (@1 Fy(r,0,9'),
(K) I R 1,
(CurlW F)e(r,G, @) = ey (K(P)[go’] E(r,0,¢") — ?DEKV)V/] (rFq,(r/,G, cp)),

1 [ 1 *
(Curlg\;) F) (P(r, 9/ (P) = ; D(,Ky) [7‘/] (7’ F9 (7/, 9! q))) - ; D?}(G) [9/} Ff’ (7, 9// 4’)

11.2.3. General Fractional Grad, Div, Curl in Cylindrical Coorditates

The Cartesian and cylindrical coordinates

X= rCosQ
y= rsing (192)
z= z

where r € [0,00), ¢ € [0,271], and z € [0, 00). The basic vectors of these coordinate systems

ex = € CosQ — ey sin @
e, = e sing + ey Cos @
e, = e;.

Note that it is impossible to obtain the fractional vector integral and differential
operators in cylindrical coordinated by using coordinate transformation (192). Therefore,
the definitions of general fractional vector operators should be formulated separately.
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Let us define the regions
Cylinderi ={(r,¢,z): re(0,00), @€ (0,2n], ze(0infty)},
Cylindera+ = {(r,9,z): ref0,0), ¢@ecl02n], zecl0infty)}.
We can see that
Cylinderi C R34, Cylinderg, L C Rg, 4
Let us consider the vector field
F =eF(r,¢z) + eyFyp(r,9,2) + e;Fy(r,¢,2)

that belongs to F! | (R3)

The general fractional gradient, divergence and curl operators in cylindrical coordi-
nates are defined in the following form. For simplicity, we give definitions of regional
operators. Linear and surface general fractional operators in cylindrical coordinates are
defined similarly.

Definition 49. IfF(r, ¢,z) € C*|(R3.), then the regional general fractional gradient in cylindri-
cal coordinates for the region W = Cylindergl o is defined as

Gradgf) F(r,¢,z) = e (Gradl(,l\;) F)r + ey (Grad%,\[f) F)(p + e, (Grad%,\[,() F) ,

z

where ()
(Gradw F) (r,¢,2) = D\ [F1F(r, 9,2)

(Grad ) r,¢,2) DE” )[ @' F(r,¢',2),
(Grad( )F> (r,¢,z) = Df *)[ Z'|F(r,9,7).

Definition 50. IfF(r, ¢,z) € CL(IR3)), then the regional general fractional divergence in cylin-
drical coordinates for the region W = Cylindergl o is defined as

DiviyF = (Diviy'F) + (Div}y F)(P + (Diviy F)

z

where 1
(DM F) (rg2) = 1 Df 1Y) (VB 0,2)
. (K) R N /
(wa F)(P(r, @,z) = p D(Kfp)[go]F(P(r,(p,Z),
(Div%f,()F)z(r,qo,z) - D( NEE(r9,2).
We should note that

1 ¥ " 1
— DE’KV)[;/] (r/ Fr(i’/, q),z)) * Dzk,)[r/] Fr(r/, go,z) + ;Fr(r, QD,Z)

r

since the standard Leibniz rule does not hold for fractional derivatives of non-integer order
and for general fractional derivatives.
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Definition 51. If F(r, ¢,z) € CL (R3)), then the regional general fractional curl operator in
cylindrical coordinates for the region W = Cylindergr . is defined as

Curl](/{f) F =e (Curlg\f) F)r + ey (Curly\,() F)(P + e, (Curlg\f) F) ,

z

where
1 * Z,%
(Curliy'F) (r.p,2) = ;DI | [9/] E:(r¢',2) — D[] Exlr,9,2),

(CutlyF) (r,9,2) = DI, [F1F(r,9.2) = DR [/ E(, ,2),

1 v, % 1 %k
(Curly\;) F)Z(r, P,z) = - D(K,) [7'] (r’ Fq)(l’/, (p,z)) - DEPK(p) [¢'| F(r, ¢, 2).

11.3. General Fractional Integral Operators in OCC
11.3.1. GF1in OCC

The following GGI operators can be used to define the line, surface and volume
general fractional integrals in orthogonal curvilinear coordinates (the GF integrals in OCC).

Definition 52. Let f(q) = f(4q1,92,93) be function in Rg/  that satisfies the conditions
Hi(q1,a,b) f(q1,4,b) € C_1(0,00),

Hy(a,q2,b) f(a,q2,b) € C_1(0,00),
H3 (ﬂ, b/ QS) f(ﬂ, b/ ‘]3) S C—l (O/ OO),
foralla, b > 0.
Then the set of such functions is denoted by Cpy 1 (R3).
Let function f(q) = f(q1,92,93) belong to the set Cyy 1 (R%). For the orthogonal
curvilinear coordinate gy (k = 1,2, 3), the GFI operators are defined as

oo 6] £@) = Tyl (Fi@) F@) = [ Mo = a) F(0) Hia)det, (199)

and

— —_ —

100 o [a6] £(2) = 15 L) £@) = 1%, lai] £(a),
where notations (193) means the following

—

)91 (01 92,05) = 10 1) (1 (01,02, 05) £(d,92,93)) =

q1
/O Mi(q1 — 41) £(q1,92,93) H1(q}, 92, 93) dq},
135 F(@uah,05) = 103, [0) (Haq1, 05, 05) £ (91,94, 03) ) =
q2
/O Ma(q2 — 43) f(91,95,93) Ha(q1, 95, 93) 493,
—

T 03] (a1, 02,08) = 1ay [95) ( Ha(q1,02,05) F(q1,02,05)) =

q3
/O Ms(q3 — q3) £ (91,92, 95) H3(q1, 92, 95) dq3.
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11.3.2. GFl in Spherical Coordinates

To define the line spherical GFI, we can use the following GFI operators.
(1) The radial GFI operator

TV 5(8,9) i= Ty )7 708 0)) = [ Mot =) £, ) o'

(2) The polar GFI operator

B,[0150,9) = 1,10 (r1(r,0',9))

0 0
/ Mo(6—0) F(r, 0, @) rd0 = r / Mo(6—8') f(r,6', ) de.
0 0
(3) The azimuthal GFI operator
/q)\

1) [91£(r,0,¢") = 18, [¢'] (rsin6 f(r,6,¢')) =

[ ¢
/0 My(¢—¢') f(r,0,¢")r sinbdg’ = r sinf /0 My(p —¢') f(r,0,¢")dg’.

We can define the operators on the positive intervals

Lo (1 £(7,6,9) = T [P £(7,8,9) — 15, [ £(,6,9)

forrg > 0. Forrg =r; > 0,r = ry, we have

—

M) 1 F(7,0,0) = 1, [P F(7,0,9) — T4y [ £(,0,9).

Integrals with respect to other variables are defined in a similar way.

Mo 01 (0, 9) = I3, 0] F(r, 0, @) — 150,10 £, 6/, ).

To'o 101 f(r,6,9) = I3 161 (1,6, 9) — I} [0 (1,6, 9),
and -
M —_— —_—
Lo @) £(r,0,0') = I, [] fr,0,9") = 105 191 £(1,6,9)).
/]VI\ — —_—
o g1 fr0,9") = I (91 F(1,0,¢') — 1y (@) £(r,6,9).
For intervals rp, 8p = 0, and ¢ = 0, we define
M) e (Mg . 10 My
Loy ] = T[] Tgel'10] o= 10, (0], I 0 1] = I?’M¢)[¢/].

11.3.3. GFl in Cylindrical Coordinates

Let us define the cylindrical GFI, we can use the following GFI operators.
(1) Iff(r) € C_1(0,00), then

and
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T

/ * My(ry— 1) F(r) dr — | Mot =n) £y,

—

where r, > r; > 0, and I[(é\f;]) [r] := I(?wr)[r] f(r).

(2) If f(¢) € C_1(0,00), then

—

)01 £(0) = 16, 191 (r£(9) =

" Mol = ¢ ftordg’ =1 [ Moo~ o) (o) o,

and .
( Mgo) — —

Lpno @1 f(9) =105 (9] f(9) =TTy \ (9] f(9),

if 0 < @1 < @2 < 27 and

Lo 0] f(9) i= 1% o) £(0).

(3) If f(z) € C_1(0,00), then

17 = [ Mz =) £ e
and . - -
M Ef@) = Ty 2 £2) — T 2] £(2),
if z; > 0and

1) flz) = 12, [ £(2),

11.4. General Fractional Operators in Curvilinear Coordinates
11.4.1. Definition of Line GFI for Vector Field in OCC

Let us define the line GFI in orthogonal curvilinear coordinates (OCC) in R(z), , of the

Q1Q7-plane.

Definition 53. Let L be a simple line in Ré, 4 of the Q1Qo-plane. Let the functions

filq1) == Hi(qu,y(q1) Fi(q1,¥(q1)),  f2(92) := Ha(x(q2),q2) F2(x(q2),92)

belong to the set C_1(0, o).
Then line GFI for the line L is defined by the equation

(T, F) = 1] ) + 108 (92] fola) =
I(Ml)
b

o ] F (a1, v(a1) Fi (91, y(00)) + 10 192] Ha(x(02), 42) Fy ((42), 2)-

(194)

Line GFI (194) exists, if the kernel pairs (M1(q1),K1(q1)) and (Ma(g2), K2(q2)) belong to

the Luchko set L.

Let us define the line GFI in orthogonal curvilinear coordinates (OCC) in RS, , of the
Q1Q2Q3-space. To give this definition, we will describe conditions on the vector field

F(q1,92,93). We will assume that the vector field

F = F(q) = e1F1(91,92,93) + e2F2(q91,92,93) + e3F3(q91,92,93)
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on the simple line L C RS, . is described by the following functions that belong to the space
C -1 (0, OO)Z

fi(q1) == Hi(q1,¥(91),2(91)) Fi(q91,¥(91),2(91)) € C-1(0,00),

f2(q2) == Ha(x(q2),92,2(92)) F2(x(92),92,2(42)) € C_1(0,00),

f3(q3) == Hz(x(g3),(q3),q3) F3(x(q3),y(q3),93) € C-1(0, 00).

If these conditions are satisfied, then we will write F(q) € Fy _1(L).

In the case F € Fy _1(R3), the line general fractional integral for the vector field F
and the line L = AB with endpoints A(ay,ay,a3) and B(by, by, b3) with all by > a; > 0is
defined by the equation

3
(T, F) = Y 10%) [ flaw) =
k=1

1) [l fi(a1) + 102) [ga] folg2) + 100 (3] fa(a5) =

8§
[(M1)

() an) (a0, y(a0), 2(30)) Fr (0, 9(0), 2(01)) + (199)

1) 92] Ha(x(9), 92,2(q2)) Fa(x(93), 02, 2(42)) +

I[(,fff,i] [931H3(x(q3),¥(43), 43) F3(x(q3), ¥ (43), 43)-

Using the Laplace convolution, the line GFI can be written as

(1, F) = 32 (M » o0 — (M + ) (a0),

k=1

where by > a; > 0, and

Ck
(M * fi) (k) = /o dai M(ck — qx) fe(qx),
where ¢ = ay or ¢ = by with My (gx) € C_1,(0,00) and fi(qx) € C_1(0, 00).

11.4.2. Line GFI for Piecewise Simple Lines in OCC

Let us consider a line L C ]RS, 4, which can be divided into several lines Ly =
Lg[Ak, Axi1], k= 1,...,n that are simple lines or lines parallel to one of the axes:

n—1

L:= |J LAk, Axsal, (196)
k=1

where the line L; connects the points Ay (xk, Yk, z¢), and Ag1(Xg11, YVir1, Zer1) with xg, v,
zx > 0forallk =1,2,...,n — 1. Lines of this kind will be called the piecewise simple lines.

For piecewise simple line (196) in OCC of ]RS, +,and the vector field F € F_;(L), the
line GFl is defined by the equation

n—1

(M M

(I(L )[171/ 172/‘13]/ F(‘hz q2, %)) = Z (IEAk?AkJrl} [‘71/ q2, l73]/ F(qlquI ‘73)),
k=1

where )
(I[Ak,AkH][‘il/qz/fB]r F(‘hﬂzﬂia)) =

s — aue) o ) Ha (0, ve(1), 2¢(31)) a0, y(@n), z6(0)) +
I(MZ)

w[g2 k2,541

sgn(q24+1 — q2,k) [92] Ha(xx(q2), 92, 2(q2)) Fa(xx(q2), 92, 2 (q2)) +
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sgn(q3k+1 — 43) I%z,)k,%m 93] Ha(xk(q3), Y5 (93), 43) F3(xk(q3), yx(93), 43),

where the functions y = yi (1), x = x¢(92), 2 = z(q1), x = x¢(93), 2 = z(42), ¥y = Yy (1)
define the lines Ly that are simple or parallel to one of the axes of OCC.

11.4.3. Regional GF Gradient in OCC

Let us give definitions of a set of scalar fields and a general fractional gradient in OCC
for R3 4

Definition 54. Let U(q) = U(q1,492,93) be a scalar field that satisfies the conditions
D?;él*) [9/1]11(17/1/112, q3) € C,l(]Ri),

D?IZ{:) [7,]U(q1,9'5,93) € C_1(R%),
D??é;) [q'31U(q1,92,9'3) € C_1(R%).

Then the set of such scalar fields U (q) = U(q1, 92, q3) will be denoted as C' | (R3,).

Definition 55. Let U(q) = U(q1, 92, q3) be a scalar field that belongs to the set C1 | (R3.).

Then the general fractional gradient Grad%,IV( ) in OCC for the region W = ]Rg, o s defined as

1 *
(Gradg\,() U) (x,y,2) = e Hl(q)D?Iz’l)[x’]ll(q’l,qz,%) +

Q2% q3,*

1 / / 1 , .
F(q) Dk WU @1 0203) + &3 s D [ 1U (1 02,4'5)

€2

This operator will be called the regional general fractional gradient (regional GF gradient)
in OCC.

11.4.4. Line GF Gradient in OCC for ]R%, .

The general fractional gradients (Line GF Gradient) in OCC can be defined not only for
the region W = ]Rg, - Using the fact that GFD is integro-differential operator, we can define

GF Gradients for line L C R3 yand L C R3 - The general fractional vector operators can
be defined as a sequential action of first-order derivatives and general fractional integrals.

Definition 56. Let L be a simple line in R | of the Q1Qy-plane, and U(q1,q2) € FL, | (R3)
that means

ul (q1,y(q1)) € C1(0,00), UY (x(q2),q1) € C_1(0,0).

Then, the line general fractional gradient in OCC (Line GF Gradient in OCC) for the line L is
defined by the equation

Grad(" U(qu, ) :=
1 % 1 1 Sk 1
1 0y i 191 Uy (' yd') + e2 g s o ) uD (x(q'5), ) =

1 " oU(q'y, 92) 1 * oU(q1,9'5)
I 1 + T 2 ,
“UHi (q1,92) <1l ( 99’ )qz:y(q’l) 2 Hy(q1,492) (<172 ( 99’y >q1:x(q/z)

where the kernels (M1 (q1),K1(q1)) and (Mz(q2),K2(q1)) belong to the Luchko set L.

We can use the definitions of the line GFI and line GF Gradient in OCC to prove the
following theorem.

Theorem 19. (General Fractional Gradient Theorem for line GF Gradient for R%/ )
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Let L be a simple line in R%/ + of the Q1Qx-plane, which connects the points A(a,b) and

B(c,d), and the scalar field U(q1, q2) belongs to the set FL, | (R%).

Then, the equality
(11", Grad(") u) = u(c,d) - U(a,b)

holds, whereb > a > 0andd > ¢ > 0.

11.4.5. Theorem for Line GF Gradient in OCC of Rg, n
In the theorem we will use the following definitions.

Definition 57. Let L C Rg, o bealinein OCC that is described by the functions
2=y(q1) =0, g3=2(q1) =0, 41 €[ab] CRyy, (197)

which are continuously differentiable functions for q € (a,b) C Ro 4, ie., y(q1), z(q1) €
C'(a,b). Then this line will be called Q2 Q3-simple line. The line L is called simple line in OCC of

]Rgﬂr, if Lis Q1Q7-, Q1Q3- and Q2 Q3-simple line.
3 in OCC, which connects the points A(a,c,e)

Let us consider a simple line L C Ry |
and B(b,d, f), and can be described by following equivalent forms
= y(q) € C'la,b], g3 = z(q1) € C'[a, b]}, (198)

73 = z(q2) € C'le,d]}, (199)

L ={(q1,92.93): q3¢€lefl, 72 = y(q3) € C'[e, f]}, (200)

wherey(g1 =a) =c,y(l1 =b) =d, z(g1 =4a) =e,z(q1 =b) = f.
3, which is defined in form (198)—(200), and a scalar

0,4

q1 € ab], g

L = {(q1,92,93)
= x(q2) € Cl[c,d},

@ €Eled, =

L = {(91,92,93) :
71 = x(Q3) € Clle, f],

Definition 58. Let L be a simple line in R

field U(q1, 92, 93) satisfies the conditions
() = U (o) 2(0) = (BB e o),

a(v) = U (et p2) = (FEEDL) o),
u(x(a) pi)z) = (B e o,m)

U3 (Z) =
Then the set of such scalar fields U(q1, 42, q3) will be denoted as U(q1,q2,93) € F",(L).
3, which is defined in form (198)—(200), and a scalar

Definition 59. Let L be a simple line in Ry .,
L

field U(q1, g2, q3) belongs to the set F* | (L).
Then the line general fractional gradient for the line L € Rg, o s defined by the equation
M 1
o ) ut g1, y(an),2(91) +
(201)

1
(Gfad(LK) U) (91,92, 93) (D(LM) U) (91,92,93) = )
) g US (x(43), ¥ (9), 93).

L)y 1
Fo(q) Jled [92) Uy " (x(q2), 92, 2(q2)) + i (q) Lot
where the pairs of the kernels (Mg (qx), K(qx)), (k = 1,2,3) belong to the Luchko set L.

For OCC, the general fractional gradient theorem for the line GF Gradient is fomulated

for simple lines in the form.
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Theorem 20. (General Fractional Gradient Theorem for OCC and Line GF Gradient)

Let L be a simple line in OCC for ]RO ., Which is described in form (198)—(200), and connects
the points A(a,c,e) and B(b,d, f).

Let U(q1,q2,93) be a scalar filed that belongs to the set Fl_LL (R%).
Then, the equality

(i, Grad(®) U) = U(a,c.e) — Ub,4,f)
holds.

Proof. Using that the line GFI of a vector field F for the simple line L C Rg,  is defined by
the equation

(T, F) = 105 ] Ha (a0, (1), 2(00) Fian, (), 2(90)) +

1) (2] Ha(x(02), 42, 2(42)) Fa(¥(02), 42, 2(42)) +

105 [95] Ha(¥(05), 4(43), 43) B3 (x(5), y(43), 43),

we can consider the line GFI of the vector field that is defined by the line general fract-
ional gradient

Fi(quy(g1),2() = (Grad(®) Ulq1,92.95)), =

Hl(’hz]/(;),z(‘h)) ?11<1*) [ Uy )(q’l,y(q’l),z(q’l)),

E(x(02), 92,2(q2)) += (Gradi Uq1,02,95)) =

Hz(x(lh),lqz,z(qz)) ?Iiz*) 7' 2] uy )( (42),'22(q'5)),

F3(x(93),y(93),93) = (Gradg() U(LIMZI%))S =

Hs(x(qs),ly(qs) )I?i:)[qs] ()( x(9'3),y(9'3),q'5)-

Therefore, we can get the line GFI of the line FG Gradient

(i), Grad(®) u) =

—

(My) 1 1% u® / /
o 3 1 (g gy, ) 0] U (T (@) )0+

10802 Ty o st e W UL (0, () +

3 1 3% / /
[(ff‘l)[%] Hs(x(43),v(q )q3)I?K3)[q 51U, ()( x(9'3).y(q'5),9'5) =

1 ) 0 1) U (00,90, 2(0')) +

I (2] 182 ) UL (x(0'), 02(0'5)) +

1 s 18 'S UL (x(a'3), y(g'3),4'5),

where we use

105 [m] = 105 1] Ha(an,y(a0), 2(01),
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—

19 (02) = 10 (g2] Ha(x(32), 42, 2(42)),

10 (5] = 105 [95) Ha(x(03), ¥(43), 3).

Further, transformations are made similar to the transformations performed in the
proof of Theorem 20. Using the fact that the kernels (M (qx), Kk (qx)), k = 1,2, 3, belong to
the Luchko set I, we obtain

M) 1 [y Ag'y) = (M x (Ko x i) (0) — (My + (K % f1))(a) =
(My = Ky) * f1)(b) — (My = Ky) * f1)(a) = ({1} = f1)(b) — ({1} * f1)(a) =
/O filgr)dg — /O filg)dg = /u fi(q1) dqr.

Similarly, we can obtain the equations for g, and g3.
Therefore, we get

(T, Grad¥ u) =

broU(q'y,q2,93) ) 4 0U(q1,9'5, 93)
RS S s d _|_/ _ NPT ATV
/ﬂ ( 99’y >qz:y(q/1),q312(q’1) 71 c ( g9’

/f<au(q1,q2, q3)
e

dg', +
)m:x(q/z),qs:z(q’z) 72

dg'y =
9q'5 )m:x(q’g)ﬂz:y(q’a) s
boU(q'y,q2,93) / brol(q1,9'y,93) ay(q'y)
0Z\T 1,92, 93) dq', + / O\, T2, 43) dq' | +
/a ( aq’y )qz:y(q’l)m:zwﬁ) 71 a ( 99’y )qz:y(q’l)m:zwﬁ) 99’y 1

/b (au(‘h/qu 1's) 20D g —
zZ

9q'3 )qZZy(q,l)/qSZZ(qll) 9q"y
b
[ V@) 20) g, ya,f) - ueee)
a d%
where the standard gradient theorem is used.

As a result, we proved the general fractional gradient theorem for OCC with the line
GF Gradient and the simple line in ]RS, Lo

11.5. Regional and Surface GF Curl in OCC

In this section, we proposed definitions of two type GF Curl operators in orthogonal
curvilinear coordinates (OCC) for ]RS’ n

11.5.1. Regional GF Curl in OCC
Let us give the definition of Regional GF Curl operator in OCC for Rg/ n

Definition 60. Let F(q1,q2,q3) be a vector field which satisfies conditions

FB(q1,92,93) = Hi(91,92,93) Fc(q1, 92, 93) € C14(R3) (202)

forallk =1,2,3in OCC.
Then the regional general fractional curl in OCC for the region W = Rg, o s defined as

Curll(,lé) F = ¢ (Cuﬂyv() F)1 + e (Curl](/g) F>2 + e3 (Curlg\,() F) K
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where

K 1 , = ) ~
(Corliy F) (a1,42,05) = g (D) 2] B, 0'2,45) = DI [a'5] Balan a2, 4'5)),

1 * = Sk =
(Curliy’F) (a1, 42,03) = 55 (Of) '3 Falan,02.0'5) = DI a1 Bo(d'02,45)),

K 1 Sk = % =~
(Curlgv)F)a(%/tsz%) = E(D?}Q)[q/ﬂFz(ﬂ'p%%) — Dig,)ld'2] Fl(bh/qlzf%))

with q1, 92, 43 > 0.

11.5.2. Surface GF Integral in OCC

Using Definition 20 piecewise simple surface (S € P(Rg/ . )) in OCC, we propose
definition of surface GF integral in OCC.

Let us define a set g, H(Rg, ). of vector fields that is used in definition of surface GF
integral in OCC.

Definition 61. Let S be a piecewise simple surface (S € P(Ra ). Let the vector field

F := e Fi(q91,92,93) + e2F(q1,92,93) + e3F3(91,92,93) (203)

on the surface S satisfy the conditions

Fi(xi(q2,93),92,93) € C_1(R%), (204)
F(91,9(q1,92),93) € C_1(R3), (205)
F3(91,92,2k(q2,43)) € C_1(RL), (206)

foralli=1,...,ny,j=1,...,ny,and k =1,...,n;, where we use the notations

Fl (5]1/ ‘72/173) = H2(¢71/ 172/ 5]3) H3(‘71/172/ ‘73) Fl (171/ ‘72/ ‘73)/

F(q1,92,93) = Hi(q1,92,93) H3(91,92,93) F2(q1,92,93),

ﬁ3(q1/ 5]21 ‘13) = Hl (lh/ qZI ‘13) HZ(qll 112/ %) F3 (411 QZ/ 5]3)
The set of such vector fields F on piecewise simple surface S will be denoted by FS,H(RS, L)

We can use the representation of the tilde Fy in the form

Fe(q1,92,93) (207)

l?k(b]l,lh/%) = Hl(‘]lz’h/%) HZ(%/‘?Z/%) H3(q1’q2’q3) Hk(ﬁl qz 43)

Let us give a definition of surface GF integral in OCC.

Definition 62. Let S be a piecewise simple surface (S € IP’(RS’ ) and a vector fields F on this
surface S belongs to the set FS,H(RS, +)-

Then, the surface general fractional vector integral in OCC (Surface GFI in OCC) of the
second kind

T M M M
I =e Tézs)[thl%} + e Téw)[‘h/%] + 83112)[171,172] =

" " ns (208)
M M M
el Z;Tém) [92,93] + €1 Zifém) [1,93] + e2 kzifékrli[‘hfﬂlz]
1= 1= =
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for the vector fiels F € Fs 1 (RG ) is defined by the equation

(18, F) = L 1 g0, 5] Fi (i, 2),9,2) +

]

13
ng\g [91,93) F2(91,¥(91,93), 93) 2 Sklz [91,92] F3(91, 92, 2 (91, 92)) =

17

13
M = M =
Y 18 (92,05 By (xi(92,05), 32.43) + ) Iéj V11,95 (a1, 93(91,93),43) +
i=1 =1

v (M) £
) 15, [91,92] F3(91,92,2k (41, 92))-
=1

Here the areas

nq nyp ns
Sos = USizs S13=USjz Sz = U Skr2
i=1 j=1 k=1

are the projections of the surface S onto the Q2Qsz, Q1Q3, Q1Q2 planes in OCC, where S;»3, Sj13
and Sy 1, are simple areas in these planes (or simple along some axes).

11.5.3. Surface GF Curl in OCC

Let us now give a definition of the Surface GF Curl in OCC for RS, , for piecewise
simple surface. The piecewise simple surface is given in Definition 20.

Let us give a definition of the set ]F (R3 ) of vector fields F that are used to define
the surface GF Curl operator in OCC (compare with Definition 21 of the set F§(R3 ) that
is used in definition of the surface GFI).

Definition 63. Let S be a piecewise simple surface (S € P(R3 ).
Let the vector field

F := e1 Fi1(91,92,93) + e2F2(q91,92,93) + e3F3(91,92,93) (209)

on the surface S satisfy the conditions

(D3 ) (91,y;(01,95),05) = (W)qz_w(qm € C_1(R%),
OhE) ) = (B e )
(D‘}l 2) (a1,92,2(q1,92)) = (a : ”/5;]‘172/”73 )qs =2(q1.92) 71(Ri)’
(D,%fz)(%(gzﬂa)ﬂzﬂs«) = (a : 452122/673 )ql (1) C_1(R%),
(D3,55) (01,v(01,93), 43) = (a : qg;jz’% ) gy € C1ED),
(D;2f3)(xi(qz,q3),qz,q3) = <8F3 qs'qzz’% )ql - C_1(R3)

foralli=1,...,n,j=1,...,m,andk=1,...,n3.
The set of such vector fields F on piecewise simple surface S will be denoted by IF;H(Rgl L)
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Then the surface general fractional curl is defined in the following form.

Definition 64. Let S be a piecewise simple surface (S € P(R3 ) and a vector fields F on this
surface S belongs to the set FL (R ).

Then the surface general fractional curl in OCC (Surface GF Curl in OCC) of the vector field
F(q1,92,q3) for the piecewise simple surface S is defined as
Curl(SK) F=¢e (CurléK) F)1 + e (Curng) F)z + e3 (Curng) F) y

where

(K) g ! 1
Curl =
( )1 Z * Ha(xi(92,93),92,93) H3(xi(q2,93), 92, 93)

(182 19'2) (D3, B ) (3102, 93), 02, 03) — 13 1d'5] (D, B2) (392, 0'5),02,9'5) )
nyp 1

(K)
Curl =
( )2 ]; Hi(91,vi(q1,93),93) H3(q1,y;(q1,93),93)

(15 1a'5) (DY By ) (@0 ia1,0's), 4'5) = 10 a'4] (DY, B) (0950 93).35)),

np 1
curl F) =
( s )3 k; H1(91,92,2k(91,92)) H2(91, 92,2k (91, 92))

(10104 (D} B2) (61,2260 1,02)) = 12 15) (DY, By ) (01,92, 201, 4'2))
with 41, 42, 93 = 0.

Let us give the expression of the surface GFI of the vector field in the form of the
Surface GF Curl in OCC.

Remark 25. The surface GFI of the surface GF Curl in OCC has the form

(T(SM>, Curlém F) =

1]
)3 Is,]»\i) (92, 93] (Cuﬂ(sK) F) (iy.2),y,2) +
i=1 7

)
) I™1g1, g5) (Curng) F)z(ql,yj(m,qs),qg) +

= Si13

13

Z ‘h/lh (CuﬂéK) F>3(’71r‘72rzk(41r‘72)) =

11

Y 187192, 95) Ha(xi(92,93), 92, 93) Ha(xi(92,43), 92,43) (Curng) F) iy.2) y,2) +
=

1y
Z 111/‘13 H1(91,Yi(91,93),93) H3(q91,¥;(q1,93),93) (CuﬂéK)

F)Z(%yj(qh%)/ﬂls) +

13

K
Z a1, 92] i (91,92, 2601, 92)) Ha (a1, 92,24 (91, 42)) Curl )F)3(41qu,zk(q11qz)> =

1y

M K o
Z% 1) 192,03] (172 1'2) (DY, 5 ) (x5, 33), 42, 93) -
1=
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) (P2 (ot 0 02) +
1y

E lan,aa) (1) 1's) (Dy, B ) (a1, v1(a1,0'3),0'5) -

(q11<*) [q 1] (Dtll/l 1/:\3) (qll’ yj(q/]/ ¢73)/ ‘73)) +
13

Z vl a2) (1 19'1) (D B2 ) (011,92, 2601, 92)) —

I?Z *)[’7 2 (D;/zfl) (‘11,’1/2/Zk(¢11,q’2))).
For the case, F, = F3 = 0, we have
F = F1 =€ Pr

and

(TéM), Curng) F) =
)
M Sk 5
]; 1) 91,5 17 [0') (D}, P) (91, 1(a1,4'3),9'5) -

13
M Kl o
1;1 100 [91,92) 17 [0'2) (DY, P) (01,02, 21, 45)).

This case will be considered in the proof of the general fractional Stokes theorem for
Surface GF Curl with simple surface, which is given in the next section.

11.6. General Fractional Stokes Theorem for Surface GF Curl in OCC

Let us prove the general fractional Stokes theorem for surface general fractional
curl operator, where surface consists of simple surfaces or surfaces parallel to the coordi-
nate planes.

Theorem 21. (General Fractional Stokes Theorem for Surface GF Curl in OCC)
Let S C R3 be a simple surface (or a piecewise simple surface S € P(IR3 . )), and the vector

field F belongs to the set TG (R ).
Then, the equation
T(M) — (7WM)
(15", F) = (1™, curlsF)
holds, where CurléK) is the surface GF Curl that is defined by Definition 64.

Proof. Let us prove the theorem for the vector field F; = e1P(q1,92,493). The general
Stokes equations for the vector fields F; = exF(q1,42,93) and F3 = e3F3(q1,42,93) are
proved similarly. The proof for the vector field F = 2,3(:0 e, Fy is realized by the sum of the
vector fields Fy.

LetS C Rg/ 4 be a Qz-simple and Q,-simple surface that is described by the equation

g3 = z(q1,92) for (g1,92) € S12 C R%,Jr, and the equation g, = y(q1,93) for (41,93) € S13 C
RG,+
The values of the function P(q1,42,43) on the line L C Rg, . are equal to the values of

the function P(q1,92,2(q1,42)) on the line L1p C R?
onto the Q1 Qz-plane,

0,.-- which is a projection of the line L

M ~(M
(Iz()s g F) = Iésl)[%]P(ql/qzr%) = 551;)[011] P(q1,92,2(q1,92)),
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where L = dS and L1 = 957».
Let us assume that L1, consists of two Qp-simple lines L1, and L1y, that are described
by equations g2 = y4(q1) > 0 and g2 = y,(q1), where y4(q1) > ya(gq1) > 0. Then

I [011P (91,02, 2(31,02) = T [011P (g1, 02, 2(1,92)) + To (91 P(q1, 92, 2(q1,42)) =
1050 [31P(g1,v1 (91), 2000, 31.(00)) — Lo [@11P (a1, v2(01), 2(q1, v (1)) = (210)

Tt 1) (PGan, v (a1), (a1, (@) = Plavy2(a1), 201, v2(a1)) )

where R
P(q1,92,93) = Hi(q1,92,93) P(91,92,93)-

Using the fundamental theorem of general fractional calculus, expression (210) can be
written as

1 191 (P(an,ya(91), 291, 0(00) = Pauya(a1), 2(q0,v2(91))) ) =

1t M2)

R (211)
- [a b])[’h] [yl(ql)yz(ql)][%]Dlg[z('Z)[q/z] P(171fq/212(’71fq/2))~

Then using the definition of the general fractional derivative and the standard chain
rule for the first-order derivative, we get

— 1) 1R ] D] Plar, ' 2(0,0'2) =

(M) 1 (M) e 01 OP0L 5, 2(91,0))
o 1010 iy, ()t 92 iy [0 o7, =

[ g () 0P(q1,9'5,9)
= Bog) 1) ot 92 10 ) (= 52) g

(aﬁ(‘h/q/zr qs)) 82(!11/‘1’2)) _
993 G=z(q142) 99’y

[ (M) o (2P19'5,93)
Toa! ) Ty Gt 2 TR0 072 (= 52)

[(M2) [ 9P(91,9'5,33) 92(q1,4'5)
D Ty 921 1020 1012 203 )%zz(wz) o, @D

Let us use the property

- (212)

A
~ I |

I[(yl 2y)z] [92] (Kz)[q JJU(g'y) = (Ma * (Ko + U))(y2) — (M * (Kp + U))(y1) =

(M x Ko) * U)(y2) — ((Mz * Kp) * U)(y1) =
({1} = W) — ({1} + U)(y1) = /y y U(q2) daa

for the expression of term (213) in the form

az(qlr qIZ) -

[ (M) s o1 (OP(a1,42,33)
Tty aaan2) iy 2] ( 20 ),hzz(ql,q/z) a7,

v2(1) 19P(q1,9'5, ) 92(q1,4') ,
( ) ) (o) od T2
yi(q) q3 73=2(q1.9'2) )

(214)
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Then we can use the equation, which is used in the standard Stokes theorem, ({1} *
U)(g3) = (M3 * K3 * U)(q3), and the fundamental theorem of GFC in the form

az(‘h/ q/Z)

Yy2(q1) aﬁ(ql q5,93)
7 7 d / —
/ml) ( 93 )’1312(‘11/‘7/2) 99’y 72
2(1) 19P(q1,92,9'3) )
_ dd. — (215)
/Zl(ql) ( 9q'5 >qz:y(q1,q/3) T3

_ 1(Ms) 93+ IP(q1,92,9'3)
Tt B R 1 (50 ), g

Using (215), expression (213) can be written in the form

az(qlr qIZ) o

n (Ml) ( 2) 17792k ) aﬁ(quqIZ/%)
T} [0 TG o 92) TRy 472] 905 ),,3:z<q1,q/2> o,

(M) 1 (M) o 01 (OP(1,92,4'5)
Toa] [ I ot 90 '3 (0 0)

(216)

Therefore, for two terms (212) and (213), we obtain the equations

[0 () (o1 (9P919'5,93)
= Toa) W G a2 2 (5 2)

(M) (M) 1
217
= Dot 1 s 0 i 192 H1(91,92,2(q1,92)) H2(q1,92,2(q1,92)) (217)

" 9P (q1,9'5,93)
qu ZZ M 2-45)
[q 2 ( aq', )qszzwl,q’z)

— M )[ql,qz] (Curng) F1)3,

(K2) 512

and R /
(My) (M) 0P(q1,92,9'5) B
Toa! [ LG oot B 5] (50 0) ) =
(MO g (M 1

)
Top) [z, () 22001 8] B 0 o 200 00)) B (s 722, 32)) (218)

« 0P(q1,92,9') 20) )
93, oT\1,92,9'3)
I( S)M d ( 99’3 )ﬂ2=y(q1,q’3) s, 91,5] (Curls Fl)z'

for the vector field F; = e1P(q1,42,93)-
As a result, we proved the general Stokes theorem for the surface FG Curl and the
vector field F; = e1P(41,92,93)-

T(My) — (M) (K) g
(Ias v, F1> = ( , Curlg )
Equations for the remaining components of the vector field F, = exF»(41,42,43) and
F3; = e3F3(q1,92,93) are proved similarly. [

11.7. General Fractional Gauss Theorem in OCC
11.7.1. Definition of Triple GFI by Iterated GFI in OCC

Let us use the concept Definition 38 of Z-simple region for OCC in RS, n

Definition 65. Let W C R} 0.+ be Qs-simple domain in OCC that is bounded above and below by
smooth surfaces S1p, S124 described by the equations

73 = z1(91,92) >0, g3 = 22(91,92) >0, (219)
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where the functions are continuous in the closed domain Wy, that is a projection of the region W

onto the Q1Qy-plane, and z3(q1,92) > z1(q1,92) for all (q1,92) € Wia.
Let scalar field U(q1, 92, q3) be satisfy the condition

M ~
T et 931 0001, 02,03) € C1(B2), (220)

where
U(q1,92,93) := Hi(q1,92,93) H2(91,92,93) H3(q1, 92, 93) U(q1, 92, 93)- (221)
Then the triple general fractional integral in OCC is defined by the equation

(M) (Ms)

M ~
T(W )[ql/ q2, q3] U(‘h/ q2, 173) = Ile [‘h/ QZ] 1[21(671#2),22(0]1#2)] [qa] u(‘h/ q2, q3)’

where I( )[ql, q2] is double GFI.

Definition 66. Let W C RS, + be Qs-simple domain that is that is bounded above and below by
smooth surfaces S1p, S12, described by Equation (219). Let Wi, C ]R(z)r + be projection of W on
the QqQo-plane such that Wy is Qo-simple region in Q1Qz-plane that is bounded by the lines
g2 = y1(q1) and g2 = y2(q1), where g2 = y1(q1) and qz = y2(q1) are continuous functions on
the interval [a,b], b > a > 0and y»(q1) > y1(q1) > O forall g1 € [a,b].

Let scalar field U(q1, 42, 93) satisfy condition (220) and

(M) 1(Ms) (7
I[Vl(‘h)ryz(‘h)] 2] 1 [z1(q1.92) 22 (q1.,92)] [95] U(q1,92,93) € C-1(0,00). (222)
Then the triple general fractional integral (triple GFI) is defined in the form

)[ 1

" 102,05 U1, 02005) 5= T 0 T ) 92 120, ) g 98] U1, 02,65)

A volume general fractional integral (volume GFI) of a scalar field is a triple general
fractional integral for the Z-simple region W C Ra n

Example 19. Using the parallelepiped region
W:={0<q1<a, 0<qp<a, 0<g3<uas},

the volume general fractional integral can be written as

M
1" 91,9293 £(91,92,03) =
a an as ~ (223)
/0 dqy /0 dlh/o dgs My (a1 — q1) Ma(az — 92) M3 (az — q3) £ (91,92, 93)-
For the power-law kernels, the general fractional flux (223) has the form
M
I >[¢71rLI2fq3]f(fthZ/q3) =
—gp)M— 1 (a — 42)“271 (a3 — 173)“371 N (224)
d / d / dgs 1 ’71 02, 03).
/ 7 q2 q3 r((Xz) F(DC3) f(ql q2 ‘73)
For ay = wy = a3z =1, Equation (224) is gives as
M) g [Cag [ a 225
w 191,92,93] f(91,92,93) 7 72 3 £(91,92,93), (225)

which is the standard volume integral for the function f(q1,4q2,93)-
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11.7.2. General Fractional Divergence in OCC

In this section, we give the definition of general fractional divergence in OCC for Rg "
Let us define sets of vector fields that will be used in the definition of the regional
general fractional divergence.

Definition 67. Let F(q1,q2,q3) be a vector field that satisfies the conditions
D' IF(q'1,92,93) € Ca(RY),

D) Ba(q1,9'2,43) € Ca(RY),
D?)MSM%WLQL43)EC 1(R%),
where

Fi(91,92,93)

Fe(q1,92,93) = Hi(q1,92,93) Ha(q1,92,93) H3(41,92,93) Hye(41,42,43)°

Then the set of such vector fields will be denoted as IFl_LDiU,H(Ri).

We can also consider vector fields F(q1, 42, q3) that satisfy the condition F e CL,(R3).
Definition 68. Let F(q1,q2,q3) be a vector field that satisfies the conditions

Fi(q1,42,93) € CLy y(RY)
forallk =1,2,3.
Then the set of such vector fields will be denoted as C q(R3).

Let us define the general fractional divergence in OCC.

Definition 69. Let F(q1, 42, q3) beavector field that belongs to the set B | . (R3 ) or C1; (RS, )

Then the regional general fractional divergence DIV( )in ocC for the region W = R
defined as

(K)

Divjy  F =

) e o (226)
H1H2H3( 1 g1B (@' 02,95) + DI a5)B(a1,4'5,05) + DI la'31Bs (a1, 92, q’g)),
where H, = Hy(41,92,93).

Divergence (226) is the regional general fractional differential operator in OCC. We
can also define the line and surface general fractional divergence in OCC.

Remark 26. The equation, which defines the regional general fractional divergence in OCC, can be
written in compact form. If the vector field

3
F(q1,92,93) = Y ex (91,92, 93)
k=1

belongs to the function space C1 | (R3.), then the regional general fractional divergence in OCC for
the region W = R3. can be defined as

. (K) & (K
(Divyy F)(q1,92.3) = (D(w)' F) H1H2H3 ZD ('



Mathematics 2021, 9, 2816

82 of 87

where
*

S (K S ¥ ,
DEN) = e D{&l)[qlﬂ + e D?]iz)[‘ifz] +es3 DI(JI?’<3)[‘7/3]‘

Remark 27. The general fractional divergence in OCC can be defined not only for W = Rg, 4, but

also for regions W C R3 4, surfaces S C R3 4 and line L C R3 - Note that the general fractional

divergence in OCC for regions W C Rg/ . is used in the general fractional Gausss theorem for OCC
to be given and proved in the following sections.

11.8. General Fractional Gauss Theorem for OCC

Let us define a set of vector field, for which general fractional Gauss theorem will
be formulated.

Definition 70. Let W in Rg, . be Qz-simple region such that W is a piecewise Qp-simple and

Q1-simple region

n m
W = |JWoix = U Wa
k=1 =1

where Wg . are the Q! X-simple regions that is described by q1 = xx1(q2,93), 91 = Xk2(q2,93)
for (92,q3) € Do, and Wy ; are the Qa-simple regions that are described by the functions

92 = Yj1(41,43), 92 = ¥j2(q1,q3) for (q1,93) € Dia.
Let vector field ¥(q1, 42, q3) satisfy the conditions

Fi(x2(2,93), 92.93), F1(x1(92,93), 92, 93) € C_1(R3),

By (q1,9j2(q1,93),43), F2(q1,¥j1(q1,93),43) € C-1(RY),
F5(91,92,22(q1,92)), F3(q1,92,21(q1,92)) € C_1(R3),

where

~ F 7 7
Fe(91,92,93) := Hi(91,92,93) H2(91,92,93) H3(91,92,93) PM

Then the set of such vector fields F will be denoted as F_ g (R2.).

Definition 71. Let vector field F(q1, 42, g3) satisfy the conditions
filq1,92,93) = DI04 Fi(q'1,q2.03) € Ca(RY),

f2(q1,92,93) := D02 Bo(q1,q'5,03) € C_a(RY),
f3(01,92,93) := DI [a'5) (a1, q2.4'5) € Ca(RY).

Then the set of such vector fields I will be denoted as F* | (R2.).

Theorem 22. (General fractional Gauss theorem for OCC)

Let W in Rg, + be Qs-simple region such that W is a piecewise Q1-simple and Qa-simple
region. Let W is bounded above and below by smooth surfaces S1pp, S124, which is described by
equations (219), and a lateral surface S3, whose generatrices are parallel to the Qz-axis.

Let the vector field F(qy, gy, q3) belongs to the sets F_1 (W) and IF‘1_1 (R3).

Then the general fractional Gauss equation has the from

ﬂWM) (91,92, 93] (DiVI(/IVQ F) = (TaW’F)
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that can be written as

1" 191,325 (DI 91 Fr (91, 02,0) +

Diiy 42 Faa1,0'2,08) + Dy ') a1, 42.4'5) ) =
( ) ( 3)

M
Té 192,43 Fr (91, 92, 45) + TéM) [91,92] F2(91,92,93) + TéM) [91,92] F3(91,92,93)-

Proof. Let us consider the triple GFI

Iyl a2 40U = 13" 191, 02,050 = Ly [au, a2l 100 o (51U (91, 92,05) (227)

for the scalar field
U(q1,92,93) =

1 . ~
) D?13<'3) 451 F3(q1,92,9'5) € C-1(0,00),

Hl (er ‘72/ ‘13) H2(‘11/ qZI q3) H3(ql/ ‘12/ q3

(228)

where F5(q1,42,9'5) € CL,(0,00) for each point (g1,42) € D1a.
Using Equations (221), (227) and (228), we get

M

1

1" 190,02, 050 = 1337 191, 02) D 03] Fo(a1,92,9'5), (229)

2

since Hy Hy Hj (Hl H» H3)_1 = 1.
Using the second fundamental theorem of GFC, we get

(Ms) o fal _
I[Zl (?;hr‘h)/zz('hr‘h)] (7] D‘Z13<3) [ql3] E3(q1, qz’qlg’) -

B I(Zl(qlr‘h)

20m) vy " 103 DY ') Ba(91,92,9'5) =

o 1031 D ('3 Fa(q1,42,9'5) 230)
(?3(‘71/‘72122(1/71/‘72)) - 1?3(111,!12,0)) - (1?3(171#2,22(!11,112)) - ?3(Q1/Q2,0))) =
ﬁ3(‘71/q2/22(‘111%)) - f?)(quz/zl(‘h/lh))-

Substituting expression (230) into Equation (229) and assuming that the condition

F(q1,92,21(q1,92)), F3(q1,92,22(q1,92)) € C_1(R%),
is satisfied, we obtain the equation

*

M : ~
1" (91,92, 93] DI 193] B (a1, 92,4'3) =

IIEVA;IZ) [91,92] (?3(‘1142,22(11142)) - ﬁ3(q1,q2,21(q1,q2))).

Therefore, the triple GFI can be represented through the surface GFls in the form

M Fr T M = M =
13" (31,32, q3]D'ZI3<3)[q’3] F5(q1,92,9'3) = Iém) [q1,92) F3(q1, 92, 93) + Iém) 71,921 F3(91, 92, 93),

where the surface GFIs are represented by the definition in the form

M = M =

1 g1,02) Bs(91,92,93) = Iy [0, 2] Fa(91, 92, 22(q1,42)),
M = M =

1M 101,920 B3 (1,02, 93) = 1y (01, 92) B3 (1, 02,21 (1, 02))-

Then, taking into account that the surface GFI over the surface S, is equal to zero

Iéiw) 91,92 F3(q1,92,93) = 0,
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141, 92, 3]

we obtain
K =~ M = M
DI 21 (a1, 02,0'5) = 1§87 191,02 Bs(q1, 02, 35) = 18" [0, 2] s (91,02, 3),

where W = S = Syp, U S12p U S3 is closed surface that contains the region W inside the
surface dW.

Further, similarly with the proof of general fractional Gauss theorem for the Cartesian
coordinate system and and by analogy with the transformation described above, we obtain
the equation of the theorem to be proved. O

Example 20. As an example, let us give the general fractional Gauss theorem in cylindrical
coordinates.
Let us consider the simple domain in the form

W:={(rez): 0<rn<r<r, 0<¢p1<¢<g@y<2m, 0<z <z<z} (231)
The vertices of the domain are the following points
Ai(r1,¢1,21), Aax(ra, @1,21), Bi(r1,92,21), Ba(ra, ¢2,21),

A/] (rll 4’1/ ZZ)/ Aé (TZI (Pll ZZ)/ Bi (rll (p2/ ZZ)/ Bé (rZI GDZI ZZ)'
Let F € FL | (W), then

Iw) [, 2] DivE,IV() F = (Ig%) [r, ¢, z], E(r, go,z)).

For simple domain (231) the cylindrical general fractional Gauss equation has the form

U/Ir\) m TNE 1.
O T (0 1) (75 2)
1 " .
r DEOI,Q/J) [QD’] F(P(T’/ q”,Z) + D‘(Zléz) [Zl} L, (1’, @, Z/)> _

Ié%;’z[go,z] E(r,¢,z) + Ia(AW/I) [, 2] Fp(r, @, 2) + I(—%r)’q) [r, @] (1, ¢,2).

.z

12. Conclusions

The general fractional vector calculus (General FVC) is proposed as a generalization
of the fractional vector calculus suggested in [13,31]. The formulation of the General FVC
is based on the results in the calculus of general fractional integrals and derivatives that is
proposed in Luchko’s work [41].

The formulation of General FVC is self-consistent form, i.e., definitions of fractional
generalizations of differential and integral vector operators are consistent with each other,
and generalizations of fundamental theorems of vector calculus were proved. In this
paper, the definitions of general fractional integral vector operators: the general fractional
circulation, general fractional flux and general fractional volume integral are proposed.
Definitions of general fractional differential vector operators, including the regional and
line general fractional gradients, the regional and surface general fractional curl operators,
the general fractional divergence, are suggested. Fundamental theorems of General FVC,
which are general analogs of the standard gradient, Green’s, Stokes” and Gauss’s theorems,
are proved for simple and complex regions. Let us emphasize that the fractional vector
analogs of fundamental theorems (such as the gradient, Stock’s and Gauss theorems)
are not fulfilled for all type (regional, surface and line) of the general fractional vector
operators (the gradient, curl and divergence). In the general case, the general fractional
(GF) gradient theorem should be considered for the line GF Gradient, the FG Stock’s
theorem should be considered for the surface GF Curl operator, and the GF Green theorem
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should be considered for the regional GF Divergence. This is due to violation of the
chain rule for general fractional derivatives. The General FVC for orthogonal curvilinear
coordinates, which includes general fractional vector operators for the spherical and
cylindrical coordinates, is described.

The proposed General FVC can be used as a mathematical tool in general fractional
dynamics (GFDynamics) [44,45], in which non-locality in space is taken into account in
general form.
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