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Abstract: This paper designs an observer-based controller for switched systems (SSs) with nonlinear
dynamics, exogenous disturbances, parametric uncertainties, and time-delay. Based on the multiple
Lyapunov-Krasovskii and average dwell time (DT) approaches, some conditions are presented to
ensure the robustness and investigate the effect of time-delay, uncertainties, and lag issues between
switching times. The control parameters are determined through solving the established linear matrix
inequalities (LMIs) under asynchronous switching. A novel LMI-based conditions are suggested to
guarantee the He, performance. Finally, the accuracy of the designed observer-based controller is
examined by simulations on practical case-study plants.

Keywords: observer-based controller; time-delay; parametric uncertainties; multiple Lyapunov—
Krasovskii; average dwell time method; LMI; asynchronous switching

1. Introduction

Switched systems (SSs) are a class of hybrid systems due to their strong potential
applications [1]. Various physical problems can be modeled and represented by SSs.
Moreover, SSs consist of different modes with a switching signal to determine the active
mode within any time intervals. The main challenges are the effect of time-delay, uncertain
parameters, and the effect of switching instants [2].

In recent years, controller design of SSs has been one of the most significant aspects
of the research in the literature. For example, by the use of the DT method, the state-
output feedback control systems are studied in [3]. The Lyapunov—Krasovskii approach
is developed in [4,5], to investigate the effect of time-delay. As is well known, parameter
variations or an error in the measurement of system parameters may cause uncertainty
in many dynamical systems. Constructing a piecewise linear Lyapunov function, the
robust stability conditions are obtained for linear SSs subject to polytopic uncertainties [6].
In [7], both state/output feedback schemes are developed in the framework of LMI to
analyze the uncertain singular SS. The robust He control approach is investigated in [8] to
stabilize a discrete-time SS against polytopic uncertainties. In [9], the stability of SSs with
time-delayed switchings and bounded uncertainties is investigated based on generalized
polyhedral cells. The problem of polytopic uncertainties under time-delay condition has
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been studied in [10,11]. The effect of affine parametric uncertainties is investigated in [12,13]
and the upper bounds of uncertainties are determined via computational algorithms. It
should be noted that, in polytopic uncertain problems, a great number of LMIs should
be solved to cope with uncertain parameters. Therefore, the computational cost of the
problem is high and needs more studies. The computational characteristics are studied
in [14], and it is shown that less conservative analysis is required in comparison with upper
bound computations of uncertainties. The stabilization of SSs in a discrete-time form is
investigated in [15], and the effect of uncertainties and time-delay is analyzed by the use of
output feedback control system. Similarly, the state feedback control system is developed
in [16] for discrete-time SSs and the stabilization conditions are acquired. The predictive
control approach is suggested in [17] to ensure the robustness of discrete-time SSs with
variable switching laws and time-delays.

The asynchronous switching (AS) problem is another challenging issue in SSs. The lag
among the switching times and associated controllers commonly cause the asynchronous
switching problem [18]. This problem has been rarely studied for SSs under time-delay
condition. For instance, a Lyapunov method is suggested in [19] to compute L, gains of
SSs with exogenous perturbations and AS problem. An asynchronous dynamic control
technique is addressed for time-delayed SSs in [20]. The AS problem is taken into account
in [21], and the finite-time stability criteria and state feedback control scheme are suggested
to investigate the stabilization problem. The tracking accuracy of linear SSs subject to
time-delays and AS is studied in [22].

Utilizing the average DT approach (ADT), the boundedness of nonlinear SSs is studied
in [23], and the input delay and AS effects are investigated. The Hy, problem is studied
in [24] for discrete-time SSs, and the AS problem is analyzed using non-fragile controllers.
The Lyapunov—-Krasovskii approach is formulated in [25], and the asynchronous stabiliza-
tion of neutral SSs is analyzed. The free-weighting matrices technique on the basis of the
ADT method is developed in [26] to design a stable state feedback controller for linear
SSs subject to the AS problem. The zonotope method is employed in [27] to acquire the
appropriate estimations and then the computational complexity of the robust H., scheme
is analyzed.

The robust control of nonlinear SSs under unmeasurable states, time-delay, uncertainties,
and the AS problem has not been completely studied. The main contributions are:

e Unlike the reviewed research, besides the time-delay and asynchronous switching,
the parametric uncertainties are also considered in this study to ensure the robust
stabilization problem.

*  Due to the inaccessibility of all state variables in many actual operations, an observer-
based control system is developed to reconstruct the state variables of SSs under
asynchronous switching.

¢ The asynchronous H problem is investigated and novel LMI-based conditions are
presented as a feasibility problem to design the observer-based controller and to
compute the prescribed performance index in the under exogenous disturbances.

e  The AS problem is addressed by a simple observer-based method such that the
computational complexity is reduced.

¢  The average DT technique is developed by the Lyapunov—Krasovskii method, and
some stabilization conditions are derived.

e The robustness against time-delay, AS, and uncertainties is analyzed via LMIs and the
singular-value decomposition (SVD) approach.
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2. Problem Formulation and Preliminaries
Consider the SSs as (1):

X(8) = (AGy + DA x (8) + (By ) + BBy )x (t — ir)
+H(Dy ) + ADy 1) i (s) (1) + Sy (£, X (1) + Wiy + AWor) ) (8)
y(t) = Cx(t)

( )
x(s) = o(s), s €[-i,0]

where x(t) € R"x denotes state vector, u; () () € R"™ represents control signal, y(t) € R
is output, S, ;) (¢, x(t)) is the nonlinear function, d(t) is the exogenous disturbance which
belongs to I, € [0,0), v denotes the time-delay, and ¢(s) is a function which specifies
the initial state. The switching signal o(t) : [tp,0) — M = {1,2,...,1} is a piecewise
function, where I designates the number of system modes. Associated to the function o (t),
the switching sequence o(t) : {(to,o(to)), (f1,0(t1)), ..., (fe, 0 (t)), ... lo(ty) € M,k =
1,2,...,N} is determined, and k denotes the switching number. Ideally, the observers and
controllers alter simultaneously with the system modes, which we can write o (t) = 7 (t),
but in actual operation, since it takes some times to perceive the active subsystem and
apply the matched observer and control signals, the switchings of the observers and
control signals 7 (t) lag behind system modes, which means that 7(t) : {(to, o (to)), (t1 +
wy,0(t1)), ..., (kg +wg, 0(t)),...|o(ty) € M}. For each subsystem, the length of the lag
time @y, is unknown, but it is assumed that w; < @,Vk =1,2,..., N, where @ is a known
constant.

On the other hand, since all of the states are not measurable in some actual operations,
the following switched observer is suggested (1):

X(t) = A(nf(t)X( ) + Bn(t) (t ) + Dn (t)
D) + Lo () = 9(1) o

where {(t) € R"x is observer states, and Ls(y) is the observer gain that has to be designed.
Moreover, a controller is updated, i.e., ug(;) (t) = Kz(;)X(t). To analyze the AS problem,
the entire operation time of the system is written as [ty_1 + wi_1, ), k =1,2,...,N, with
wp = 0 and mismatched intervals [t, ty + wy), k = 1,2,..., N. Without loss of generality,
assume that the ith subsystem is active at ty_1,0(t,_1) = i, and the jth subsystem is active
at t, o (t;) = j, then the corresponding observer and control signals are identified at t; 1 +
wy_1 and t; + wg. Moreover, the state estimation error is defined as e(t) = x(t) — x(¢), and
the switched observer dynamic (2) can be rewritten as

() = (AP +DICHR(E) + BER(E— 1) + St k()
+LiCe(t), t€ [t 1+wk 1)

~—

; . . . ®)
RO = (AT + DIK)R() + BIA(E — 1) + (2 (1)
+L;Ce(t), t€ [t tr+ wy)
Additionally, estimation error dynamics are written as:
é(t) = (A" = LiC 4+ AA)e(t) + (AA; + AD;IC;) X (t) + (BI' + AB;)e(t — 1)
HABiR(t = o) + St X (1) = it X(6) + OV + AWA(E), t € [teo1 + @i, te) @
é(t) = (A7 = LiC + AA;)e(t) + (AA; + AD;K;)R () + (Bf' + ABje(t — i)

+ABR(t— 1) +S5(t x () — Sj(t X(1)) + (W]-” + AWj)cf(t),t € [ty bt + wy)
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From (3) and (4), the augmented switched system under AS is achieved as follows:

Si(t) + Wr(t), t€ [hq +wi1,tx)
S )

{ (1) = A (t) + Big(t — 1z)
A 3 j(t)+W]ﬂd”(t), t € [ty te + wy)

1. - [ A +DIK LiC
T AA + ADIK; AT — LiC + AA;
1 [ Al +DIK; LC
L A.A]' + AD]"CZ' .A]” —LC+ AA]'
B [ B! 0 B B 0
! _ABl' B?—i—ABi ! / AB] B?—l—AB]
S — | Si(t k(1)) S | 3(t, k(1))
Sil) = g6, x(6) — Silt, 2()) S0 = gy x(8) = 31, 2(0)
W) — 0 win—| 0
= w4 aw) 1= T+ aw,

Note that parametric uncertain matrices AA;, AB;, AD;, and AW; Vi € M have the
following structure:

AA; =Y 6,
AB; =Y 69, Fi
AD; = Y_, 9,9
AW; = Y7, %, T}

(6)

where &, € [~83,,09,],¢ = 1,...,q are the uncertain parameters. £/, 7}, G} and 7, are the
uncertainty matrices to determine the dependency of AA;, AB;, AD;, AW; on dy, .

Assumption 1. Consider a full-row rank matrix ‘I’nyxnx ; From this assumption, the SVD of ¥ is
written as

‘Fnyan = Enyxny |:‘Y0ny><ny O] Ygxxnx @)
where /Y and Y are unitary and diagonal matrices, respectively.
Lemma 1 ([28]). Consider a full rank matrix Yo, xn, and symmetric matrix Xy xnys There exists

Qnyxny such that Y X = QY, if and only if:

X, 0
X —Y[ 01 XJYT (8)

where dimensions of X'y, X, are as ny, X ny and (ny —ny) x (ny —ny), respectively. Y is defined
in (7).

Assumption 2. Consider that, for each i € M and any vectors 11 (t), y2(t), the nonlinear vector-
valued function 3;(.) is Lipschitz such that

15:(t 71 (8)) — it ()| < 7l Hi(n1(t) —n2(8)|] )

where M is defined in (1), H;’s are real weighting Lipschitz matrices, and 7t is a Lipschitz constant.
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Definition 1. (a) The system (5) is exponentially stable in the presence of switchings o (.) and
when d(t) = 0, if the following condition for e > 1and A > 0 is satisfied:

{ 12 < ellg(to) e ™), vt > g 10)

18 Ct0) [[x = sup_,_<p<ollS(to + @)l

(b) If the system (5) satisfies the following condition for d(t) # 0, d(t) € [0, 0), and positive
constants Ay, 1

| /: e M=)y T () (s)ds < : @2d" (s)d(s)ds (1)
Then, (5) has Hoo performance.

Definition 2 ([29]). For any scalars ki, ky, let Ny (k1, ka) denote the switchings o(.) over (k1, k).

I

ky — kq

a

Ny (kq,ka) < Ny + (12)

holds for T, > 0, Ny > 0, then T, is called the average dwell time.

Lemma 2 ([15]). For a scalar € > 0, any matrices X; € R**Y,i =1,...,q, and positive-definite
matrices P € R***, the following inequality holds:

(X1 4+ Xq)TP()(l +o+ A < e(XlTPXl +-+ XqTPXq) (13)

Lemma 3 ([30]). let 9, D, F, E, { be some vectors or matrices with appropriate dimensions. As a
result, the inequality
20TDFE; < e0"DDT0 + e '¢TETEC (14)

holds for FTF < I and a real positive parameter €.

3. Main Results

In this section, an observer-based control technique is designed for the switched
system (5) in the presence of the uncertain parameters 85, € [—dy,, 59[], ¢=1,...,q9. The
design methods for the augmented switched system (5) with d(t) = 0 and d(t) # 0 are
investigated in Theorems 1 and 2, respectively.

Theorem 1. Consider system (5) under uncertain parameters &g, € [—59[, 59[]. For given positive
scalars €1, €, €3, €4, €5, €6, and parameters i1, @, Ay, )\ﬁ, 7T, u > 1, suppose that there exist sym-
metric matrices Xy; > 0, X,; > 0, Vg > 0,Y,; > 0and matrices Zy;, Z;, forany i,j € M,i # |,
such that:

Xoj < upi, Xej S pei, Vi S wdsis Vej < 1ei (15)
Yin Yo Y3 Yu Y5 Y Y7 T Yo
* =1 0 0 0 0 0 0 0
* * =1 0 0 0 0 0 0
* * x -1 0 0 0 0 0
Y= % * * * —I1 0 0 0 0 <0 (16)
* * * * x =1 0 0 0
* * * * * * =V O 0
x ok k% % * I 0
* * * * * * * =V
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(01 0, O3 Oy O 0 ©7F Of O |
x =1 0 0 0 0 0 0 0
* * -I 0 0 0 0 0 0
* * * =1 0 0 0 0 0
;= | * * * x =1 0 0 0 0 <0
* * * * * =1 0 0 0
* * * * * * =YV 0 0
* * * * * * -1 0
| * * * * * * * _yei_
where
_‘I’il(m B} Vs Z,iC 0
g | * Aulr Yo 0 0
i * * ‘Fil(3’3> nyez
| x * * —e Mty
[ 0 0
= V.. (Ei\T = V.. (Ei\T
Y, = €5 1(§ 1) &Y 10 q)
L 0 0
_é XA.(SI)T+ZT‘(Q_Z)T . (51) +ZI( _Z)T
3\ *Rile ®i\T1 Xi\Tq
Yir = 0 ' 0
0 0
i 0 0
[ 0 0 0 0
0 0 0 0
Y= et - axaE)T| 5= 0 0
L 0 0 é4yei( 1Z)T é4yei( ‘;)T
ey XgiH] Xyi 0 0
0 0 0 0
Yie = 0 A= |- T co Xt i X,
i 0 0 0 0
¥ty = Al Xgi + i (AN + DI Zgi + ZL(D])T + e T+ Ay
1'Fll (33) -AnXez + Xet(-An) Zeic - CTZEI;
+<ei +6; +e, +e§1+6g1)I+AaXei
€1 = \€1,6 = /€2 X q,8 = \Je3 X q,&4 = \[e4 X 4,65 = \/€5 X 4,66 = \/€6
56 = 59456' ‘7:6 = 59@‘7:£' gﬁ = (5959[
and
©in,,, BV  ZeC 0 o .- 0
* —Vsi 0 0 &Vei(FT &V (F)T
Q4 = Xt ,03 = 5F%i\v 1 5F%i\v/ g
i * x 0 O,y BVl 0 0
| * * —yei 0 0
O — 8 . 8
i 0 0

(17)
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0 0 0 0
0 0 0 0
®, = i i ,0;5 =
7 e, (ENT E X (ENT| 7 0 0
) 0 eVu(FNT - &u(FDT
el’YX)(z,H]T X)@i 0 0
0 o 0 o
O = o |7 |0 |"®8 = |epann! 190 = |,
L 0 0 0 0

® = Al Xy + Xy (AT Dz, + ZL D’?T Y Y P %
il xi T g + i %i T 25 ] +é BXi

Q;

il 33)

= At X (AD) — ZaC - CT 2]
+ (e et e )T Api
Then, system (5) is exponentially stable with switchings that satisfy 7, > 1, =

In p+ (Aa +/\ﬁ) (tr+@)
A

(4

. Moreover, the gains IC;,Vi € M and L;,¥i € M are achieved as follows:

K= ZXI-X); (18)
L= Z,UCoX 1 CotUT (19)
Proof. From (5), when at time t € [f;_1 + wk_1, tx), the ith subsystem is activated and the cor-

responding switching controller C; and observer £; are identified. During t € [f;_1 + wy_1, tg),
consider:

Vi) = T OPE) + [ e 09T (5)QiE(s)ds 0)

t—ir

where ¢(t) = [£T(t),eT(t)], P; = diag{Py;, P,i}, and Q; = diag{Qy;, Qi }. The (20) can be
rewritten as

Vii(t) = &7 (1) Pyik (t) + €T (t) Pase(t)
f 7/\ (t—s) f 7/\ (t—s) (21)
+ 79027 (5) Qi (s)ds + «=5)eT (5)Qpie(s)ds

t—ir t—ir
Considering (3), the derivative of Vy; leads to
Vai(t) = 287 () PgiR (1) + 2¢" (1) Peié (1) + R () QiR () — e "R (t — 1r) Qi (t — 1)
t
—Aa /t e M 2T (5) Qpik(s)ds + e (1) Quie(t) (22)

s
t

e*/\azTeT(t _ lT)Qeie(t _ l‘L') _ )\a/ e*/\a(tfs)eT(S)Qeie(s)ds
t—ir

According to (3), it can be concluded that

287 (PR (1) = 27 () (Pyi( A} + D) + (A7 + D) Py ) &(1)

(23)
+ 28T (1) P B (t — 1) + 28T (1) Py LiCe(t) + 28T () PyiSi(t £ (1))
From Lemma 3, one can attain
287 ()Pgi (1) < &7 (1) (Pyi (A} + DIK:) + (Af + DK Py ) £(1) o

+28T(DPuBIR(t = 1x) + €1 'RT (D PgiPrif (1) + 1S (t £ () TSi(t, R (1))
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Considering the estimation error dynamic (4) and parametric uncertain matrices (6),
one has

2¢T (1) Pie(t) = el (t) (pei(/w — LiC) + (A7 — EiC)TPei)e(t)

1

q . 9 . .
+2¢" (£)P, <Z %5},) e(t) +2¢" () Py <Z 39,E) + 59592’@) x(t)
= =1
q ) (25)
+2eT () PyBle(t — 17) + 2eT (t) Py Y 0o, Fp |e(t —1z)
=1

q .
+2¢7 ()P <; %fé) Rt — 1) + 2T ()P (S8, x (1)) — it £(1)))
/=1

Regarding Lemmas 2 and 3, and considering &y, € [—595, 59[], ¢=1,...,q,itis derived
that

2T (1) Pe(t) < e (1) (Pl = £iC) + (AF = £,0) P Je(t) + 27 (1) PuiBBfe(t — 1r)

_|_
ey e (1) PuPaelt) + (e2 x g)e” (1) ( q (59»2(6;2)T6;£>e<t>

1 . . . .
+e5 el () PeiPeie(t) + (€3 x )R (t) <Z(~9()2(5é + G (€& + gzm) x(t)
(26)

Now, from (22), (24), (26), considering Assumption 2, and defining gé = 59552,
Fi =69, Fi, G = 69,G}, we have:

Vi () + AaVai(t) < ¢T(DTLG (1) (27)
where (t) = [XT(t),XT(t - LT),eT(t),eT(t — tT)]T, and

Hi(l,l) PXlBln P)EZ’CZC 0

o ES Hi(Z,Z) O 0
m=| | P s B | < 0 (28)
* * * Hi(4,4)

with

(1 1) = Pyi( A7 + D) + (A} + DK Py,
+ Eflpxl'PXi + €1 ﬁZHZ‘T,Hi + Q)Qi + /\DCPXZ'
., . _. T,_ . _.
+(esxq) Y (14 GiKki) (& +Giky)
/=1

. . .
00 = —¢ " Qyi + (es x q) Y_(F))TF}
P}
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T35 = Pei(Al — LiC) + (A? — L,C) P,
(e*l tegldel+egl+ egl) PoiPyi + €6 THT Hi + Qui + Aoy

q
ezxq Z TSK
—A d T
gy = =€ Qui + (€2 ¥ 4) Z F) T F

Using the Schur lemma, (28) is written as:

I'n Tnp TI'p Ty Ip

* =1 0 0 0
=] * * =1 0 0 <0 (29)
* * * =1 0
* * * * —I
in which
_Fil(l,l) Py B} Py LiC 0
in= ) _/\MTQXi 0 ) n
* * F11(3/3> P B
| * * * )‘“‘TQ ;
__ _. _. T _. _. T
& (&1 4 GiK) & (&5 +Giks)
Iip = 0 0
0 0
L 0 0
0 ‘ 0 0 0
|es(FDT &(F)T| 0 0
Ts=1" o [T |eyenT & (€T
L O 0 | 0 0
-0 0 7
0 0
Fi5 - 0 0
e (FT €4(71§)T_

& =\exq &=.\/lxq &=.lexq &= /esxq

ril(l,l) = PXi('Ar'l + D;ZICi) + (“4:1 + D?’Ci)TP
+ey ' PyiPyi + e1H] Hi 4+ Qpi + APy
Tity = Pui( A7 = £iC) + (AF = £C) Py

(e;l + e;l + e;l + €5—1 + egl)PeiPEi
+ €6 H] Hi + Qui + AaPei

From Lemma 1, if we could find matrix V such that

X,; :V[ eli yT (30)

0 XeZi:|
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could be established, the condition CX,; = R;C holds. Now, let P;g_il = Xy, Pl =X,

el

Q)Eil = Vzi, Q;l = Vei, KiX3i = Z4i, LiR; = Z,;, applying the congruent transformation

-

diag{XXi,yﬁ,Xei,yei,I;...,I,I,...,I,I,...,I,I,...,I}

r r r r

to the LMI (29), results in the LMI (16). Furthermore, based on Assumption 1, Equation (30),
and the condition CA,; = R;C, the matrices R; can be computed as follows:

Xeli 0
0 X

UCo Xy = RiUCy => R; = UCoXp;(UCo) ™

U[Co O}VTV[ ]VT:RJ/{[CO oVt

(31)

Therefore, observer gains can be computed through £; = Z,;UCy X e]ilc(; UT. Further-
more, according to K; Xs; = Zy;, it can be deduced that K; = Z4; X ” 1. As a result, when
t € [ty_1 + wk_1,t), one can achieve that

V3i(t) + AaVai(t) < T ()FC(1) (32)

From LMI (16), Vi;(t) + A4 V4;(t) < 0 holds, and it means that, when t € [t +
wk_1, t¢), one has

Vii(t) < Vii(tgq + wp_q)e Mt —we) (33)

Furthermore, according to (5), it is obvious that, at time ¢ € [t, f; + wy), the jth sub-
system is activated, but the control signal K; and the observer £; are not varied. Therefore,
consider:

Vat) = T (OPE0) + [ e (5)Qic(s)ds

t—ir
= T () Pk (t) + e () Pue(t) (34)
t t
+ [ IR () Qur(s)ds + | € UTVeT (5)Quie(s)ds
t—ir t—ir
Similarly, we can write:

Vai(t) = AgVai(t) < T (@il (t) (35)

Moreover, LMI (17) implies that Vy;(t) — AgV2i(t) < 0. Integrating both sides of this
inequality, one can acquire that

Vai((t) < V(1) et =1 (36)

On the other hand, one can obtain the following inequalities:

[ M6 < [0 ET(5) Q)
t—ir Jt—1r (37)

t
< ehathp)ic /H e MU= (5) Q¢ (s)ds
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From (15), (33), (36), (37), and similar to [31], one can derive the following results:

V(t) S [E(Aa+Aﬁ)LT]Ntf(tklt)‘uNﬁ(tklt) V(tk)e)\ﬂ‘3:+(tk,t)—)tlxs:i(tk,t)

[e()‘“ +Aﬁ)‘T]Nv(tk—lft) err(tkfl,f) V( )J\/ﬂ* (Fr—1t) = AT~ (tx_1,t)

IN

t—1
. S [e()wa)\ﬁ)lr}Ng(to,t)yN(f(to,t)V(to)e)xﬁf+(to,t)f/\agi(to,t) (38)

IN

IN

[e()\aJr/\}g)lT]Ng(tg,t)ﬂNﬁ(to,t)V(to)e(/\a+)\ﬁ)f+ (to,t)f)\m(tfto)

[E(Aa+/\‘3)l1—]Ng(fg,t)l/lN[T(fo,t) V(to)ew(/\zx‘*’/\ﬂ)NU(tO't)*)\a’(tfto)

IN

where T (o, t) indicates the total matched intervals and T+ (#,t) stands for (¢, t), and
Ny (to, t) is written as:

39
Ng(to,t):Nﬁ‘(tO,t)+1, te [tk,thrwk),Vk:l,Z,...,N. 39

{ Ny (to, t) = Ny (to, t), € [te1 +wp_1, k), Vk=1,2,...,N.
Furthermore, from Definition 2 and (39), we have:

t—tg

V(t) < [ye(/\aﬂ\ﬁ)tr}( W )V(to)ew(/\a—&-/\ﬁ)(t;:())—)xa(t—tg)

(Aa+Ag)ic 40
(Aaln(w g Tﬂ)+@(M+Aﬁ))(tto) (40)
=V(ty)e

In addition, from (20) and (34), one can further achieve that

V(t) 2 [lE)I2, Vt) < r2ll(t0) - (41)

Then, the solution of (5) exists globally and is satisfied as follows:

(/\0(+)LlB>lT
In( pe +@(Aa+A
o Jralesy ))(f—fo)

o T

le®)|? < %ncao)uée ( (42)

where
— minA. (P:
K1 ];1'61}\];11 mm( z)
K2 = l;rel?v)l(}\max(l)i) + it I}é%)\max(Qi)

O

Remark 1. It is worth nothing that the results of Theorem 1 can be extended to investigate the
asynchronous He observer-based control problem and the prescribed performance index for the
system (5) subject to the parametric uncertainties and the exogenous disturbance d(t) can be
obtained using the same method in [22] and Definition 1. In this regard, the following results can
be achieved:

{Vu(f) + AaVii(t) (y(t) +02dT(1)d(t), t€ [t + wi_1,ti)

<y (43)
Vait) — AgVai(t) < —yT (H)y(t) + 82T (£)d(t), t € [t b + wy)
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Now, defining Y(t) = yT (t)y(t) — ¢>d" (t)d(t) and integrating from t_y + wy_ to t and
ty to t lead to the following inequalities:

Vii(t) < Vai(teog + wp_q)e Al —win) —
te [tr_q + w1, tr)

Jb e Y(S)eMe=ds,

Vyi(#) < Vig(t)e 1) — f Y(s)eMs () ds, (44)
te [te, te + w)
Considering (38) and (46), the following results can be achieved:
V() <le (Aat+Ap)ix ] o (ts t)yl\]g(tk,t)V(tk)eAﬁ$+(tk,t)—)x,,“l’(tk,t)
_ / o (51) [t Ap)ir | Ne (5)y (5) AT () AT () g
< [e(/\:j-/\ﬁ)lf]Ng(tk1,t)‘uN,-7(tk1,t) V(t_q) e (D) AT ()
_ t:l No(88) [ et Ap e Ne(5)y ()T ()M T~ (5) gg
<. S (At Ap) e No(t0 1) No(to ) () AT (f0)=AaT (0.) (45)
‘uN(,(s Dle (Aﬁ)»ﬁ)if]Ng(s,t)Y(S)e)\ﬁ@ (s)=AaT () gg
- V(to)e)‘ﬁi+(fo/t)*?\ﬂ’(to,f)JrNﬁ(fo,f) In N (o, 8) Infe ™ 877
B / 'y (5)eMs T (50 -AaT (5 +Ne(50) In et Nos ) Infe ] 4o
to
Furthermore, utilizing some simplifications, for all d(t) € 1[0, %0), one can get
/t:o e M=)y T (5)y(s)ds < t:o P?d (s)d(s)ds (46)
in which the prescribed performance index 1 is computed as
2
y= e @)

 Inpt(c+@) (AatAp)

Furthermore,  can be minimized via searching the optimal value for the scalar ¢ in the
elicited stabilization conditions. The following Theorem gives the sufficient conditions to design the
observer-based controller and the prescribed performance index  for the system (5).

Theorem 2. Consider system (5) under uncertain parameters &y, € [_59z'59z]' For given posi-
tive scalars €1, €3, €3, €4, €5, €6, €7, and parameters ir, @, Ay, A,;, 7T, 0, > 1, suppose that there
exist symmetric matrices Xy; > 0, Xy > 0,V > 0,V > 0 and matrices Zz;, Z,;, for any
i,j € M,i# j, such that:

<uXgzi, Xej <udei, Vi Sudpis Vej < wei (48)
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V3XgCT 0
Ve 0 0 0 1 0
Yio = At Yin = 0 V3X,CT|, ¥in =
* _yel 0 0 * —I
0 0

Yit ) = Al Xpi + Xyi (AN + DI Zgi + ZL(DNT + e T+ A Xy

Y 33) AﬂXez + Xez(An) Zeic - CTZ.«};
+(G et r e e e e ) I+ Aad
€1 = \€1,6 = /€2 X ,E3 = \/€3 X ,€4 = \/€4 X q,E5 = /€5 X g,
€ = \/>61€7 = /€7 X q,g[ = (Sglgé,f_} = 59( é, G; = 59692', ’77 = 59[77
and
_®i1<1,1) B}ly)gi 2Z,iC 0 0
x  —Vu 0 0 0
On=| =* Oy, Bide W}
* * * —Vei 0
| * * * * —92]
€ (XAi(g{)T‘FZXTi(g_{)T) e & (X)ei(gé)T—'—Z}éj(g_é)T)
0 0
Opp = 0 0
0 0
I 0 0
[ 0 o 0 0 0
&sVzi(F)]) &sVu(F)T 0 0
O = 0 0 /O = ézXei(g{)T ézXei(gé)T
0 0 0 0
0 0 0 0
i 0 0 0 0
0 0 0 0
Oj5 = 0_‘ 0_ /O = 8 8
é4yei( {)T é4yei( 4)T —j T . T
T T (7)o e(T)
ey XeiH, 0 Xy O
0 0 0 0
O = 0 O = |E61XeiH: |,00=| 0 X,
0 0 0 0
L 0 0 0 0
V3Xx,CT 0
- 0 0
V.. -1 0
Oinp = fxl -y } i = 0 V3X,CT|, 0 = { . _J
- “ 0 0
0 0
Oy, = A Xy + Xy (AT prz,+ 27 (o) T—a
i1, i T )0( ) TP 2hi+ ;ei( j) ter I—Ap

OF

il 33)

= Al X, + X, (A”) —z,c-CT2T

+(e; +el+e, +€g1+eg1+e;1)I—AﬁXei
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Then, system (5) is exponentially stable under switchings T, > T, = I (AactAg )(LTJF(D).

Moreover, the controller gains, the observer gains, and the performance index  can be degigned via
(18), (19), and (47), respectively.

Proof. Considering the conditions (43) and utilizing the same method in Theorem 1, LMIs
(48)—(50) can be achieved. [

Remark 2. In this paper, the robustness against time-delay, AS, and uncertainties are studied. For
future studies, the designed scheme can be can be extended by employing the concept of impulsive
stabilization [32-34].

Remark 3. Although static output feedback control method has been presented in [31] to control
SSs, the switched observer is designed in this paper to estimate the states of the system. The proposed
switched observer-based controller enables us to reconstruct the system states and steer them to
zero in the presence of the AS problem and uncertain parameters of the system. Note that AS
among system/observer modes is a challenging problem investigated in this paper. In this regard,
the gains of the observer have switched asynchronously with the modes of the system; therefore, the
suggested switched observer can tackle the lag between the switching instants of the system/observer.
Furthermore, unlike the results of [31], the effects of external disturbances on the system are studied
in this paper. For this purpose, a prescribed Hoo performance level is considered, and a novel set of
LMI-based conditions is achieved based on the multiple Lyapunov—Krasovskii functionals and an
ADT approach. Therefore, the robustness of the system is guaranteed in the presence of external
disturbances.

4. Simulation Results

The numerical /practical examples are given to evaluate theoretical accomplish-
ments in Theorems 1 and 2. In particular, the mass-springer plant with a switching
dynamic [23,31] and the F — 18 aircraft system [31,35] are provided to examine the de-
signed controller under AS problem, affine parametric uncertainty, time-delay, and
exogenous disturbances.

Example 1. Considering the SS of the form (1) subject to the parametric uncertain matrices (6)
and time-delay AS problem, the matrices are

A= :1'2 3 e 591}’ A2 = :1'602591 o5t 591]
B = :0'2043591 —0.3—1% 591}’ By = :0'2043591 0.1041 591}
P1= _—o.g; o 0.9(:L6 591}’ b= _0'102591 —o.;}lu 591] -
W= :0‘202591 0.204}1 591]’ Wa= :0'102591 0.2042 59]}
St = 030 ey 2030 =[0I
=[] [t o
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The uncertainty of the system belongs to the interval as [—0.1,0.1]. Then,

. [12 04 . [16 11
A= |1 —1) A2 = 0.6 —05

. [02 01 . [02 01
Bi=lo1 —o1) Bi=lo1 01

- - (52)

pn_ [~03 06 pn_[01 11

=105 09/ 27|08 -03

. [02 01 . [01 02
M= 0.1 0.2} Wi = 02 0.2

Furthermore, the uncertain matrices are 511 = 812 = .7-"11 = ]-'12 = 911 = Q% = 7'1l =
T# = Dyx». In addition, the time-delay and the upper-bound of lag time are selected as
1z =1 (s) and @ = 500 (ms), respectively. Let A, = 0.3, Ag=02,¢e1:e7=1and u =11,

then, the ADT is computed via 7, > 7, = In i (Aa J;\zﬁ Jita) _ 2.8177, and, from (47) the
given value for the prescribed performance index is ¢ = 0.25. In the case of the observer-
based controller, using LMI Toolbox of MATLAB to solve the LMIs (48)—(50), the controller
and observer gains are achieved as follows:

20316  —7.0247 0.7716 ~ —7.2377

k= {—15.5929 —5.4244]' ’C2_{—14.7551 —4.7179} ©3)
—8.3063 28.7817 ~8.1690 28.9192

b= {7.3309 7.3658}’ 52_{ 7.6978 6.9693} ©4)

Figure 1 displays the switchings of the simulations. The time responses of the first
and the second state variables with their estimations are represented in Figures 2 and 3,
respectively. Figure 4 shows the time history of the estimation error while the system’s
output is demonstrated in Figure 5. Furthermore, the time response of control law is
depicted in Figure 6. It can be viewed from simulations that utilizing the suggested
observer-based control method leads to the stable estimates and states of the system
with robust performance against the time-delay, parametric uncertainty, and exogenous
disturbances. Moreover, variation of the designed control signal is acceptable.

3 I
System mode
25 = = = Controller mode |+
2~ T = T - :
a ! 1 ! 1 1
o 15+ ! 1 ! ! 1 —
2 ! 1 ! ! 1
= ! 1 ! 1 1
1 I - - —
05— |
0 | | | | | | |
0 4 6 8 10 12 14 16 18
Time (sec)

Figure 1. Example 1: Switching signal.
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zy

| | | | | | |

4 6 8 10 12 14 16 18
Time (sec)

Figure 2. Example 1: First state variable and its corresponding estimation.

==

v/

States
o
~

X2
Iy
2 _--;1}2\

| | | | | | |

4 6 8 10 12 14 16 18
Time (sec)

Figure 3. Example 1: Second state variable and its corresponding estimation.

Estimation error

| | | | | | |

-1
0 4 6 8 10 12 14 16 18
Time (sec)
Figure 4. Example 1: Estimation error.
03 T T T T T T T
—_—y

021 === Y|

1

System output

| | | | | | |

4 6 8 10 12 14 16 18
Time (sec)

Figure 5. Example 1: Output signal.
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Control signal

0 2 4 6 8 10 12 14 16 18
Time (sec)

Figure 6. Example 1: Control signal.

Example 2. Consider the mass-springer mechanical system (see [31] for more detail) with the

following parameters:
-1 1 [ -1 1
A= -1 2}’ A2 = | —2 — dp, 3+(59J
[0 0 [0 0
B - ’ B =
L 1+(59J 27| ~1 -4y, 2+(59J
[0 [0
D = D, =
T+ 591}’ 2T+ 591] 5)
_ [0.2+ 4, 0.1 _[0.1 4 dg, 0.2
Wi = 01 0.2+59J' Wa= | 02 02+
[0.1sin(x1(t)) [0.1sin(x2(t))
Cx _ (@3 —
SUEXI) = 101 cos(xa(1)) )1 52 x(0) =101 cos(xi (1))
7o |0.7sin(67tt) 01 01
at) = 0.9 sin(27rt)]’ €= 10.1 0.2}
The nominal matrices are
a1 1 . [-1 1
“41__—1 2| A2__—2 3
[0 0 n |0 0
Bi=lo 1) B2=|1 2
:O :O (56)
=[], o]
. |01 02 . [01 0.1
M =102 01 M2 10 01
Accordingly, we have:
1_[00 » [0 0
51__0 0’ 51__—1 1
110 0 > [0 0
Fi= -1 1) Fi= -1 1
:0 :0 (57)
Gi = _1], Gt —_1]
. 1o , 10
i = 10 1}’ T 01
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Let 1 =2 (s) and @ = 1 (s). For simulations, choose A, = 0.4, Ap=02,e1 167 =1,

and p = 1.1. As aresult, the ADTis 7, > 1 — ok +(A’¥+A’S JU4@) _ 4 7383 and the given
value for the prescribed index is = 0.2537. Furthermore by the use of LMI Toolbox of
MATLAB to solve (48)—(50), the observer and controller parameters are acquired as follows:

K1 =[-21619 —25.7037], Ko =[—2.8005 —37.8457] (58)

17.2409  —4.5831 27.5308  —13.8381

—214.1548 196.4140|’ L2 = —334.9659 301.0917 (59)

Ly =

Figure 7 depicts the switchings. The time responses and their approximations are
illustrated in Figures 8 and 9. The estimation error is demonstrated in Figure 10 while the
system’s output is demonstrated in Figure 11. From the simulations, it is clear that the
suggested observer-based control system can ensure the robustness under the parametric
uncertainty, time-delay, exogenous disturbance, and the AS problem. Therefore, the
designed controller, which is displayed in Figure 12, is persuasive.

3
System mode
25— = = = Controller mode |+
2 - ) - : .
9 1 ! 1 1
T 15| ' ' ' ' .
o 1 1 . 1 1
= . | X 1 1
1 - M - 1 1 |
0.5 |
0 \ \ \ \ \
0 5 10 15 20 25 30
Time (sec)
Figure 7. Example 2: Switching signal.
4
T1
3 - == 214
o 20 =
ic
8
0 1 7’ \\\ ]
i
o e e Tt e
1 \ \ \ \ \
0 5 10 15 20 25 30
Time (sec)

Figure 8. Example 2: First state variable and its estimation.
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1 w w w w w
T2
0.8 |- - - - I
0.6 |- -
%]
]
= 04l -
n
0.2 4 -
i
A
\ ™
v
ooL= 1 1 1 1 1
0 5 10 15 20 25 30
Time (sec)
Figure 9. Example 2: Second state variable and its estimation.
x x x x x
€1
2
o -
c
9
T
£ 7
o
w
—
1 1 1 1 1 1
0 5 10 15 20 25 30
Time (sec)
Figure 10. Example 2: Time response of the estimation error.
0.6 x x x x x
05 b — Y| |
-y
5 04 .
g
3 03 -
E 0.2 - -
2
O 0.1+ —
0 e e e e e P e e = e e e e e et e e
01 ! ! ! ! !
0 5 10 15 20 25 30
Time (sec)
Figure 11. Example 2: Time response of output.
2 w w w w w
— o
@©
c
(=]
‘»
52 ]
=
o
@)
iy = ]
6 1 1 1 1 1
0 5 10 15 20 25 30

Time (sec)

Figure 12. Example 2: Control signal.



Mathematics 2020, 9, 2968

21 0f 25

Example 3. The designed observer-based control scheme is examined to an F — 18 aircraft (see [31]
for more details) with the dynamic model of the form (3) and the parameters as follows:

A, — gqmshao _ [—02423+0.10p,  0.9964 +0.50,
17 long —2342+8,,  —0.1737+0.1dp,
A, — gmenso _ [—0.0416+0.05d,  —0.01141 +0.055,
2~ Mlong —2.595 + Jp, —0.8161 + 0.555,
B, _ pmshdo _ [0-161+0.18,  0.387+ 0.1,
17 Flong —1.144+ 55,  —0.06+ 0.055,
B, — pgmehdo _ [0.017+ 0050, 0.001 +0.050,
2= Plong ~1.817+0dp,  —0.336+ 0.15p,
_ mshao _ [—0.2423+0.155,  0.4978 + 0.14p,
Dr="Plong” = | _1.8420 + 0.1p, —0.0877 (60)
D, _ pmehso _ [0-5088 + 0.1y, 0.0107 +0.050,
2~ Tlong 0.1310 +0.1dp,  0.6219 + 0.1Jp,
~ [0.2+0.24p, 0.1 ~ [0.2+0.24p, 0.1
Wi = o1 0.2+ 0.2591}’ Wa= | 01 0.2+ 0.24p,
[0.1sin(x2(t)) 0.1sin(x1(t))
Cx _ $3 —
\fl(t/XU)) - _01 sin(xl(t)) ’ \SZ(t/X(t)) ~ 101 Sin()(z(t))
B [o(—0.1¢) o 1
a() = e sin(0.67tt) = 05 05
sin(0.67tt) 0.5 0.6]
where the uncertain parameter is dp, = 0.6sin(t), and one can obtain
g [F02423 09964, [-0.0416 —0.01141
17| —2342 —01737)7 72 7| —2.595 —0.8161
g [ 0161 0387 g [ 0017 0.001
7 |-1.144 —0.06) 27| -1817 —0.336 1)
pn_ [~02423 049787 ., _[0.5088 0.0107
17 |-1.8420 —0.0877)” ~2 (01310 0.6219
(0.2 0.1 (0.2 0.1
n __ n __
Wi = 10.1 0.2}’ Wa = 0.1 o.z}
The uncertainty matrices are
(0.1 0.5] [0.05 0.05
1 _ 2 _
‘91__1 0.1) ‘91__1 0.5}
0.1 0.1 [0.05 0.05
1 _ 2 __
Fi=11 0.05}’ 1= 0.1}
- . - (62)
g [o1 01 g2 _[01 005
=01 o] “t7]o1 01
. o2 0] , _[02 0
7—1__0 0.2] Tl__o 0.2
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Furthermore, it is presumed that 1y = 2 (s) and @ = 500 (ms). With A, = 0.4, Ap =02,
€1 : g7 = 1, and y = 1.1, the ADT is 3.9883 and the prescribed performance index is
¢ = 0.2328. Furthermore, solving (48)—(50) yields:

o, — [13.0852  9.759 o, — [~172132 67025 ©3)
L= 12494119 —313771)7 "2~ |-53.4946 —38.5073
o _ [1984849 —158.3565] . _ [198.3110 1594725 64)
1= 11305456 —63.4251 |7 =2~ | 725886 —24.3458

The switching signal is shown in Figure 13, and the estimated signals and trajectories
controlled by the designed observer-based controller are illustrated in Figures 14 and 15.
Moreover, the estimation error and system’s output are represented in Figures 16 and 17,
respectively. It is perceivable that the observer-based controller is properly operating under
the AS problem and with respect to time-delay, uncertainties, and external perturbations.

3 \
System mode
25 = = = Controller mode |
. | : ‘- - E :
1 1
3 1 ! . 1
S 15 . 1 ! . 1 ]
= 1 1 1 . 1
1 ) ! ! ! -
0.5 _
0 \ \ \ \
0 5 10 15 20 25
Time (sec)
Figure 13. Example 3: Switching signal.
1
Ty
-———
05 |- —
[%]
2
IS
)
1 \ \ \ \
0 5 10 15 20 25
Time (sec)
Figure 14. Example 3: First state and its estimation.
2
T2
151 - == dg|
(7] 1§ B
2
<
D o5 -
0 L[ _—— o —
05 \ \ \ \
0 5 10 15 20 25

Time (sec)

Figure 15. Example 3: Second state and its estimation.
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Estimation error

System output

15

0.5

15

0.5

€1

- == €|

5 10 15 20 25
Time (sec)

Figure 16. Example 3: Estimation error.

—un
-

5 10 15 20 25
Time (sec)

Figure 17. Example 3: Time response of the F — 18 aircraft system’s output.

5. Conclusions

In this study, a control technique was presented for nonlinear SSs under time-delay,
uncertainties, and AS problems. In this regard, switched Lyapunov-Krasovskii techniques
and the ADT approach were utilized to obtain sufficient stabilization conditions. To derive
the observer/controller gains, the obtained conditions were converted into LMIs, and an
observer-based control policy was developed to reconstruct the system states and stabilize
the closed-loop system. Stabilization conditions were proposed as a feasibility problem that
depends on the value of time-delay, upper bounds of the uncertainties and lag time, and
Lipschitz constants. Furthermore, proposing a novel set of LMI-based conditions, the Heo
observer-based control problem was investigated for the AS problem against exogenous
disturbances. Finally, simulations have demonstrated the superiority of the suggested
observer-based control law.
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