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Abstract: In this paper, we establish the boundedness of the Calderén operator on local Morrey
spaces with variable exponents. We obtain our result by extending the extrapolation theory of
Rubio de Francia to the local Morrey spaces with variable exponents. The exponent functions of
the local Morrey spaces with the exponent functions are only required to satisfy the log-Holder
continuity assumption at the origin and infinity only. As special cases of the main result, we have
Hardy’s inequalities, the Hilbert inequalities and the boundedness of the Riemann-Liouville and
Weyl averaging operators on local Morrey spaces with variable exponents.
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1. Introduction

The main theme of this paper is the boundedness of the Calderén operator on local
Morrey spaces with variable exponents.

The Calderén operator is one of the important operators in harmonic analysis and
theory of function spaces. The Calderén operator is related with the Hardy’ inequality, the
Stieltjes transformation, the Riemann-Liouville and Weyl averaging operators. It also gives
an estimate for the maximal Hilbert transform ([1], Chapter 3, Theorem 4.7). Moreover,
the boundedness of the Calder6n operator is also related with the convergence of Fourier
series on rearrangement-invariant Banach function spaces ([1], Chapter 3, Theorem 6.10).

The boundedness of the Calderén operator on Lebesgue spaces is a well known
result [2]. Recently, the boundedness property has been extended to the weighted Lebesgue
spaces [3] and the weighted Lebesgue spaces with variable exponents [4]. In this paper,
we further extend the boundedness of the Calderén operator to local Morrey spaces with
variable exponents.

The local Morrey spaces with variable exponents are extensions of the classical Morrey
spaces introduced and studied by Morrey [5] and the Lebesgue spaces with variable
exponents [6,7]. The mapping properties of singular integral operators, the fractional
integral operators, the geometric maximal operators and the spherical maximal functions
were obtained in [8-14].

In this paper, we obtain our main results by extending the techniques from the ex-
trapolation theory introduced by Rubio de Francia [15-17] to local Morrey spaces with
variable exponents. An extrapolation theory for local Morrey spaces with variable expo-
nents was obtained in [14], while the extrapolation theory given in [14] is based on the
Hardy-Littlewood maximal function. In this paper, we use another maximal function
from [3] which is defined via the basis {(0,7) : # > 0}. Similar to the results in [4], by using
this maximal function, the exponent functions for the local Morrey spaces with variable
exponents is not required to be globally log-Hé6lder continuous function. The exponent
function is just required to be log-Holder continuous at origin and infinity.

This paper is organized as follows. The definition and the boundedness of the Calderén
operator on weighted Lebesgue spaces were presented in Section 2. The definitions of local
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Morrey spaces with variable exponents and local block spaces with variable exponents are
given in Section 3. The local block spaces with variable exponents are pre-duals of local
Morrey spaces with variable exponents, and the boundedness of the maximal function
associated with the the basis {(0,7) : ¥ > 0} on the local block spaces with variable
exponents is obtained in Section 3. This boundedness result is one of the crucial results
for the boundedness of the Calderén operator obtained in Section 4. As applications of
our main results, we obtain the Hardy’ inequalities, the boundedness of the Stieltjes
transformation, the Riemann-Liouville and Weyl averaging operators on local Morrey
spaces with variable exponents.

2. Definitions and Preliminaries

Let M be the class of Lebesgue measurable functions on (0, c0).
For any non-negative function f on (0, o), the Calderén operator is defined as

1 X <]
st =1 [“fway+ [T Way, xe0,0)
0 x y
For any non-negative function f on (0, c0), the Hardy operator is defined as

Ui =1 [ Fwdy, x e (0,0)

We see that the adjoint operator of  is given by

H*f(x)_/xmf(yy)dy, x € (0,00).

The boundedness of H and H* on Lebesgue spaces is called the Hardy’s inequalities.
We see that S = ‘H + H*. Thus, the boundedness of the Calderén operator on Lebesgue
spaces follow from the Hardy’s inequalities. The reader is referred to [2,18,19] for the
studies of Hardy’s inequalities.

Let @ > 0O; the Stieltjes transformation, the Riemann-Liouville and Weyl averaging
operators are defined as

Hf) = [ S ay

Lf() = 257 [y ray,
x)*

Jof) = 1) [T fay

For any non-negative function f, we have Hf (x) < Sf(x), If(x) < Sf(x) and
Jof (x) < Sf(x). The reader is referred to [20-22] for the studies of the Stieltjes transforma-
tion and its application on the Hilbert’s double series.

We recall the following maximal operator and the Muckenhoupt type classes of weight
functions for S. They were introduced in [3]. For any locally integrable function f, define

N =supt [ If )y, x>0

b>x

The operator N is the maximal operator on (0, 0) with the basis {(0,7) : r > 0}.
Notice that for any non-negative function f, we have Nf < Sf.
We recall the following class of weighted functions from ([3], (1.2)).
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Definition 1. Let p € (1, 00). We say that a Lebesgue measurable function w : (0,00) — [0,00)

belongs to Ay o if
1 b y 1 rb -y p-1
g ) (5 [ o rae) <

where p' is the conjugate of p.
The class A1 consists of all Lebesgue measurable function w : (0,00) — [0, 00) satisfying

Nw(x) < Cw(x), x € (0,00)
and [w] 4, , denotes the smallest constant for which the above inequality holds.

In view of ([3], Theorem 1.1), we have the following weighted norm inequalities for
N.

Theorem 1. Let p € (1,00). We have a constant C > 0 such that

| INF) Peix < € [T 10w
ifand only if w € App.

When p € (1, 0), the class App coincides with the class Cp introduced in [23]; see ([3],
Theorem 1.2). In addition, as a special case of ([3], Theorem 1.2), we have the weighted
norm inequalities for the Calderén operator.

Theorem 2. Let p € (1,00). We have a constant C > 0 such that

| Isf e < ¢ [T Ifroeds 0
ifand only if w € Ay .

3. Local Morrey Spaces with Variable Exponents

In this section, we recall the definition of local Morrey space with variable exponent
and study a pre-dual of this space, namely, the local block space with variable exponent. As
a crucial supporting result for our main result, we obtain the boundedness of the maximal
function N on local block spaces with variable exponents at the end of this section.

We recall the definition of Lebesgue spaces with variable exponents.

Definition 2. Let p(-) : (0,00) — [1,00) be a Lebesgue measurable function. The Lebesgue
space with variable exponent LP\) consists of all Lebesgue measurable functions f : (0,00) — C

satisfying
1l = inf{A > 010, (f/2) <1} < o0
where

o) = [ 1P e

We call p(x) the exponent function of LP(),

Let p’(x) be the conjugate function of p(x). That is, they satisfy ﬁ + p,%x) =1,
x € (0,00). Let p_ = essinf,¢ (g0 p(x) and py = esssup, (g o) P(¥)-
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Definition 3. A continuous function g on (0, 00) is log-Holder continuous at the origin if there
exist cog > 0 and go such that

Clog

“op @)’ vx € (0,1/2). @)

8(x) — ol <
A continuous function is log-Holder continuous at infinity if there exist goo € R and coo > 0

so that
c

— 8o < ————, Vx € (0,00). 3
26) ~ ol < ooy VY€ 009) ©)
We write g € C'°8 if g is log-Holder continuous at origin and log-Holder continuous at infinity.

The above classes of log-Holder continuous functions are used in [24-26] for the
studies of Herz spaces with variable exponents.

We have the boundedness of the maximal operator N on L () whenever p(-) € Clog
withl <p_ <py <co.

Theorem 3. Let p(-) € C'8. If1 < p_ < py < oo, then there exists a constant C > 0 such that

INfll o) < ClIAN o0

For the proof of the above theorem, the reader is referred to ([4], Theorem 1.6 and
Section 3).
We now give the definitions of local Morrey spaces with variable exponents from [14].

Definition 4. Let p(-) : (0,00) — (1,00) and u : (0,00) — (0,00) be Lebesgue measurable
functions. The local Morrey space with variable exponent LME(') consists of all f € M satisfying

1
1A gy = 39 Sy Ixen Sl < oo

r>0

When p(-) = p, 1 < p < oo, the local Morrey space with variable exponent becomes
the local Morrey space LM)},. For the studies of local Morrey spaces, the reader is referred
to [9-13]. For the mapping properties of the Carleson operator, the local sharp maximal
functions, the geometrical maximal functions and the rough maximal functions on LM}, ('),
see [14,27].

The local Morrey spaces with variable exponents are ball Banach function spaces
defined and studied in [28,29]; see the discussion after ([27], Theorem 2.3).

We recall a class of weight functions for the studies of the local Morrey spaces with

variable exponents defined in ([14], Definition 2.5).

Definition 5. Let o € (0,00), p(-) : (0,00) — [1,00]. We say that a Lebesgue measurable
function, u(r) : (0,00) — (0, 00), belongs to ]LWZ(E_) if there exists a constant C > 0 such that for

any r > 0, u fulfills

C<u(r), Vr>1, 4)
X0 ey < Cu(r), Vr<1, (5)
Wonlm ,gistnym < cugrym ®)

=0 ||X(0,2j+17) Il £ptr 740

forallr > 0.
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When g9 = 1, we write LW,y = ]LW;(.). Let0 <0 < 1and uy(r) = HXB(O,,)H%,(,).
The discussion at the end of ([30], Section 2) shows that uy € LWP(_). Particularly, u = 1is
a member of LW .

Next, we recall a pre-dual of the local Morrey space with variable exponent from ([14],
Definition 3.1).

Definition 6. Let p(-) : (0,00) — (0,00) and u(r) : (0,00) — (0, 00) be Lebesgue measurable
functions. Ab € M is a local (u, LP))-block if it is supported in (0,7), r > 0 and

1
||b||Lp(‘) < W @)
We write b € 1b, ) if bis a local (u, LP())-block.
Define £B,, (. by
B { Z Aby Z |Ax| < oo and by is a local (u, L”('))—block}. 8)
k=1
The space £8B,, ,,(.) is endowed with the norm
||f||£%up inf{kZ‘1 |Ak| such that f = l;l)\kbk a.e.}. 9)

We call £8B,, () the local block space with variable exponent.

In view of ([14], Theorem 3.3), £3B,, ,,(.) is a Banach space and £5, .y C Llloc' In addi-
tion, whenever f, ¢ € M satisfying |f| < [¢| and g € £B,, ), we have f € £B, () ([14],
Proposition 3.2).

We present the following results for the block spaces with variable exponent from ([14],
Section 3). Notice that the results in [14] are for local Morrey spaces with variable exponents
on R", while with some simple modifications, the results and the proofs in [14] can be
extended to local Morrey spaces with variable exponents on (0, c0).

Theorem 4. Let p(-) : (0,00) — (1,00) and u : (0,00) — (0,00) be Lebesgue measurable
functions. We have

* _ P'()
S%M,p(,) = LM;
where £‘B:/p(4) denotes the dual space of S%M,p(.).

The reader is referred to ([14], Theorem 3.1) for the proof of the above results. Further-
more, the proof of ([14], Theorem 3.1) gives the Holder inequalities for f € LM}, ) and

gc S%u,p@

| 170801 < Cliglsm, i 1710 (10)

for some C > 0.
Moreover, in the proof of ([14], Theorem 3.1), we also have the norm conjugate formula

Ol <, sup / (x)ldx < Callfl, 0 a1
u [b

for some Cy, C; > 0.

Proposition 1. Let p(-) : (0,00) — (1,00), u : (O, oo) (0,00) be Lebesque measurable
functions and f € £B,, ). If § € M satisfying \g

wp(-):
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The proof of the preceding proposition is given in ([14], Proposition 3.2.). We establish
a supporting lemma in the following paragraphs.

Lemma 1. Let p(-) € C°8 with 1 < p_ < p4 < co. We have constants Co, C; > 0 such that
for any r > 0, we have
<G (12)

Proof. The first inequality in (12) follows from the Holder inequality for Lebesgue spaces
with variable exponents.
For any r > 0 and locally integrable function f, define

P f(y fx)dx | x (0, ()-
)= (7 f st )x

The definition of N guarantees that |P,f| < Nf. Therefore, we have || P,
N p() () According to ([7], Corollary 3.2.14), we have

||LP(')*>LP('> <

o luolion o =sup] | [ sts|Lxion o < sl < 1}-

Theorem 3 yields a constant C; > 0 such that for any r > 0, we have
X0 lrollxonleo < sup{rlPgllpo : Igllmo < 1}
< sup{rlINgllppe) : I8llp0) <1} < G
Therefore, the second inequality in (12) holds. [

We are now ready to obtain the boundedness of the maximal function N on £8,, ().

Theorem 5. Let p(-) : (0,00) — (1,00) and u : (0,00) — (0,00) be Lebesgue measurable
functions. If p(-) € ClB with1 < p_ < p; < coand u € LW ), then the maximal operator
N is bounded on £B,, ().

p'(

Proof. In view of ([14], Theorem 3.3), we have £%5
operator N is well defined on £, (.
Letb € b, ) with support (0,7), r > 0. For any k € N, write B = (0, 2K7). Define
XBk+1\Bko k € N\{0} and ng = x(g2,)Nb. We have suppny C Byi1\B; and
Nb = Zk 0 ny.
As p(+) € Cl°8 with 1 < p_ < p < oo, Theorem 3 guarantees that

up() C 10 ; therefore, the maximal

C < C

u(r) — u(2r)

for some constant C > 0 independent r. The last inequality holds since (6) asserts that

110l pe) < CIIND| ) <

) .

o u(2r) < Cu(r) and ([4], Lemma 2.3) yields ||xp(02r)ll1»()
HXB(O,Zr) HLp(-)

for some C > 0 independent of » > 0. As a result of the above inequalities, 7 is a
constant-multiple of a local (u, LP(*))-block.

The Holder inequality for LP(*) yields

XBi 1\B
Mk = XByy\BND < kH\ k/ |b(x)|dx

< CXBkH\BkZTr 151 e Ix o, | )

for some C > 0 independent of k.
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Consequently, (12) gives

||XBk+1\Bk ||LF’(

)
el < PR o
<C ”X(O,r) HLP’(-) u(2k+17’) 1 )
o ||XBk+1 HLP’(l) u(r) ”(2k+1r)

Write n = ojd), where

_ HX(O,T) ”Lp’(-) U(2k+17’)
HXB;(_H ||Lp’(-) M(T)

Ok

We find that dj is a constant-multiple of a local (1, LP())-block, and this constant does
not depend on k. As u € ]LWP/(,), we have

e}

Nxenllvre oy < cu.
=0 HX(O,Z/'H,,) HLP/(')

We have )7 ; 0 < C for some C > 0. Hence, Nb € £B, (). Moreover, there exists a
constant Cy > 0 so that for any local (u, L¥ ) )-block b,

INb|[ e, ., < Co.

up(-

Let f € £8, ). The definition of £8, . yields a family of local (u, L ())-blocks
{ck}y, and a sequence A = {A}2, € ! such that f = Y32, Akey with [|[Aflp <
2(flless, ,( Since N is sublinear, we find that

o0 o0
Y AkNek < ) [MllINeelless,
=1 £8,,) k=l
o0
< COkZ ’/\kl < 2C0||f“2‘3u,p(.)'
=

As Nf < Y32 |Ak|Ncy, Proposition 1 guarantees that Nf € £, () and \|Nf||£;3“p“
< C||f\|£%up(') for some C > 0. O

4. Calderén Operator

The boundedness of the Calderén operator on local Morrey spaces with variable
exponents is established in this section. As applications of our main result, we obtain
the Hardy’s inequalities and the Hilbert inequalities on local Morrey spaces with variable
exponents.

We use the techniques from the extrapolation theory. We first recall an operator from
the Rubio de Francia algorithm. Let pg € (0,00) and p(-) € C'°8 with pg < p_ < p; < 0.
The operator R is defined by

ad Nkh
Rh =
k;() 2k||Nk

, helj,,

|L%u”wp(»)/m)'_”3%1«”0,@(-)/::0)/

where NF is the k iterations of the operator N and N% = |h|. The following are the
boundedness of N and R on the local block spaces with variable exponents.
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Proposition 2. Let pg € (0,00) and p(-) € C'%8 with pg < p— < p4+ < 0. Ifu € LWZ(().),
then the operator R is well defined on £B ,p (,(.) p,) and there is a constant C > 0 such that for

any h € £B o (p(.)/po)'s

[h(x)| < Rh(x) (13)
IRRlLe8 15 )50 (14)
[Rh]z‘ho < CHN”S‘B (15)

< 2Hh||2%upo,<p<»>/po>’

WP0,(p() /) =B ub0,(p()/pg)

Proof. Asu € LW;?_) implies uf* € LW, y/p,,
operator N is bounded on £B,p (,(.)/p,)- Consequently, the operator R is well defined
in B0, (p(-)/po)'s and the definition of R yields (13) and (14). In addition, since N is a
sublinear operator, for any h € £%upg,(p(.) /po)'s We obtain

Theorem 5 guarantees that the maximal

00 Nk+1p
=0 2"l HE%uﬁo,@(,)/po)’ﬁ’g%u”ﬁ,(pb)/lﬂo)’
< ZHNHS%M) ()/PO)/_}’Q%u”O,(p(')/po)'Rh'

According to Definition 1, Rh € Ajj, and hence, (15) holds. [

Theorem 6. Let p(-) € Cl°8 with 1 < p_ < p < co. If there exists a py € (0, p—) such that
u € LW? (() y then the Calderdn operator S is bounded on LMY, ),

Proof. Let f € LMfZ('). Forany h € £8B,5, (p() , (10) and (14) yield

/po)

[ee]
Po < Po
/0 |f(x)[PORh(x)dx < C|||f] ” /Po”RhHS‘BuPO( )/ro)
< . .
> ”fHLMZ()HhHS%“PO,(p(.)/pO)’

Thus, we have
LMP) < N LV (Rh). (16)
ELB0, () /oy
Theorem 4 guarantees
117, = IISFP o

uPo

< Csup{/o SFEPhE)ldx: Bl o g, 0 < 1} (17)

for some C > 0.
In view of (15), Rh € A; o. Furthermore, the embedding (16) guarantees that (1) holds

forall f € LM}, ) Consequently, by applying w = Rh on (1) and using (13), we find that

| ISt n(dx < [ [s£(0) 1 RAG)dx

< c/ %) [PORI(x)dx.
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Consequently, (10) and (14) give

| 18£GPRGdx < CIFAPI, o IR Lo

uP0

Po
< Il g I8, 1 < CHFIS - (18)

By taking supremum overall /s € £B, ((.)/p,) With [[1]| e y <1, Theorem 4,

uP0,(p()/pg
(17) and (18) yield the boundedness of the Calderén operator S on LME(‘). O

We also use the technique from the extrapolation theory to study the mapping proper-
ties of the local sharp maximal functions, the geometrical maximal functions and the rough
maximal functions on local Morrey spaces with variable exponents in [14]. The results
in [14] rely on the boundedness of the Hardy-Littlewood maximal operator. Therefore, the
results obtained in [14] are valid for local Morrey spaces with variable exponents with the
exponent functions being globally log-Holder continuous. Our results use the maximal
function N. Therefore, in view of Theorems 1 and 3, we just require p(-) to be log-Holder
continuous at origin and infinity for the boundedness of the Calderén operator on LMY, )

We give a concrete example for the weight function u that satisfies the conditions in
Theorem 6. Let p(-) € C'%8 with1 < p_ < p; < 0. Let0 < 6 < land ug(r) = 1 XB(0,r) ”il’(‘)'
The discussion at the end of ([30], Section 2) shows that uy € LW .. For any pg € (1,p-),
we have

0 0
ug(r)P° = [lxson 1750) = X80 501700

The discussion at the end of ([30], Section 2) asserts that ug(r)?° € ]LWP(,) /po* There-
fore, the conditions in Theorem 6 are fulfilled, and the Calderén operator S is bounded
on LM%').

As |Hf| < H|f| < S|f|] and |H*f| < H*|f| < S|f|, Theorem 6 yields the Hardy’s

inequalities on LME(').

Theorem 7. Let p(-) € Cl8 with 1 < p_ < p4 < co. If there exists a py € (0, p—) such that
ue ]LWZ(.), then there exists a constant C > 0 such that for any f € LMZ(A)

IHFI e = CUAN -

In particular, when p(-) = p, 1 < p < oo is a constant function, we have the Hardy’s
inequality on the local Morrey space LM},. In addition, when u = 1, the above results
become the Hardy’s inequalities on Lebesgue spaces with variable exponents, which
recover the results in [31].

The reader is referred to [2,18,19] for the history and applications of the Hardy’ in-
equalities. For the Hardy’s inequalities on the Hardy type spaces, the Lebesgue spaces
with variable exponents and the Herz-Morrey spaces, the reader may consult [31-37].

Theorem 6 also yields the boundedness of the Stieltjes transformation, the Riemann-

()

Liouville and Weyl averaging operators on LM} ".



Mathematics 2021, 9, 2977

10 of 12

Theorem 8. Let p(-) € Cl%8 with 1 < p_ < p4 < co. If there exists a py € (0, p—) such that

ue LWZ(.), then there exists a constant C > 0 such that for any f € LMf:(')

IEAI ygoer < CIFI oo

The boundedness of the Stieltjes transformation on Lebesgue space is called as the
Hilbert inequality. Therefore, as special cases of the preceding theorem, we also have
the Hilbert inequality and the boundedness of the Riemann-Liouville and Weyl averag-
ing operators on the local Morrey spaces LM/, and the Lebesgue spaces with variable
exponents LP().

5. Discussion

We establish the boundedness of the Calderén operator on local Morrey spaces with
variable exponents by extending the extrapolation theory. The exponent functions used in
the local Morrey spaces with variable exponents are required to be log-Holder continuous
at the origin and infinity only. We need to refine the extrapolation theory for the maximal
operator N and the class of weight functions Ay . In addition, in order to get rid of the
approximation argument, we need to establish the embedding (16).

As applications of the main result, we have Hardy’s inequalities, the Hilbert inequali-
ties and the boundedness of the Riemann-Liouville and Weyl averaging operators on local
Morrey spaces with variable exponents.

Moreover, we see that whenever we can establish the weighted norm inequalities with
the class of weight function A, ¢ for an operator T, even if T is nonlinear, we can apply
our extrapolation theory to obtain the boundedness of T on the local Morrey spaces with
variable exponents where the exponent function is log-Holder continuous at 0 and infinity.

6. Conclusions

We extend the extrapolation theory to the local Morrey spaces with variable exponents
with the exponent functions being log-Holder continuous at the origin and infinity only.
With this refined extrapolation theory, we obtain Hardy’s inequalities and the Hilbert
inequalities on the local Morrey spaces with variable exponents. Furthermore, the bound-
edness of the Calderén operator, the Riemann-Liouville operators and the Weyl averaging
operators has been extended to the local Morrey spaces with variable exponents.

In particular, we have the Hardy’s inequalities, the Hilbert inequalities on local Morrey
spaces and the boundedness of the Calderén operator, the Riemann-Liouville averaging
operators and the Weyl averaging operators on local Morrey spaces.

In conclusion, the results obtained in this paper generalize the existing results on the
studies of local Morrey spaces with variable exponent, the Hardy’s inequalities, the Hilbert
inequalities on local Morrey spaces and the boundedness of the Calderén operator, the
Riemann-Liouville averaging operators and the Weyl averaging operators.
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