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Abstract: The existence of homoclinic orbits or heteroclinic cycle plays a crucial role in chaos re-
search. This paper investigates the existence of the homoclinic orbits to a saddle-focus equilibrium
point in several classes of three-dimensional piecewise affine systems with two switching planes
regardless of the symmetry. An analytic proof is provided using the concrete expression forms of
the analytic solution, stable manifold, and unstable manifold. Meanwhile, a sufficient condition for
the existence of two homoclinic orbits is also obtained. Furthermore, two concrete piecewise affine
asymmetric systems with two homoclinic orbits have been constructed successfully, demonstrating
the method'’s effectiveness.

Keywords: piecewise affine systems; two switching planes; homoclinic orbit

1. Introduction

Because many chaotic phenomena in physics and engineering systems can be as-
sociated with homoclinic orbits or heteroclinic cycle, the existence of homoclinic orbits
or heteroclinic cycle is critical in chaos research. For example, Chertovskih et al. [1]
discovered a family of periodic and chaotic regimes by bifurcating homoclinic orbits in a
nonlinear magnetic field. Li and Tomsovic [2] demonstrated in multidimensional chaotic
Hamiltonian systems that the actions of an unstable trajectory can be expanded into linear
combinations of homoclinic orbit actions using the classical action functions. In the field
of electronic circuits [3,4], there are some methods for designing chaos circuits based on
homoclinic orbits or heteroclinic cycles. Furthermore, the Shil'nikov theorem and its ex-
tensions [5-8] demonstrated that the existence of homoclinic orbits or heteroclinic cycles
under certain conditions implies the existence of horseshoes. However, the corresponding
existences were simply assumed in these theorems. In some specific dynamic systems,
the perturbation method [9,10], series method [11,12], and numerical computation [13,14]
are used to demonstrate the existence of homoclinic orbits or heteroclinic cycles. In addi-
tion, Leonov [15] proposed a Fishing principle to explain the existence of homoclinic and
heteroclinic cycles in Lorenz-like systems.

For piecewise affine system, its analytic solution, stable manifold, and unstable mani-
fold are easy to be determined, which provides favorable conditions for the construction of
homoclinic orbits. For example, Llibre et al. [16] established some sufficient conditions for
the existence of homoclinic orbits in both Shil’nikov and non-Shil’nikov cases. Meanwhile,
in a three-parametric piecewise linear system, they discovered the existence of horseshoes.
In [17], Huan et al. proposed a sufficient condition for the existence of homoclinic orbits in
three-dimensional piecewise affine systems and demonstrated the existence of horseshoes
under appropriate conditions. Yang et al. [18,19] recently provided an analytic proof for
the existence of homoclinic orbits in a class of three-dimensional piecewise affine systems
which is different from the one in [17]. Wu and Yang also reached some corresponding con-
clusions in a class of four-dimensional piecewise affine systems(cf. [20]). They concentrated
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on piecewise affine systems with one switching plane in the above-mentioned literatures.
On the other hand, some practical piecewise affine systems can have multiple switching
planes. In some special cases, for example, Chua’s circuit [3,4,21] which can be described
as a symmetric continuous piecewise linear system with two switching planes, exhibited
a so-called chaotic "double-scroll attractor.” Furthermore, Chua et al. [3] demonstrated
mathematically that the double scroll is chaotic when the conditions of Shil'nikov’s theorem
are met. Additionally, multi-scroll chaos generation has numerous potential applications
in information systems [22]. Yu et al. [23] devised a method for generating grid multi-wing
butterfly chaotic attractors from a piecewise Lii system [24,25].

In this paper, we investigate the existence of homoclinic orbits to saddle-focus equilib-
rium point in three-dimensional three-zone piecewise affine systems with two switching
planes regardless of symmetry. In Section 2, we give an analytic proof for the existence
of one homoclinic orbit and illustrate its effectiveness by two examples. In Section 3, a
sufficient condition for the existence of two homoclinic orbits is obtained. Additionally, we
also construct two concrete piecewise affine systems without symmetry which have two
homoclinic orbits. Finally, some concluding remarks are given in Section 4.

2. The Existence of Single Homoclinic Orbit
We consider the following class of three-dimensional piecewise affine systems:

Ax+a, x<d,
X=<Bx+b, di<x<d, (1)
Cx+c, x>d,

where x € R3, a, b, ¢ are constant vectors in R3, and d;, d» (d; < d,) are real numbers. The
eigenvalues of A are a + i with B > 0 and A, the eigenvalues of B and C are A;, ;, i =
1, 2, 3with A < Ay < Azand 71 < 73 < 73.

LetZy = {xe R |x=di}, Lo ={xeR|x=d}, L= {xeR®|x<di}, &y =
{xeR®|d; <x<dy}, L, ={x€R®|x>dy}and denoteby n = (1,0, 0)T the normal
vector to X and Y. Suppose the left system of Equations (1)

x=Ax+a, 2)
has an equilibrium point p = (xp, yp, zp)T withp = —A~la € %, then x, < dj. The
middle system

X =Bx+b, ®)

has an equilibrium point q = (xy, ¥4, z9)T with q@ = —B~!b. The right system
x=Cx+g, (4)

has an equilibrium point r = (x, v, zr)T withr = —Clc.
Without loss of generality, suppose that A = PJ;P~!, B = QJ,Q~!, C = RJ3R ™!, where

o *,B 0 /\1 0 0 71 0 0
Ji=| B o 0], J2= 0 Ap 0], Js={( O T2 0
0 0 A 0 0 Az 0 0 Y3

represent the Jordan canonical forms of matrices A, B, and C, respectively. The invert-
ible matrices P, Q, R are given by P = (&, &, &3), Q = (11, 12, 113) and R =
(C1, T2, T3). Here, & = (&1, Cis €)', i = (nin, iz, i3)™ and & = (T, T, Ci3)7 €
R3 (i =1, 2, 3) are the generalized eigenvectors of the matrices A, B and C, respectively. It
is worth noting that the Jordan normal forms J, and J3 can have other forms when their
eigenvalues are repeated, but our analytic method remains valid. As a result, in order to
keep things simple, we will not consider all other forms.
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The solutions of system (2)-(4) satisfying the initial conditions ¢;(0, x?) = x?

(i=1, 2, 3) are denoted by ¢;(t, x?), respectively. It is easy to see that
g1t x3) =e(x} —p) +p,
pa(t, x3) =™ (x3 —q) +q,
¢3(t, x3) = e — 1) +r.
Furthermore, suppose
X} =p+ (& & 53)(x] v =),
X3 =q+ (7 12 13)(3 13 23)7,
=1+ (01 G2 G)(x3 18 7).
Thus, we have

txt(x

. 0
pr(t, x}) =p+ (&1 & és)( e (x] sin(pt) + 1 cos(Bt))

o= O

©)

0,A5t
226

Ot
Pt x9) =q+ (m 12 773)( ygera!t ) (6)

xqem!
¢3(t, Q) =1+ (01 02 C3) | w3e™ |. @)

0,73t
Zze

We further assume that ES(p) N X # @ and E"(p) N1 # & in order to ensure the ex-
istence of homoclinic orbits. Without loss of generality, we suppose that« > 0, A < 0. Then

we have that
E°(p) = p +span{is} = {p + ki3 | k € R},

E*(p) = p +span{l1, &2} = {p +kid1 + ka2 | k1, ko € R}.
Assume that pg = E°(p) N%q and 1 = E*(p) N X4, we then can get

dl — X dl — X
= (1, yp+ APy, 2y P ET,
po = (d1, yp o G32, Zp = 833)
h={x=p+kia+tkoz|xy+kili1+kalo1 =dy, k1, k2 € R}.
In the following theorem, we state the conclusion for the existence of single homoclinic
orbit of system (1).

Theorem 1. For the system (1), if the following conditions are satisfied:
(i) There exist real numbers k1, ky such that p1 € l; and

a(dy — xp) + (k1821 — k2811) >0, MEDCT\/azﬁ_i_ile

<d1—xp,

where

M = \/(dy = x)2 + (kidar — kol ),

o
dlfxp

)Tt arctan(£) + arcsin(“572)] /B, kr&a1 — ka1 > 0,
27T + arctan(g) —aresin(—572)]/B, kiGa1 — kaG11 < 0.

(ii) There exists a constant Tyq > 0 such that
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MT AT A3T MT AT A3T
q1 =49+ (;71 72 173)((716 T gpe2i11 et 11)T, xq+(fle 1 11,711 + 0pe’? 11,721 + 3”3 11;731 = dZ/

T+ 02Aana1 + 03Asyzr > 0, oAt Ty + oaAge™2 Ty + a3Aze™ T3 > 0,

and if

—0A2 (A2 — A

>0,

3A3(A3 — A)731

then . Ao(hg— Ay)
_0" J—
I 2/A2(A2 1 7721) gZ(O, T11)'

t11 = n
VTN A ;3As(As — A)a

Here, (01, 0, 03)7 is the coordinate of p1 under the coordinate system {q; 11, 12, 13}
(iii) There exists a constant Tog < 0 such that

qo=9q-+ (171 1 173)(p16/\1T00 pze)\zToo Pge)\sToo)T, xXg + P1€A1T007711 =+ P2€A2T007721 + p3e’\3T001731 =dy,
P1A1711 + p2A2m1 + p3daar < 0, pr A1t 00y + paAzet2 0,y 4 psAgetsTooysy <0,
and if

—p2A2(A2 — A1)y

>0,
p3A3(A3 — A1)13

then
Foo 1= L. —02A2(A2 — Aq) 12
Az — Ay p3A3(A3 — A)na

Here, (p1, p2, p3)T is the coordinate of po under the coordinate system {q; 11, 12, 3}
(iv) There exists a constant Tyg > 0 such that

) g (TQ(), 0)

qo =1+ (1 {2 33)(menTo gen2To gy, 4 geMTogyy 4 e Tog,y, + re3Togy) = dy,
T T T,
7171811 + 72001 + 1373831 > 0, T1y1€" 10011 + T2 10001 4 13373110031 < 0,

Here, (11, T2, T3)T is the coordinate of qq under the coordinate system {x; {1, (2, (3}

Then system (1) has a homoclinic orbit connecting the equilibrium point p to itself that crosses
the switching planes X1 and X, transversally at po, p1, qo, q1, respectively.

Proof. If system (1) possesses a homoclinic orbit to the equilibrium point p and that orbit
crosses X1 transversally at two points, then one of the points must be pg = E°*(p) NX; and
the other must be in the straight line [;. Furthermore, if the following conditions are met,
the homoclinic orbit crosses X and X, transversally:

(1) P1 € 11,‘
(2) The positive orbit of pg satisfies

O+(po) = A{¢1(t, po) [t >0} C &y
(3) The negative orbit of py satisfies
O-(p1) ={¢n(t, p1) [t <O} C Xy
(4) There exists a constant Ty > 0, such that
{¢a2(t, p1) |t € (0, T11)} C Xy and ¢p(T11, P1) = q1 € Zp;
(5) There exists a constant Toy < 0, such that

{$2(t, po) [ t € (Too, 0)} C Xy and  ¢2(Too, Po) = qo € Zo;
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6) There exists a constant Tyg > 0, such that
(
{p3(t, q1) [t € (0, To)} C Xy and  ¢3(Tio, q1) = qo € Zo;

(7)
n"(Apo+a)nT(Bpo+b) >0, nT(Ap1 +a) nT(Bp1 +b) >0,

nT(Bqo+b) nT(Cqp+c¢) >0, nT(Bqs +b) nT(Cq1 +c¢) > 0.

Condition (7) ensures that the homoclinic orbit crosses £; and X, transversally at
Po, P1, 90, q1-
Conditions (1) and (2) clearly hold. Now consider the condition (3).
The negative orbit of pq satisfies O_(p1) = {¢1(¢, p1) | t <0} C X if and only if
nT¢; (t, p1) < dq forall t<O0. (8)

Let f1(t) = nT(¢1(—t, p1) — p), then (8)is true if and only if the inequality f;(t) <
di — xp holds for all t > 0. The expression (5) enables us to derive

f1(t) = Me “ sin(—Bt +6), 9)

where

B o kifn—katn

M= \/(dl —xp)? + (k1821 — koG11)?, sinf = i i

From (9), we have
fi(t) = Me ™ [—asin(—Bt + ) — Bcos(—pt +0)],

7(t) = Me=*[(a® — B?) sin(—pt + ) + 2B cos(—Bt + 0)].

Then we can get

fi(0) =dy —xp,  f1(0) = —a(dy — xp) — B(k1821 — k2G11).

We need f{(0) < 0 to guarantee that f1(t) < di — xp holds for all # > 0. This is exactly
the first inequality of condition (i) in Theorem 1. Since & > 0, f;(f) is a damping periodic
oscillating function, the inequality fi(f) < d; — xp holds for all t > 0iff f;(T) < dy — xp

for the local maximum point T € (0, %T)

Note that f{(T) = 0if and only if tan(—pT +0) = _Tﬁ, ie.,

sin(—BT +0) = _F cos(—BT +0) = -

NroEwX N 1o
or
sin(—BT +6) = P cos(—BT +60) = —— (11)

Va2 + g2’ Vo2 + B
If Equations (10) hold, then f{'(T) < 0. In other words, T is a local maximum point of

f1(t). On the contrary, T will be a local minimum point of f;(¢). After the calculation of
trigonometric, we get

+ arcsin(dlx,lx”)]/ﬁ, k1821 — k2811 = 0,
dl —Xp

T { [T+ arctan(g
( ) — arcsin( i )]/,3, k121 — k211 <0,

[27T + arctan

2D —
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and the corresponding local minimum value

f(T) = Mt P

As a result, the second inequality of (i) yields O_(p1) = {¢1(t, p1) | t < 0} C %;.

Then we consider condition (4). Since the coordinate of py is (07, 02, 03)T under the
coordinate system {q; #1, 772, 713}, then x5 + 711711 + 021121 + 031131 = dy. From the equations
of condition (ii), we can conclude ¢,(T11, p1) = q1 € Xp. Additionally, {¢»(t, p1) | t €
(0, T11)} C %y if and only if d; < nT¢y(t, p1) < dp holds for all t € (0, Ty7). Denote
fo(t) = nT(@a(t, pr) — ), then {gs(t, p1) | £ € (0, Tya)} © T, if and only if dy — x, <
f2(t) < dp — x4 holds for all t € (0, Tq1). According to (6), we obtain that

ft) = Mt (o1 + o2 2 My + ettty ),
f2(0) =dy — x4, fo(T11) = da — x4,
f(t) = et (o1 A 111 + 022062 My 4 gy Agelte Mgy ).
By a simple calculation, we have
£2(0) = a1 A + a2 + 03A31731,

/ AT AT AST
f5(T11) = o1 A1 gy + 02 A0 2 iy + 03 Aze"3 g3

Since fz(O) =d — x5 < fz(Tn) =dy— xq, to get di — x5 < fg(t) < dy— Xq for all
t € (0, Ty1), weneed f5(0) > 0, f3(Ty1) > 0, i.e., the inequalities in condition (ii). Next, we
prove that dy — x5 < fo(t) < dp — x4 forall t € (0, Tyq) if the condition (ii) holds. Let

h(t) - 01)\17711 + 0‘2)\26()\2_)\1)%721 + 0'3/\3e()\3_/\1)t1731,

then
f5(t) = eM'h(t), h(0) >0, h(Ty1) >0,

h/(t) = E(AZ_/\l)t[O'z)\z()\z — )\1)7721 + 0'3/\3(}\3 — )\1)6<A3_A2)t1731]. (12)

The extreme points of f»(t) in (0, Tj;) are exactly the zeros of h(t), according to
f4(t) = eMth(t). From (12), if

—0A2 (A2 — Aq) 1
03A3(A3 — A1)

>0,

then
b Ly —0A2(A2 — Aq) 12
11 = n
A3 —Ay " 03A3(A3 — A

is the unique zero of h'(t). Again, since t;; ¢ (0, Ty1), hence h(t) > 0 for all t €
(0, T11). That is, there is no extreme point in (0, Ty1) for f>(t). Therefore dy — x; < fo(t) <
dy — x4 holds for all t € (0, Tqy).

The proof of condition (5) is similar to the one for condition (4), thus we omit
the details.

Next, we will prove the condition (6). By the assumption of (iv), which (13, T, 13)7 is
the coordinate of q1 under the coordinate system {r; {1, (o, (3}, % + T1l11 + i1 +
173031 = dp. From the equations of condition (iv), we have ¢3(Ti9, q1) = qo € Zp. To prove
{¢s(t, q1) | t € (0, Tyo)} C Er, we denote f3(t) = nT($3(t, q1) — 1), then {¢3(t, qu) |
t € (0, Tyo)} C %, if and only if f3(t) > dy — x, holds for all t € (0, Tyg). From (7), we
obtain that

f3(t) = e 11 + 1" o1 + 13" L5,
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f3(0) = do — xy, f3(T1o) = da — xy,

A1) = et (myln + Ty2e 2Ty + 1yyze BT ).

By calculation, we can get

£3(0) = 11811 + Y2801 + Y351,

f(Two) = 1€ 1081 + 17267210801 + T3y3¢7 103,
Let
g(t) = mln + 12y + Tayze1 Mgy,
then we have
f3(t) = eM'g(t), g(0) >0, g(Tio) <O,
g/ (t) = e myya (12 — 1)1 + TAs (13 — 11)e T g ). (13)
In view of (13), ¢’'(t) = 0 has at most one solution in (0, Tjp). When ¢’(t) = 0 has
no solution in (0, Tyg), then ¢'(t) < 0 for all t € (0, Typ). Further, f3(t) has a unique
maximum point in (0, Tjp). When ¢/(t) = 0 has only one solution in (0, Typ), since
¢(0) > 0 > g(Typ), then g(t) has a unique zero in (0, Typ). Likewise, f3(t) also has a unique
extreme value point in (0, Tyg). Again, due to f3(0) = dy — xr, f3(T19) = d2 — x, and
£4(0) >0, fi(Ty) < 0, we can conclude that f3(t) > dp — x, forall t € (0, Typ).
Finally, the transversal condition (7) is verified. From the inequalities in conditions
(i) — (iv), we gain
nT(Apo +a) = A(d; — xp) <0,
nT(Bpo +b) = p1A17711 + p2A2i21 + p3Asnz1 <O,
n'(Ap1 +a) = a(dr — xp) + B(k1é21 — k2811) > 0,
n'(Bp1 +b) = 01417711 + 02A2101 + 03A31131 > 0,
nT(Bqo + b) = p1A1eM 705711 4 p2A26"2 70551 + p3Az"2 075, < 0,
n(Cqo +¢) = 171" 1001 + 112”100 + T3y3e 105 <0,
nT(Bqy +b) = o1 A1M My + 0p 006" 2 151 4 03030 113 > 0,

n"(Cqi +¢) = 1711811 + 272821 + 373031 > 0.

Thus, condition (7) holds.
The proof of Theorem 1 is completed. [

Remark 1. We can obtain a similar conclusion with the ones in Theorem 1 when the homoclinic
equilibrium point r lies in X,. Therefore, we will not discuss this case here.

Following that, we build two examples to demonstrate the effectiveness of the preced-
ing result.

Example 1. Consider the system

Ax+a, x<-3
Xx={Bx+b, —-3<ux<5, (14)
Cx+c¢, x>5,

where A = PJ1P~1, B = QJ,Q ! and C = RJ3R ! with
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-2 -2 2 1 1 3 -17/7 5/7 1
P= 4 2 1], Q=1 -3 1 -1 1], R= 2 1 1 ).
5 4 3 2 2 3 -2 1 -2

p=(-744)T7€%,q=(-516,0)T, r= (15, —10,7)T,a= —Ap, b= —Bq, c = —Cr.

By trivial computation, we obtain that pg = (=3, 6, 10)T,p1 = (=3, —2, —5)T, q1
(5, -2, 2)Tand o1 = 5, 02 = 3, 03 = —2,0'1 =2, 0y = -9, 03 = 3,T1 = 4, T =
1, T3 = —1.

Next, we verify the conditions in Theorem 1. Let ky = kp = —1, Too = —In2, Tyg =
Ty1 = In2, then we have qo = (5, — 10, 23)T. Moreover,

a(d; — xp) + B(kiEq —k :4>0,Me_"‘TL<4-
(d1 = xp) + B(k1821 — k2G11) 2B

—A2(Ay — A1)y
3A3(A3 — A)73

o111+ 02Aon01 + 03A3131 =7 > 0,

:O,

oA T 4+ opApe2 iy 4 o3Age3Tiiyy = 17 > 0,

—p2A2(A2 — M)
03A3(A3 — A1)731
p1M1 + P2A2121 + p3Asnz = —11 <0,
p1A1M 7011 + o) Apet2 00551 + p3Azets 005, = —13 < 0,

:O,

7171411 + 272021 + Y3031 =57/7 > 0,
171" 001 + 1y2eT 1000 + 3731005 = —94/7 < 0.

It can be seen that system (14) meets all the conditions in Theorem 1, so it has a
homoclinic orbit to the equilibrium point p.

Remark 2. For piecewise affine systems, there are also some conclusions similar to Shil nikov
Theorem when Shil nikov-like conditions are satisfied. Huan et al. [17] had given a rigorous proof
by the topological horseshoe theorem [26,27] based on the ideas of Shil nikov theorem.

Actually, because system (14) satisfies « + A < 0, it has infinite numbers of chaotic
invariant sets. Figure 1a,b show the system’s homoclinic orbit and a chaotic invariant
set, respectively.
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(a) (b)

Figure 1. (a) The homoclinic orbit of Example 1 connects the equilibrium point p to itself which crosses the switching planes
%1 and X transversally at pg, p1, qo, q1, respectively. (b) A chaotic invariant set of Example 1 near the homoclinic orbit.

Example 2. Consider the system

Ax+a/ x§_4/
Xx=<¢(Bx+b, —-4<x<4, (15)
Cx+c¢c, x2>4,

where A = PJ1P~1, B = QJ,Q ' and C = RJ3R ! with

1 -20 0 -1 0 0 -1 0 0
Ji=| 20 1 0, .= 0 —1 o), 3= o 1 o],
0 0 —-1.1 1 0 0 2
1 1 2 2 2 1 1
P= -2 4 2 |, Q= -3 -2 -1
—4 —6 8 3 4 2 —4
p=(-600)T€X,q=(0,0,0T,r=(8 -3 a=—Ap,b=—-Bq, c=—Cr.
By simple computation, we obtain that py = (—4, 2,8)7T,p1 = (-4, 2 —10)T,
q1 = (4, —2, — S)T and Pl = 1, p2 = 1, p3 = —2, ol = —2, 0y = —2, 03 = 1,
T1=2, T2:1, T3:—1.
Next, we verify the conditions in Theorem 1. Let ky = ky = 1, Tpgp = —In2,

Tig = Th1 = In2, then we have qo = (4, — 2, 10)T. Moreover,
_ —aT .B
a(dy — xp) + B(k1Ga1 — k2811) =2 >0, Me N <2
—0A2(Ay — Ao
03A3(A3 — A1)

A 1111 + C2Aon + 03A313 = 12 > 0,
ATy Ao Tiq

=0,

o Ae 121 + 0’3)&36/\3T117731 =12>0,

—02A2(A2 — A)m
p3A3 (A3 — A1)ma

1M1 + P2A2121 + p3Asiz = —12 <0,

711 + 02 Aze

:0,

P1)L1€MTOO7711 +p2A28A2T007721 +p3}\3€A3T001731 - _12<0,

T171011 + Y2021 + 133031 =3 >0,
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11716710041 + 17267210001 + 133731073 = —4 < 0.

Obviously, system (15) also satisfies all the conditions in Theorem 1, thus it has a
homoclinic orbit to the equilibrium point p. Similarly, system (15) meets « + A < O,
implying that it has an infinite number of chaotic invariant sets. Figure 2a,b show the
system’s homoclinic orbit and a chaotic invariant set, respectively.

(@) (b)

Figure 2. (a) The homoclinic orbit of Example 2 connects the equilibrium point p to itself which crosses the switching planes

¥ and X transversally at pg, p1, qo, q1, respectively; (b) A chaotic invariant set of Example 2 near the homoclinic orbit.

3. The Existence of Two Homoclinic Orbits

In the sequel, we suppose that the homoclinic equilibrium point lies between the
switching planes X and X,. We consider the three-dimensional piecewise affine systems
as follows:

Bx+b , X S d1 ,
XxX=<CAx+a, di<x<d, (16)
Cx+c¢, x>dy,
which have the same elements as system (1).

Now, we assume that the equilibrium point p corresponding the middle system of

(16) lies between the switching planes X; and X, (i.e., di < xp < dp) and E°(p) N X1 # 2,

E'(p) X1 # @. Then we have ES(p) X, # @ and E*(p) N X, # @ since plane X, is
Parallel to Z;. Denote qo = E*(p) N X and I, = E¥(p) N Xy, then we have

— dz—xp

2
31 31

Lh={x=p+kia+kyal|xp+kilu+kylos =do, K}, k5 € R}.

X
qo = (d2, yp + P&, zp + &)T,

Next, we give a sufficient condition for the existence of two homoclinic orbits of
system (16).

Theorem 2. If the following conditions hold for system (16):
(i) There exist real numbers k1, ky such that p1 € Iy and

a(dy — xp) + (k1621 — ka211) <O,

M1€7“T1¢ <dp— Xp, MleiaTz_i'B >d — Xp,

where

M; = \/(dl —xp)? + (k1821 — k2811)?,
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arctan(g) - arcsin(%) m+ arctan(g) — arcsin( prZlm )

I = , T = ;
p B

(ii) There exists a constant T3 > 0 such that

Po=q+ (1 12 13) (01" gpet2Ts g3t To)T, Xg + o1 By + 026 By + 03eM By = dy,
c1A1 + 02Aana1 + 03As31 < 0, 1AM By 4+ 02426 B 101 + 03A3e"3 T3, > 0.

Here, (01, 02, 03)7 is the coordinate of py under the coordinate system {q; 171, 42, 3}
(iii) There exist real numbers k', k) such that qq € lp and

a(dy — xp) + B(k1821 — kyZ11) > 0,

where

Mz = \/(da — )2 + (ki &1 — KyE11)?,

T = arctan(g) + arcsin(dZJ\Z” ) = T+ arctan(g) + arcsin(dzAjlzx” ) '
p ' p '

(iv) There exists a constant Ty > 0 such that

T T T T T T
Qo=r+ (11 1 13)(Te"H 1e1? e )T, xp + 114y 4+ Te"2 4 + 373 4 3 = dy,
T T T

T171811 + 272801 + 133831 > 0, Tiy1e" 4011 + 12y2e"2 4001 + T3y3e73 4031 < 0.

Here, (11, To, T3)7 is the coordinate of qq under the coordinate system {x; {1, (o, (3}

Then system (16) has two orbits I'; and T'y, which are both homoclinic to the equilibrium point
p- Moreover, I'; crosses the switching plane X1 transversally at po and p1, meanwhile T’ crosses
the switching plane X, transversally at qo and q.

Proof. Because conditions (iii)—(iv) are similar to conditions (i)-(ii), we only prove the first
two here. It is equivalent to proving that there is a homoclinic orbit I'; to the equilibrium
point p with transversal crossing 21 at pp and p1. That is, the following conditions hold:

(1) p1 € ly;
(2) The positive orbit of pg satisfies

O+(po) = {¢1(t, po) | t >0} C Zyp;

(3) The negative orbit of py satisfies

O-(p1) = {¢1(t, p1) | t <0} C s

(4) There exists a constant T3 > 0, such that
{¢2(t, p1) [t € (0, T5)} C Xy and  ¢5(T5, p1) = po € Zy;

(5)
nT(Apo+a)nT(Bpo+b) >0, nT(Ap; +a)nT(Bps +b) > 0.

Condition (5) ensures that the homoclinic orbit I'; crosses X1 transversally at pg and p1.
Conditions (1) and (2) clearly hold.
For condition (3), we still denote f1(t) = nT(¢;(—t, p1) — p), then

fl(t) = Mle*"‘t sin(—ﬁt + 91),
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where

di — xp k1821 — k211

, cosf = i

My = \/(dl —xp)? + (k121 — kaG11)?, sinf; =

Therefore, O (p1) = {¢1(t, p1) | t <0} C Ty ifandonlyifdy; —x, < fi1(t) <dp —xp
holds for all t > 0. With a simple calculation, we obtain

f1(0) = di —xp,  f1(0) = —a(dy — xp) — B(k1&a1 — ka2G11)-
Similar to the previous analysis, we request f{(0) > 0, i.e.,
a(dy — xp) + (k1821 — k2811) <O.

On the other hand, we need that d; — x, < f1(T1), fi(T2) < dz — x} for the local

extreme points Ty, T, € (0, %ﬂ) Here,

arctan(g) - arcsin(%) T+ arctan(g) — arcsin( x;}\zldl )

le /TZI ’
B B

are the local maximum and minimum points in (0, %”), respectively. Thus, we can get

O_(p1) = {1 (¢, p1) | t <0} C X, by condition ().
Since the proofs of condition (4) and (5) are similar to the ones in Theorem 1, the
details are omitted here. The proof is then completed. O

Next, we give two examples to illustrate the effectiveness of the conclusion in Theorem 2.

Example 3. Consider the system

Bx+b, x< -6,
Xx=4qAx+a, —-6<x<6, (17)
Cx+c¢, x>6,

where A = PJ1P~1, B = QJ,Q ' and C = RJ3R ! with

1 -10 0 -1 0 0 —2 0 0
Ji=[ 10 1 0|, .= 0o 1 o], J3=( o -1 0 |,
0 0 -20 o o0 2 0 0 1

3 3 2 2 1 1 3/2 3/2 -3
P=| -2 1 1], Q= 2 3 -1 ], R= 1 2 3 1.
2 3 -2 -2 -2 3 -5 -3 1

p=(0,01)T€ex, q=(-16, —9,3)T, r=(12, —4, —9)T,a= —Ap, b= —-Bq, c= —Cr.
Letky = ky = —1, k{ =k, =1, T3 = Ty = In2, we can obtain that pg = (—6, —3, 7)T,
P1 = (—6, 1, —4)T ,q0 = (6, 3, —5)T, q1 = (6, — 1, 6)T and o = 4, 0y = 1, 03 = 1,
n=-41n=2 1n=1
Next, we verify the conditions in Theorem 2.

a(dy — xp) + B(k1éo1 —kal11) = —6 <0,

—aT; ﬁ _ _ —aT: _IB _A— _
Mle ]\/ﬁ <6—d2 Xp, Mle 27a2+ﬁ2 > 6—d] Xp.

o111 + 02A2121 + 03A31731 = =5 <0,

AT AT AsT.
T1A1€"1 3011 + 02 A28 301 + 03A3e3 B3 = 2 > 0,
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a(dy — xp) + B(k1821 — ky811) = 6 > 0,

—ar] B 4 B g
Mye*h a2+ﬁ2> 6 =di — xp, Mpe 2W<6—d2 Xp,

171011 + Y2021 + 133031 = 6 > 0,
7171401 + Ty2e" T4 o1 + 13y3e13 45 = —9/2 < 0.

As a result, system (17) meets all the conditions in Theorem 2, it has two homoclinic
orbits to the equilibrium point p. Simultaneously, it also satisfies the Shil'nikov conditions
from « + A < 0, implying that it has infinite numbers of chaotic invariant sets. Figure 3a,b
show the system’s two homoclinic orbits and a chaotic invariant set, respectively.

(a) (b)

Figure 3. (a) The two homoclinic orbits of Example 3 are represented by red and green lines, respectively, which are both
homoclinic to the saddle-focus equilibrium point p; (b) A chaotic invariant set of Example 3 near the two homocliic orbits.

Example 4. Consider the system
Bx+b, x<-8,

x=<Ax+a -8<x<S8, (18)
Cx+c¢, x>8,

where A = PJ1P~1, B = QJ,Q ! and C = RJ3R ! with

1 —10 0 -1 0 0 -1 0 0
Ji= | 10 1 o, =1 0o o o), 3= 0o -1 o}

0 0 —20 0 0 1 0 0 1

2 2 4 2 1 1 —1 -1 -2
P= -3 1 2 1, Q= 2 3 -1 |, R= -2 —4 2

1 2 -2 -2 -2 3 4 3 -3
p=(0,00Te%, q=(-12,1,0)T, r= (14,6, —5)T,a= —Ap, b= —Bq, c = —Cr.

Letk; =k = =2, k| =k, =2, T3 = Ty = In2, we can obtain thatpg = (-8, —4, 4)T,
P1 = (*8, 4, *6)1- ;90 = (8, 4, *4)1-, q1 = (8, *4, 6)T and o = 2, Oy = 1, 03 = 1,
=2 n=2 =1

Next, we verify the conditions in Theorem 2.

w(dy — xp) + B(k1éo1 — kaG11) = =8 <0,

Mle_“Tli < 8 — dz _ xp, Mle—“Tz_i’B > —8 = dl — JCP.

Va2 + p? a2 4 B2
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oA 11 + 2 A2m1 + 03A3131 = —1 <0,

UlAleAlTsﬂll + 0’2)t2€/\2T37721 + 0’3)\36A3T37731 =1>0,
a(dy — xp) + B(k1én — kaG11) = 8 >0,
MZe—th{ —B > —8=d; — Xp, Mze_"‘Té p <8=dp Xp,

VaZ+p?
71011 + Y2021 + 1B3Y3031 =2 >0,
1171674011 + Ty2e? 4 0o + T3y3e s = —2 < 0.

System (18) meets all the conditions in Theorem 2, thus it has two homoclinic orbits to
the equilibrium point p. It also satisfies the Shil'nikov conditions from & + A < 0, so it has
infinite numbers of chaotic invariant sets. Figure 4a,b show the system’s two homoclinic
orbits and a chaotic invariant set, respectively.

(a) (b)

Figure 4. (a) The two homoclinic orbits of Example 4 e.g., adapted from Plew [15], with permission from American Society

of Civil Engineers, 2011. are represented by red and green lines, respectively, which are both homoclinic to the saddle-focus

equilibrium point p; (b) A chaotic invariant set of Example 4 near the two homocliic orbits.

4. Conclusions

We present an analytic method for determining the existence of homoclinic orbits in
two classes of three-dimensional piecewise affine systems with two switching planes. In
particular, several sufficient conditions for the existence of single and two homoclinic orbits
are presented. In fact, when the equilibrium point p lies in X, we can still obtain some
sufficient conditions for the existence of one homoclinic orbit in system (16). However,
in order to avoid confusion between construction and notation, we do not consider this
case here.

Additionally, for piecewise affine systems with more switching planes, our promoted
method can be used to generate more homoclinic orbits or heteroclinic cycles. Furthermore,
multi-scroll chaos generation and complex chaos circuits are possible. It can be also simi-
larly used to investigate the existence of periodic orbits, homoclinic orbits, or heteroclinic
cycles in some three-dimensional piecewise-linear discontinuous systems.
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