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Abstract: We study a class of nonlinear operators that can be written as the composition of a linear
operator and a nonlinear map. We obtain results on fixed point index based on parameters that are
related to the definitions of nonlinear spectra. As a particular case, existence of positive solutions for
a second-order differential equation with separated boundary conditions is proved. The result also

provides a spectral interval for the corresponding Hammerstein integral operator.
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1. Introduction

Nonlinear spectral theory has been shown to have applications in the study of exis-
tence of solutions for operator equations, particularly in integral equations [1,2]. On the
other hand, fixed point index is well known as a popular technique to prove existence
and multiplicity of positive solutions for Boundary Value Problems (BVPs). For example,
a common method in studying differential equations with various boundary conditions
is to convert the problem to an integral equation using the Green’s function, then apply
a fixed point theorem. Usually, the integral equation can be written as composition of a
bounded linear operator and a nonlinear map.

In this paper, we are interested in operators in the form LF : P — P C E, where L
is a linear operator, F is a nonlinear map, and P is an order cone of the Banach space E.
We obtain results on fixed point index of the nonlinear operator LF based on parameters
that are related to the nonlinear spectra. We also extend the continuation principle for
stably-solvable maps to the operator LF on a cone. The stably-solvable property is a key
concept in the definition of nonlinear spectra [3,4]. As a particular case, we prove existence
of positive solutions for a second-order differential equation with separated boundary
conditions [5] and thus obtain a spectral interval for the Hammerstein integral operator.

Let E, F be Banach spaces and f : E — F be a continuous nonlinear map. The Furi—
Martelli-Vignoli-spectrum (fmv-spectrum) [3,4] is defined by two parameters d(f), w(f)
and the stably-solvable property. Later, the Feng-spectrum [1,6] was introduced with the
parameters w(f),v(f) and m(f). It is shown that the Feng-spectrum (cf(f)) contains all
eigenvalues of the operator f.
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We briefly review definitions of the related parameters. Let a(()) denote the Measure
of Noncompactness of () C E [1]. Then,

a(f) =inf{k > 0: a(f(Q)) < ka(Q) for every bounded Q) C E},

w(f) =sup{k > 0;a(f(Q)) > ka(Q) for every bounded Q C E},

m(f) =sup{k >0:||f(x)]| > k||x| forall x € E},

a(f) = timinf LN 1) i sup LX)

PR

where |f| is called the quasinorm of f.

Definition 1. The nonlinear map f : E — F is stably-solvable if and only if given any compact
map h : E — F with |h| = 0, the equation

has a solution in E.

Next, an order cone of Banach space introduces a partial order for the space so that
positive solutions can be studied.

Definition 2. Let E be a Banach space, P is a subset of E. P is called an order cone iff:

(i) P is closed, nonempty, and P # {0};
(i) a,beRab>0x,ycP=ax+bycpk;
(iii) x € Pand —x € P = x = 0.

Let P be an order cone of the Banach space E. Forr > 0, denote P, = {u € P, ||u|]| < r},
and 0P, = {u € P, |ju|| =r}.

The following two lemmas on fixed point index [7] have been applied to prove
existence of solutions for boundary value problems [8] and many other applications [7,9].

Lemma 1. Let N : P — P be a completely continuous mapping. If
Nu # yu, forallu € 0P, andall y > 1,
then the fixed point index i(N, Py, P) = 1.

Lemma 2. let N : P — P be a completely continuous mapping and satisfy Nu # u for u € oP;.
If [Nul|| > ||u||, for u € 0P, then the fixed point index i(N, P,, P) = 0.

2. Stably-Solvable Maps and Fixed Point Index
Let E be a Banach space and P C E be an order cone. We consider the linear homeo-

morphism L : E — E. It is known that [4,6]
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Let F : P — P be a nonlinear map. We use the following notations,

d(F)p = timinf LEOL 21— i sup 1O
*EPx—re0 Hx” xXEP,x—00 HXH

d(F)o = timinf LEO £ i sup TEON
xePx—0 ||x]| P IEdl

The stably-solvable maps on a cone P C E are defined below.

Definition 3. The nonlinear map F : P — P is stably-solvable on the cone P if and only if given
any compact map h : P — P with |h|p = 0, the equation

has a solution x € P.

The following theorem is an extension of the continuation principle for stably-solvable
maps to the class of decomposable operators LF : P — P.

Theorem 1. If F : P — P is stably-solvable on the cone P and L : P — P is bijective.

(1)  LF is also stably-solvable on P.
(2)  Assume that h : P x [0,1] — P is compact such that h(x,0) = 0 for all x € P. Let

S={x € P:LF(x) =h(x,t) forsome t € [0,1]}.
If F(S) is bounded, then the equation
LF(x) = h(x,1)
has a solution x € P.

Proof. (1)Ifh: P — P is a compact operator with ||p = 0. Then, L~h : P — P is compact
and |[L~1h|p < ||L|||h|p = 0. Therefore, the equation

F(x) = L7 h(x)

has a solution x € P. Thus LF(x) = h(x) has a solution. By definition, LF is stably-solvable

on P.
(2) Consider the operator L1/ : P x [0,1] — P. L™'his compactand L~'h(x,0) = 0. Let

S={x€P:F(x) =L 'h(x,t) forsome t € [0,1]}.

As F is stably-solvable on P, S = {x € P : LF(x) = h(x,t) for some t € [0,1]}, and
F(S) is bounded by assumption (2), the equation F(x) = L~'h(x, 1) has a solution x € P.
Thus LF(x) = h(x,1) has a solution. [

Our next result is on the fixed point index of the nonlinear operator LF based on the
parameters such as |F|p and d(F)p that are related to the definition of the fmv-spectrum [4].

Theorem 2. Assume that L : E — E is a linear homeomorphism and F : P — P is a nonlinear
map such that the composition LF : P — P is completely continuous.
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(1) If|F|p < d(L™Y), then there exists Ry > 0 such that for all R > Ry, i(LF, Pg, P) = 1.
(2) If|F|o < d(L™'), then there exists r, > O such that for all r < r1, i(LF, P, P) = 1.

(3) Ifd(F)pd(L) > 1, then there exists Ry > 0 such that for all R > Ry, i(LF, Pg, P) = 0.
(4) Ifd(F)od(L) > 1, then there exists rp > 0 such that for all v < r,, i(LF,P,, P) = 0.

Proof. Define
Oy ={x€P:LF(x)=ux, u>1},

and
Oy ={x e P: |F)| < L7 lIx[I}-

We prove that under condition (1), O; is bounded. Condition (2) ensures that O;
is bounded below. Thus, there exists 6 > 0 such that for u € E, ||u|| <, thenu ¢ O;.
Similarly, under condition (3), O, is bounded. Condition (4) implies O, is bounded below.

We only prove (1) and (4). (2) and (3) can be proved following the similar ideas.

Under condition (1), assume O; is unbounded. Then, there exist x,, € O; such that
||x,|| — coasn — oco.

ILIIFGanll > ILFGen)l| = ]l > [l 1)
IFGa)l - 1
Tl = LI @)
IF@)l . 1

Therefore, |F|p = imsup,cp || oo

[Flp <d(L7") = -
On the other hand, if condition (4) holds, assume there exists x;, € O, such that
||| — 0as n — co. We have

> ——. This contradicts the condition

]

F(x _
(B
Thus,
d(Fo = tliminf WEC 1y 2 d(lL)

x€P x| =0 [|x]]
This contradicts the assumption d(F)od(L) > 1.
Next, if O; is bounded, we can select R large enough such that
LFx # ux, forall x € 0Pg, and all y > 1.
By Lemma 1, we have i(LF, P, P) = 1.

On the other hand, if O; is bounded below, we can select ¥ small enough such that

LFx # ux, forall x € 0P, and all y > 1.

Again by Lemma 1, we have i(LF, P;, P) = 1.

If O, is bounded, we can select R large enough such that ||F(x)|| > |[L~!||||x|| for
x € dPg. Then, LF(x) # x for all x € dPg. Otherwise, if there exists xy € dPg such that
LF(xo) = xo, we would get the contradiction F(xg) = L™!(xg) and ||F(xo)|| = ||L ™' (x0)]|
< L7 lllxoll- Next,

1
ILFx] 2 | FG) 2 el forall x € 9Py,

By Lemma 2, we have i(LF, Pg, P) = 0
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Similarly, if O, is bounded below, we can select r small enough such that
|ILEx|| > ||x||, for all x € OP;.

By Lemma 2, we have i(LF, P,,P) =0
The proof is complete. [

Theorem 2 can be used to prove existence of positive solutions for nonlinear operator
equations involving a parameter.

Theorem 3. Let L and F be defined as Theorem 2. Assume that

1
d(F)o > ||IL7Y| and |F|p < 7k
Then, the operator equation ALF(x) = x has a positive solution x € P for1 < A < d(é;).

Proof. The condition d(F)y > |[L~'|| implies d(F)od(L) > 1 and |F|p < LH ensures

Iz
d};p > 1. For A > 1, we have d(F)od(AL) = Ad(F)od(L) > d(F)od(L) > 1. By Theorem 2

(4), there exists r > 0 small enough such that i(ALF, P, P) = 0. On the other side, if A <
d(lll_i‘;l), then |F|p < d(l‘TA) =d((AL)~1). By Theorem 2 (1), there exists R > 0 large enouih
such that i(ALF, Pg, P) = 1. Therefore, there exists a fixed point ALF(x) = x, x € Qg \ O,
where Qg = {x:x € P,||x|| < R}. O

As the Feng-spectrum contains all eigenvalues and it is closed [6], the following result

on spectral interval follows from Theorem 3.
Corollary 1. Under the conditions of Theorem 3, the nonlinear operator LF has the spectral interval
[ILIIE[p, 1] € o (LF).

3. Positive Solutions and Spectral Interval for BVPs

In this section, we study the following second-order differential equation with sepa-
rated boundary conditions:

u"(t) + Af(t,u(t)) =0, t€[0,1], 3)
0u(0) — au'(0) =0, 4)
qu(1) +pu'(1) =0, )

where6,a, > 0,7 >0,A > 0,and f : [0,1] x (0,00) — R is continuous and non-negative.
When A = 1, problem (3)—~(5) was studied in [9] under the conditions that« > 0, 8 > 0
and 0y + 08 + ay > 0. Conditions (4) and (5) are an extension of the boundary conditions
au(0) — pu’(0) = 0,4/ (1) = 0 studied in [10], and a special case of the non-local boundary
value problem involving linear functionals au(0) — bu’(0) = a[u],u’(1) = B[u] [5,11,12].
Equation (5) can also been seen as the limiting case of the basic three-point boundary
value problem [13], ou'(1) + u(y) = 0, as y — 17. It is known that the three-point
boundary value problem can be explained as a model of a thermostat with a temperature
controller [13-15].

In the following, we prove existence of positive solutions of BVP (3)~(5) using Lemmas 1 and 2
and obtain a spectral interval for the corresponding Hammerstein integral operator that
can be written as the composition of a linear operator L and a nonlinear map F.
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Notice that existence of a solution for (3)-(5) is equivalent to the existence of a fixed
point for the following Hammerstein operator [5]:

1
N, u)(F) = A/ G(t,s)f(s, u(s))ds, ©)
0
where the Green’s function

(a+6s)(y+B—11)

o0t ) tay - =S
G(t/s): (a—l—@t)(’)/—'—,g_rys) t<s<1 ?
0(y+B) +ay -

Let C[0, 1] denote a Banach space of continuous functions with the norm
llu|| = max{|u(t)|: t € [0,1]}.
We use the cone P with parameter 0 < ¢y < 1:

P={ueC[0,1]:u(t) > col|lul|, for t € [0,1]},

o i 0’ ifr=0
« . B«
IX+9/ lf’)/#o/;_gzll
o = B B« ®)
ﬁ‘i")” lf’y;éo,;—gg—l,
af B a
Groarp TP TIyTe st
Define the operators L and F: C[0,1] — C[0, 1]

1

(Lu)(t) :/0 G(t,s)u(s)ds, (Fu)(t) = f(t,u(t)), u € C[0,1]. )

Then, N(A,u) = A(LF)(u). Note that the linear operator L is not a homeomorphism
on the space C[0, 1]. However, we will show that L : P — P and is injective on P. Following
Lemma 2.1 of [5], we know that the Green’s function G satisfies the strong positivity
condition [9]:

coG(s,s) < G(t,s) < G(s,s), for0<t,s <1. (10)

For Vu € P, (10) ensures that

1
QN )| < co/o AG(s,5)f (s, u(s))ds
< /Ol)LG(t,s)f(s,u(s))ds:N(A,u). (11)

Therefore, N(A, P) C P.

We first prove a property of the linear operator L that is related to the so-called ug-
positive linear operator on a cone [16], that later was generalized to ug-positive linear
operator relative to a pair of cones [9,17]. The following lemma shows that L actually
satisfies stronger conditions than the requirements of uy-positive linear operators.
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Lemma 3. Let L be defined by (9). Then L : P — P is completely continuous and satisfies
kiu(1) < Lu < kpu(1), foranyu € P, (12)
for some ki, ky > 0.

Proof. For Vu € P, by property (10), we have
1

1
col|Lul| < co/ G(s,s)u(s)ds < [ G(t,s)u(s)ds = Lu,
0 0

So L(P) C P. Moreover,

1
cou(1) < collul <u(t) <|juf < LC( ) el
0

Thus
1 1
(C%/O G(S,S)ds>u(1) = /0 coG(s,s)cou(1)ds
1
< /OGtsco||qus</ (t,s)u(s)ds
and
1
/OG(t,s)u(s)ds < / ts||u||ds
1 /1
< / d << /G(s,s)ds)u(l).
€o Jo

Letk; =cf fo (s,8)ds, kp = fol G(s,s)ds, then
kru(1) < Lu < kpu(1).
Applying the Ascoli-Arzela theorem, we can prove that L is completely continuous. [

Remark 1. The constants ki and ky (12) can be calculated using (7) and (8).

1 1o lg 1
/ G(s,s)ds = e07 +50p + 20y +ap
0 0y + 6B+ avy)
_ 1 3ap — 6
2 30y +0B+ay)
=3 iffy =3ap,
<% ifoy>3aB,
> 1 if6y < 3ap.
As
, /1 1 1
kq :CO/ G(s,s)ds, ky=— G(s,s)ds,
0 co JO

ki > %if@y<3aﬁandkz < 21?01'f9’y>30c‘3. 1]‘97:31)(/3 then ky = - andkz 2c0
In the special case, & = 6 and «y = B, we can calculate that ky = 288 and ko = % o for the boundary
conditions u(0) — u'(0) =0, u(1) + u'(1) = 0.
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Next, property (12) ensures that
cokq|lu|| < Lu < ky||u||, forany u € P. (13)

Foru € P,if L(u) = 0, then u = 0. Therefore, L is injective on P. The spectral radius
of L, r(L) > 0 [9]. We now prove existence of a positive solution for problem (3)—(5) which
implies a spectral interval for the operator LF. The proof follows similar ideas as that of [8].

Theorem 4. Assume that f(t,x) > 0 for x > 0. Denote

d(f) = liminf min f(t,x), |flo = lim sup max f(t,x).
¥ree tef0l] x x—0 t€[01] X

Ifd(f) = 00,0 < |f|o < oo, then BVP (3) has at least one positive solution for A € (0, 7“(‘017(”).

Proof. Let A < m Select € > 0 small enough such that A(|f|o + €)r(L) < 1. Assume

d > 0 such that @ < |f|o + € for x € (0,26). Therefore, we have N(A,u) # pu for
u € 0Ps, and pu > 1. Otherwise, there exist ug € dPs and pp > 1 such that N(A, ug) = pouop.
Then

o) = N ) () < Ao +€) [ Glt9)uo(s)ds = A(Iflo-+¢)Lio(t).

Ho
Thus Lug(t) > TFoTe 4o

we have a contradiction. By Lemma 1, i(N, Ps, P) = 1.

(t), this implies r(L) > 5 . As A(|flo+e)r(L) <1,

Ho
(Iffo+e)
On the other hand, select M large enough such that

1
/\Mco/ G(1,s)ds > 1.
0

As d(f) = oo, there exists My > 0, such that ) 5 M for x > M;i. We take

X
M; > max{cp,20} and let R = %1 For u € dPg, we have

u(t) > collull = My for t € [0,1].

Therefore,
1 1
IN(A,u)|| > /\/0 G(1,s)f(s,u(s))ds > /\Mco||u\|/O G(1,s)ds > |ju]|.
By Lemma 2, i(N, Pg, P) = 0. From the property of fixed point index,
i(NrPR\pﬁrP) = Z(Z\]/PRIP) 71(N1P(5/P) =-1
Therefore, N has a fixed pointin Pg \ P5. O

Remark 2. Theorem 4 implies that the decomposable nonlinear operator LF has a spectral interval
[|flor(L),c0) C op(LF) and the spectral radius r(LF) = oo [6].
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