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Abstract: In this paper, we prove that for any pair of weak Hopf monoids H and B in a symmetric
monoidal category where every idempotent morphism splits, the category of H-B-Long dimodules
B
HLong is monoidal. Moreover, if H is quasitriangular and B coquasitriangular, we also prove that
B
HLong is braided. As a consequence of this result, we obtain that if H is triangular and B cotriangular,
B
HLong is an example of a symmetric monoidal category.

Keywords: Braided (symmetric) monoidal category; Long dimodule; (co)quasitriangular weak Hopf
monoid

1. Introduction

Let R be a commutative fixed ring with unit and let C be the non-strict symmetric
monoidal category of R-Mod where ⊗ denotes the tensor product over R. The notion
of Long H-dimodule for a commutative and cocommutative Hopf algebra H in C was
introduced by Long [1] to study the Brauer group of H-dimodule algebras. For two arbitrary
Hopf algebras H and B with bijective antipode there exists a well-known connection
between the category of left-left H-B-Long dimodules, denoted by B

HLong, and the category
of left-left Yetter-Drinfel’d modules over the Hopf algebra H ⊗ B, denoted by H⊗B

H⊗BYD.
This relation can be formulated in the following way: if H is a quasitriangular and B
coquasitriangular, B

HLong is a braided monoidal subcategory of H⊗B
H⊗BYD. As a consequence

of this fact, we ensure that under the suitable conditions, Long dimodules provide non-
trivial examples of solutions for the Yang–Baxter equation. On the other hand, for a
commutative and cocommutative Hopf algebra H, the category of left-right H-H-Long
dimodules, denoted by HLongH , is the category of left-right Yetter-Drinfel’d modules
over H. Then, for all these reasons, it is not unreasonable to assume that there exists an
interesting relationship between Long dimodules and the problem of find solutions for the
Yang–Baxter equation. Moreover, the previous statement can be extended, as was proved
by Militaru in [2], to the problem of find solutions for the D-equation.

The results about the connections between Long dimodules and Yetter–Drinfeld mod-
ules can be generalized to Hom–Hopf algebras and to non-associative Hopf structures
as for example Hopf quasigroups. In [3], for two monoidal Hom–Hopf algebras (H, α)
and (B, β) the authors introduce the notion of generalized Hom-Long dimodule and the
category of generalized Hom-Long dimodules proving that this category is an example of
autonomous category. Also, if (H, α) is quasitriangular and (B, β) is coquasitriangular they
obtain that the category of generalized Hom-Long dimodules is a braided monoidal sub-
category of the category of left-left Yetter-Drinfel’d modules over the monoidal Hom–Hopf
algebra (H ⊗ B, α⊗ β). On the other hand, in [4] (see also [5]) we can find the definition
of Long dimodule for Hopf quasigroups and, if H is a quasitriangular Hopf quasigroup
and B coquasitriangular Hopf quasigroup, as in the previous settings, the authors prove
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that the category of left-left H-B-Long dimodules is a braided monoidal subcategory of the
category of Yetter-Drinfel’d modules over the Hopf quasigroup H ⊗ B.

The main motivation of this paper is to prove that for weak Hopf algebras and Long
dimodules associated with them we can obtain similar results to the ones cited in the
previous paragraphs. Weak Hopf algebras (or quantum groupoids in the terminology of
Nikshych and Vainerman [6]) were introduced by Böhm, Nill and Szlachányi [7] as novel
algebraic structures encompassing Hopf algebras and groupoid algebras. The central differ-
ence with other associative and coassocitive Hopf objects is the following: The coproduct
is not required to preserve the unit, equivalently, the counit is not a monoid morphism.
The main motivations to study weak Hopf algebras come from many relevant facts. For
example, on one hand, groupoid algebras and their duals provide natural examples of
weak Hopf algebras and, on the other hand, weak Hopf algebras have a remarkable con-
nection with some interesting theories, as for example, the theory of algebra extensions,
the theory of dynamical twists of Hopf algebras, the theory of quantum field theories,
the theory of operator algebras [6] and the theory of fusion categories in characteristic
zero [8]. Also, Hayashi’s face algebras (see [9]) are relevant examples of weak Hopf alge-
bras and Yamanouchi’s generalized Kac algebras [10] are exactly C∗-weak Hopf algebras
with involutive antipode. Finally, for weak Hopf algebras there exists a well-established
theory of Yetter–Drinfeld modules (see [11,12]) for which, as in the Hopf algebra setting,
the more remarkable property related with the Yang–Baxter equation is the following: If
H is a weak Hopf algebra with bijective antipode the category of left-left Yetter–Drinfeld
modules over H is braided monoidal. In this case is a remarkable fact that in a different
way to the previously cited cases, the tensor product of two Yetter–Drinfeld modules
M and N is a subspace of M⊗ N defined by the image of a suitable idempotent R-map
∇M⊗N : M⊗ N → M⊗ N.

In this paper, we work in a monoidal setting to ensure a good level of generality. Then,
we use monoids, comonoids, weak bimonoids and weak Hopf monoids instead of algebras,
coalgebras, weak bialgebras and weak Hopf algebras. Our main results are contained in
Sections 3 and 4. For two weak Hopf monoids H and B, in the third section we introduce
the category of H-B-Long dimodules, denoted as for the category R-Mod, by B

HLong and
we describe in detail the tensor product of this category. In this setting the tensor product is
defined as the image of the composition of two idempotent morphisms associated with the
module and comodule structure, respectively. The main result is Theorem 1 which states
that B

HLong is monoidal. Finally, in the fourth section we prove the main result of this paper.
As in the cases cited in the previous paragraphs, we obtain that if H is quasitriangular and
B coquasitriangular, B

HLong is a braided subcategory of H⊗B
H⊗BYD (see Theorem 3). Moreover,

if H is triangular and B cotriangular, we established that B
HLong is symmetric.

2. Preliminaries

A monoidal category is a category C together with a functor ⊗ : C× C → C, called
tensor product, an object K of C, called the unit object, and families of natural isomorphisms

aM,N,P : (M⊗ N)⊗ P→ M⊗ (N ⊗ P),

rM : M⊗ K → M, lM : K⊗M→ M,

in C, called associativity, right unit and left unit constraints, respectively, satisfying the
Pentagon Axiom and the Triangle Axiom, i.e.,

aM,N,P⊗Q ◦ aM⊗N,P,Q = (idM ⊗ aN,P,Q) ◦ aM,N⊗P,Q ◦ (aM,N,P ⊗ idQ),

(idM ⊗ lN) ◦ aM,K,N = rM ⊗ idN ,

where for each object X in C, idX denotes the identity morphism of X. For simplicity of
notation, given objects M, N, P in C and a morphism f : M → N, we write P ⊗ f for
idP ⊗ f and f ⊗ P for f ⊗ idP.
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A monoidal category is called strict if the associativity, right unit and left unit con-
straints are identities. It is a well-known fact that every non-strict monoidal category is
monoidal equivalent to a strict one (see [13]). Then, in general, we can assume without loss
of generality that the category is strict and, as a consequence of the quoted equivalence, the
results proved in this paper remain valid for every non-strict symmetric monoidal category,
what would include for example the categories of vector spaces over a field F, or the one of
left modules over a commutative ring R. In what follows, for simplicity of notation, given
objects M, N, P in C and a morphism f : M→ N, we write P⊗ f for idP ⊗ f and f ⊗ P for
f ⊗ idP.

A braiding for a strict monoidal category C is a natural family of isomorphisms

tM,N : M⊗ N → N ⊗M

subject to the conditions

tM,N⊗P = (N ⊗ tM,P) ◦ (tM,N ⊗ P), tM⊗N,P = (tM,P ⊗ N) ◦ (M⊗ tN,P).

A strict braided monoidal category is a strict monoidal category with a braiding.
Braided monoidal categories were introduced by Joyal and Street (see [14]) motivated
by the theory of braids and links in topology. Please note that as a consequence of the
definition, the equalities tM,K = tK,M = idM hold, for all object M of C. If the braiding
satisfies that tN,M ◦ tM,N = idM⊗N , for all M, N in C, we will say that C is symmetric and
the braiding will be called a symmetry.

Throughout this paper C denotes a strict symmetric monoidal category with tensor
product ⊗, unit object K and natural isomorphism of symmetry c. We also assume that in
C every idempotent morphism splits, i.e., for any morphism q : X → X such that q ◦ q = q
there exist an object Z, called the image of q, and morphisms i : Z → X, p : X → Z, such
that q = i ◦ p and p ◦ i = idZ. Please note that Z, p and i are unique up to isomorphism.
The categories satisfying this property constitute a broad class that includes, among others,
the categories with epi-monic decomposition for morphisms and categories with equalizers
or coequalizers. For example, complete bornological spaces is a symmetric monoidal
closed category that is not abelian, but it has coequalizers (see [15]). On the other hand,
let Hilb be the category whose objects are complex Hilbert spaces and whose morphisms
are the continuous linear maps. Then, Hilb is not an abelian and closed category but it is a
symmetric monoidal category (see [16]) with coequalizers.

A monoid in C is a triple A = (A, ηA, µA) where A is an object in C and ηA : K → A
(unit), µA : A⊗ A → A (product) are morphisms in C such that µA ◦ (A⊗ ηA) = idA =
µA ◦ (ηA ⊗ A) and µA ◦ (A⊗ µA) = µA ◦ (µA ⊗ A). Given two monoids A = (A, ηA, µA)
and B = (B, ηB, µB), f : A→ B is a monoid morphism if µB ◦ ( f ⊗ f ) = f ◦ µA, f ◦ ηA = ηB.
Also, if A, B are monoids in C, the object A⊗ B is a monoid in C where ηA⊗B = ηA ⊗ ηB
and µA⊗B = (µA ⊗ µB) ◦ (A⊗ cB,A ⊗ B).

A comonoid in C is a triple D = (D, εD, δD) where D is an object in C and εD : D → K
(counit), δD : D → D⊗D (coproduct) are morphisms in C such that (εD ⊗D) ◦ δD = idD =
(D⊗ εD) ◦ δD and (δD ⊗ D) ◦ δD = (D⊗ δD) ◦ δD. If D = (D, εD, δD) and E = (E, εE, δE)
are comonoids, f : D → E is a comonoid morphism if ( f ⊗ f ) ◦ δD = δE ◦ f , εE ◦ f = εD.
If D, E are comonoids in C, D⊗ E is a comonoid in C where εD⊗E = εD ⊗ εE and δD⊗E =
(D⊗ cD,E ⊗ E) ◦ (δD ⊗ δE).

If A is a monoid, C is a comonoid and f : C → A, g : C → A are morphisms, we
define the convolution product by f ∗ g = µA ◦ ( f ⊗ g) ◦ δC.

Definition 1. A weak bimonoid H is an object in C with a monoid structure (H, ηH , µH) and a
comonoid structure (H, εH , δH) such that the following axioms hold:

(a1) δH ◦ µH = (µH ⊗ µH) ◦ δH⊗H ,
(a2) εH ◦ µH ◦ (µH ⊗ H) = (εH ⊗ εH) ◦ (µH ⊗ µH) ◦ (H ⊗ δH ⊗ H)

= (εH ⊗ εH) ◦ (µH ⊗ µH) ◦ (H ⊗ (cH,H ◦ δH)⊗ H),
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(a3) (δH ⊗ H) ◦ δH ◦ ηH = (H ⊗ µH ⊗ H) ◦ (δH ⊗ δH) ◦ (ηH ⊗ ηH)
= (H ⊗ (µH ◦ cH,H)⊗ H) ◦ (δH ⊗ δH) ◦ (ηH ⊗ ηH).

Moreover, if there exists a morphism λH : H → H in C (called the antipode of H) satisfying

(a4) idH ∗ λH = ((εH ◦ µH)⊗ H) ◦ (H ⊗ cH,H) ◦ ((δH ◦ ηH)⊗ H),
(a5) λH ∗ idH = (H ⊗ (εH ◦ µH)) ◦ (cH,H ⊗ H) ◦ (H ⊗ (δH ◦ ηH)),
(a6) λH ∗ idH ∗ λH = λH ,

we will say that the weak bimonoid is a weak Hopf monoid.

For any weak bimonoid, if we define the morphisms ΠL
H (target), ΠR

H (source), ΠL
H

and ΠR
H by

ΠL
H = ((εH ◦ µH)⊗ H) ◦ (H ⊗ cH,H) ◦ ((δH ◦ ηH)⊗ H),

ΠR
H = (H ⊗ (εH ◦ µH)) ◦ (cH,H ⊗ H) ◦ (H ⊗ (δH ◦ ηH)),

ΠL
H = (H ⊗ (εH ◦ µH)) ◦ ((δH ◦ ηH)⊗ H),

ΠR
H = ((εH ◦ µH)⊗ H) ◦ (H ⊗ (δH ◦ ηH)),

it is straightforward to show that they are idempotent and the equalities

ΠL
H ◦ΠL

H = ΠL
H , ΠL

H ◦ΠR
H = ΠR

H , ΠR
H ◦ΠL

H = ΠL
H , ΠR

H ◦ΠR
H = ΠR

H , (1)

ΠL
H ◦ΠL

H = ΠL
H , ΠL

H ◦ΠR
H = ΠR

H , ΠR
H ◦ΠL

H = ΠL
H , ΠR

H ◦ΠR
H = ΠR

H , (2)

hold.
On the other hand, denote by HL the image of the target morphism ΠL

H and let
pL

H : H → HL, iL
H : HL → H be the morphisms such that iL

H ◦ pL
H = ΠL

H and pL
H ◦ iL

H = idHL .
Then,

(HL, ηHL = pL
H ◦ ηH , µHL = pL

H ◦ µH ◦ (iL
H ⊗ iL

H))

is a monoid and

(HL, εHL = εH ◦ iL
H , δHL = (pL

H ⊗ pL
H) ◦ δH ◦ iL

H)

is a comonoid. The morphisms ηHL , µHL , εHL and δHL are the unique morphisms satisfying

iL
H ◦ ηHL = ηH , iL

H ◦ µHL = µH ◦ (iL
H ⊗ iL

H), (3)

εHL ◦ pL
H = εH , δHL ◦ pL

H = (pL
H ⊗ pL

H) ◦ δH , (4)

respectively.
Now we summarize the main properties of the idempotent morphisms ΠL

H , ΠR
H , ΠL

H

and ΠR
H (see [17] for the detailed proofs).

ΠL
H ◦ µH ◦ (H ⊗ΠL

H) = ΠL
H ◦ µH , ΠR

H ◦ µH ◦ (ΠR
H ⊗ H) = ΠR

H ◦ µH , (5)

ΠL
H ◦ µH ◦ (H ⊗ΠL

H) = ΠL
H ◦ µH , ΠR

H ◦ µH ◦ (Π
R
H ⊗ H) = ΠR

H ◦ µH , (6)

(H ⊗ΠL
H) ◦ δH ◦ΠL

H = δH ◦ΠL
H , (ΠR

H ⊗ H) ◦ δH ◦ΠR
H = δH ◦ΠR

H , (7)

(H ⊗ΠR
H) ◦ δH ◦ΠR

H = δH ◦ΠR
H , (ΠL

H ⊗ H) ◦ δH ◦ΠL
H = δH ◦ΠL

H , (8)

µH ◦ (H ⊗ΠL
H) = ((εH ◦ µH)⊗ H) ◦ (H ⊗ cH,H) ◦ (δH ⊗ H), (9)
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(H ⊗ΠL
H) ◦ δH = (µH ⊗ H) ◦ (H ⊗ cH,H) ◦ ((δH ◦ ηH)⊗ H), (10)

µH ◦ (ΠR
H ⊗ H) = (H ⊗ (εH ◦ µH)) ◦ (cH,H ⊗ H) ◦ (H ⊗ δH) (11)

(ΠR
H ⊗ H) ◦ δH = (H ⊗ µH) ◦ (cH,H ⊗ H) ◦ (H ⊗ (δH ◦ ηH)) (12)

µH ◦ (Π
R
H ⊗ H) = ((εH ◦ µH)⊗ H) ◦ (H ⊗ δH), (13)

µH ◦ (H ⊗ΠL
H) = (H ⊗ (εH ◦ µH)) ◦ (δH ⊗ H), (14)

(ΠL
H ⊗ H) ◦ δH = (H ⊗ µH) ◦ ((δH ◦ ηH)⊗ H), (15)

(H ⊗ΠR
H) ◦ δH = (µH ⊗ H) ◦ (H ⊗ (δH ◦ ηH)), (16)

δH ◦ ηH = (ΠR
H ⊗ H) ◦ δH ◦ ηH = (H ⊗ΠL

H) ◦ δH ◦ ηH = (H ⊗ΠR
H) ◦ δH ◦ ηH (17)

= (ΠL
H ⊗ H) ◦ δH ◦ ηH ,

εH ◦ µH = εH ◦ µH ◦ (ΠR
H ⊗ H) = εH ◦ µH ◦ (H ⊗ΠL

H) = εH ◦ µH ◦ (Π
R
H ⊗ H) (18)

= εH ◦ µH ◦ (H ⊗ΠL
H).

Lemma 1. Let H be a weak bimonoid in C. The following identities hold:

ΠR
H ◦ µH ◦ (H ⊗ΠL

H) = ΠL
H ◦ µH ◦ (Π

R
H ⊗ H), (19)

(ΠL
H ⊗ H) ◦ δH ◦ΠL

H = (H ⊗ΠL
H) ◦ δH ◦ΠL

H , (20)

(H ⊗ µH) ◦ (((H ⊗ΠL
H) ◦ δH ◦ΠL

H)⊗ H) ◦ δH = (ΠL
H ⊗ H) ◦ δH , (21)

µH ◦ ((Π
R
H ◦ µH ◦ (H ⊗ΠL

H))⊗ H) ◦ (H ⊗ δH) = µH ◦ (Π
R
H ⊗ H). (22)

Proof. The proof for (19) is the following:

ΠR
H ◦ µH ◦ (H ⊗ΠL

H)

= ((εH ◦ µH)⊗ H) ◦ (H ⊗ cH,H) ◦ (((H ⊗ΠR
H) ◦ δH)⊗ H) (by (9) and the naturality of c)

= ((εH ◦ µH)⊗ H) ◦ (µH ⊗ cH,H) ◦ (H ⊗ (δH ◦ ηH)⊗ H) (by (16))

= ((εH ◦ µH)⊗ H) ◦ (H ⊗ ((µH ⊗ H) ◦ (H ⊗ cH,H) ◦ ((δH ◦ ηH)⊗ H))) (by associativity

of µH)

= ((εH ◦ µH)⊗ΠL
H) ◦ (H ⊗ δH) (by (10))

= ΠL
H ◦ µH ◦ (Π

R
H ⊗ H) (by (13)).

On the other hand,

(ΠL
H ⊗ H) ◦ δH ◦ΠL

H
= (H ⊗ µH) ◦ ((δH ◦ ηH)⊗ΠL

H) (by (15))

= (H ⊗ (((εH ◦ µH)⊗ H) ◦ (H ⊗ cH,H) ◦ (δH ⊗ H))) ◦ ((δH ◦ ηH)⊗ H) (by (9))

= (H ⊗ (εH ◦ µH)⊗ H) ◦ (δH ⊗ cH,H) ◦ ((δH ◦ ηH)⊗ H) (by coassociativity of δH)

= ((µH ◦ (H ⊗ΠL
H))⊗ H) ◦ (H ⊗ cH,H) ◦ ((δH ◦ ηH)⊗ H) (by (14))

= (H ⊗ΠL
H) ◦ δH ◦ΠL

H (by the naturality of c and (10)),

and (20) holds.
The proof for (21) is the following:

(H ⊗ µH) ◦ (((H ⊗ΠL
H) ◦ δH ◦ΠL

H)⊗ H) ◦ δH
= (H ⊗ µH) ◦ (((µH ⊗ µH) ◦ δH⊗H ◦ (ηH ⊗ ηH))⊗ H) (by (10), (15) and associativity of µH)

= (H ⊗ µH) ◦ (δH ◦ µH ◦ (ηH ⊗ ηH))⊗ H) (by (a1) of Definition 1)

= (ΠL
H ⊗ H) ◦ δH (by (15)).
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Finally, the proof for (22) can be obtained as the previous one by reversing arrows.

If H is a weak Hopf monoid in C, the antipode λH is unique, antimultiplicative,
anticomultiplicative and leaves the unit and the counit invariant:

λH ◦ µH = µH ◦ (λH ⊗ λH) ◦ cH,H , δH ◦ λH = cH,H ◦ (λH ⊗ λH) ◦ δH , (23)

λH ◦ ηH = ηH , εH ◦ λH = εH . (24)

Also, it is straightforward to show the equalities

ΠL
H = idH ∗ λH , ΠR

H = λH ∗ idH , (25)

ΠL
H ∗ idH = idH = idH ∗ΠR

H , ΠR
H ∗ λH = λH = λH ∗ΠL

H ,

ΠL
H ∗ΠL

H = ΠL
H , ΠR

H ∗ΠR
H = ΠR

H (26)

and

ΠL
H = λH ◦ΠL

H = ΠR
H ◦ λH , ΠR

H = ΠL
H ◦ λH = λH ◦ΠR

H . (27)

If H and B are weak bimonoids in C, the tensor product H ⊗ B so is. In this case, the
monoid–comonoid structure is the one of H ⊗ B and

ΠL
H⊗B = ΠL

H ⊗ΠL
B, ΠR

H⊗B = ΠR
H ⊗ΠR

B .

Then, if H and B are weak Hopf monoids in C, the tensor product H ⊗ Bso is with
λH⊗B = λH ⊗ λB. Please note that

(H ⊗ B)L = HL ⊗ BL.

Finally, for any weak bimonoid H, we can define the opposite and coopposite weak
bimonoids as Hop = (H, ηH , µH ◦ cH,H , εH , δH) and Hcoop = (H, ηH , µH , εH , cH,H ◦ δH),
respectively. If H is a weak Hopf monoid and the antipode is an isomorphism, Hop =
(H, ηH , µH ◦ cH,H , εH , δH , λ−1

H ) and Hcoop = (H, ηH , µH , εH , cH,H ◦ δH , λ−1
H ), are weak Hopf

monoids.
In the end of this section, we summarize some properties about left modules and left

comodules over a weak Hopf monoid. The complete details can be found in [18–20].

Definition 2. Let H be a weak Hopf monoid in C. We say that (M, ϕM) is a left H-module if M is
an object in C and ϕM : H ⊗M→ M is a morphism in C such that

ϕM ◦ (ηH ⊗M) = idM, ϕM ◦ (H ⊗ ϕM) = ϕM ◦ (µH ⊗M). (28)

Given two left H-modules (M, ϕM) and (N, ϕN), a morphism f : M→ N in C is a morphism
of left H-modules if

ϕN ◦ (H ⊗ f ) = f ◦ ϕM. (29)

If (M, ϕM) and (N, ϕN) are left H-modules we define the morphism ϕM⊗N : H⊗M⊗N →
M⊗ N as

ϕM⊗N = (ϕM ⊗ ϕN) ◦ (H ⊗ cH,M ⊗ N) ◦ (δH ⊗M⊗ N). (30)

It is easy to show that ϕM⊗N satisfies

ϕM⊗N ◦ (H ⊗ ϕM⊗N) = ϕM⊗N ◦ (µH ⊗M⊗ N) (31)

and the morphism

∇M⊗N = ϕM⊗N ◦ (ηH ⊗M⊗ N) : M⊗ N → M⊗ N (32)
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is an idempotent. If we denote by M � N the image of ∇M⊗N and by pM⊗N : M ⊗ N →
M � N, iM⊗N : M � N → M ⊗ N the morphisms such that iM⊗N ◦ pM⊗N = ∇M⊗N and
pM⊗N ◦ iM⊗N = idM�N , it is not difficult to see that the object M � N is a left H-module
with action

ϕM�N = pM⊗N ◦ ϕM⊗N ◦ (H ⊗ iM⊗N) : H ⊗M � N → M � N

and the equalities

ϕM⊗N ◦ (H ⊗∇M⊗N) = ϕM⊗N = ∇M⊗N ◦ ϕM⊗N , (33)

hold. Moreover, if (M, ϕM), (N, ϕN) and (P, ϕP) are left H-modules, we have that

(M⊗∇N⊗P) ◦ (∇M⊗N ⊗ P) = (∇M⊗N ⊗ P) ◦ (M⊗∇N⊗P) (34)

also holds.
If f : (M, ϕM) → (M′, ϕM′) and g : (N, ϕN) → (N′, ϕN′) are morphisms of left H-

modules, then,
f � g = pM′⊗N′ ◦ ( f ⊗ g) ◦ iM⊗N : M � N → M′ � N′

is a morphism of left H-modules between (M � N, ϕM�N) and (M′ � N′, ϕM′�N′). Moreover,

( f ⊗ g) ◦ ∇M⊗N = ∇M′⊗N′ ◦ ( f ⊗ g). (35)

Definition 3. We say that (M, ρM) is a left H-comodule in C if M is an object in C and ρM :
M→ H ⊗M is a morphism in C such that

(εH ⊗M) ◦ ρM = idM, (H ⊗ ρM) ◦ ρM = (δH ⊗M) ◦ ρM. (36)

Given two left H-comodules (M, ρM) and (N, ρN), a morphism f : M → N in C is a
morphism of left H-comodules if

ρN ◦ f = (H ⊗ f ) ◦ ρM. (37)

If (M, ρM) and (N, ρN) are left H-comodules we define the morphism ρM⊗N : M⊗ N →
H ⊗M⊗ N as

ρM⊗N = (µH ⊗M⊗ N) ◦ (H ⊗ cM,H ⊗ N) ◦ (ρM ⊗ ρN). (38)

It is easy to show that ρM⊗N satisfies

(H ⊗ ρM⊗N) ◦ ρM⊗N = (δH ⊗M⊗ N) ◦ ρM⊗N (39)

and the morphism

∇′M⊗N = (εH ⊗M⊗ N) ◦ ρM⊗N : M⊗ N → M⊗ N (40)

is an idempotent. If we denote by M � N the image of ∇′M⊗N and by p′M⊗N : M ⊗ N →
M � N, i′M⊗N : M � N → M ⊗ N the morphisms such that i′M⊗N ◦ p′M⊗N = ∇′M⊗N and
p′M⊗N ◦ i′M⊗N = idM�N , it is not difficult to see that the object M � N is a left H-comodule
with coaction

ρM�N = (H ⊗ p′M⊗N) ◦ ρM⊗N ◦ i′M⊗N : M� N → H ⊗ (M� N)

and the equality

(H ⊗∇′M⊗N) ◦ ρM⊗N = ρM⊗N = ρM⊗N ◦ ∇′M⊗N , (41)
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holds. Moreover, as in the case of left modules, if (M, ρM), (N, ρN) and (P, ρP) are left H-
comodules, we have that

(M⊗∇′N⊗P) ◦ (∇′M⊗N ⊗ P) = (∇′M⊗N ⊗ P) ◦ (M⊗∇′N⊗P) (42)

also holds.
If f : (M, ρM) → (M′, ρM′) and g : (N, ρN) → (N′, ρN′) are morphisms of left H-

comodules, then,

f � g = p′M′×N′ ◦ ( f ⊗ g) ◦ i′M×N : M� N → M′ � N′

is a morphism of left H-comodules between (M� N, ρM�N) and (M′ � N′, ρM′�N′). Moreover,

( f ⊗ g) ◦ ∇′M⊗N = ∇′M′⊗N′ ◦ ( f ⊗ g). (43)

3. The Category of Long Dimodules Over Weak Hopf Monoids

In this section, we generalize the notion of Long dimodule to the weak Hopf
monoid setting.

Definition 4. Let H and B be weak Hopf monoids in C. A left-left H-B-Long dimodule (M, ϕM, ρM)
is both a left H-module with action ϕM : H ⊗ M → M and a left B-comodule with coaction
ρM : M→ B⊗M such that the equality

ρM ◦ ϕM = (B⊗ ϕM) ◦ (cH,B ⊗M) ◦ (H ⊗ ρM) (44)

holds.
A morphism between two left-left H-B-Long dimodules (M, ϕM, ρM) and (N, ϕN , ρN) is a

morphism f : M→ N of left H-modules and left B-comodules. Left-left H-B-Long dimodules and
morphism of left-left H-B-Long dimodules form a category, denoted as B

HLong.
In a similar way we can define left-right, right-left and right-right H-B-Long dimodules and

we have the categories HLongB, BLongH and LongB
H , respectively.

Below we will give examples of left-left H-B-Long dimodules. We want to highlight
that if the antipodes of H and B are isomorphisms, it is possible to give many more
considering opposite and coopposite weak Hopf monoids.

Example 1. Let H and B be weak Hopf monoids in C. The triple

(H ⊗ B, ϕH⊗B = µH ⊗ B, ρH⊗B = (cH,B ⊗ B) ◦ (H ⊗ δB))

is in B
HLong.
Similarly, if HL and BL are the images of the target morphisms with the corresponding

structure of monoid–comonoid, by the properties of ηH and εB, (5) for H, (7) for B, the associativity
of µH , the coassociativity of δB and the naturality of c, we have that

(HL ⊗ BL, ϕHL⊗BL = (pL
H ◦ µH ◦ (H ⊗ iL

H))⊗ BL, ρHL⊗BL = (cHL ,B ⊗ pL
B) ◦ (HL ⊗ (δB ◦ iL

B))

belongs to B
HLong.

Finally, let (M, ϕM) be a left H-module. Then, it is easy to show that

(B⊗M, ϕB⊗M = (B⊗ ϕM) ◦ (cH,B ⊗M), ρB⊗M = δB ⊗M)

is an example of left-left H-B-Long dimodule. Moreover, if (M, ρM) be a left B-comodule,

(H ⊗M, ϕH⊗M = µH ⊗M, ρH⊗M = (cH,B ⊗M) ◦ (H ⊗ ρM))

belongs to the category B
HLong.
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Example 2. Let H and B be weak Hopf monoids in C. A skew pairing between H and B over K is
a morphism τ : H ⊗ B→ K such that the equalities

(b1) τ ◦ (µH ⊗ B) = (τ ⊗ τ) ◦ (H ⊗ cH,B ⊗ B) ◦ (H ⊗ H ⊗ δB),
(b2) τ ◦ (H ⊗ µB) = (τ ⊗ τ) ◦ (H ⊗ cH,B ⊗ B) ◦ ((cH,H ◦ δH)⊗ B⊗ B),
(b3) τ ◦ (ηH ⊗ B) = εB,
(b4) τ ◦ (H ⊗ ηB) = εH ,

hold.
Let (M, ρM) be a left B-comodule and let τ : H⊗ B→ K be a skew pairing between H and B

over K such that

(τ ⊗ B) ◦ (H ⊗ δB) = (B⊗ τ) ◦ (cH,B ⊗ B) ◦ (H ⊗ δB). (45)

Then, the triple
(M, ϕM = (τ ⊗M) ◦ (λH ⊗ ρM), ρM)

is in B
HLong. Indeed, by (24), (b3) and the B-comodule condition for M, we have that ϕM ◦ (ηH ⊗

M) = idM. Moreover, using that M is a left B-comodule, the naturality of c, (b1) and (23),

ϕM ◦ (H ⊗ ϕM)
= (((τ ⊗ τ) ◦ (H ⊗ cH,B ⊗ B) ◦ (H ⊗ H ⊗ δB))⊗M) ◦ ((cH,H ◦ (λH ⊗ λH))⊗ ρM)
= ((τ ◦ (µH ⊗ B))⊗M) ◦ ((cH,H ◦ (λH ⊗ λH))⊗ ρM)
= ϕM ◦ (µH ⊗M),

holds and, consequently, (M, ϕM) is a left H-module. Finally, using that M is a left B-comodule
and (45), condition (44) holds because

ρM ◦ ϕM
= (((τ ⊗ B) ◦ (H ⊗ δB))⊗M) ◦ (λH ⊗ ρM)
= (((B⊗ τ) ◦ (cH,B ⊗ B) ◦ (H ⊗ δB))⊗M) ◦ (λH ⊗ ρM)
= (B⊗ ϕM) ◦ (cH,B ⊗M) ◦ (H ⊗ ρM).

In particular, if H = B, ρH = δH and τ : H ⊗ H → K is a skew pairing between H and H
over K such that

(τ ⊗ H) ◦ (H ⊗ δH) = (H ⊗ τ) ◦ (cH,H ⊗ H) ◦ (H ⊗ δH). (46)

we obtain that (H, ϕH = (τ ⊗M) ◦ (λH ⊗ δH), δH) is in H
HLong. Moreover, if λH is an isomor-

phism, the triple (H, ϕH , δH) belongs to H
HLong if and only if (46) holds.

Example 3. Let H and B be weak Hopf monoids in C. We define a skew copairing between H and
B over K as a morphism σ : K → H ⊗ B such that the equalities

(c1) (δH ⊗ B) ◦ σ = (H ⊗ H ⊗ µB) ◦ (H ⊗ cB,H ⊗ B) ◦ (σ⊗ σ),
(c2) (H ⊗ δB) ◦ σ = ((µH ◦ cH,H)⊗ B⊗ B) ◦ (H ⊗ cB,H ⊗ B) ◦ (σ⊗ σ),
(c3) (εH ⊗ B) ◦ σ = ηB,
(c4) (H ⊗ εB) ◦ σ = ηH ,

hold.
Now, let (M, ϕM) be a left H-module and let σ : K → H ⊗ B be a skew copairing between H

and B over K such that

(µH ⊗ B) ◦ (H ⊗ σ) = ((µH ◦ cH,H)⊗ B) ◦ (H ⊗ σ). (47)

Then, by a similar proof to the one developed for the example linked to skew pairings we
have that

(M, ϕM, ρM = (B⊗ ϕM) ◦ ((cH,B ◦ σ)⊗M))

belongs to B
HLong. Indeed: First note that by the naturality of c, (c4) and the condition of lef

H-module for M, we have that (εB ⊗M) ◦ ρM = idM. Moreover, using that M is a left H-module,
(c2) and the naturality of c,
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(B⊗ ρM) ◦ ρM
= (B⊗ B⊗ ϕM) ◦ (B⊗ cH,B ⊗M) ◦ (cH,B ⊗ B⊗M) ◦ ((((µH ◦ cH,H)⊗ B⊗ B)
◦(H ⊗ cB,H ⊗ B) ◦ (σ⊗ σ))⊗M)

= (B⊗ B⊗ ϕM) ◦ (B⊗ cH,B ⊗M) ◦ (cH,B ⊗ B⊗M) ◦ (((H ⊗ δB) ◦ σ)⊗M)
= (δB ⊗M) ◦ ρM,

and then, (M, ρM) is a left B-comodule. Finally, using (47), the naturality of c and the condition of
left H-module for M, (44) holds because

ρM ◦ ϕM
= (B⊗ ϕM) ◦ (cH,B ⊗M) ◦ ((((µH ◦ cH,H)⊗ B) ◦ (H ⊗ σ))⊗M)
= (B⊗ ϕM) ◦ (cH,B ⊗M) ◦ (((µH ⊗ B) ◦ (H ⊗ σ))⊗M)
= (B⊗ ϕM) ◦ (cH,B ⊗M) ◦ (H ⊗ ρM).

In particular, if H = B, ϕH = µH and σ : K → H ⊗ H is a skew copairing between H and
H over K such that

(µH ⊗ H) ◦ (H ⊗ σ) = ((µH ◦ cH,H)⊗ H) ◦ (H ⊗ σ) (48)

we obtain that (H, µH , ρH = (H ⊗ µH) ◦ ((cH,H ◦ σ)⊗ H)) is in H
HLong. Moreover, if λH is an

isomorphism, the triple (H, µH , ρH) belongs to H
HLong if and only if (48) holds.

Example 4. Let H and B be weak Hopf monoids in C. Let τ : H ⊗ B → K and σ : K → H ⊗ B
be morphisms in C. It is easy to show that (B, ϕB = (B⊗ τ) ◦ (cH,B ⊗ B) ◦ (H ⊗ δB)) is a left
H-module if and only if (b1) and (b3) of Example 2 hold. Similarly, (H, ρH = (B⊗ µH) ◦ ((cH,B ◦
σ)⊗ H) is a left B-comodule if and only if (c2) and (c3) of Example 3 hold. In any case, (B, ϕB, δB)
and (H, µH , ρH) are objects in the category B

HLong.

Remark 1. Please note that in the weak Hopf monoid setting, an object M with the trivial mor-
phisms ϕM = εH ⊗M and ρM = ηB ⊗M is not an object in B

HLong because in this case neither
(M, ϕM) is a left H-module nor (M, ρM) a left B-comodule.

Lemma 2. Let H and B be weak Hopf monoids and let (M, ϕM, ρM) and (N, ϕN , ρN) be in
B
HLong. Then, the idempotent morphisms∇M⊗N and∇′M⊗N , defined in (32) and (40) (for H = B),
satisfy that

∇′M⊗N ◦ ∇M⊗N = ∇M⊗N ◦ ∇′M⊗N . (49)

As a consequence, the morphism

ΩM⊗N = ∇′M⊗N ◦ ∇M⊗N (50)

is idempotent and there exist two morphisms jM⊗N : M× N → M⊗ N and qM⊗N : M⊗ N →
M× N such that qM⊗N ◦ jM⊗N = idM×N and jM⊗N ◦ qM⊗N = ΩM⊗N where M× N is the
image of ΩM⊗N .

Moreover, the following identities hold:

∇M⊗N ◦ΩM⊗N = ΩM⊗N , qM⊗N ◦ ∇M⊗N ◦ΩM⊗N = qM⊗N , ∇M⊗N ◦ jM⊗N = jM⊗N , (51)

∇′M⊗N ◦ΩM⊗N = ΩM⊗N , qM⊗N ◦ ∇′M⊗N ◦ΩM⊗N = qM⊗N , ∇′M⊗N ◦ jM⊗N = jM⊗N , (52)

ΩM⊗N ◦ ∇M⊗N = ΩM⊗N , ΩM⊗N ◦ ∇M⊗N ◦ jM⊗N = jM⊗N , qM⊗N ◦ ∇M⊗N = qM⊗N , (53)

ΩM⊗N ◦ ∇′M⊗N = ΩM⊗N , ΩM⊗N ◦ ∇′M⊗N ◦ jM⊗N = jM⊗N , qM⊗N ◦ ∇′M⊗N = qM⊗N . (54)

Proof. Indeed, let (M, ϕM, ρM) and (N, ϕN , ρN) be in B
HLong. Then,

∇′M⊗N ◦ ∇M⊗N

= ((εB ◦ µB)⊗M⊗ N) ◦ (B⊗ cM,B ⊗ N)
◦(((B⊗ ϕM) ◦ (cH,B ⊗M) ◦ (H ⊗ ρM))⊗ ((B⊗ ϕN) ◦ (cH,B ⊗ N) ◦ (H ⊗ ρN)))
◦(H ⊗ cH,M ⊗ N) ◦ ((δH ◦ ηH)⊗M⊗ N) (by (44))
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= ∇M⊗N ◦ ∇′M⊗N (by the naturality of c).

Finally, (51)–(54) follows easily from (49) and the properties of jM⊗N and qM⊗N .

Lemma 3. Let H and B be weak Hopf monoids and let (M, ϕM, ρM) and (N, ϕN , ρN) be in
B
HLong. Then, the idempotent morphisms ∇M⊗N , ∇′M⊗N and ΩM⊗N , defined in (32), (40) and
(50), satisfy that

ϕM⊗N ◦ (H ⊗∇′M⊗N) = ∇′M⊗N ◦ ϕM⊗N , (55)

(B⊗∇M⊗N) ◦ ρM⊗N = ρM⊗N ◦ ∇M⊗N , (56)

ϕM⊗N ◦ (H ⊗ΩM⊗N) = ΩM⊗N ◦ ϕM⊗N , (57)

(B⊗ΩM⊗N) ◦ ρM⊗N = ρM⊗N ◦ΩM⊗N , (58)

where ϕM⊗N and ρM⊗N are the morphisms defined in (30) and (38) respectively.

Proof. Let (M, ϕM, ρM) and (N, ϕN , ρN) be in B
HLong. First we have that

ϕM⊗N ◦ (H ⊗∇′M⊗N)

= ((((εB ◦ µB)⊗ ϕM) ◦ (B⊗ cH,B ⊗M) ◦ (cH,B ⊗ cM,B))⊗ N)
◦(H ⊗ B⊗M⊗ ((B⊗ ϕN) ◦ (cH,B ⊗ N) ◦ (H ⊗ ρN))) ◦ (((H ⊗ B⊗ cH,M)
◦(H ⊗ cH,B ⊗M) ◦ (δH ⊗ ρM))⊗ N)(by the naturality of c)

= ((((εB ◦ µB)⊗ ϕM) ◦ (B⊗ cH,B ⊗M) ◦ (cH,B ⊗ cM,B))⊗ N)
◦(H ⊗ B⊗M⊗ (ϕN ◦ ρN)) ◦ (((H ⊗ B⊗ cH,M) ◦ (H ⊗ cH,B ⊗M)
◦(δH ⊗ ρM))⊗ N)(by (44) for N)

= ((((εB ◦ µB)⊗M⊗ N) ◦ (B⊗ cH,B ⊗M))⊗ N)
◦(((B⊗ ϕM) ◦ (cH,B ⊗M) ◦ (H ⊗ ρM))⊗ (ϕN ◦ ρN)) ◦ (H ⊗ cH,M ⊗ N)
◦(δH ⊗M⊗ N)(by the naturality of c)

= ∇′M⊗N ◦ ϕM⊗N (by (44) for M)

and (55) holds. Secondly,

(B⊗∇M⊗N) ◦ ρM⊗N
= (µB ⊗M⊗ N) ◦ (B⊗ cM,B ⊗ N)
◦(((B⊗ ϕM) ◦ (cH,B ⊗M) ◦ (H ⊗ ρM))⊗ ((B⊗ ϕN) ◦ (cH,B ⊗ N) ◦ (H ⊗ ρN)))
◦(H ⊗ cH,M ⊗ N) ◦ ((δH ◦ ηH)⊗M⊗ N) (by the naturality of c)

= ρM⊗N ◦ ∇M⊗N (by (44) for M and N)

and therefore (56) holds.
On the other hand, (57) and (58) holds because by (33), (41), (55) and (56):

ΩM⊗N ◦ ϕM⊗N = ∇′M⊗N ◦ ϕM⊗N = ϕM⊗N ◦ (H ⊗∇′M⊗N) = ϕM⊗N ◦ (H ⊗ΩM⊗N),

ρM⊗N ◦ΩM⊗N = ρM⊗N ◦ ∇M⊗N = (B⊗∇M⊗N) ◦ ρM⊗N = (B⊗ΩM⊗N) ◦ ρM⊗N .

Lemma 4. Let H and B be weak Hopf monoids and let (M, ϕM, ρM), (N, ϕN , ρN) and (P, ϕP, ρP)
be in B

HLong. Then, the idempotent morphisms ∇M⊗N , ∇′M⊗N and ΩM⊗N , defined in (32), (40)
and (50) , satisfy that

(M⊗∇′N⊗P) ◦ (∇M⊗N ⊗ P) = (∇M⊗N ⊗ P) ◦ (M⊗∇′N⊗P), (59)

(M⊗∇N⊗P) ◦ (∇′M⊗N ⊗ P) = (∇′M⊗N ⊗ P) ◦ (M⊗∇N⊗P), (60)

(M⊗ΩN⊗P) ◦ (ΩM⊗N ⊗ P) = (ΩM⊗N ⊗ P) ◦ (M⊗ΩN⊗P), (61)

(M⊗∇N⊗P) ◦ (ΩM⊗N ⊗ P) = (ΩM⊗N ⊗ P) ◦ (M⊗∇N⊗P), (62)

(M⊗ΩN⊗P) ◦ (∇M⊗N ⊗ P) = (∇M⊗N ⊗ P) ◦ (M⊗ΩN⊗P), (63)

(M⊗∇′N⊗P) ◦ (ΩM⊗N ⊗ P) = (ΩM⊗N ⊗ P) ◦ (M⊗∇′N⊗P), (64)
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(M⊗ΩN⊗P) ◦ (∇′M⊗N ⊗ P) = (∇′M⊗N ⊗ P) ◦ (M⊗ΩN⊗P). (65)

Proof. The proofs for (61)–(65) follow directly from (59) and (60). The proof for (60) is
similar to the one of (59). Then, we only need to show that (59) holds. Indeed:

(M⊗∇′N⊗P) ◦ (∇M⊗N ⊗ P)
= (ϕM ⊗ (εB ◦ µB)⊗ N ⊗ P) ◦ (H ⊗M⊗ B⊗ cN,B ⊗ P)
◦(H ⊗M⊗ ((B⊗ ϕN) ◦ (cH,B ⊗ N) ◦ (H ⊗ ρN))⊗ ρP)
◦(((H ⊗ cH,M) ◦ ((δH ◦ ηH)⊗M))⊗ N ⊗ P) (by (44))

= (∇M⊗N ⊗ P) ◦ (M⊗∇′N⊗P) (by the naturality of c).

Now we will define a tensor product in the categories of Long dimodules. The proof
follows a similar pattern for each side. Then, we only get the computations for the left-
left side.

Proposition 1. Let H and B be weak Hopf monoids and let (M, ϕM, ρM) and (N, ϕN , ρN) be in
B
HLong. Then, the image of the idempotent morphism ΩM⊗N , defined in (50), belongs to B

HLong
with H-module and B-comodule structures

ϕM×N = qM⊗N ◦ ϕM⊗N ◦ (H ⊗ jM⊗N)

and
ρM×N = (B⊗ qM⊗N) ◦ ρM⊗N ◦ jM⊗N ,

respectively. Moreover, if f : (M, ϕM, ρM)→ (M′, ϕM′ , ρM′), g : (N, ϕN , ρN)→ (N′, ϕN′ , ρN′)
are morphisms in B

HLong, then,

f × g = qM′×N′ ◦ ( f ⊗ g) ◦ jM×N : M× N → M′ × N′

is a morphism in B
HLong between (M× N, ϕM×N , ρM×N) and (M′ × N′, ϕM′×N′ , ρM′×N′).

Proof. Let H and B be weak Hopf monoids and let (M, ϕM, ρM) and (N, ϕN , ρN) be in
B
HLong. Let M × N the image of the idempotent morphism ΩM⊗N . Define the action
ϕM×N by

ϕM×N = qM⊗N ◦ ϕM⊗N ◦ (H ⊗ jM⊗N)

and the coaction ρM×N by

ρM×N = (B⊗ qM⊗N) ◦ ρM⊗N ◦ jM⊗N .

The pair (M⊗ N, ϕM×N) is a left H-module because

ϕM×N ◦ (ηH ⊗M× N) = qM⊗N ◦ ∇M⊗N ◦ jM⊗N
(53)
= qM⊗N ◦ jM⊗N = idM×N

and

ϕM×N ◦ (H⊗ ϕM×N)
(57)
= qM⊗N ◦ ϕM⊗N ◦ (H⊗ (ϕM⊗N ◦ (H⊗ jM⊗N)))

(31)
= ϕM×N ◦ (µH ⊗M×N).

Similarly, by (54) we obtain that (εB ⊗M⊗ N) ◦ ρM×N = idM×N and, by (39) and (58),
we have that

(ρM×N ⊗M⊗ N) ◦ ρM×N = (δB ⊗M⊗ N) ◦ ρM×N .

Therefore, (M⊗ N, ρM×N) is a left B-comodule.
Also, (M⊗ N, ϕM×N , ρM×N) is an object in B

HLong because

(B⊗ ϕM×N) ◦ (cH,B ⊗M× N) ◦ (H ⊗ ρM×N)
= (B⊗ (qM⊗N ◦ ϕM⊗N)) ◦ (cH,B ⊗M⊗ N) ◦ (H ⊗ (ρM⊗N ◦ jM⊗N)) (by (57))

= (µB ⊗ qM⊗N) ◦ (B⊗ cM,B ⊗ N)
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◦(((B⊗ ϕM) ◦ (cH,B ⊗M) ◦ (H ⊗ ρM))⊗ ((B⊗ ϕN) ◦ (cH,B ⊗ N) ◦ (H ⊗ ρN)))
◦(H ⊗ cH,M ⊗ N) ◦ (δH ⊗ jM⊗N) (by the naturality of c)

= (µB ⊗ qM⊗N) ◦ (B⊗ cM,B ⊗ N) ◦ ((ρM ◦ ϕM)⊗ (ρN ◦ ϕN)) ◦ (H ⊗ cH,M ⊗ N)
◦(δH ⊗ jM⊗N) (by (44) for M and N)

= ρM×N ◦ ϕM×N (by (57))

On the other hand, if f : (M, ϕM, ρM) → (M′, ϕM′ , ρM′) and g : (N, ϕN , ρN) →
(N′, ϕN′ , ρN′) are morphisms in B

HLong, by (35) and (43), we have that

( f ⊗ g) ◦ΩM⊗N = ΩM′⊗N′ ◦ ( f ⊗ g) (66)

holds. Define f × g : M× N → M′ × N′ as f × g = qM′×N′ ◦ ( f ⊗ g) ◦ jM×N . Then, f × g
is a morphism in B

HLong because

ϕM′×N′ ◦ (H ⊗ ( f × g))
= qM′⊗N′ ◦ ϕM′⊗N′ ◦ (H ⊗ (ΩM′×N′ ◦ ( f ⊗ g) ◦ jM⊗N)) (by definition of f × g)

= qM′⊗N′ ◦ ϕM′⊗N′ ◦ (H ⊗ (( f ⊗ g) ◦ jM⊗N)) (by (66))

= qM′⊗N′ ◦ ( f ⊗ g) ◦ ϕM×N ◦ (H⊗ jM⊗N) (by the condition of morphism of left H-modules for f and g)

= ( f × g) ◦ ϕM×N (by (57))

and

ρM′×N′ ◦ ( f × g)
= (B⊗ qM′⊗N′) ◦ ρM′⊗N′ ◦ΩM′×N′ ◦ ( f ⊗ g) ◦ jM⊗N (by definition)

= (B⊗ qM′⊗N′) ◦ ρM′⊗N′ ◦ ( f ⊗ g) ◦ jM⊗N (by (66))

= (B⊗ (qM′⊗N′ ◦ ( f ⊗ g))) ◦ ρM⊗N ◦ jM⊗N (by the condition of morphism of left B-comodules for f

and g)

= (B⊗ ( f × g)) ◦ ρM×N (by (58)).

Therefore, the proof is complete.

Lemma 5. Let H and B be weak Hopf monoids and let (M, ϕM, ρM), (N, ϕN , ρN) and (P, ϕP, ρP)
be in B

HLong. Then, the following equalities hold:

(M⊗ jN⊗P) ◦ΩM⊗(N×P) ◦ (M⊗ qN⊗P) = (jM⊗N ⊗ P) ◦Ω(M×N)⊗P ◦ (qM⊗N ⊗ P), (67)

(M⊗ jN⊗P) ◦ΩM⊗(N×P) ◦ (M⊗ qN⊗P) = (ΩM⊗N ⊗ P) ◦ (M⊗ΩN⊗P), (68)

Ω(M×N)⊗P = (qM⊗N ⊗ P) ◦ (M⊗ΩN⊗P) ◦ (jM⊗N ⊗ P), (69)

ΩM⊗(N×P) = (M⊗ qN⊗P) ◦ (ΩM⊗N ⊗ P) ◦ (M⊗ jN⊗P). (70)

Proof. The proof for the identity (67) is:

(M⊗ jN⊗P) ◦ΩM⊗(N×P) ◦ (M⊗ qN⊗P)

= ((εB ◦ µB)⊗M⊗ N ⊗ P) ◦ (B⊗ cM,B ⊗ΩN⊗P)
◦((ρM ◦ ϕM) ◦ (ρN⊗P ⊗ΩN⊗P ◦ ϕN⊗P)) ◦ (H ⊗ cH,M ⊗ΩN⊗P)
◦((δH ◦ ηH)⊗M⊗ N ⊗ P)(by definition)

= ((εB ◦ µB)⊗M⊗ N ⊗ P) ◦ (B⊗ cM,B ⊗ N ⊗ P)
◦((ρM ◦ ϕM)⊗ (ρN⊗P ◦ΩN⊗P ◦ ϕN⊗P)) ◦ (H ⊗ cH,M ⊗ N ⊗ P)
◦((δH ◦ ηH)⊗M⊗ N ⊗ P) (by (57) and (58) for N and P)

= ((εB ◦ µB)⊗M⊗ N ⊗ P) ◦ (B⊗ cM,B ⊗ N ⊗ P)
◦((ρM ◦ ϕM)⊗ (ρN⊗P ◦ ϕN⊗P)) ◦ (H ⊗ cH,M ⊗ N ⊗ P)
◦((δH ◦ ηH)⊗M⊗ N ⊗ P) (by (33) and (41) for N and P )

= ((εB ◦ µB)⊗M⊗ N ⊗ P) ◦ (B⊗ cM,B ⊗ N ⊗ P) ◦ (B⊗M⊗ cN,B ⊗ P)
◦((ρM⊗N ◦ ϕM⊗N)⊗ (ρP ◦ ϕP)) ◦ (H ⊗M⊗ cH,N ⊗ P)
◦(H ⊗ cH,M ⊗ N ⊗ P) ◦ ((δH ◦ ηH)⊗M⊗ N ⊗ P) (by the naturality of c, the coassociativity of

δH and the associativity of µB)

= ((εB ◦ µB)⊗M⊗ N ⊗ P) ◦ (B⊗ cM,B ⊗ N ⊗ P) ◦ (B⊗M⊗ cN,B ⊗ P)
◦((ρM⊗N ◦ΩM⊗N ◦ ϕM⊗N)⊗ (ρP ◦ ϕP)) ◦ (H ⊗M⊗ cH,N ⊗ P)
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◦(H ⊗ cH,M ⊗ N ⊗ P) ◦ ((δH ◦ ηH)⊗M⊗ N ⊗ P) (by (33) and (41) for M and N)

= ((εB ◦ µB)⊗ΩM⊗N ⊗ P) ◦ (B⊗ cM,B ⊗ N ⊗ P) ◦ (B⊗M⊗ cN,B ⊗ P)
◦((ρM⊗N ◦ΩM⊗N ◦ ϕM⊗N)⊗ (ρP ◦ ϕP)) ◦ (H ⊗M⊗ cH,N ⊗ P)
◦(H ⊗ cH,M ⊗ N ⊗ P) ◦ ((δH ◦ ηH)⊗ΩM⊗N ⊗ P) (by (57) and (58) for M and N)

= (jM⊗N ⊗ P) ◦Ω(M×N)⊗P ◦ (qM⊗N ⊗ P) (by definition).

On the other hand, (68) follows by

(M⊗ jN⊗P) ◦ΩM⊗(N×P) ◦ (M⊗ qN⊗P)

= ((εB ◦ µB)⊗M⊗ N ⊗ P) ◦ (B⊗ cM,B ⊗ N ⊗ P) ◦ (B⊗M⊗ cN,B ⊗ P)
◦((ρM⊗N ◦ ϕM⊗N)⊗ (ρP ◦ ϕP)) ◦ (H ⊗M⊗ cH,N ⊗ P) ◦ (H ⊗ cH,M ⊗ N ⊗ P)
◦((δH ◦ ηH)⊗M⊗ N ⊗ P) (by the proof of (67))

= ((εB ◦ µB ◦ (µB ⊗ B))⊗M⊗ N ⊗ P) ◦ (B⊗ B⊗ cM,B ⊗ N ⊗ P)
◦(B⊗ B⊗M⊗ cN,B ⊗ ϕP) ◦ (B⊗ cM,B ⊗ ϕN ⊗ cH,B ⊗ P)
◦(B⊗ ϕM ⊗ cH,B ⊗ cH,N ⊗ ρP) ◦ (cH,B ⊗ cH,N ⊗ cH,B ⊗ N ⊗ P)
◦(H ⊗ cH,B ⊗ cH,M ⊗ ρN ⊗ P) ◦ (H ⊗ H ⊗ cH,B ⊗M⊗ N ⊗ P)
◦(((δH ⊗ H) ◦ δH ◦ ηH)⊗ ρM ⊗ N ⊗ P)(by (44) for M, N and P, the naturality of c)

= ((((εB ◦ µB)⊗ (εB ◦ µB)) ◦ (B⊗ δB ⊗ B))⊗M⊗ N ⊗ P) ◦ (B⊗ B⊗ cM,B ⊗ N ⊗ P)
◦(B⊗ B⊗M⊗ cN,B ⊗ ϕP) ◦ (B⊗ cM,B ⊗ ϕN ⊗ cH,B ⊗ P)
◦(B⊗ ϕM ⊗ cH,B ⊗ cH,N ⊗ ρP) ◦ (cH,B ⊗ cH,N ⊗ cH,B ⊗ N ⊗ P)
◦(H ⊗ cH,B ⊗ cH,M ⊗ ρN ⊗ P) ◦ (H ⊗ H ⊗ cH,B ⊗M⊗ N ⊗ P) ◦ (((H ⊗ µH ⊗ H)
◦((δH ◦ ηH)⊗ (δH ◦ ηH)))⊗ ρM ⊗ N⊗ P)(by (a2) of Definition 1 for B and (a1) of Definition 1 for H)

= (((εB ◦ µB)⊗ ϕM ⊗ ϕN ⊗ P) ◦ (B⊗ cH,B ⊗ cH,M ⊗ΩN⊗P)
◦(cH,B ⊗ cH,B ⊗M⊗ N ⊗ P) ◦ (H ⊗ cH,B ⊗ cM,B ⊗ N ⊗ P)
◦((δH ◦ ηH)⊗ ρM⊗ ρN ⊗ P) (by the naturality of c, the condition of left H-module for N and the condition)

of left B-comodule for N)

= (ΩM⊗N ⊗ P) ◦ (M⊗ΩN⊗P) (by the naturality of c).

Finally, note that by (61), (67) and (68)

(jM⊗N ⊗ P) ◦Ω(M×N)⊗P ◦ (qM⊗N ⊗ P) = (ΩM⊗N ⊗ P) ◦ (M⊗ΩN⊗P) ◦ (ΩM⊗N ⊗ P)

= ((jM⊗N ◦ qM⊗N)⊗ P) ◦ (M⊗ΩN⊗P) ◦ ((jM⊗N ◦ qM⊗N)⊗ P).

Therefore, (69) holds because jM⊗N ⊗ P is a monomorphism and qM⊗N ⊗ P is an
epimorphism. The proof for (70) is similar and we leave the details to the reader.

Proposition 2. Let H and B be weak Hopf monoids and let (M, ϕM, ρM), (N, ϕN , ρN) and
(P, ϕP, ρP) be in B

HLong. Then, the morphism

aM,N,P : (M× N)× P→ M× (N × P),

defined by

aM,N,P = qM⊗(N×P) ◦ (M⊗ qN⊗P) ◦ (jM⊗N ⊗ P) ◦ j(M×N)⊗P

is a natural isomorphism in B
HLong and satisfies the Pentagon Axiom.

Proof. First, note that the naturality of a follows from (66). Secondly, by (68), it is easy to
show that the inverse of aM,N,P is

a−1
M,N,P = q(M×N)⊗P ◦ (qM⊗N ⊗ P) ◦ (M⊗ jN⊗P) ◦ jM⊗(N×P).

On the other hand, aM,N,P is a morphism in B
HLong because we have

ϕM×(N×P) ◦ (H ⊗ aM,N,P)

= qM⊗(N×P) ◦ (ϕM⊗ (qN×P ◦ ϕN⊗P)) ◦ (H⊗ cH,M⊗N⊗ P) ◦ (H⊗H⊗ ((M⊗ jN⊗P)

◦ΩM⊗(N×P) ◦ (M⊗ qN⊗P))) ◦ (δH ⊗ ((jM⊗N ⊗ P) ◦ j(M×N)⊗P)) (by definition)

= qM⊗(N×P) ◦ (ϕM ⊗ (qN×P ◦ ϕN⊗P)) ◦ (H ⊗ cH,M ⊗ΩN⊗P) ◦ (δH ⊗ ((jM⊗N ⊗ P)
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◦j(M×N)⊗P)) (by (61) and (68))

= qM⊗(N×P) ◦ (ϕM ⊗ (qN×P ◦ ϕN⊗P)) ◦ (H ⊗ cH,M ⊗ N ⊗ P) ◦ (δH ⊗ ((jM⊗N ⊗ P)
◦j(M×N)⊗P)) (by (57) for N and P)

= qM⊗(N×P) ◦ (M⊗ qN×P) ◦ (ϕM⊗N ⊗ P) ◦ (H ⊗ jM⊗N ⊗ ϕP) ◦ (H ⊗ cH,M×N ⊗ P)
◦(δH ⊗ j(M×N)⊗P) (by the naturality of c and coassociativity of δH)

= qM⊗(N×P) ◦ (M⊗ qN×P) ◦ ((ΩM⊗N ◦ ϕM⊗N)⊗ P) ◦ (H ⊗ jM⊗N ⊗ ϕP)

◦(H ⊗ cH,M×N ⊗ P) ◦ (δH ⊗ j(M×N)⊗P) (by (57) for M and N)

= aM,N,P ◦ ϕ(M×N)×P) (by (61), (67) and (68))

and

(B⊗ aM,N,P) ◦ ρ(M×N)×P
= (µB ⊗ (qM⊗(N×P) ◦ (M⊗ qN⊗P) ◦ (jM⊗N ⊗ P) ◦Ω(M×N)⊗P ◦ (qM⊗N ⊗ P)))
◦(B⊗ cM,B⊗N⊗ P) ◦ (B⊗M⊗ cN,B⊗ P) ◦ (ρM⊗N ⊗ ρP) ◦ (jM⊗N ⊗ P) ◦ j(M×N)⊗P
(by definition and naturality of c)

= (µB ⊗ (qM⊗(N×P) ◦ (M⊗ qN⊗P) ◦ (ΩM⊗N ⊗ P))) ◦ (B⊗ cM,B ⊗ N ⊗ P)
◦(B⊗M⊗ cN,B ⊗ P) ◦ (ρM⊗N ⊗ ρP) ◦ (jM⊗N ⊗ P) ◦ j(M×N)⊗P (by (61), (67) and (68))

= (µB ⊗ (qM⊗(N×P) ◦ (M⊗ qN⊗P))) ◦ (B⊗ cM,B ⊗ N ⊗ P) ◦ (B⊗M⊗ cN,B ⊗ P)
◦(ρM⊗N ⊗ ρP) ◦ (jM⊗N ⊗ P) ◦ j(M×N)⊗P (by the naturality of c and (58) for M and N)

= (µB ⊗ qM⊗(N×P)) ◦ (B⊗ cM,B ⊗ qN⊗P) ◦ (ρM ⊗ ρN⊗P) ◦ (jM⊗N ⊗ P) ◦ j(M×N)⊗P
(by the naturality of c and associativity of µB)

= (µB ⊗ qM⊗(N×P)) ◦ (B⊗ cM,B ⊗ qN⊗P) ◦ (ρM ⊗ (ρN⊗P ◦ΩN⊗P)) ◦ (jM⊗N ⊗ P)
◦j(M×N)⊗P (by (58) for N and P)

= ρM×(N×P) ◦ aM,N,P (by (61) and (68)).

Then, consequently, the Pentagon Axiom holds because, if (M, ϕM, ρM), (N, ϕN , ρN),
(P, ϕP, ρP) and (Q, ϕQ, ρQ) are in B

HLong,

a−1
M,N,P×Q ◦ (idM × aN,P,Q) ◦ aM,N×P,Q ◦ (aM,N,P × idQ)

= a−1
M,N,P×Q ◦ qM⊗(N×(P×Q)) ◦ (M⊗ (aN,P,Q ◦ q(N×P)⊗Q))

◦((jM⊗(N×P) ◦ aM,N,P)⊗Q) ◦ j((M×N)×P)⊗Q (by (66) for the morphisms aM,N,P and aN,P,Q)

= a−1
M,N,P×Q ◦ qM⊗(N×(P×Q)) ◦ (M⊗ (qN⊗(P×Q) ◦ (N⊗ qP⊗Q)◦ (jN⊗P⊗Q)◦Ω(N×P)⊗Q

◦((qN⊗P ◦ jN⊗P)⊗Q))) ◦ ((ΩM⊗(N×P) ◦ (M⊗ qN⊗P) ◦ (jM⊗N ⊗ P)
◦j(M×N)⊗P)⊗Q) ◦ j((M×N)×P)⊗Q (by the identity qN⊗P ◦ jN⊗P = idN×P)

= q(M×N)⊗(P×Q) ◦ (qM⊗N ⊗ (P×Q)) ◦ (N ⊗ jN⊗(P×Q)) ◦ΩM⊗(N×(P×Q))

◦(M⊗ qN⊗(P×Q)) ◦ (M⊗ N ⊗ qP⊗Q) ◦ (M⊗ΩP⊗N ⊗Q) ◦ (jM⊗N ⊗ P⊗Q)

◦(j(M×N)⊗P ⊗Q) ◦ j((M×N)×P)⊗Q (by (61), (67) and (68))

= q(M×N)⊗(P×Q) ◦ (qM⊗N ⊗ (P×Q)) ◦ (M⊗ΩN otimes(P×Q)) ◦ (ΩM⊗N ⊗ qP⊗Q)

◦(M⊗ΩN⊗P ⊗Q) ◦ (jM⊗N ⊗ P⊗Q) ◦ (j(M×N)⊗P ⊗Q) ◦ j((M×N)×P)⊗Q
(by (61) and (68))

= q(M×N)⊗(P×Q) ◦ ((M× N)⊗ qP⊗Q) ◦ (((qM⊗N ⊗ P) ◦ (M⊗ΩN⊗P)

◦(jM⊗N ⊗ P))⊗Q) ◦ (j(M×N)⊗P ⊗Q) ◦ j((M×N)×P)⊗Q(by (61) and (68))

= aM×N,P,Q (by (69)).

Lemma 6. Let H and B be weak Hopf monoids and let (M, ϕM, ρM) be in B
HLong. The following

identities hold:

Ω(HL⊗BL)⊗M = (pL
H ⊗ (pL

B ◦ µB)⊗M) ◦ (H ⊗ B⊗ (ρM ◦ ϕM)) ◦ (((H ⊗ cH,B) ◦ ((δH ◦ iL
H)⊗ iL

B))⊗M), (71)

Ω(HL⊗BL)⊗M ◦ (HL⊗ ((pL
B⊗M) ◦ ρM) = (pL

H ⊗ pL
B⊗M) ◦ (H⊗ (ρM ◦ ϕM)) ◦ ((δH ◦ iL

H)⊗M), (72)

ΩM⊗(HL⊗BL)
(73)
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= (M⊗ pL
H ⊗ (pL

B ◦ µB ◦ (Π
R
B ⊗ iL

B))) ◦ (((M⊗ cB,H) ◦ (cB,M ⊗ H) ◦ (B⊗ (ϕM ◦ cM,H)⊗ H)

◦(ρM ⊗ ((ΠL
B ⊗ H) ◦ δH ◦ iL

H)))⊗ BL),

ΩM⊗(HL⊗BL)
◦ (ϕM ⊗ pL

H ⊗ pL
B) (74)

= (ϕM ⊗ (pL
H ◦ µH)⊗ (pL

B ◦ µB ◦ (Π
R
B ⊗ B))) ◦ (((H⊗ cH,M ⊗ cB,H) ◦ ((((H⊗ΠL

H) ◦ δH)⊗ (cB,M ◦ ρM)⊗H)⊗ B).

Proof. The proof for (71) is the following:

Ω(HL⊗BL)⊗M

= ((pL
H ⊗ (((εB ◦ µB)⊗ pL

B) ◦ (B⊗ cB,B) ◦ (δB ⊗ B)))⊗M) ◦ (H ⊗ B⊗ (ρM ◦ ϕM))

◦(H ⊗ cH,B ⊗M) ◦ (((µH ⊗ H) ◦ (H ⊗ cH,H) ◦ ((δH ◦ ηH)⊗ iL
H))⊗ iL

B ⊗M)
(by the naturality of c)

= (pL
H ⊗ (pL

B ◦ µB ◦ (B⊗ΠL
B))⊗M) ◦ (H ⊗ B⊗ (ρM ◦ ϕM)) ◦ (H ⊗ cH,B ⊗M)

◦(((H ⊗ΠL
H) ◦ δH ◦ iL

H)⊗ iL
B ⊗M) (by (9) and (10))

= ((pL
H ⊗ (pL

B ◦ µB)⊗M) ◦ (H ⊗ B⊗ (ρM ◦ ϕM))

◦(((H ⊗ cH,B) ◦ ((δH ◦ iL
H)⊗ iL

B))⊗M) (by (5) and (7)).

As a consequence of (71), we have

Ω(HL⊗BL)⊗M ◦ (HL ⊗ ((pL
B ⊗M) ◦ ρM)

= (pL
H ⊗ pL

B ⊗ ϕM) ◦ (H ⊗ cH,B ⊗M) ◦ ((δH ◦ iL
H)⊗ (((ΠL

B ∗ idB)⊗M) ◦ ρM))
(by the naturality of c)

= ((pL
H ⊗ pL

B ⊗M) ◦ (H ⊗ (ρM ◦ ϕM)) ◦ ((δH ◦ iL
H)⊗M) (by (25) and (44))

and (72) holds.
On the other hand, (73) follows by

ΩM⊗(HL⊗BL)

= ((εB ◦ µB)⊗ ϕM ⊗ pL
H ⊗ pL

B) ◦ (B⊗ ((cH,B ⊗M⊗ H) ◦ (H ⊗ cM,B ⊗ H)

◦(cM,H ⊗ cH,B))⊗ B) ◦ (ρM ⊗ ((H ⊗ µH) ◦ ((δH ◦ ηH)⊗ iL
H))⊗ (δB ◦ iL

B))
(by the naturality of c and (44))

= ((εB ◦ µB)⊗ ϕM ⊗ pL
H ⊗ pL

B) ◦ (B⊗ ((cH,B ⊗M⊗ H) ◦ (H ⊗ cM,B ⊗ H)

◦(cM,H ⊗ cH,B))⊗ B) ◦ (ρM ⊗ (((ΠL
H ⊗ H) ◦ δH ◦ iL

H)⊗ (δB ◦ iL
B)) (by (15))

= (M⊗ pL
H ⊗ (((εB ◦ µB)⊗ pL

B) ◦ (B⊗ (δB ◦ iL
B)))) ◦ (M⊗ cB,H ⊗ BL)

◦(cB,M ⊗ H ⊗ BL) ◦ (B⊗ (ϕM ◦ cM,H)⊗ H ⊗ BL)

◦(ρM ⊗ (((ΠL
H ⊗ H) ◦ δH ◦ iL

H)⊗ BL) (by the naturality of c)

= (M⊗ pL
H ⊗ (pL

B ◦ µB ◦ (Π
R
B ⊗ iL

B))) ◦ (((M⊗ cB,H) ◦ (cM,B ⊗ H)

◦(B⊗ (ϕM ◦ cM,H)⊗ H) ◦ (ρM ⊗ ((ΠL
H ⊗ H) ◦ δH ◦ iL

H)))⊗ BL) (by (13)).

Finally,

ΩM⊗(HL⊗BL)
◦ (ϕM ⊗ pL

H ⊗ pL
B)

= ((εB ◦ µB)⊗M⊗ pL
H ⊗ pL

B) ◦ (B⊗ cM,B ⊗ H ⊗ B)
◦((ρM ◦ ϕM)⊗ (cH,B ◦ (µH ⊗ B))⊗ B) ◦ (H⊗ cH,M ⊗ H⊗ (δB ◦ΠL

B)) ◦ (((µH ⊗ H)
◦(H⊗ cH,H) ◦ ((δH ◦ ηH)⊗ H))⊗M⊗ H⊗ B) (by the naturality of c, (5) and the condition of left

H-module for M)

= ((εB ◦ µB)⊗M⊗ pL
H ⊗ pL

B) ◦ (B⊗ cM,B ⊗ H ⊗ B) ◦ (((B⊗ ϕM) ◦ (cH,B ⊗M)

◦(H ⊗ ρM))⊗ (cH,B ◦ (µH ⊗ B))⊗ B) ◦ (H ⊗ cH,M ⊗ H ⊗ (δB ◦ΠL
B))

◦(((H ⊗ΠL
H) ◦ δH)⊗M⊗ H ⊗ B) (by (10) and (44))

= (ϕM ⊗ (pL
H ◦ µH)⊗ pL

B) ◦ (H ⊗ cH,M ⊗ H ⊗ B)
◦(((H ⊗ΠL

H) ◦ δH)⊗ (((εB ◦ µB)⊗M⊗ H ⊗ B) ◦ (B⊗ cM,B ⊗ H ⊗ B)
◦(B⊗M⊗ cH,B ⊗ B) ◦ (ρM ⊗ H ⊗ (δB ◦ΠL

B)))) (by the naturality of c)

= (ϕM ⊗ (pL
H ◦ µH)⊗ (pL

B ◦ µB ◦ (Π
R
B ⊗ B))) ◦ (((H ⊗ cH,M ⊗ cB,H)

◦((((H ⊗ΠL
H) ◦ δH)⊗ (cB,M ◦ ρM)⊗ H)⊗ B)(by the naturality of c and (13))

and (74) holds.
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Proposition 3. Let H and B be weak Hopf monoids and let (M, ϕM, ρM) be in B
HLong. The morphisms

lM : (HL ⊗ BL)×M→ M, rM : M× (HL ⊗ BL)→ M

defined by

lM = ((εB ◦ µB)⊗M) ◦ (B⊗ (ρM ◦ ϕM)) ◦ ((cH,B ◦ (iL
H ⊗ iL

B))⊗M) ◦ ◦j(HL⊗BL)⊗M

and

rM = ((ϕM ◦ cM,H)⊗ (εB ◦ µB)) ◦ (M⊗ cB,H ⊗ B) ◦ ((cB,M ◦ ρM)⊗ (ΠL
H ◦ iL

H)⊗ iL
B) ◦ jM⊗(HL⊗BL),

are natural isomorphisms in B
HLong and satisfy the Triangle Axiom.

Proof. First note that it is easy to show that lM and rM are natural morphisms because (66)
holds. The morphisms lM is an isomorphism with inverse

l′M = qM⊗(HL⊗BL)
◦ (pL

H ⊗ pL
B ⊗M) ◦ (H ⊗ (ρM ◦ ϕM)) ◦ ((δH ◦ ηH)⊗M).

Indeed, on one hand,

lM ◦ l′M
= ϕM ◦ (H ⊗ (εB ◦ µB)⊗M) ◦ (iL

H ⊗ iL
B ⊗ ρM) ◦Ω(HL⊗BL)⊗M

◦(HL ⊗ ((pL
B ⊗M) ◦ ρM) ◦ (pL

H ⊗ ϕM) ◦ ((δH ◦ ηH)⊗M) (by the naturality of c and (44))

= ϕM ◦ (ΠL
H ⊗ (((εB ◦ µB ◦ (ΠL

B ⊗ B))⊗M) ◦ (B⊗ ρM) ◦ ρM)) ◦ (H ⊗ ϕM)

◦((δH ◦ΠL
H)⊗ ϕM) ◦ ((δH ◦ ηH)⊗M)(by (72))

= ϕM ◦ (ΠL
H ⊗ ((((εB ◦ (ΠL

B ∗ idB))⊗M) ◦ ρM)) ◦ (H ⊗ ϕM) ◦ ((δH ◦ΠL
H)⊗ ϕM)

◦((δH ◦ ηH)⊗M)(by the condition of left B-comodule for M)

= ϕM ◦ (ΠL
H ⊗ ϕM) ◦ ((δH ◦ΠL

H)⊗ ϕM) ◦ ((δH ◦ ηH)⊗M) (by (25))

= ϕM ◦ ((µH ◦ ((ΠL
H ∗ idH)⊗H) ◦ (ΠL

H ⊗H) ◦ δH ◦ ηH)⊗M) (by the condition of left H-module

for M and the associativity of µH)

= idM (by (25) and the condition of left H-module for M )

and, on the other hand,

l′M ◦ lM

= q(HL⊗BL)⊗M ◦ (pL
H ⊗ pL

B ⊗M) ◦ (H ⊗ (ρM ◦ ϕM))

◦((δH ◦ ηH)⊗ (ϕM ◦ (H ⊗ (εB ◦ µB)⊗M) ◦ (iL
H ⊗ iL

B ⊗ ρM) ◦ j(HL⊗BL)⊗M))(by the nat-

urality of c and (44))

= q(HL⊗BL)⊗M ◦ (pL
H ⊗ pL

B ⊗ ϕM) ◦ (H ⊗ cH,B ⊗M)

◦(((H ⊗ µH) ◦ ((δH ◦ ηH) ◦ H))⊗ ρM) ◦ (H ⊗ (εB ◦ µB)⊗M) ◦ (iL
H ⊗ iL

B ⊗ ρM)
◦j(HL⊗BL)⊗M (by the naturality of c, (44) and the condition of left H-module for M)

= q(HL⊗BL)⊗M ◦ ((pL
H ◦ΠL

H)⊗ pL
B ⊗ ϕM) ◦ (H ⊗ cH,B ⊗M)

◦(δH ⊗ (((εB ◦ µB)⊗ B) ◦ (B⊗ δB))⊗M) ◦ (iL
H ⊗ iL

B ⊗ ρM) ◦ j(HL⊗BL)⊗M (by (15) and

the condition of left B-comodule for M)

= q(HL⊗BL)⊗M ◦ (pL
H ⊗ pL

B ⊗ ϕM) ◦ (H ⊗ cH,B ⊗M) ◦ (δH ⊗ µB ⊗M) ◦ (iL
H ⊗ iL

B ⊗ ρM)

◦j(HL⊗BL)⊗M (by (2) and (13))

= q(HL⊗BL)⊗M ◦Ω(HL⊗BL)⊗M ◦ j(HL⊗BL)⊗M (by the naturality of c, (44) and (71))

= id(HL⊗BL)×M (by the properties of the idempotent Ω(HL⊗BL )⊗M).

The morphism l′M is a morphism of left H-modules because

l′M ◦ ϕ(HL⊗BL)×M

= q(HL⊗BL)⊗M ◦ ((pL
H ◦ µH ◦ (H ⊗ iL

H))⊗ BL ⊗ ϕM) ◦ (H ⊗ ((HL ⊗ cH,BL)

◦(cH,HL ⊗ BL))⊗M) ◦ (δH ⊗ ((Ω(HL⊗BL)⊗M ◦ (pL
H ⊗ pL

B ⊗ ϕM) ◦ (H ⊗ cH,B ⊗M)

◦((δH ◦ ηH)⊗ ρM)))) (by (44))

= q(HL⊗BL)⊗M ◦ ((pL
H ◦ µH ◦ (H ⊗ΠL

H))⊗ pL
B ⊗ ϕM) ◦ (H ⊗ H ⊗ cH,B ⊗ ϕM)
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◦(H ⊗ cH,H ⊗ cH,BL ⊗M)) ◦ (δH ⊗ (δH ◦ ηH)⊗ ρM)(by (57) and naturality of c)

= q(HL⊗BL)⊗M ◦ ((pL
H ◦ µH)⊗ pL

B ⊗ (ϕM ◦ (µH ⊗M))) ◦ (H ⊗ H ⊗ cH,B ⊗ H ⊗M)

◦(H ⊗ cH,H ⊗ cH,BL ⊗M)) ◦ (δH ⊗ (δH ◦ ηH)⊗ ρM) (by (5) and the condition of left H-module

for M)

= q(HL⊗BL)⊗M ◦ (pL
H ⊗ pL

B ⊗ ϕM) ◦ (H ⊗ cH,B ⊗M)

◦((µH ⊗ µH) ◦ δH⊗H ◦ (H ⊗ ηH))⊗ ρM) (by the naturality of c and the associativity of µH)

= q(HL⊗BL)⊗M ◦ (pL
H ⊗ pL

B ⊗M) ◦ (H⊗ (ρM ◦ ϕM)) ◦ (δH ⊗M) (by (a1) of Definition 1, proper-

(ties of ηH and (44))

= q(HL⊗BL)⊗M ◦ ((pL
H ◦ΠL

H)⊗ pL
B ⊗M) ◦ (H ⊗ (ρM ◦ ϕM)) ◦ (δH ⊗M) (by (1))

= q(HL⊗BL)⊗M ◦ (pL
H ⊗ pL

B ⊗M) ◦ (H ⊗ (ρM ◦ ϕM))

◦(((H ⊗ µH) ◦ ((δH ◦ ηH)⊗ H))⊗M) (by (15))

= l′M ◦ ϕM (by the condition of left H-module for M).

Therefore, lM is a morphism of left H-modules. Moreover, lM is a morphism of left
B-comodules because,

(B⊗ lM) ◦ ρ(HL⊗BL)×M

= (B⊗ (((εB ◦µB)⊗ ϕM) ◦ (B⊗ cH,B⊗M) ◦ ((cH,B ◦ (iL
H⊗ iL

B))⊗ ρM) ◦Ω(HL⊗BL)⊗M))

◦ρ(HL⊗BL)⊗M ◦ j(HL⊗BL)⊗M (by (44))

= (µB ⊗ (((εB ◦ µB)⊗ ϕM) ◦ (B⊗ cH,B ⊗M) ◦ (cH,B ◦ ρM))) ◦ (B⊗ cH,B ⊗ B⊗M)

◦(cH,B⊗ cB,B⊗M) ◦ (iL
H ⊗ ((B⊗ΠL

B) ◦ δB ◦ iL
B)⊗ ρM) ◦ j(HL⊗BL)⊗M (by (58) and naturality

of c)

= (µB ⊗ (((εB ◦ µB)⊗ ϕM) ◦ (B⊗ cH,B ⊗M) ◦ (cH,B ◦ ρM))) ◦ (B⊗ cH,B ⊗ B⊗M)

◦(cH,B ⊗ cB,B ⊗M) ◦ (iL
H ⊗ (δB ◦ iL

B)⊗ ρM) ◦ j(HL⊗BL)⊗M (by (7))

= (µB⊗ ϕM) ◦ (B⊗ cH,B⊗M) ◦ (cH,B⊗ ((B⊗ (εB ◦ µB)) ◦ (cB,B⊗ B) ◦ (B⊗ δB))⊗M)

◦(iL
H ⊗ (δB ◦ iL

B)⊗ ρM) ◦ j(HL⊗BL)⊗M (by the naturality of c and the condition of left B-comodule for M)

= (µB⊗ ϕM) ◦ (B⊗ cH,B⊗M) ◦ (cH,B⊗ (µB ◦ (ΠR
B ⊗ B))⊗M) ◦ (iL

H ⊗ (δB ◦ iL
B)⊗ ρM)

◦j(HL⊗BL)⊗M (by (11))

= (B⊗ ϕM) ◦ (cH,B ⊗M) ◦ (H ⊗ (µB ◦ ((idB ∗ΠR
B)⊗ B))⊗M) ◦ (iL

H ⊗ iL
B ⊗ ρM)

◦j(HL⊗BL)⊗M (by the naturality of c and the associativity of µB)

= (B⊗ ϕM) ◦ (cH,B ⊗M) ◦ (H ⊗ µB ⊗M) ◦ (iL
H ⊗ iL

B ⊗ ρM) ◦ j(HL⊗BL)⊗M (by (25))

= (B⊗ ϕM) ◦ (cH,B ⊗M) ◦ (H⊗ µB ⊗M) ◦ (iL
H ⊗ (ΠR

B ◦ iL
B)⊗ ρM) ◦ j(HL⊗BL)⊗M (by (2))

= (B⊗ ϕM) ◦ (cH,B ⊗M) ◦ (H ⊗ (((εB ◦ µB)⊗ B) ◦ (B⊗ δB))⊗M) ◦ (iL
H ⊗ iL

B ⊗ ρM)
◦j(HL⊗BL)⊗M(by (13))

= ((εB ◦ µB)⊗ B⊗ ϕM) ◦ (B⊗ B⊗ cH,B ⊗M) ◦ (B⊗ cH,B ⊗ B⊗M)

◦((cH,B ◦ (iL
H ⊗ iL

B))⊗ ((δB ⊗M) ◦ ρM)) ◦ j(HL⊗BL)⊗M (by the naturality of c)

= ρM ◦ lM (by the left B-comodule condition for M and (44)).

Thus, lM is a morphism in B
HLong.

The morphisms rM is an isomorphism with inverse

r′M = q(HL⊗BL)⊗M ◦ (ϕM ⊗ pL
H ⊗ pL

B) ◦ (H ⊗ cH,M ⊗ B)

◦((δH ◦ ηH)⊗ (cB,M ◦ (Π
R
B ⊗M) ◦ ρM)).

Indeed: On one hand

rM ◦ r′M
= ((ϕM ◦ cM,H)⊗ (εB ◦ µB)) ◦ (M⊗ cB,H ⊗ B) ◦ ((cB,M ◦ ρM)⊗ (ΠL

H ◦ iL
H)⊗ iL

B)

◦ΩM⊗(HL⊗BL)
◦ (ϕM ⊗ pL

H ⊗ pL
B) ◦ (H ⊗ cH,M ⊗ B)

◦((δH ◦ ηH)⊗ (cB,M ◦ (Π
R
B ⊗M) ◦ ρM)) (by definition)

= ((ϕM ◦ cM,H)⊗ (εB ◦ µB)) ◦ (M⊗ cB,H ⊗ B)

◦((cB,M ◦ ρM ◦ ϕM)⊗ (ΠL
H ◦ΠL

H ◦ µH)⊗ (ΠL
B ◦ µB ◦ (Π

R
B ⊗ B)))

◦(H ⊗ cH,M ⊗ cB,H ⊗ΠL
B) ◦ (((H ⊗ΠL

H) ◦ δH)⊗ (cB,M ◦ ρM)⊗ H ⊗ B)

◦(H ⊗ cH,M ⊗ B) ◦ ((δH ◦ ηH)⊗ (cB,M ◦ (Π
R
B ⊗M) ◦ ρM)) (by (74))
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= ((ϕM ◦ cM,H)⊗ (εB ◦ µB)) ◦ (M⊗ cB,H ⊗ B)

◦((cB,M ◦ ρM ◦ ϕM)⊗ (ΠL
H ◦ µH)⊗ (µB ◦ (Π

R
B ⊗ B))) ◦ (H ⊗ cH,M ⊗ cB,H ⊗ B)

◦(((H ⊗ΠL
H) ◦ δH)⊗ (cB,M ◦ ρM)⊗ H ⊗ B) ◦ (H ⊗ cH,M ⊗ B)

◦((δH ◦ ηH)⊗ (cB,M ◦ (Π
R
B ⊗M) ◦ ρM)) (by (1), (2) and (18))

= ((ϕM ◦ ((µH ◦ (Π
L
H ⊗ H))⊗M) ◦ (µH ⊗ H ⊗M))⊗ (εB ◦ µB ◦ ((µB ◦ (B⊗ΠR

B)

◦cB,B ◦ δB)⊗ B))) ◦ (H ⊗ cH,H ⊗ cB,M ⊗ B) ◦ ((((cH,H ◦ (H ⊗ΠL
H) ◦ δH)⊗ H)

◦δH ◦ ηH)⊗ ((B⊗ cB,M) ◦ (((cB,B ◦ (Π
R
B ⊗ B) ◦ δB)⊗M) ◦ ρM))) (by the naturality of c, the

conditions of left H-module and left B-comodule for M and the associativity of µB).

= ((ϕM ◦ ((µH ◦ (Π
L
H ⊗ H))⊗M) ◦ (µH ⊗ H ⊗M))⊗ (εB ◦ µB))

◦(H⊗ cH,H ⊗ cB,M ⊗ B) ◦ ((((cH,H ◦ (H⊗ΠL
H) ◦ δH)⊗ H) ◦ δH ◦ ηH)⊗ ((B⊗ cB,M)

◦(((cB,B ◦ (Π
R
B ⊗ B) ◦ δB)⊗M) ◦ ρM))) (by (25) for Bcoop (ΠR

B = ΠR
Bcoop ))

= ϕM ◦ ((µH ◦ (Π
L
H ⊗ H) ◦ (µH ⊗ H) ◦ (H ⊗ cH,H) ◦ ((cH,H ◦ (H ⊗ΠL

H) ◦ δH)⊗ H)

◦δH ◦ ηH)⊗ (((εB ◦ µB ◦ (B⊗ΠR
B) ◦ cB,B ◦ δB)⊗M) ◦ ρM)) (by the naturality of c)

= ϕM ◦ ((µH ◦ (Π
L
H ⊗ H) ◦ (µH ⊗ H) ◦ (H ⊗ cH,H) ◦ ((cH,H ◦ (H ⊗ΠL

H) ◦ δH)⊗ H)
◦δH ◦ ηH)⊗M) (by (25) for Bcoop (ΠR

B = ΠR
Bcoop ) and the condition of left B-comodule for M)

= ϕM ◦ ((µH ◦ (Π
L
H ⊗ H) ◦ cH,H ◦ (H ⊗ (ΠL

H ∗ idH)) ◦ δH ◦ ηH)⊗M) (by the naturality of c)

= ϕM ◦ ((µH ◦ (Π
L
H ⊗ H) ◦ cH,H ◦ δH ◦ ηH)⊗M) (by (25))

= ϕM ◦ (ηH ⊗M) (by (25) for Hcoop (ΠL
H = ΠL

Hcoop ))

= idM (by the condition of left H-module for M)

and, on the other hand,

r′M ◦ rM

= qM⊗(HL⊗BL)
◦ (ϕM ⊗ pL

H ⊗ (pL
B ◦ΠR

B)) ◦ (H ⊗ cH,M ◦ (((εB ◦ µB)⊗ B) ◦ (B⊗ cB,B)

◦(δB ⊗ B))) ◦ (((µH ⊗ H) ◦ (H ⊗ cH,H) ◦ ((δH ◦ ηH)⊗ H))⊗ cB,M ⊗ B)

◦(cB,H ⊗M⊗ B) ◦ (B⊗ cM,H ⊗ B) ◦ (ρM ⊗ (ΠL
H ◦ iL

H)⊗ iL
B) ◦ jM⊗(HL⊗BL)

(by (44), the

naturality of c and the conditions of left H-module and left B-comodule for M)

= qM⊗(HL⊗BL)
◦ (ϕM ⊗ pL

H ⊗ (pL
B ◦ΠR

B ◦ µB ◦ (B⊗ΠL
B))) ◦ (H ⊗ cH,M ⊗ B⊗ B)

◦(((H ⊗ΠL
H) ◦ δH)⊗ cB,M ⊗ B) ◦ (cB,H ⊗M⊗ B) ◦ (B⊗ cM,H ⊗ B)

◦(ρM ⊗ (ΠL
H ◦ iL

H)⊗ iL
B) ◦ jM⊗(HL⊗BL)

(by (9), (10) and the naturality of c)

= qM⊗(HL⊗BL)
◦ (ϕM ⊗ pL

H ⊗ (pL
B ◦ µB ◦ (Π

R
B ⊗ B))) ◦ (H ⊗ H ⊗ cB,M ⊗ B)

◦(H ⊗ cB,H ⊗M⊗ B) ◦ (cB,H ⊗M⊗ H ⊗ B) ◦ (B⊗ cM,H ⊗ H ⊗ B)

◦(ρM ⊗ ((ΠL
H ⊗ H) ◦ δH ◦ iL

H)⊗ iL
B) ◦ jM⊗(HL⊗BL)

(by (19) and (20))

= qM⊗(HL⊗BL)
◦ΩM⊗(HL⊗BL)

◦ jM⊗(HL⊗BL)
(by (73))

= idM×(HL⊗BL)
(by the properties of ΩM⊗(HL⊗BL )

).

The morphism r−1
M is a morphism of left H-modules because

ϕM×(HL⊗BL)
◦ (H ⊗ r−1

M )

= qM⊗(HL⊗BL)
◦ (ϕM ⊗ (pL

H ◦ µH)⊗ BL) ◦ (H⊗ cH,M ⊗ iL
H ⊗ BL) ◦ (δH ⊗ (ΩM⊗(HL⊗BL)

◦(ϕM ⊗ pL
H ⊗ pL

B) ◦ (H⊗ cH,M ⊗ B) ◦ ((δH ◦ ηH)⊗ (cB,M ◦ ((Π
R
B ⊗M) ◦ ρM))))) (by

definition)

= qM⊗(HL⊗BL)
◦ (ϕM ⊗ (pL

H ◦ µH)⊗ BL) ◦ (H ⊗ cH,M ⊗ H ⊗ BL)

◦(δH ⊗ ((ϕM ⊗ (ΠL
H ◦ µH)⊗ (pL

B ◦ µB ◦ (Π
R
B ⊗ B))) ◦ (((H ⊗ cH,M ⊗ cB,H)

◦((((H ⊗ΠL
H) ◦ δH)⊗ (cB,M ◦ ρM)⊗ H)))⊗ B)) ◦ (H ⊗ cH,M ⊗ B)

◦((δH ◦ ηH)⊗ (cB,M ◦ ((Π
R
B ⊗M) ◦ ρM)))) (by (1) and(74))

= qM⊗(HL⊗BL)
◦ (ϕM ⊗ (pL

H ◦ µH)⊗ (pL
B ◦ΠR

B ◦ µB ◦ cB,B)) ◦ (H ⊗ cH,M ⊗ H ⊗ B⊗ B)
◦(H ⊗ H ⊗ cH,M ⊗ B⊗ B) ◦ (µH ⊗ H ⊗ (ΠL

H ∗ idH)⊗ cB,M ⊗ B)

◦(H ⊗ cH,H ⊗ H ⊗ ((ΠR
B ⊗ cB,M) ◦ (δB ⊗M) ◦ ρM)) ◦ (δH ⊗ (δH ◦ ηH)⊗M) (by the
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naturality of c, (1) and (19))

= qM⊗(HL⊗BL)
◦ (ϕM ⊗ (pL

H ◦ µH)⊗ (pL
B ◦ΠR

B ◦ µB ◦ (B⊗ΠR
B) ◦ cB,B ◦ δB))

◦(µH ⊗ cH,M ⊗ H ⊗ B) ◦ (H ⊗ cH,H ⊗ cH,M ⊗ B) ◦ (δH ⊗ (δH ◦ ηH)⊗ (cB,M ◦ ρM))
(by the naturality of c and (25))

= qM⊗(HL⊗BL)
◦ (ϕM ⊗ pL

H ⊗ pL
B) ◦ (H ⊗ cH,M ⊗ B) ◦ (((µH ⊗ µH) ◦ δH⊗H

◦(H ⊗ ηH))⊗ (cB,M ◦ (Π
R
B ⊗M) ◦ ρM)) (by the naturality of c and (25) for Bcoop (ΠR

B = ΠR
Bcoop ))

= qM⊗(HL⊗BL)
◦ (ϕM ⊗ pL

H ⊗ pL
B) ◦ (H ⊗ cH,M ⊗ B) ◦ (δH ⊗ (cB,M ◦ (Π

R
B ⊗M) ◦ ρM))

(by (a1) of Definition 1 and the properties of ηH)

= qM⊗(HL⊗BL)
◦ (ϕM ⊗ pL

H ⊗ pL
B) ◦ (H ⊗ cH,M ⊗ B)

◦(((H ⊗ΠL
H) ◦ δH)⊗ (cB,M ◦ (Π

R
B ⊗M) ◦ ρM))(by the idempotent condition for ΠL

H)

= qM⊗(HL⊗BL)
◦ (ϕM ⊗ pL

H ⊗ pL
B) ◦ (H ⊗ cH,M ⊗ B) ◦ (((µH ⊗ H) ◦ (H ⊗ cH,H)

◦((δH ◦ ηH)⊗ H))⊗ (cB,M ◦ (Π
R
B ⊗M) ◦ ρM)) (by (10))

= qM⊗(HL⊗BL)
◦ (ϕM ⊗ pL

H ⊗ pL
B) ◦ (H ⊗ cH,M ⊗ B) ◦ ((δH ◦ ηH)⊗ (cB,M ◦ (Π

R
B ⊗M)

◦(B⊗ ϕM) ◦ (cH,B ⊗M) ◦ (H ⊗ ρM)))(by the naturality of c and the condition of left H-module for

M)

= r−1
M ◦ ϕM (by (44) and the naturality of c).

Therefore, rM is a morphism of left H-modules. Moreover, rM is a morphism of left
B-comodules because:

(B⊗ rM) ◦ ρM×(HL⊗BL)

= (B⊗ rM) ◦ (B⊗ΩM⊗(HL⊗BL)
) ◦ ρM⊗(HL⊗BL)

◦ jM⊗(HL⊗BL)
(by definition)

= (µB ⊗ (((ϕM ◦ cM,H)⊗ (εB ◦ µB)) ◦ (M⊗ cB,H ⊗ B)

◦((cB,M ◦ ρM)⊗ (ΠL
H ◦ iL

H)⊗ B))) ◦ (B⊗ cM,B ⊗ HL ⊗ B) ◦ (ρM ⊗ cHL ,B ⊗ B)
◦(M⊗ HL ⊗ (δB ◦ iL

B)) ◦ jM⊗(HL⊗BL)
(by (58) and (7))

= (µB ⊗ (ϕM ◦ cM,H)) ◦ (B⊗ cM,B ⊗ H) ◦ (B⊗M⊗ cH,B)

◦(B⊗M⊗ H⊗ ((B⊗ (εB ◦ µB)) ◦ (cB,B ⊗ B) ◦ (B⊗ (δB ◦ iL
B)))) ◦ (((B⊗M⊗ cB,H)

◦(((B⊗ cB,M) ◦ (δB ⊗M) ◦ ρM))⊗ (ΠL
H ◦ iL

H))⊗ BL) ◦ jM⊗(HL⊗BL)
(by the naturality of c)

= (µB ⊗ (ϕM ◦ cM,H)) ◦ (B⊗ cM,B ⊗ H) ◦ (B⊗M⊗ cH,B)

◦(B⊗M⊗ H ⊗ (µB ◦ (ΠR
B ⊗ iL

B))) ◦ (((B⊗M⊗ cB,H) ◦ (((B⊗ cB,M) ◦ (δB ⊗M)

◦ρM))⊗ (ΠL
H ◦ iL

H))⊗ BL) ◦ jM⊗(HL⊗BL)
(by (11))

= (µB ⊗ (ϕM ◦ cM,H)) ◦ ((idB ∗ΠR
B)⊗ cM,B ⊗ H) ◦ (ρM ⊗ (cH,B ◦ ((Π

L
H ◦ iL

H)⊗ iL
B)))

◦jM⊗(HL⊗BL)
( by the naturality of c)

= (µB⊗ (ϕM ◦ cM,H)) ◦ (B⊗ cM,B⊗H) ◦ (ρM⊗ (cH,B ◦ ((Π
L
H ◦ iL

H)⊗ iL
B))) ◦ jM⊗(HL⊗BL)

(by (25))

= (µB ⊗ H) ◦ (B⊗ cM,B) ◦ (((B⊗ (ϕM ◦ cM,H)) ◦ (ρM ⊗ H))⊗ B)◦
(M⊗ (ΠL

H ◦ iL
H)⊗ iL

B) ◦ jM⊗(HL⊗BL)
( by the naturality of c)

= ((µB ◦ (B⊗ΠL
B))⊗M) ◦ (B⊗ cM,B) ◦ ((ρM ◦ ϕM ◦ cM,H)⊗ B)

◦(M⊗ (ΠL
H ◦ iL

H)⊗ iL
B) ◦ jM⊗(HL⊗BL)

(by (44) and the naturality of c and the idempotent condition for

ΠL
B))

= ((((εB ◦ µB)⊗ B) ◦ (B⊗ cB,B) ◦ (δB ⊗ B))⊗M) ◦ (B⊗ cM,B)

◦((ρM ◦ ϕM ◦ cM,H)⊗ B) ◦ (M⊗ (ΠL
H ◦ iL

H)⊗ iL
B) ◦ jM⊗(HL⊗BL)

( by (9))

= ((εB ◦ µB)⊗ ρM) ◦ (B⊗ cM,B) ◦ ((ρM ◦ ϕM ◦ cM,H)⊗ B) ◦ (M⊗ (ΠL
H ◦ iL

H)⊗ iL
B)

◦jM⊗(HL⊗BL)
( by the naturality of c and the condition of left B-comodule for M)

= ρM ◦ rM (by (44) and the naturality of c).

Thus, rM is a morphism in B
HLong.

Finally, the Triangle Axiom follows from:

(idM × lN) ◦ aM,HL⊗BL ,N ◦ (r−1
M × idN)

= qM⊗N ◦ (M⊗ lN) ◦ΩM⊗((HL⊗BL)×N) ◦ (M⊗ q(HL⊗BL)⊗N) ◦ (jM⊗(HL⊗BL)
⊗ N)
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◦Ω(M×(HL⊗BL))⊗N ◦ (r−1
M ⊗ N) ◦ jM⊗N (by definition)

= qM⊗N ◦ (M⊗ (lN ◦ q(HL⊗BL)⊗N)) ◦ ((jM⊗(HL⊗BL)
◦ r−1

M )⊗ N) ◦ jM⊗N (by (66))

= qM⊗N ◦ (M⊗ (ϕN ◦ (H ⊗ (((εB ◦ µB ◦ (ΠL
B ⊗ B))⊗ N)

◦((µB ◦ (Π
R
B ⊗ B))⊗ (ρN ◦ ϕN)))) ◦ (cB,H ⊗ B⊗ H ⊗ N))) ◦ ((cB,M ◦ (B⊗ (ϕM

◦cM,H)))⊗ H⊗ B⊗ H⊗ N) ◦ ((ρM ◦ ϕM)⊗ ((ΠL
H ⊗ H) ◦ δH ◦ΠL

H)⊗ µB ⊗ H⊗ N)
◦(H ⊗M⊗ ((H ⊗ B⊗ cH,B) ◦ (H ⊗ cH,B ⊗ B) ◦ (δH ⊗ B⊗ B))⊗ N)

◦(H ⊗ cH,M ⊗ B⊗ B⊗ N) ◦ ((δH ◦ ηH)⊗ (cB,M ◦ (Π
R
B ⊗M) ◦ ρM)⊗ ρN) ◦ jM⊗N

(by the naturality of c, (17), (1), (5), (7) and (44))

= qM⊗N ◦ (M⊗ (ϕN ◦ (H ⊗ (((εB ◦ µB ◦ (µB ⊗ B) ◦ (B⊗ΠL
B ⊗ B))⊗ ϕN)

◦(B⊗ B⊗ cH,B ⊗ N) ◦ (B⊗ cH,B ⊗ ρN) ◦ (B⊗ H ⊗ (µB ◦ (Π
R
B ⊗ B))⊗ N)

◦(B⊗ H ⊗ B⊗ ρN))) ◦ ((((ϕM ⊗ cB,H) ◦ (H ⊗ cB,M ⊗ H) ◦ (cB,H ⊗M⊗ H)

◦(B⊗ cM,H ⊗ H) ◦ (B⊗ ϕM ⊗ ((H ⊗ΠL
H) ◦ δH ◦ΠL

H))⊗ H) ◦ (cH,B ⊗M⊗ δH)
◦(H ⊗ ρM ⊗ H) ◦ (H ⊗ cH,M))⊗ B⊗ N) ◦ ((δH ◦ ηH)⊗ (cB,M ◦ ρM)⊗ N) ◦ jM⊗N
(by the naturality of c, (19), (20), (18) and (44))

= qM⊗N ◦ ((ϕM ◦ (µH ⊗M))⊗ (ϕN ◦ (H ⊗ (εB ◦ µB)⊗ N)))

◦(H ⊗ H ⊗ cH,M ⊗ B⊗ B⊗ B⊗ N) ◦ (((cH,H ⊗ µH) ◦ (H ⊗ ((H ⊗ΠL
H) ◦ δH

◦ΠL
H)⊗ H) ◦ (H ⊗ δH) ◦ δH ⊗ ηH)⊗ ((cB,H ⊗ (µB ◦ (Π

R
B ⊗ B))⊗ N)

◦(B⊗ cB,M ⊗ ρN) ◦ ((((cB,B ◦ δB)⊗M) ◦ ρM)⊗ N) ◦ jM⊗N)) (by the naturality of c, (19), (22)

and the conditions of left B-comodule and left H-module for M and N)

= qM⊗N ◦ ((ϕM ◦ (µH ⊗M))⊗ ϕN) ◦ (H ⊗ H ⊗ cH,M ⊗ N) ◦ (((cH,H ⊗ µH)

◦(H ⊗ ((H ⊗ΠL
H) ◦ δH ◦ΠL

H)⊗ H) ◦ (H ⊗ δH) ◦ δH ⊗ ηH)⊗ ((H ⊗ (εB ◦ µB)⊗ N)

◦((cB,M ◦ ((µB ◦ (B⊗ΠR
B) ◦ cB,B ◦ δB)⊗M) ◦ ρM)⊗ ρN) ◦ jM⊗N) (by the naturality of c)

= qM⊗N ◦ ((ϕM ◦ ((µH ◦ (Π
L
H ⊗ H) ◦ cH,H ◦ δH)⊗M))⊗ ϕN) ◦ (H ⊗ cH,M ⊗ N)

◦((δH ◦ ηH)⊗ (∇′M⊗N ◦ jM⊗N)) (by the naturality of c, (19), the coassociativity of δH , (40) and (25) for

Bcoop (ΠR
B = ΠR

Bcoop ))

= qM⊗N ◦ ∇M⊗N ◦ ∇′M⊗N ◦ jM⊗N (by (25) for Hcoop (ΠL
H = ΠL

Hcoop ))

= qM⊗N ◦ΩM⊗N ◦ jM⊗N (by (32) and the definition of ΩM⊗N )

= idM×N (by the properties of ΩM⊗N )

Theorem 1. Let H and B be weak Hopf monoids. The category B
HLong is monoidal.

Proof. The proof is a direct consequence of Propositions 2 and 3.

4. Quasitriangular Weak Hopf Monoids and Long Dimodules

In the first part of this section, we give a summary about quasitriangular and co-
quasitriangular weak Hopf monoids in a monoidal setting. The complete details for the
quasitriangular context can be found in [21]. By reversing arrows, it is easy to get the
corresponding results for coquasitriangular Hopf monoids.

Let H be a weak Hopf monoid in C. By [21] [Lemma 3.1] we have that the morphisms

Ω1
H = µH⊗H ◦ ((cH,H ◦ δH ◦ ηH)⊗ H ⊗ H) : H ⊗ H → H ⊗ H, (75)

Ω2
H = µH⊗H ◦ (H ⊗ H ⊗ (δH ◦ ηH)) : H ⊗ H → H ⊗ H, (76)

Ω3
H = µH⊗H ◦ (H ⊗ H ⊗ (cH,H ◦ δH ◦ ηH)) : H ⊗ H → H ⊗ H, (77)

Ω4
H = µH⊗H ◦ ((δH ◦ ηH)⊗ H ⊗ H) : H ⊗ H → H ⊗ H, (78)

are idempotent and Ω1
H ◦Ω2

H = Ω2
H ◦Ω1

H , Ω3
H ◦Ω4

H = Ω4
H ◦Ω3

H . Also, by ([21], Remark
3.2), we have that the following identities

Ω1
H = (H ⊗ µH) ◦ ((cH,H ◦ (Π

L
H ⊗ H) ◦ δH)⊗ H) (79)
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= cH,H ◦ (H ⊗ (µH ◦ (ΠL
H ⊗ H))) ◦ (δH ⊗ H) ◦ cH,H ,

Ω2
H = (µH ⊗ H) ◦ (H ⊗ ((ΠR

H ⊗ H) ◦ δH) (80)

= (H ⊗ (µH ◦ cH,H ◦ (Π
R
H ⊗ H))) ◦ (δH ⊗ H),

Ω3
H = (µH ⊗ H) ◦ (H ⊗ (cH,H ◦ (H ⊗ΠR

H) ◦ δH)) (81)

= cH,H ◦ ((µH ◦ (H ⊗ΠR
H))⊗ H) ◦ (H ⊗ δH) ◦ cH,H ,

Ω4
H = (H ⊗ (µH ◦ (ΠL

H ⊗ H)) ◦ (δH ⊗ H) (82)

= ((µH ◦ cH,H ◦ (H ⊗ΠL
H))⊗ H) ◦ (H ⊗ δH)

hold. Moreover, if we define ΩH and Ω′H by

ΩH = Ω2
H ◦Ω1

H , Ω′H = Ω4
H ◦Ω3

H . (83)

we have that ΩH and Ω′H are idempotent morphisms and, if α : A→ H⊗ H is a morphism
in C,

ΩH ◦ α = α ⇔ Ω1
H ◦ α = α and Ω2

H ◦ α = α, (84)

and
Ω′H ◦ α = α ⇔ Ω3

H ◦ α = α and Ω4
H ◦ α = α. (85)

Similarly, the morphisms

Γ1
H = ((εH ◦ µH ◦ cH,H)⊗ H ⊗ H) ◦ δH⊗H : H ⊗ H → H ⊗ H, (86)

Γ2
H = (H ⊗ H ⊗ (εH ◦ µH)) ◦ δH⊗H : H ⊗ H → H ⊗ H, (87)

Γ3
H = (H ⊗ H ⊗ (εH ◦ µH ◦ cH,H)) ◦ δH⊗H : H ⊗ H → H ⊗ H, (88)

Γ4
H = ((εH ◦ µH)⊗ H ⊗ H) ◦ δH⊗H : H ⊗ H → H ⊗ H, (89)

are idempotent and Γ1
H ◦ Γ2

H = Γ2
H ◦ Γ1

H , Γ3
H ◦ Γ4

H = Γ4
H ◦ Γ3

H . Also, the following
identities hold:

Γ1
H = ((µH ◦ (Π

R
H ⊗ H) ◦ cH,H)⊗ H) ◦ (H ⊗ δH) (90)

= cH,H ◦ ((µH ◦ (H ⊗ΠL
H))⊗ H) ◦ (H ⊗ δH) ◦ cH,H ,

Γ2
H = (H ⊗ (µH ◦ (ΠR

H ⊗ H))) ◦ (δH ⊗ H) (91)

= (µH ⊗ H) ◦ (H ⊗ ((ΠL
H ⊗ H) ◦ cH,H ◦ δH)),

Γ3
H = (H ⊗ (µH ◦ (H ⊗ΠL

H) ◦ cH,H)) ◦ (δH ⊗ H) (92)

= cH,H ◦ (H ⊗ (µH ◦ (ΠR
H ⊗ H))) ◦ (δH ⊗ H) ◦ cH,H ,

Γ4
H = (µH ⊗ H) ◦ (H ⊗ ((ΠL

H ⊗ H) ◦ δH)) (93)

= (H ⊗ µH) ◦ (((H ⊗ΠR
H) ◦ cH,H ◦ δH)⊗ H).

Moreover, if we define ΓH and Γ′H by

ΓH = Γ2
H ◦ Γ1

H , Γ′H = Γ4
H ◦ Γ3

H , (94)

we have that ΓH and Γ′H are idempotent morphisms and, if β : H ⊗ H → A is a morphism
in C,

β ◦ ΓH = β ⇔ β ◦ Γ1
H = β and β ◦ Γ2

H = β (95)

and
β ◦ Γ′H = β ⇔ β ◦ Γ3

H = β and β ◦ Γ4
H = β (96)
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hold.
The following definition is the categorical monoidal version of the definition of quasi-

triangular weak Hopf monoid introduced by Nikshych, Turaev and Vainerman in [22].

Definition 5. Let H be a weak Hopf monoid. Let ΩH and Ω′H be the idempotent morphisms
defined in (83). We will say that H is a quasitriangular weak Hopf algebra if there exists a morphism
σ : K → H ⊗ H in C satisfying the following conditions:

(d1) ΩH ◦ σ = σ.
(d2) (δH ⊗ H) ◦ σ = (H ⊗ µH) ◦ (H ⊗ cH,H ⊗ H) ◦ (σ⊗ σ).
(d3) (H ⊗ δH) ◦ σ = (µH ⊗ cH,H) ◦ (H ⊗ cH,H ⊗ H) ◦ (σ⊗ σ).
(d4) µH⊗H ◦ (σ⊗ δH) = µH⊗H ◦ ((cH,H ◦ δH)⊗ σ).
(d5) There exists a morphism σ : K → H ⊗ H such that:

(d5.1) Ω′H ◦ σ = σ.
(d5.2) σ ∗ σ = cH,H ◦ δH ◦ ηH .
(d5.3) σ ∗ σ = δH ◦ ηH .

We will say that a quasitriangular weak Hopf monoid H is triangular if moreover σ =
cH,H ◦ σ.

For any quasitriangular weak Hopf monoid the morphism σ is unique and by [21]
[Lemma 3.5] the equalities

σ ∗ σ ∗ σ = σ, σ ∗ σ ∗ σ = σ, (97)

(εH ⊗ H) ◦ σ = (H ⊗ εH) ◦ σ = ηH , (98)

µH ◦ cH,H ◦ (H ⊗ΠL
H) ◦ σ = ηH = µH ◦ (Π

L
H ⊗ H) ◦ σ, (99)

µH ◦ (H ⊗ΠR
H) ◦ σ = ηH = µH ◦ cH,H ◦ (Π

R
H ⊗ H) ◦ σ, (100)

µH ◦ (H ⊗ΠR
H) ◦ σ = ηH = µH ◦ cH,H ◦ (ΠR

H ⊗ H) ◦ σ, (101)

µH ◦ (ΠL
H ⊗ H) ◦ σ = ηH = µH ◦ cH,H ◦ (H ⊗ΠL

H) ◦ σ, (102)

hold.

Lemma 7. Let H be a quasitriangular weak Hopf monoid in C. Then,

(ΠR
H ⊗ H) ◦ σ = (H ⊗ΠR

H) ◦ σ = (H ⊗ΠL
H) ◦ σ = (ΠL

H ⊗ H) ◦ σ = δH ◦ ηH , (103)

(ΠL
H ⊗ H) ◦ σ = (H⊗ΠL

H) ◦ σ = (H⊗ΠR
H) ◦ σ = (ΠR

H ⊗ H) ◦ σ = cH,H ◦ δH ◦ ηH . (104)

Proof. We will prove (103). The proof for (104) is similar and we lend the details to the
reader. First note that the identities

(ΠR
H ⊗ H) ◦ µH⊗H ◦ (σ⊗ δH)

= ((ΠR
H ◦ µH ◦ (ΠR

H ⊗ H))⊗ µH) ◦ (H ⊗ cH,H ⊗ H) ◦ (σ⊗ δH) (by (5))

= (((ΠR
H ⊗ (εH ◦ µH)) ◦ (cH,H ⊗ H) ◦ (H ⊗ δH))⊗ µH) ◦ (H ⊗ cH,H ⊗ H) ◦ (σ⊗ δH)

(by (11))

= (ΠR
H ⊗ (((εH ◦ µH)⊗ (µH ◦ cH,H)) ◦ (H ⊗ δH ⊗ H) ◦ (H ⊗ cH,H) ◦ (σ⊗ H))) ◦ δH

(by the naturality of c and the coassociativity of δH)

= (ΠR
H ⊗ (µH ◦ cH,H ◦ ((µH ◦ (Π

R
H ⊗ H))⊗ H))) ◦ (H⊗ cH,H) ◦ (σ⊗ H))) ◦ δH (by (13))

= (ΠR
H ⊗ (µH ◦ ((µH ◦ cH,H ◦ (Π

R
H ⊗H) ◦ σ) ◦H))) ◦ δH ( by the naturality of c and the associativity

of µH)

= (ΠR
H ⊗ H) ◦ δH (by (100) and the properties of ηH),
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hold. Then, we obtain the identity

(ΠR
H ⊗ H) ◦ µH⊗H ◦ (σ⊗ δH) = (ΠR

H ⊗ H) ◦ δH (105)

and, as a consequence,

(ΠR
H ⊗ H) ◦ σ

(84)
= (ΠR

H ⊗ H) ◦Ω2
H ◦ σ

(105)
= (ΠR

H ⊗ H) ◦ δH ◦ ηH
(17)
= δH ◦ ηH .

Also,

(H ⊗ΠR
H) ◦ µH⊗H ◦ (σ⊗ δH)

= (µH ⊗ (ΠR
H ◦ µH ◦ (Π

R
H ⊗ H))) ◦ (H ⊗ cH,H ⊗ H) ◦ (σ⊗ δH) (by (1) and (6))

= (µH ⊗ (((εH ◦ µH)⊗ΠR
H) ◦ δH)) ◦ (H ⊗ cH,H ⊗ H) ◦ (σ⊗ δH) (by (13))

= (µH ⊗ΠR
H) ◦ (H ⊗ ((H ⊗ (εH ◦ µH)) ◦ (cH,H ⊗ H) ◦ (H ⊗ δH))⊗ H) ◦ (σ⊗ δH)

(by the coassociativity of δH)

= (µH ⊗ΠR
H) ◦ ((µH ◦ (H ⊗ΠR

H) ◦ σ)⊗ δH) (by (11) and the associativity of µH)

= (H ⊗ΠR
H) ◦ δH (by (100) and the properties of ηH),

hold. Then, we obtain the identity

(H ⊗ΠR
H) ◦ µH⊗H ◦ (σ⊗ δH) = (H ⊗ΠR

H) ◦ δH (106)

and, as a consequence,

(H ⊗ΠR
H) ◦ σ

(2)
= (H ⊗ΠR

H) ◦ (H ⊗ΠR
H) ◦ σ

(84)
= (H ⊗ΠR

H) ◦ (H ⊗ΠR
H) ◦Ω2

H ◦ σ
(106)
= (H ⊗ΠR

H) ◦ (H ⊗ΠR
H) ◦ δH ◦ ηH

(2)
= (H ⊗ΠR

H) ◦ δH ◦ ηH
(17)
= δH ◦ ηH .

On the other hand,

(ΠL
H ⊗ H) ◦ µH⊗H ◦ (δH ⊗ σ)

= ((ΠL
H ◦ µH ◦ (H ⊗ΠL

H))⊗ µH) ◦ (H ⊗ cH,H ⊗ H) ◦ (δH ⊗ σ) (by (1) and (6))

= (((ΠL
H ⊗ (εH ◦ µH)) ◦ (δH ⊗ H)))⊗ µH) ◦ (H ⊗ cH,H ⊗ H) ◦ (δH ⊗ σ) (by (14))

= (ΠL
H ⊗ (((εH ◦ µH)⊗ µH) ◦ (H ⊗ cH,H ⊗ H) ◦ (δH ⊗ σ))) ◦ δH (by the coassociativity of δH)

= (ΠL
H ⊗ (µH ◦ (H ⊗ (µH ◦ (ΠL

H ⊗ H) ◦ σ)))) ◦ δH (by (9) and the associativity of µH)

= (ΠL
H ⊗ H) ◦ δH (by (102) and the properties of ηH),

hold. Then, we obtain the identity

(ΠL
H ⊗ H) ◦ µH⊗H ◦ (δH ⊗ σ) = (ΠL

H ⊗ H) ◦ δH (107)

and, consequently,

(ΠL
H)⊗ H) ◦ σ

(2)
= (ΠL

H ⊗ H) ◦ (ΠL
H ⊗ H) ◦ σ

(85)
= (ΠL

H ⊗ H) ◦ (ΠL
H ⊗ H) ◦Ω4

H ◦ σ
(107)
= (ΠL

H ⊗ H) ◦ (ΠL
H ⊗ H) ◦ δH ◦ ηH

(2)
= (ΠL

H ⊗ H) ◦ δH ◦ ηH
(17)
= δH ◦ ηH .

Finally,

(H ⊗ΠL
H) ◦ µH⊗H ◦ (δH ⊗ σ)

= (µH ⊗ (ΠL
H ◦ µH ◦ (H ⊗ΠL

H))) ◦ (H ⊗ cH,H ⊗ H) ◦ (δH ⊗ σ) (by (5))

= (µH ⊗ (((εH ◦ µH)⊗ΠL
H) ◦ (H ⊗ cH,H) ◦ (δH ⊗ H))) ◦ (H ⊗ cH,H ⊗ H) ◦ (δH ⊗ σ)

(by (9))

= ((((µH ◦ cH,H)⊗ (εH ◦ µH)) ◦ (H ⊗ δH ⊗ H) ◦ (cH,H ⊗ H) ◦ (H ⊗ σ))⊗ΠL
H) ◦ δH

(by the naturality of c and the coassociativity of δH)

= ((µH ◦ cH,H ◦ (H ⊗ µH) ◦ (cH,H ⊗ΠL
H) ◦ (H ⊗ σ))⊗ΠL

H) ◦ δH (by (14))

= ((µH ◦ (H ⊗ (µH ◦ cH,H ◦ (H ⊗ΠL
H) ◦ σ)))⊗ΠL

H) ◦ δH (by the naturality of c and the associa-

tivity of µH)
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= (H ⊗ΠL
H) ◦ δH (by (102) and the properties of ηH),

hold. Then, we obtain the identity

(H ⊗ΠL
H) ◦ µH⊗H ◦ (δH ⊗ σ) = (H ⊗ΠL

H) ◦ δH (108)

and, consequently,

(H ⊗ΠL
H) ◦ σ

(85)
= (H ⊗ΠL

H) ◦Ω4
H ◦ σ

(108)
= (H ⊗ΠL

H) ◦ δH ◦ ηH
(17)
= δH ◦ ηH .

By reversing arrows in Definition 5 we get the definition of coquasitriangular weak
Hopf monoid.

Definition 6. Let B be a weak Hopf monoid. Let ΓB and Γ′B be the idempotent morphisms defined
in (94). We will say that B is a coquasitriangular weak Hopf algebra if there exists a morphism
ω : B⊗ B→ K in C satisfying the following conditions:

(e1) ω ◦ ΓB = ω.
(e2) ω ◦ (µB ⊗ B) = (ω⊗ω) ◦ (B⊗ cB,B ⊗ B) ◦ (B⊗ B⊗ δB).
(e3) ω ◦ (B⊗ µB) = (ω⊗ω) ◦ (B⊗ cB,B ⊗ B) ◦ (δB ⊗ cB,B).
(e4) (ω⊗ µB) ◦ δB⊗B = ((µB ◦ cB,B)⊗ω) ◦ δB⊗B.
(e5) There exists a morphism ω : B⊗ B→ such that:

(e5.1) ω ◦ Γ′B = ω.
(e5.2) ω ∗ω = εB ◦ µB ◦ cB,B.
(e5.3) ω ∗ω = εB ◦ µB.

As a consequence of this definition, we obtain that ω is unique and the equalities

ω ∗ω ∗ω = ω, ω ∗ω ∗ω = ω, (109)

hold.
We will say that a coquasitriangular weak Hopf monoid B is cotriangular if moreover ω =

ω ◦ cB,B.

Lemma 8. For any coquasitriangular weak Hopf monoid B, the following equalities

ω ◦ (ηB ⊗ B) = ω ◦ (B⊗ ηB) = εB, (110)

ω ◦ (B⊗ΠL
B) ◦ cB,B ◦ δB = εB = ω ◦ (ΠR

B ⊗ B) ◦ δB, (111)

ω ◦ (B⊗ΠR
B) ◦ δB = εB = ω ◦ (ΠL

B ⊗ B) ◦ cB,B ◦ δB, (112)

ω ◦ (B⊗ΠL
B) ◦ δB = εB = ω ◦ (ΠR

B ⊗ B) ◦ cB,B ◦ δB, (113)

ω ◦ (ΠL
B ⊗ B) ◦ δB = εB = ω ◦ (B⊗ΠR

B) ◦ cB,B ◦ δB, (114)

ω ◦ (ΠR
B ⊗ B) = ω ◦ (B⊗ΠL

B) = ω ◦ (B⊗ΠL
B) = ω ◦ (ΠR

B ⊗ B) = εB ◦ µB, (115)

ω ◦ (ΠL
B ⊗ B) = ω ◦ (B⊗ΠR

B) = ω ◦ (B⊗ΠR
B) = ω ◦ (ΠL

B ⊗ B) = εB ◦ µB ◦ cB,B, (116)

hold.

Proof. The proof is the same that the one given for the quasitriangular setting by reversing
arrows.

Example 5. Basic examples of quasitriangular weak Hopf monoids are cocommutative weak Hopf
monoids because, if H is cocommutative (i.e., cH,H ◦ δH = δH), the morphisms σ = σ = δH ◦ ηH
satisfy the conditions of Definition 5. Similarly, commutative weak Hopf monoids (i.e., µH ◦ cH,H =
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µH) provide examples of coquasitriangular weak Hopf monoids with ω = ω = εH ◦ µH .
The groupoid algebra of a finite groupoid is the main example of a cocommutative weak Hopf

monoid. Recall that a finite groupoid G is simply a category with a finite number of objects in
which every morphism is an isomorphism. The set of objects of G will be denoted by G0, the set of
morphisms by G1, the identity morphism on x ∈ G0 by idx and, for a morphism g : x → y in G1,
we write s(g) and t(g) for the source and the target of g, respectively.

Let G be a finite groupoid, and let R be a commutative ring. The groupoid algebra is the direct
product R[G] =

⊕
g∈G1

Rg where the product of two morphisms is their composition if the latter
is defined and 0 otherwise, i.e., µR[G](g⊗R h) = g ◦ h if s(g) = t(h) and µR[G](g⊗R h) = 0
if s(g) 6= t(h). The unit element is 1R[G] = ∑x∈G0

idx. The algebra R[G] is a cocommutative
weak Hopf monoid in the symmetric monoidal category R-Mod, with coproduct δR[G], counit εR[G]

and antipode λR[G] given by δR[G](g) = g⊗R g, εR[G](g) = 1 and λR[G](g) = g−1̇, respectively.
Moreover, the target and source morphisms are ΠL

R[G](g) = idt(g), ΠR
R[G](g) = ids(g) and the

morphism σ that provides the quasitriangular structure is the linear extension of

σ(1) = ∑
x∈G0

idx ⊗R idx.

If G1 is finite, R[G] is free of a finite rank as a R-module. Hence R[G] is finite as object in
the category R-Mod and R[G]∗ = HomR(R[G], R) =

⊕
g∈G1

R fg is a commutative weak Hopf
monoid. The weak Hopf monoid structure of R[G]∗ is given by the formulas

1R[G]∗ = ∑
g∈G1

fg, µH∗( fg ⊗R fh) = δg,h fg,

εR[G]∗( fg) =


1 if g = idx

0 if g 6= idx

, δR[G]∗( fg) = ∑
s(g)=s(l)

fl ⊗R fg◦l−1 ,

and
λR[G]∗( fg) = fg−1 .

Then, by the general theory, R[G]∗ is an example of coquasitriangular weak Hopf monoid in
R-Mod where ω is defined by

ω(( fg ⊗R fh)) =


1 if g = h = idx

0 otherwise
.

On the other hand, the construction of a weak Hopf monoid K(G,H) in the symmetric
monoidal category of vector spaces over a field K using a matched pair of finite groupoids (G,H)
was introduced in [23]. In [24] we can find a result that asserts the following: A matched pair of
rotations gives rise to a quasitriangular structure for the associated weak Hopf monoid K(G,H).
Also, by [24] [Theorem 5.10] we know that there is an isomorphism of quasitriangular weak Hopf
monoids between the Drinfeld double of K(G,H) and the weak Hopf monoid of a suitable matched
pair of groupoids.

Finally, in [22], for a weak Hopf monoid H in the symmetric monoidal category of vector
spaces over an algebraically closed field, Nikshych, Turaev and Vainerman defined the Drinfeld
double D(H) of H and they proved that D(H) is a quasitriangular weak Hopf monoid (see [22]
[Proposition 6.2]).

Now we recall the notion of left-left Yetter–Drinfeld module in the weak Hopf
monoid setting.



Mathematics 2021, 9, 424 27 of 34

Definition 7. Let H be a weak Hopf monoid. We shall denote by H
HYD the category of left-left

Yetter–Drinfeld modules over H, i.e., M = (M, ψM, γM) is an object in H
HYD if (M, ψM) is a left

H-module, (M, γM) is a left H-comodule and

(f1) (µH ⊗M) ◦ (H ⊗ cM,H) ◦ ((γM ◦ ψM)⊗ H) ◦ (H ⊗ cH,M) ◦ (δH ⊗M)
= (µH ⊗ ψM) ◦ (H ⊗ cH,H ⊗M) ◦ (δH ⊗ γM).

(f2) (µH ⊗ ψM) ◦ (H ⊗ cH,H ⊗M) ◦ ((δH ◦ ηH)⊗ γM) = γM.

Let (M, ψM, γM), (N, ψN , γN) be objects in H
HYD. A morphism f : M → N in C is a

morphism of left-left Yetter–Drinfeld modules over H if it is a morphism of left H-modules and left
H-comodules.

Please note that if (M, ψM, γM) is a left-left Yetter–Drinfeld module, (f2) is equivalent to

((εH ◦ µH)⊗ ψM) ◦ (H ⊗ cH,H ⊗M) ◦ (δH ⊗ γM) = ψM (117)

and we have the following identity:

ψM ◦ (ΠL
H ⊗M) ◦ γM = idM. (118)

The conditions (f1) and (f2) of the last definition can also be restated (see [11] [Proposition 2.2])
in the following way: suppose that (M, ψM) is a left H-module and (M, γM) is a right H-comodule,
then, (M, ψM, γM) is in H

HYD if and only if

γM ◦ ψM = (µH ⊗M) ◦ (H ⊗ cM,H)◦

(((µH ⊗ ψM) ◦ (H ⊗ cH,H ⊗M) ◦ (δH ⊗ γM))⊗ λH) ◦ (H ⊗ cH,M) ◦ (δH ⊗M). (119)

It is a well-known fact that if the antipode of H is an isomorphism, the category H
HYD

is a non-strict braided monoidal category. We expose briefly its braided monoidal structure.
For a pair of left-left Yetter–Drinfeld modules over H (M, ψM, γM) and (N, ψN , γN),

there exist two idempotent morphisms ∇M⊗N and ∇′M⊗N defined as in (32) and (40) (for
H = B) respectively. By (iii) of [25] [Proposition 1.12] we have that

∇M⊗N = ∇′M⊗N . (120)

Then, the tensor product in H
HYD for (M, ψM, γM) and (N, ψN , γN) is introduced as

the image of the idempotent morphism ∇M⊗N , denoted by M � N. The object M � N is a
left-left Yetter–Drinfeld module over H with the following action and coaction:

ψM�N = pM⊗N ◦ ψM⊗N ◦ (H ⊗ iM⊗N), γM�N = (H ⊗ pM⊗N) ◦ γM⊗N ◦ iM⊗N . (121)

The base object is HL, which is a left-left Yetter–Drinfeld module over H with (co)module
structure

ψHL = pL
H ◦ µH ◦ (H ⊗ iL

H), γHL = (H ⊗ pL
H) ◦ δH ◦ iL

H . (122)

The unit constrains are:

lM = ψM ◦ (iL
H ⊗M) ◦ iHL⊗M : HL ×M→ M, (123)

rM = ψM ◦ cM,H ◦ (M⊗ (ΠL
H ◦ iL

H)) ◦ iM⊗HL : M× HL → M (124)

and the associativity constrains are defined by

aM,N,P = pM⊗(N�P) ◦ (M⊗ pN⊗P) ◦ (iM⊗N ⊗ P) ◦ i(M�N)⊗P (125)

: (M � N)� P→ M � (N � P).
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If f : M → M′ and g : N → N′ are morphisms in the category of left-left Yet-
ter–Drinfeld modules over H,

f � g = pM′�N′ ◦ ( f ⊗ g) ◦ iM⊗N : M � N → M′ � N′ (126)

is a morphism in H
HYD and

( f ′ � g′) ◦ ( f � g) = ( f ′ ◦ f )� (g′ ◦ g), (127)

where f ′ : M′ → M′′ and g′ : N′ → N′′ are morphisms in H
HYD.

Finally, the braiding is

tM,N = pN⊗M ◦ τM,N ◦ iM⊗N : M � N → N � M, (128)

where
τM,N = (ψN ⊗M) ◦ (H ⊗ cM,N) ◦ (γM ⊗ N) : M⊗ N → N ⊗M. (129)

Now we establish a connection between Long dimodules and Yetter–Drinfeld mod-
ules.

Theorem 2. Let H be a quasitriangular weak Hopf monoid with morphism σ : H ⊗ H → K and
let B be a coquasitriangular weak Hopf monoid with morphism ω : K → B ⊗ B. There exists
a functor

L : B
HLong → H⊗B

H⊗BYD

defined on objects by
L((M, ϕM, ρM)) = (M, φM, $M),

where
φM = ϕM ◦ (H ⊗ (ω ◦ cB,B)⊗M) ◦ (H ⊗ B⊗ ρM), $M = (H ⊗ (ρM ◦ ϕM)) ◦ ((cH,H ◦ σ)⊗M),

and by the identity on morphisms. Moreover, the functor L is injective on objects and, consequently,
B
HLong can be identified with a subcategory of H⊗B

H⊗BYD.

Proof. We begin by showing that (M, φM) is a left H ⊗ B-module. Indeed, taking into
account that (M, ϕM) is a left H-module, (M, ρM) a left B-comodule, the naturality of c
and (110), we get that ψM ◦ (ηH⊗B ⊗M) = idM. Moreover,

φM ◦ (H ⊗ B⊗ φM)
= ϕM ◦ (H ⊗ (ω ◦ cB,B)⊗ ϕM) ◦ (H ⊗ B⊗ cH,B ⊗M)
◦(H ⊗ B⊗ H ⊗ (((ω ◦ cB,B)⊗ ρM) ◦ (B⊗ ρM)) (by (44))

= ϕM ◦ ((µH ◦ (H ⊗ (ω ◦ cB,B)⊗ H))⊗M) ◦ (H ⊗ B⊗ cH,B ⊗M)
◦(H ⊗ B⊗ H ⊗ (((ω ◦ cB,B)⊗ B⊗M) ◦ (B⊗ ((δB ⊗M) ◦ ρM)))) (by the conditions of left

H-module and a left B-comodule for M)

= ϕM ◦ (µH ⊗ ((ω⊗ω) ◦ (B⊗ cB,B ⊗ B) ◦ (δB ⊗ cB,B) ◦ (cB,B ⊗ B) ◦ (B⊗ cB,B))⊗M)
◦(H ⊗ cB,H ⊗ B⊗ ρM) (by the naturality of c)

= ϕM ◦ (µH ⊗ (ω ◦ (B⊗ µB) ◦ (cB,B ⊗ B) ◦ (B⊗ cB,B))⊗M) ◦ (H ⊗ cB,H ⊗ B⊗ ρM)
(by (e3) of Definition 6)

= φM ◦ (µH⊗B ⊗M) (by the naturality of c),

and (M, φM) is a left H ⊗ B-module. In a similar way, we can prove that (M, $M) is a
left H⊗ B-comodule. Indeed: By (98), the conditions of left H-module and left B-comodule
for M and the naturality of c we have that (εH⊗B ⊗M) ◦ $M = idM. Also,

($M ⊗M) ◦ $M
= (H ⊗ B⊗ ((H ⊗ B⊗ (ϕM ◦ (H ⊗ ϕM))) ◦ (H ⊗ cH,B ⊗ H ⊗M)
◦((cH,H ◦ σ)⊗ cH,B ⊗M))) ◦ (H⊗ cH,B ⊗ B⊗M) ◦ ((cH,H ◦ σ)⊗ ((B⊗ ρM) ◦ ρM))
(by (44))

= (H ⊗ B⊗ H ⊗ B⊗ ϕM) ◦ (H ⊗ ((B⊗ H ⊗ B⊗ µH) ◦ (B⊗ H ⊗ cH,B ⊗ H)
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◦(B⊗ (cH,H ◦ σ)⊗ cH,B) ◦ (cH,B ⊗ B) ◦ (H ⊗ δB))⊗M) ◦ ((cH,H ◦ σ)⊗ ρM)
(by the conditions of left H-module and a left B-comodule for M)

= (H ⊗ B⊗ H ⊗ B⊗ ϕM) ◦ (H ⊗ cH,B ⊗ cH,B ⊗M) ◦ (H ⊗ H ⊗ cH,B ⊗ B⊗M)
◦(((H ⊗ cH,H) ◦ (cH,H ⊗ H) ◦ (µH ⊗ cH,H) ◦ (H ⊗ cH,H ⊗ H)
◦(σ⊗ σ))⊗ ((δB ⊗M) ◦ ρM)) (by the naturality of c)

= (H ⊗ B⊗ H ⊗ B⊗ ϕM) ◦ (H ⊗ cH,B ⊗ cH,B ⊗M) ◦ (H ⊗ H ⊗ cH,B ⊗ B⊗M)
◦(((H ⊗ cH,H) ◦ (cH,H ⊗ H) ◦ (H ⊗ δH) ◦ σ)⊗ ((δB ⊗M) ◦ ρM)) (by (d3) of Definition 5)

= (δH⊗B ⊗ ϕM) ◦ (H ⊗ cH,B ⊗M) ◦ ((cH,H ◦ σ)⊗ ρM) (by the naturality of c)

= (δH⊗B ⊗M) ◦ $M (by (44)).

To get (f1) of Definition 7, note that on one hand,

(µH⊗B ⊗ φM) ◦ (H ⊗ B⊗ cH⊗B,H⊗B ⊗M) ◦ (δH⊗B ⊗ $M)
= (µH ⊗ B⊗ (ϕM ◦ (µH ⊗M))) ◦ (H ⊗ H ⊗ cH,B ⊗ H ⊗M)
◦(H ⊗ cH,H ⊗ ((µB ⊗ (ω ◦ cB,B)) ◦ δB⊗B)⊗ H ⊗M) ◦ (δH ⊗ cB,H ⊗ cH,B ⊗M)
◦(H⊗ B⊗ (cH,H ◦ σ)⊗ ρM) (by (44), the conditions of left H-module and a left B-comodule for M and the

naturality of c)

= (µH ⊗ B⊗ (ϕM ◦ (µH ⊗M))) ◦ (H ⊗ H ⊗ cH,B ⊗ H ⊗M)
◦(H ⊗ cH,H ⊗ (((µB ◦ cB,B)⊗ω) ◦ δB⊗B ◦ cB,B)⊗ H ⊗M) ◦ (δH ⊗ cB,H ⊗ cH,B ⊗M)
◦(H ⊗ B⊗ (cH,H ◦ σ)⊗ ρM) (by the naturality of c)

= (µH ⊗ B⊗ (ϕM ◦ (µH ⊗M))) ◦ (H ⊗ H ⊗ cH,B ⊗ H ⊗M) ◦ (H ⊗ cH,H ⊗ ((ω⊗ µB)
◦δB⊗B ◦ cB,B)⊗ H ⊗M) ◦ (δH ⊗ cB,H ⊗ cH,B ⊗M) ◦ (H ⊗ B⊗ (cH,H ◦ σ)⊗ ρM)
(by (e4) of Definition 6)

= (H ⊗ ((((ω⊗ µB) ◦ δB⊗B)⊗ ϕM) ◦ (B⊗ cH,B ⊗M) ◦ (cH,B ⊗ B⊗M)))
◦((µH⊗H ◦ (δH ⊗ (cH,H ◦ σ)))⊗ ((cB,B ⊗M) ◦ (B⊗ ρM)))
(by the naturality of c)

= (H ⊗ ((((ω⊗ µB) ◦ δB⊗B)⊗ ϕM) ◦ (B⊗ cH,B ⊗M) ◦ (cH,B ⊗ B⊗M)))
◦((cH,H ◦ µH⊗H ◦ ((cH,H ◦ δH)⊗ σ))⊗ ((cB,B ⊗M) ◦ (B⊗ ρM))) (by the naturality of c)

= (H ⊗ ((((ω⊗ µB) ◦ δB⊗B)⊗ ϕM) ◦ (B⊗ cH,B ⊗M) ◦ (cH,B ⊗ B⊗M)))
◦((cH,H ◦ µH⊗H ◦ (σ⊗ δH))⊗ ((cB,B ⊗M) ◦ (B⊗ ρM))) (by (d4) of Definition 5)

= (H ⊗ B⊗ ϕM) ◦ (H ⊗ cH,B ⊗M) ◦ ((cH,H ◦ (µH⊗H ◦ (σ⊗ δH)))⊗ ((ω⊗ µB)
◦δB⊗B ◦ cB,B)⊗M) ◦ (H ⊗ B⊗ ρM) (by the naturality of c),

and on the other hand,

(µH⊗B ⊗M) ◦ (H ⊗ B⊗ cM,H⊗B) ◦ (($M ◦ φM)⊗ H ⊗ B) ◦ (H ⊗ B⊗ cH⊗B,M)
◦(δH⊗B ⊗M)

= (µH ⊗ µB ⊗M) ◦ (H ⊗ cB,H ⊗ cM,H) ◦ (H ⊗ B⊗ cM,H ⊗ B) ◦ (H ⊗ ((B⊗ ϕM)
◦(cH,B ⊗ ϕM) ◦ (H ⊗ cH,B ⊗M) ◦ (H ⊗ H ⊗ (((ω ◦ cB,B)⊗ ρM)
◦(B⊗ ρM))⊗ H ⊗ B) ◦ ((cH,H ◦ σ)⊗ ((H ⊗ B⊗ cH,M ⊗ B) ◦ (H ⊗ cH.B ⊗ cB,M)
◦(δH ⊗ δB ⊗M))) (by (44))

= (H ⊗ B⊗ ϕM) ◦ (H ⊗ cH,B ⊗M) ◦ (((µH ⊗ H) ◦ (H ⊗ cH,H)⊗ (H ⊗ µH ⊗ H)
◦((cH,H ◦ σ)⊗ δH))⊗ (((ω ◦ cB,B)⊗ µB) ◦ (B⊗ δB⊗ B) ◦ (B⊗ cB,B) ◦ (δB⊗ B))⊗M)
◦(H ⊗ B⊗ ρM) (by the conditions of left H-module and a left B-comodule for M and by the naturality of c)

= (H⊗ B⊗ ϕM) ◦ (H⊗ cH,B ⊗M) ◦ ((cH,H ◦ (µH⊗H ◦ (σ⊗ δH)))⊗ ((ω⊗ µB) ◦ δB⊗B
◦cB,B)⊗M) ◦ (H ⊗ B⊗ ρM) (by the naturality of c),

The condition (f2) of Definition 7 follows because, using the previous calculus,

(µH⊗B ⊗ φM) ◦ (H ⊗ B⊗ cH⊗B,H⊗B ⊗M) ◦ (δH⊗B ⊗ $M) ◦ (ηH ⊗ ηB ⊗M)
= (H⊗ B⊗ ϕM) ◦ (H⊗ cH,B ⊗M) ◦ ((cH,H ◦ (µH⊗H ◦ (σ⊗ (δH ◦ ηH))))⊗ ((ω⊗ µB)
◦δB⊗B ◦ cB,B)⊗M) ◦ (H ⊗ ηB ⊗ ρM) (by identity obtained to prove (f1) of Definition 7)

= (H ⊗ B⊗ ϕM) ◦ ((cH,H ◦Ω2
H ◦ σ)⊗ (((ω ◦ (B⊗ΠR

B) ◦ δB)⊗ B) ◦ δB)⊗M) ◦ ρM
(by (12) for B and H and coassociativity of δB)

= (H⊗ B⊗ ϕM) ◦ (H⊗ cH,B⊗M) ◦ ((cH,H ◦ σ)⊗ ρM) (by (112), (d1) of Definition 5, the properties

of εB and (84))

= $M (by (44)).



Mathematics 2021, 9, 424 30 of 34

Finally, if f : (M, ϕM, ρM) → (N, ϕN , ρN) is a morphism in B
HLong, by the left H-

linearity and the left B-coliniarity, we have that f : (M, φM, $M) → (N, φM, $N) is a
morphism in the category H⊗B

H⊗BYD.
As a consequence of the previous facts, there exists a functor

L :BH Long → H⊗B
H⊗BYD

defined on objects by
L((M, ϕM, ρM)) = (M, φM, $M),

and by the identity on morphisms. Finally, if L((M, ϕM, ρM)) = L((N, ϕN , ρN)), it is
obvious that M = N and, by (110) and the condition of left B-comodule for M, we have

ϕM = φM ◦ (H ⊗ ηB ⊗M) = φN ◦ (H ⊗ ηB ⊗ N) = ϕN .

Similarly, by (98) and the condition of left H-module for M, we obtain

ρM = (εH ⊗ B⊗M) ◦ $M = (εH ⊗ B⊗M) ◦ $N = ρN .

Thus, L is injective on objects.

Lemma 9. Let H be a quasitriangular weak Hopf monoid with morphism σ : H ⊗ H → K and let
B be a coquasitriangular weak Hopf monoid with morphism ω : K → B⊗ B. Let L be the functor
introduced in Theorem 2. Then, for all (M, ϕM, ρM) and (N, ϕN , ρN) in B

HLong,

HomB
HLong((M, ϕM, ρM), (N, ϕN , ρN)) = Hom H⊗B

H⊗BYD
(L((M, ϕM, ρM)), L((N, ϕN , ρN))).

Proof. By Theorem 2 we know that

HomB
HLong((M, ϕM, ρM), (N, ϕN , ρN)) ⊂ Hom H⊗B

H⊗BYD
(L((M, ϕM, ρM)), L((N, ϕN , ρN))).

On the other hand, let g : L((M, ϕM, ρM)) → L((N, ϕN , ρN)) be a morphism in
H⊗B
H⊗BYD. Then, g is a morphism of left H ⊗ B-modules, i.e., g ◦ φM = φN ◦ (H ⊗ B⊗ g).
Composing in this equality with H⊗ ηB⊗M, by (110) and the condition of left B-comodule
for M, we have that g ◦ ϕM = ϕN ◦ (H ⊗ g). Therefore, g is a morphism of lef H-modules.
On the other hand, g is a morphism of left H⊗ B-comodules, i.e., (H⊗ B⊗ g) ◦ $M = $N ◦ g.
Composing in this equality with εH ⊗ B⊗M, by (98) and the condition of left H-module
for M, we have that (B⊗ g) ◦ ρM = ρN ◦ g. Thus, g is a morphism of lef B-comodules.
Consequently, we can assure that g is a morphism in B

HLong between (M, ϕM, ρM) and
(N, ϕN , ρN) and then,

Hom H⊗B
H⊗BYD

(L((M, ϕM, ρM)), L((N, ϕN , ρN))) ⊂ HomB
HLong((M, ϕM, ρM), (N, ϕN , ρN)).

Lemma 10. Let H be a quasitriangular weak Hopf monoid with morphism σ : H ⊗ H → K and
let B be a coquasitriangular weak Hopf monoid with morphism ω : K → B ⊗ B. Let L be the
functor introduced in Theorem 2. Then,

L((HL ⊗ BL, ϕHL⊗BL , ρHL⊗BL)) = (HL ⊗ BL, ψHL⊗BL , γHL⊗BL),

where ψHL⊗BL and γHL⊗BL are the action and the coaction introduced in (122).

Proof. To prove the Lemma, by the naturality of c, we only need to show that the equalities

((ω ◦ cB,B)⊗ pL
B) ◦ (B⊗ (δB ◦ iL

B)) = pL
B ◦ µB ◦ (B⊗ iL

B) (130)
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and
(H ⊗ (pL

H ◦ µH)) ◦ ((cH,H ◦ σ)⊗ iL
H) = (H ⊗ pL

H) ◦ δH ◦ iL
H (131)

hold. Indeed: On one hand

((ω ◦ cB,B)⊗ pL
B) ◦ (B⊗ (δB ◦ iL

B))

= ((ω ◦ cB,B)⊗ pL
B) ◦ (B⊗ (((B⊗ΠL

B) ◦ δB) ◦ iL
B)) (by the idempotent condition for ΠL

B)

= ((ω ◦ cB,B ◦ (B⊗ µB))⊗ pL
B) ◦ (B⊗ ((B⊗ cB,B) ◦ ((δB ◦ ηB)⊗ iL

B))) (by (10))

= (((ω⊗ω) ◦ (B⊗ cB,B ⊗ B) ◦ (B⊗ B⊗ δB) ◦ (B⊗ cB,B)⊗ (cB,B ⊗ B))⊗ pL
B)

◦(B⊗ ((B⊗ cB,B) ◦ ((δB ◦ ηB)⊗ iL
B))) (by the naturality of c and (e3) of Definition 6)

= ((((ω ◦ (ΠR
B ⊗ B))⊗ (ω ◦ (ΠL

B ⊗ B))) ◦ (B⊗ cB,B ⊗ B) ◦ (B⊗ B⊗ δB)

◦(B⊗ cB,B)⊗ (cB,B ⊗ B))⊗ pL
B) ◦ (B⊗ ((B⊗ cB,B) ◦ ((δB ◦ ηB)⊗ iL

B))) (by (17))

= ((((εB ◦ µB)⊗ (εB ◦ µB ◦ cB,B))) ◦ (B⊗ cB,B ⊗ B) ◦ (B⊗ B⊗ δB)

◦(B⊗ cB,B)⊗ (cB,B ⊗ B))⊗ pL
B) ◦ (B⊗ ((B⊗ cB,B) ◦ ((δB ◦ ηB)⊗ iL

B))) (by (115) and (116))

= ((εB ◦ µB)⊗ pL
B ⊗ (εB ◦ µB)) ◦ (B⊗ cB,B ⊗ B⊗ B)⊗ ((δB ◦ ηB)⊗ δB ⊗ iL

B)
(by the naturality pf c)

= (pL
B ⊗ (εB ◦ µB)) ◦ (δB ⊗ iL

B) (by the idempotent condition for ΠL
B))

= pL
B ◦ µB ◦ (B⊗ (ΠL

B ◦ iL
B)) (by (14))

= pL
B ◦ µB ◦ (B⊗ (ΠL

B ◦ΠL
B ◦ iL

B)) (by (5))

= pL
B ◦ µB ◦ (B⊗ iL

B) (by (1) and the idempotent condition for ΠL
B),

and, on the other hand,

(H ⊗ (pL
H ◦ µH)) ◦ ((cH,H ◦ σ)⊗ iL

H)

= (H ⊗ (pL
H ◦ µH)) ◦ ((cH,H ◦ σ)⊗ (ΠL

H ◦ iL
H)) (by (5))

= (H ⊗ (((εH ◦ µH)⊗ pL
H) ◦ (H ⊗ cH,H) ◦ (δH ⊗ H))) ◦ ((cH,H ◦ σ)⊗ iL

H) (by (9))

= (H ⊗ (εH ◦ µH)⊗ pL
H) ◦ (cH,H ⊗ cH,H) ◦ (H ⊗ cH,H ⊗ H) ◦ (((δH ⊗ H) ◦ σ)⊗ iL

H)
(by the naturality of c)

= (H ⊗ (εH ◦ µH)⊗ pL
H) ◦ (cH,H ⊗ cH,H) ◦ (H ⊗ cH,H ⊗ H) ◦ (((H ⊗ H ⊗ µH)

◦(H ⊗ cH,H ⊗ H) ◦ (σ⊗ σ))⊗ iL
H) (by (d2) of Definition 5)

= (H ⊗ (εH ◦ µH)⊗ pL
H) ◦ (cH,H ⊗ cH,H) ◦ (H ⊗ cH,H ⊗ H) ◦ (((H ⊗ H ⊗ µH)

◦(H ⊗ cH,H ⊗ H) ◦ (((ΠR
H ⊗ H) ◦ σ)⊗ ((ΠL

H ⊗ H) ◦ σ)))⊗ iL
H)

(by (18), the idempotent condition for ΠL
H and the naturality of c)

= (H ⊗ (εH ◦ µH)⊗ pL
H) ◦ (cH,H ⊗ cH,H) ◦ (H ⊗ cH,H ⊗ H) ◦ (((H ⊗ H ⊗ µH)

◦(H ⊗ cH,H ⊗ H) ◦ ((δH ◦ ηH)⊗ (cH,H ◦ δH ◦ ηH))⊗ iL
H) ((103) and (104))

= (H ⊗ (εH ◦ µH)⊗ pL
H) ◦ (cH,H ⊗ cH,H) ◦ (((H ⊗ µH ⊗ H)

◦((δH ◦ ηH)⊗ (δH ◦ ηH)))⊗ iL
H) (by the naturality of c)

= ((((εH ◦ µH)⊗ H) ◦ (H ⊗ cH,H) ◦ (δH ⊗ H))⊗ pL
H) ◦ (H ⊗ cH,H ⊗ H)

◦((δH ◦ ηH)⊗ iL
H)(by (a3) of Definition 1 and naturality of c)

= ((µH ◦ (H ⊗ΠL
H))⊗ pL

H) ◦ (H ⊗ cH,H ⊗ H) ◦ ((δH ◦ ηH)⊗ iL
H) (by (9))

= (µH ⊗ pL
H) ◦ (H ⊗ cH,H ⊗ H) ◦ ((δH ◦ ηH)⊗ iL

H) (by the idempotent condition for ΠL
H)

= (H ⊗ (pL
H ◦ΠL

H)) ◦ δH ◦ iL
H (by (10))

= (H ⊗ pL
H) ◦ δH ◦ iL

H (by the idempotent condition for ΠL
H).

Lemma 11. Let H be a quasitriangular weak Hopf monoid with morphism σ : H ⊗ H → K and
let B be a coquasitriangular weak Hopf monoid with morphism ω : K → B ⊗ B. Let L be the
functor introduced in Theorem 2. Let (M, ϕM, ρM) and (N, ϕN , ρN) be objects in B

HLong and let
(M, φM, $M) and (N, φN , $N) are their corresponding images in H⊗B

H⊗BYD by the functor L. The
following equality

∇M⊗N = ΩM⊗N (132)

holds. As a consequence, M× N = M � N and, if (P, ϕP, ρP) is another object in B
HLong, we

have that
aM,N,P = aM,N,P,



Mathematics 2021, 9, 424 32 of 34

where aM,N,P is the associative constraint introduced in Proposition 2 and aM,N,P the corresponding
one for (M, φM, $M), (N, φN , $N) and (P, φP, $P) in H⊗B

H⊗BYD .

Proof. Let (M, ϕM, ρM) and (N, ϕN , ρN) be objects in B
HLong and let (M, φM, γM) and

(N, φN , γN) are their corresponding images in H⊗B
H⊗BYD by the functor L. Then,

∇M⊗N
= (ϕM ⊗ ϕN) ◦ (H ⊗ cH,M ⊗ N) ◦ ((δH ◦ ηH)⊗ (((ω⊗ω) ◦ (B⊗ cB,B ⊗ B)
◦(B⊗ B⊗ δB) ◦ (B⊗ cB,B) ◦ (cB,B ⊗ B))⊗M⊗ N)) ◦ (ηH ⊗ ((B⊗ cM,B ⊗ N)
◦(ρM ⊗ ρN))) (by the naturality of c)

= (ϕM ⊗ ϕN) ◦ (H ⊗ cH,M ⊗ N) ◦ ((δH ◦ ηH)⊗ ((ω ◦ (µB ⊗ B))
◦(B⊗ cB,B) ◦ (cB,B ⊗ B))⊗M⊗ N)) ◦ (ηH ⊗ ((B⊗ cM,B ⊗ N) ◦ (ρM ⊗ ρN)))
(by (e2) of Definition 6)

= ΩM⊗N (by (110)).

Finally, the equality for the associative constraints follows (125) and Proposition 2.

Lemma 12. Let H be a quasitriangular weak Hopf monoid with morphism σ : H⊗H → K and let
B be a coquasitriangular weak Hopf monoid with morphism ω : K → B⊗ B. Let L be the functor
introduced in Theorem 2. Let (M, ϕM, ρM) be in B

HLong and let (M, φM, $M) its corresponding
image in H⊗B

H⊗BYD by the functor L. Then,

(i) If lM is the left unit constraint introduced in Proposition 3 for (M, ϕM, ρM) and lM is the
corresponding unit constraint defined in (123) for (M, φM, $M), we have that lM = lM.

(ii) If rM is the right unit constraint introduced in Proposition 3 for (M, ϕM, ρM) and rM is the
corresponding unit constraint defined in (124) for (M, φM, $M), we have that rM = rM.

Proof. t (M, ϕM, ρM) be in B
HLong and let (M, φM, $M) its corresponding image in H⊗B

H⊗BYD
by the functor L. First note that by the previous lemma, we have the following identities:

(HL ⊗ BL)×M = (HL ⊗ BL)� M, M× (HL ⊗ BL) = M � (HL ⊗ BL),

p(HL⊗BL)⊗M = q(HL⊗BL)⊗M, i(HL⊗BL)⊗M = j(HL⊗BL)⊗M

and
pM⊗(HL⊗BL)

= qM⊗(HL⊗BL)
, iM⊗(HL⊗BL)

= jM⊗(HL⊗BL)
.

Then,

lM
= ϕM ◦ (H ⊗ (ω ◦ cB,B)⊗M) ◦ (iL

H ⊗ iL
B ⊗ ρM) ◦ i(HL⊗BL)⊗M (by (123))

= ϕM ◦ (H ⊗ (ω ◦ (B⊗ΠR
B) ◦ cB,B)⊗M) ◦ (iL

H ⊗ iL
B ⊗ ρM) ◦ i(HL⊗BL)⊗M (by (2))

= ϕM ◦ (H ⊗ (εB ◦ µB)⊗M) ◦ (iL
H ⊗ iL

B ⊗ ρM) ◦ i(HL⊗BL)⊗M (by (116))

= ((εB ◦ µB)⊗ ϕM) ◦ (B⊗ cB,H ⊗M) ◦ ((cH,B ◦ (iL
H ⊗ iL

B))⊗ ρM) ◦ i(HL⊗BL)⊗M
(by the naturality of c)

= lM (by (44))

and

rM

= ϕM ◦ (H ⊗ (ω ◦ (B⊗ΠL
B) ◦ cB,B)⊗M) ◦ (H ⊗ B⊗ ρM) ◦ (H ⊗ cM,B) ◦ (cM,H ⊗ B)

◦(M⊗ (ΠL
H ◦ iL

H)⊗ iL
B) ◦ iM⊗(HL⊗BL)

(by (124) and the naturality of c)

= ϕM ◦ (H ⊗ (εB ◦ µB ◦ cB,B)⊗M) ◦ (H ⊗ B⊗ ρM) ◦ (H ⊗ cM,B) ◦ (cM,H ⊗ B)

◦(M⊗ (ΠL
H ◦ iL

H)⊗ iL
B) ◦ iM⊗(HL⊗BL)

(by (115))

= rM (by the naturality of c).
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In the final result of this paper, we will prove that under the conditions of the previous
theorem, B

HLong is a braided monoidal category.

Theorem 3. Let H be a quasitriangular weak Hopf monoid with morphism σ : H ⊗ H → K and
let B be a coquasitriangular weak Hopf monoid with morphism ω : K → B⊗ B. Then, the category
B
HLong is a braided monoidal. Furthermore, if H is triangular and B is cotriangular, then, B

HLong
is symmetric.

Proof. The main assertion of this theorem is a direct consequence of the preceding Lemmas.
Please note that the braiding in B

HLong is the one defined in (128) for the category H⊗B
H⊗BYD.

Therefore, if (M, ϕM, ρM) and (N, ϕN , ρN) are objects in B
HLong, by (44) and the naturality

of c, the braiding admits the following formulation:

tM,N = (ω⊗ pN⊗M) ◦ (B⊗ cN,B ⊗M) ◦ (ρM ⊗ ρN) ◦ cM,N ◦ (ϕM ⊗ ϕN) ◦ (H ⊗ cH,M ⊗ N) ◦ (σ⊗ iM⊗N). (133)

On the other hand, if H is triangular and B is cotriangular, i.e., σ = cH,H ◦ σ and
ω = ω ◦ cB,B, we have that:

tN,M ◦ tM,N
= (ω⊗ pM⊗N) ◦ (B⊗ cM,B ⊗ N) ◦ (ρM ⊗ ρN) ◦ cN,M ◦ (ϕN ⊗ ϕM) ◦ (H ⊗ cH,N ⊗M)
◦(σ⊗ N ⊗M) ◦ (ω⊗∇N⊗M) ◦ (B⊗ cN,B ⊗M) ◦ (ρN ⊗ ρM) ◦ cM,N ◦ (ϕM ⊗ ϕN)
◦(H ⊗ cH,M ⊗ N) ◦ (σ⊗M⊗ N) ◦ iM⊗N (by (133))

= (ω⊗ pM⊗N) ◦ (B⊗ cM,B ⊗ N) ◦ (ρM ⊗ ρN) ◦ cN,M ◦ (ϕN ⊗ ϕM) ◦ (H ⊗ cH,N ⊗M)
◦((σ ◦ω)⊗ N ⊗M) ◦ (B⊗ cN,B ⊗M) ◦ (ρN ⊗ ρM) ◦ cM,N ◦ (ϕM ⊗ ϕN)◦
(H ⊗ cH,M ⊗ N) ◦ (σ⊗M⊗ N) ◦ iM⊗N (by (i) of [20] [Lemma 1.4] and naturality of c)

= ((ω ◦ cB,B)⊗ω⊗ pM⊗N) ◦ (B⊗ B⊗ B⊗ cM,B ⊗ N) ◦ (B⊗ B⊗ ρM ⊗ ρN)
◦(B⊗ cM,B ⊗ N) ◦ (ρM ⊗ ρN) ◦ (M⊗ ϕN) ◦ (cH,M ⊗ N) ◦ (H ⊗ ϕM ⊗ N)
◦(H ⊗ H ⊗ ((ϕM ⊗ ϕN) ◦ (H ⊗ cH,M ⊗ N))) ◦ (σ⊗ σ⊗ iM⊗N)(by the naturality of c and

(44))

= (((ω ◦ cB,B) ∗ω)⊗ pM⊗N) ◦ (B⊗ cM,B ⊗ N) ◦ (ρM ⊗ ρN) ◦ (ϕM ⊗ ϕM)
◦(H⊗ cH,M ⊗N) ◦ (((cH,H ◦ σ) ∗ σ)⊗ iM⊗N) (by the naturality of c and the condition of H-module

and left B-comodule for M and N)

= ((ω ∗ω)⊗ pM⊗N) ◦ (B⊗ cM,B ⊗ N) ◦ (ρM ⊗ ρN) ◦ (ϕM ⊗ ϕM) ◦ (H ⊗ cH,M ⊗ N)
◦((σ ∗ σ)⊗ iM⊗N)(by the triangular condition for H and the cotriangular condition for B)

= ((εB ◦ µB)⊗ pM⊗N) ◦ (B⊗ cM,B ⊗ N) ◦ (ρM ⊗ ρN) ◦ (ϕM ⊗ ϕM) ◦ (H ⊗ cH,M ⊗ N)
◦((δH ◦ ηH)⊗ iM⊗N)(by (d5.3) of Definition 5 and (e5.3) of Definition 6)

= pM⊗N ◦ ∇M⊗N ◦ iM⊗N (by (120))

= idM×N (by (132)),

and then, B
HLong is symmetric.

Example 6. Let G be a finite groupoid such that G1 is finite. Let K be an algebraically closed
field. Let D be a quasitriangular weak Hopf monoid in the category of vector spaces over K. Then,
by Example 5 and the previous theorem, we have that the category B

DLong, where B = K[G]∗, is
braided monoidal. As a consequence, if H is a finite groupoid such that (G,H) is a matched pair
groupoids, the category B

DLong, where D = K(G,H), is an example of braided monoidal category.
Finally, for a finite weak Hopf monoid H, the category B

DLong, where D is the Drinfel’d double of H,
is braided monoidal.

5. Discussion

In this paper, we have proven that if H and B are weak Hopf algebras in a symmetric
monoidal category where every idempotent morphism splits, the category of H-B-Long
dimodules, denoted by B

HLong, is monoidal. Consequently, if H is quasitriangular and B
coquasitriangular, we also prove that B

HLong is an example of braided monoidal category.
As a consequence of this result, we obtain that Long dimodules associated with weak Hopf
algebras provide new solutions of the Yang–Baxter equation. In this setting the relevant
facts that permit definition of the tensor product in B

HLong come from the good properties
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of the image of the composition of two suitable idempotent morphisms associated with the
module and comodule structure, respectively.

Finally, as mentioned in the Introduction, the results studied in this paper are strongly
related with the theory developed by G. Militaru in the study of D-equation for Hopf
algebras. The connection of weak Hopf algebras and the problem of to find new solutions
of this equation may be the subject of on-going investigations.
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